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On the Stable Reduction of X (5%) and X,(74)

By

Takahiro T'SUSHIMA™

Abstract

R. Coleman and K. McMurdy calculated the stable reduction of Xo(p?) on the basis of the
rigid geometry in [CM]. In [T], we determine the stable model of X(p*) for primes p > 13 on
the basis of their idea. In this paper, we compute the stable model of Xo(p*) for the remaining
cases p = 5,7. The stable model of X0(114) is expected to be calculated in the same way as
the cases p =5,7.

§1. Introduction

By a model for a scheme X over a complete local field K, we mean a scheme X’ over the
ring of integers Ok of K such that X ~ X ®p, K. When a curve C' over K does not
have a model with good reduction over Ok, it may have the “next best thing,” i.e., a
stable model. The stable model is unique up to isomorphism if it exists, and it does over
the ring of integers in some finite extension of K, as long as the genus of the curve is
at least 2, which is proved by Deligne and Mumford in [DM]. Moreover, if C is a stable
model for C' over Ok, and K C L C C,,, then C ®p,, Op, is a stable model for C ®x L
over Or. The special fiber of any stable model for C' is called the stable reduction.

In the following, we focus on the modular curve Xo(p™). Let n be an integer and
p a prime number. It is known that if n > 3 and p > 5, or if n > 1 and p > 11
except for (n,p) = (1,13), the modular curve Xo(p™) does not have a model with good
reduction over the ring of integers of any complete subfield of C,. The stable models of
Xo(p) and Xo(p?) were previously known, due to works of Igusa and Deligne-Rapoport
[DR, Section 7.6], and B. Edixhoven [E, Theorem 2.1.2] respectively. In [CM], Coleman-
McMurdy determine the stable reduction of Xo(p?) for primes p > 13. Furthermore, they
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also compute the stable model of Xq(p?) for p = 5,7,11 in [CM2]. In [T], we determine
the stable model of Xo(p*) for p > 13. The stable model of X (3%) is calculated in [Mc].
See [CM, Introduction] for other prior results regarding the stable models of modular
curves at prime power levels. Using the type theory of Bushnell-Kutzko, J. Weinstein
conjectures on the stable model of the modular curve Xo(p™) in [W].

In order to compute the stable reduction of Xo(p3) and Xo(p*), it is necessary to
approximate the forgetful map 7y : Xo(p) — Xo(1), over some supersingular locus. To
apply de Shalit’s approximation formula for 7 in [CM, Theorem 3.5], [dSh] or (3.1), we
need an existence of an elliptic curve over IF,,, whose j-invariant is not equal to 0, 1728.
By a result of E. Howe in [CM, Theorem A.1], one always has such an elliptic curve
as long as p > 13. In cases p = 5,7,11, there is no such supersingular elliptic curve.
Therefore, Coleman-McMurdy use a direct approximation formula for 7 to compute the
stable reduction of Xo(p?) for p = 5,7, 11 in [CM2, subsections 7.2-7.4]. In the following,
we briefly explain the reason why the approximation formulas for 7; mentioned above
is needed to determine the stable reduction of Xo(p3) in [CM] and in [CM2, subsections
7.2-7.4]. Coleman-McMurdy define a subspace Z’ﬁl C Xo(p?), whose reduction becomes
an irreducible component in the stable reduction of Xo(p?). The main part in loc. cit.
is in computing the reduction of the space Zﬁl. To compute the reduction of this space,
they consider an embedding of it into a product of Xo(p) and determine its image as
in (3.2) and (3.3). Under these identifications, by the approximation formulas for 7
mentioned above, we know explicit defining equations of the spaces Zfl. Hence, we can

compute the reduction Zﬁl.

In my talk at the conference, I reported on the stable model of Xg(p*) for p > 13.
In this paper, we review the shape of the stable model of X(p*) with p > 13, which is
given in [T], in section 2, and compute explicitly the stable models of X¢(5%) and X(74)
in section 3. To compute the stable models of Xo(p*) (p = 5,7), we use the explicit
approximation formulas for 7 : Xo(p) — Xo(1) over a supersingular locus, which are
given in [CM2, subsections 7.2 and 7.3]. The main part in an explicit computation of the
stable reduction of Xg(p*) is in calculating the reduction of a subspace Yé“g C Xo(p%).
The stable reduction of X((11%) is expected to be computed in the same way as the
cases p = 5,7. However, to compute the stable reduction of Xy(11%), we need a more
precise approximation formula for m; than the one given in [CM2, subsection 7.4].
Computations in this paper should serve not only to extend the result of [T], but also

to make the construction more concrete.

Notation . We fix some p-adic notation. We let C,, be the completion of a fixed
algebraic closure of ), with integer ring R, and with mg, the maximal ideal of R,,. For
any finite field F contained in F := R, /mg,, an algebraic closure of F,, let W (F) C R,
denote the ring of Witt vectors of F. Let v denote the unique valuation on C, with
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v(p) = 1, |-| the absolute value given by |z| = p~*(®) and R = |C;| = p¥. Throughout the
paper, we let K be a complete subfield of C,, with ring of integers R and residue field
Fg.Forr € R, welet Bg[r] and Bg (r) denote the closed and open disks over K of radius
r around 0, i.e. the rigid spaces over K whose Cp,-valued points are {z € C, : |z| < r}
and {x € C, : |z| < r} respectively. If r,s € R and r < s, let Ag|[r,s] and Ag(r,s)
be the rigid spaces over K whose Cp-valued points are {x € Cp, : » < |2| < s} and
{z € C, : r < |z| < s}, which we call closed annuli and open annuli. By the width of
such an annulus, we mean log,(s/r). A closed annuli of width 0 will be called a circle,
which we will also denote the circle, Ak|[s, s], by Ck|s].

§2. Overview of the stable model of Xy(p*) when p > 13

In this section, we review a construction of the stable model of Xo(p*) (p > 13)
given in [T)].

Over C,, we may think of points on the modular curve X(p™) as corresponding
to isomorphism classes of pairs (E, C') where E/C, is an elliptic curve and C' is a cyclic
subgroup of order p”.

The approach of [T] is rigid analytic as in [CM]. Our strategy to find the stable
model is the same as the one in loc. cit. Namely, we construct a stable model of Xy (p*) by
actually constructing a stable covering by wide opens. The concept of the stable covering
is invented by Coleman to compute the stable reduction of a curve over a local field.
Roughly speaking, the wide open subspaces in a stable covering intersect each other
in disjoint annuli and have underlying affinoids with good reduction. Each irreducible
component in the stable reduction is the reduction of one of these underlying affinoids
and the annuli of intersection reduce to the ordinary double points where components
intersect. See [CM, subsections 2.2 and 2.3] or [CW, Section 1] for the notions of wide
open space and stable covering. The groundwork in the rigid analytic setting has been
done in [CM, Section 2]. See also [C1].

The ordinary (resp. supersingular) region or locus of Xy(p™) means a set of iso-
morphism classes of pairs (E,C) € Xo(p") with the reduction E an ordinary (resp.
supersingular) elliptic curve. The geometry of the ordinary region of Xy(p™) is well-
understood. A covering of the ordinary locus of the modular curve Xy(p™) can be
obtained by extending the ordinary affinoids Xib with a +b =mn,a > 0,b > 0 defined
in [C2] and recalled in [CM2, subsection 2.1] to wide open neighborhoods W(fb. See
also [KM, Section 13] for the treatment of the ordinary locus. The ordinary regions of
Xo(p?) and Xo(p?) are covered by four wide opens Wa g, Wfl, Wo,2 and six wide opens
W30, Wzi,l, sz, Wy .3 respectively as in [CM, subsection 3.2, Theorem 5.3 and Theo-
rem 9.2]. Similarly as the stable coverings of Xo(p?) and Xo(p?), the ordinary region of
Xo(p*) is covered by eight wide opens, which are denoted by Wy o, ngl, Wzi,z, leio) and
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Wo.4. These spaces contain affinoid subdomains Xib (a+b=4,a>0,b>0), whose
reduction are known to be the Igusa curves Ig(p™™(®*)) by [C2] or [CM, Proposition
3.6]. Let Wib denote the reduction of the space Wib.

The supersingular locus essentially breaks up into the union of finitely many de-
formation spaces of height 2 formal groups with level structure. We produce a covering
of the supersingular locus on the basis of Coleman-McMurdy’s ideas in [CM] and [Mc].
Finally, we compute the ”genus” of the covering to show that it is equal to the genus of
Xo(p*), and then conclude that the overall covering is stable.

For a fixed supersingular elliptic curve A/F,2, let W4 (p™) be the subspace of X(p™)
consisting of pairs (F,C) where E ~ A. We set i(A) = |Aut(A4)|/2. To analyze the
supersingular locus W4 (p™), we use the theory of canonical subgroups due to Katz-
Lubin-Buzzard. See [Ka] and [B] for the canonical subgroup. Let E/C, be an elliptic
curve such that £ ~ A. The size of the canonical subgroup of E, denoted by K(E),
is measured by the valuation of the Hasse invariant of A. We denote the valuation by
h(E). We have the following result

|K(E)| > p" <= h(BE) <p'"/(p+1).

The space W4(p) is known to be isomorphic to an annulus A(p~*4) 1). We fix an iso-
morphism W (p) ~ A(p~*“, 1) satisfying v(zA(F, C)) = i(A)h(E) if C is a canonical
subgroup, and v(z4(F,C)) = i(A)(1 — h(E/C)) otherwise. For a rational number «
such that 1 < o < p~) | let Cé C Wa(p) be the subspace corresponding to the circle
C[p~—®] under the identification Wa(p) ~ A(p~*4),1). The space W4 (p?) is known to
be a basic wide open space by [CM, Section 5]. Unlike W (p?), however, W4 (p?®) and
Wa(p*) must themselves be covered by smaller wide opens, because their reduction
contains multiple irreducible components as mentioned in [CM, Section 1.1].

We define several rigid analytic subspaces of W (p™) on the basis of the idea of
[Mc, subsection 5.1], whose reduction plays a key role in the construction of the stable
model of the modular curves.

We focus on the circles TS 4 := C[p~ 5] € Wu(p) and SDy := Clp~i4)/2] ¢
Wa(p) under the above identification Wa(p) ~ A(p~* ™ 1). Let 7, m, : Xo(p") —
Xo(p" 1) be level-lowering maps given by 7 (E, C') = (E,pC) and 7, (E,C) = (E/p"~1C,
C/p"~1C). Let a,b € Z>o. We put mgp := 7l 0 71'31.

Assume that a, b are positive integers. We define as follows

Y(f,b = ﬂ;ll)_l(TSA) C Wap™)

with a +b=n > 2 and

Z?,b = 71’;11)(SDA) C Wa(p")
with a + b = n — 1 > 2. As mentioned above, the reduction of these spaces plays a
fundamental role in the stable models of modular curves. Let ?ﬁb and Za,,, denote
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the reduction of the spaces Y;ﬁb and Zg‘, , respectively. The main parts of the works
[E] and [CM] are in calculating the reduction of Y{'} C Wx(p?) and Z{'; C Wa(p®)

respectively. Similarly, the main part in [T] is in calculating the reduction Y, ,. In [CM,

Lemma 5.1 and Proposition 7.1], to calculate the reduction ?il and Zil, Coleman-
McMurdy consider an embedding of them into a product of the subspaces of W4 (p) and
apply de Shalit’s approximation theorem for 7.

In the following, we will explain the shape of the stable model of Xg(p*) for p >
13. We fix a supersingular elliptic curve A/F, with j(A) # 0,1728 and analyze the
locus W4 (p?). The existence of such elliptic curve is guaranteed by a result of Howe
in [CM, Theorem A. 1] as mentioned in the introduction. First of all, the reduction of
Wa(p*) contains two isomorphic lifts ?ig, and ??,1 of a supersingular component ?‘14’1
of Xo(p?), with each meeting exactly three of the ordinary components. For example,
the reduction ?3’ 1 meets the reduction of Wy g, W3i,1' The component ?i 1 of Xo(p?) is

<A
the “horizontal component” found by Edixhoven in [E, Theorem 2.1.2]. The curve Y ;
is defined by the equation
zy(e —y~t =1

and its genus is equal to (p—1)/2. Coleman-McMurdy give a rigid analytic interpretation

to the horizontal component of Edixhoven in [CM, Proposition 5.2]. Furthermore, the
. . . .. - A .

reduction of W4(p*) contains two isomorphic lifts Z; , and Z,; of a supersingular

component Zﬁl in the stable reduction of Xo(p?). The component Zil in the stable
reduction of Xg(p?) is found by Coleman-McMurdy in [CM, Proposition 8.2], which
they call the “bridging component”. The curve Zil is defined by

ZP 4 XPTl 4 x—(+) —

and its genus is equal to 0. This curve has 2(p + 1) singular points at X = ¢ with
¢2(r+t1) — 1. Moreover, in the stable reduction of Xo(p?), the component Zil meets
(in distinct points) a certain number of isomorphic copies of a curve of genus (p —1)/2
defined by a? — a = s2. This phenomenon is first observed by Coleman-McMurdy in
the stable reduction of Xo(p?). Similarly as above, in the stable reduction of Xg(p?),
the components ZiQ and 7124,1 meet (in distinct points) a certain number of isomorphic
copies of a curve of genus (p — 1)/2 defined by a? — a = s%. In the stable reduction
of Xo(p*), these two “old” components 7ﬁ2 and 72’1 are connected through a central

GA . S . .
component Y, 5, which we call the “new bridging component” in the stable reduction

of Xo(p*). This curve ?; 5 is defined by the following equations

1 1

(2.1) vylx —y)Pt=1, ZP +1+ —— +

prp+1 yp+1 =0,

. . GA .
and its genus is equal to (p — 1)/2. The component Y, , meets exactly two ordinary
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components W;t’? The curve (2.1) has (p + 1) singular points at (z,y) = (—(, () with
(Pt = —1. To complete the picture, the new bridging component ?22 then meets (in
distinct points) a certain number of isomorphic copies of a curve of genus p(p — 1)/2,
defined by a? — a = tP*1. This curve is the Deligne-Lusztig curve for SLy(F,). This is
a new phenomenon that is observed in the stable reduction of Xo(p*).

In the table below, we give the following pairs (¢, d)

e c is the genus of the component ?ﬁb (a+b=4)or Zéb (a+b=3).

e d is the number of copies of the curve a? — a = s or a? — a = tPT! which intersect

the component Zib (a+b=3)or ?ﬁb (a+b=4).

—A =A —A =—A —A
Zy,,2,, Y, 3, Y3, Y,

JA) =0 | (025 | (5520) | (5522

jA)=1728 | (0,p+1) | (22,00 | (22, 2H)

otherwise | (0,2(p+ 1)) (pT_l, 0) (%,p +1)

Table 1 : Genera of Supersingular Components of X(p*)

Partial dual graphs of the stable reduction of Xo(p™) (2 < n <4, p > 13), including

one complete supersingular region, are given below.

Wao Wo.z
O

O o
—— —+
Wl 1 Wl 1

Figure 1 : A partial dual graph of Xg(p?).
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Figure 3 : A partial dual graph of Xy (p*)

§3. Stable model of X(p*) for p=5,7

In this section, we recall briefly how to compute the irreducible components in the
stable reduction of Xo(p?) and Xo(p*) when p > 13. We then use explicit equations for
Xo(p) when p = 5,7, to derive formulas analogous to the case p > 13, and subsequently
construct the analogous stable reduction components.

§3.1. Explicit analysis of a good supersingular region

In 3.1, suppose that p > 13, and hence by the result of Howe there is a supersingular
elliptic curve A/F, with j(A) # 0,1728. All computations of irreducible components in
the stable reduction of Xo(p*) in [T] can be summarized as follows. First of all, let wy :
Xo(p) — Xo(p) be the Atkin-Lehner involution given by wy(E,C) = (E/C, E[p]/C).
Then, we have m, = 7y o w;. We have parameters, 7' and S, on Wa(p) and Wx(1),
which identify these regions with the annulus, 0 < v(7") < 1, and the disk v(S) > 0.
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Namely, we fix identifications W4 (p) ~ A(p~1,1) > T and W4 (1) ~ B(1) > S. Under
these identifications, the maps 7, and w, satisfy

K k\"
(3.1) wi(T)==, S=m(1) =T+ <—> (mod p).
T T
for some xk € W (IF,2) with v(k) = 1. These results follow from the de Shalit theorem in
[CM, Theorem 3. 5] Finally, the two circles inside W4 (p), namely TS 4 and SD 4 are
defined by v(t) = +1
recall briefly how to explicitly compute the reduction of the affinoids Zfl C Wa(p?)
and Y3'y C W4 (p*). We consider the following embeddings

and v(t) = 1/2 respectively. Using the above information, we now

(T0,2,T1,1,T2,0) : Wa(p?) = Wa(p)*® ~ A(p~1,1)** 5 (X,U, V)
and
(T0.3,T1.2, 2.1, T3,0) : Wa(@*) — Wa(p)** ~ A(p~ 1, 1)** 3 (X,U,V,Y)

where all isomorphisms are induced by Wa(p) ~ A(p~1,1) > T fixed above. These
embeddings induce the following descriptions of Zfl and Yé“’2 in [T]

Z‘141 ~{(X,U,Y) € Cl/2p X C114/2 X C‘14—(1/2p)| mo(X) = mp(U), m(U) =7p(Y)}
and

Y3, = {(X,U,V,Y) € C{)pp11) X Clypin) X Cpypin) X Cliqrypipin)|

(3-2) mo(X) = 7p(U), m(U) = 7 (V), m(V) = m(Y), wi(X) # Y}

We apply the above approximations (3.1) of 7y and w; to deduce the defining equations

of Z1 ; and Y?Q in [T]. See the previous section for the defining equations of them.
When p = 5,7, the ideas described above are not able to be applied, because there

is no such A. However, without the assumption j(A) # 0,1728, the spaces Y§4,2 and

Zfl have the following descriptions, analogous to the above identifications,

(33)

Ziy = {(X,U,Y) € Ci )2, X Cil 42X Cilay 11— 12y | 7o (X) = 75 (U), mo(U) = m4(Y)}

and

Y3, = {(X,U,V.Y) € Cfluy/pipr1) X Citay /1) X Coiaysoen) X Ciay -y

(3.4) mo(X) = 7 (U), m(U) = mp(V), mo(V) = 7 (Y), wi(X) # Y}
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In following subsections, to compute the stable reduction of Xq(p*) for p = 5,7, we use
direct approximation formulas for w; and 7wy given in [CM2, subsections 7.2 and 7.3]
with the identifications (3.3) and (3.4).

§3.2. Xo(5%)

We recall a parametrization on the genus 0 curve, Xo(5), considered in [CM2,
subsection 7.2] and [Mc2, Section 4]. We put T := n%/ng. See [Mc2] for n-function. The
only supersingular j-invariant is j = 0. We denote by A the unique supersingular elliptic
curve with j-invariant 0. Then, the unique supersingular annulus W4 (p) is described
by 0 < v(T) < 3, because of i(4) = 3. Namely, we fix an identification W4 (p) =~
A(p~3,1) > T. Furthermore, from [Mc2, Table 3|, the formulas for the forgetful map
¢ Wa(p) — Wa(l) ~ B(1) > j and the Atkin-Lehner involution w; : Wa(p) —
Wa(p) are given by

.. (T2 + 2. 53T+ 55)3 . 53
() = - W) = o

Therefore, we obtain the following by m, = wy o 7y

» 2.5  5\°
ﬂ-v(]):TS(l—i_T—l_ﬁ) .

The circles SD 4 and TS 4 are described by v(T") = 3/2 and v(T") = 5/2 respectively.

We briefly recall the computation of the reduction of the space Z’l‘{l = 1(SDy,)

from [CM2, subsection 7.2]. In the following, we show that the reduction Zil is defined
by

2P+ +272=0
in Proposition 3.3. This affine curve with genus 0 has singularities at « € py = FZ. After

. . FHA . .
calculating the reduction Z, ;, we find 4 irreducible components defined by a® —a = s?,

which attach to the component Zil at each singular point x € F:. Finally, by the
genus computation, we conclude that, in the stable reduction of Xy(5%), no non-trivial
component appears except for these components mentioned above. Hence, we obtain
the stable reduction of Xg(52).

To compute the reduction of Z‘ﬁ 1, we use the identification (3.3)

Z‘14,1 ~{(X,UY) € C?/lo X Céq/z X C547/10| To(X) = mp(U), m(U) = 7y (Y)}
We choose an element 3 such that 3'° = 53. We have v(8) = 3/10.

For a rational number r > 0, if we have v(f — g) > r, we write f = ¢ (mod r+).

We change variables as follows X = 3/x,U = °u,Y = (53/8)y. By 7,(X) =
7¢(U), we acquire the following congruence
(14 3552%)

(3.5) u o

(mod (1/2)+).
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In the same way as above, we obtain the following congruence by m,(U) = 77 (Y)
(1+339%)
Y5
By (3.5) and (3.6), the following congruence holds

(3.6) ut (mod (1/2)+).

(3.7) (zy)° =1+ 3%(:52 +4?) (mod (1/2)4).

We choose an element ~y such that v° = 3-5/3%. We have v(7y) = 2/25. We introduce a
new parameter Z as follows

(3.8) xy=1+~2.

Substituting (3.8) to (3.7) and dividing it by 3-5/3%, we acquire the following congruence

2
(3.9) 25 =a? 4 (1 TZ ) (mod (1/10)+).
We put F(Z,z) := 2% + (1—+9;7£)2

Proposition 3.1 ([CM2, subsection 7.2 (4)]).  Let the notation be as above. Then,
the reduction of the space Zfl s defined by the following equation

A
This affine curve has genus 0.

Proof. By considering (3.9) modulo 0+, the required assertion follows. O
Remark 3.2.  The reduction Zil has singularities at « € F;.

In the following, we prove that there exist four irreducible components defined
by a® — a = t? in the stable reduction of X¢(5%). These components are called “new
components” in [CM]. These components attach to the curve 21, 1 at each singular point
r = ¢ with ¢ € F¥.

Let ¢ € u4(Zs). We choose an element -y such that 75 = (¢2 + ¢ 72)(1 + vy70). We
set 2 := (1 + v70)'/2. By the definitions of vy and xg, we acquire 73 = F(v0, 2o).

Then, we can easily check that

® 833F(’70, .7:0) =0.

o v(9zF (v0,20)) = v(y) = 2/25.



ON THE STABLE REDUCTION OF Xp(5%) AND X(7%) 215

e 92F(v0,z0) is a unit.

We choose elements a; and 31 such that aj = 9z F (o, 7o) and of = (1/2)02F (o, 7o) 33
respectively. Then, we have v(ay) = 1/50,v(81) = 1/20.
We change variables as follows

(3.10) x =xo+ O1t, Z =9 + a1a.

Substituting (3.10) to (3.9), we obtain the following congruence by the choices of
and (3
o’ (a® —a—t*) =0 (mod (1/10)4+).

By dividing this by af, we acquire a® — a = t* (mod 0+). Hence, we have proved the
following proposition.

Proposition 3.3.  Let the notation be as above. Then, in the stable reduction of
Xo(53), there exist four irreducible components defined by a® — a = t2.

Let go(p™) denote the genus of the modular curve Xo(p™). We have go(53) = 8
by [Sh, Propositions 1.40 and 1.43]. Let Xy(p™) denote the stable model of Xy(p™). In
Xo(53), we find the component Zﬁl defined by Z° = 22 + 22 with genus 0 and the four
curves {XC}CGlM defined by a® — a = t? with genus 2, which attach to the component
Zil. On the other hand, the graph of Xy(53) is a tree by [CM, Theorem 9.4]. Hence,
the sum of genera of all irreducible components and the Betti number of the dual graph
is equal to 8. Therefore, no non-trivial component except for these components appears

in Xp(53). Hence, we conclude that X (53) consists of Zil and {X¢}eeps-

§3.3. Xo(5%)

In this subsection, we will compute the reduction of Yé“’2 =Ty, 1(TS4). Recall the
following identification given in (3.4)

Y3y ~ {(X,U,V,Y) € Ciy x Cily x CL)y x Chy 10

mo(X) = 7 (U), m(U) =75 (V), mo(V) = 7 (Y), wi(X) #Y}.

In the following, under the above description, by using the approximation formula for
¢ given in the previous subsection, we compute the reduction of the space YQQ as in

Proposition 3.4. The component ?;2 has genus 0, and has singularities at two points
(r,s) = (0,¢) with ¢(? = —1. Then, we find two components defined by a® —a = t°
with genus 10 in Proposition 3.6, which attach to ?22 at each singular point. By the
genus computation, we conclude that we have computed all irreducible components in
the stable reduction of Xg(5%).
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We choose an element 3 such that 3'° = 5. We have v(8) = 1/10. Note that this 3
is not equal to (3 in the previous subsection. We change variables as follows X = /x,
U= p/u, V=530 Y = (53/8)y. By m,(U) = m¢(V), we acquire the following
equality

(u? +1+426%u)% (v +1+28%)3
(3.11) = - ~ .

By m,(X) = 7¢(U), we obtain the following congruence

(3.12) u=x° (1 42204 3x2> - =a° (1 2 33332) (mod (4/3)+).

g B 8 32
By (3.12), the following congruence holds on the left hand side of the equality (3.11)
(3.13)
(u? +1+208%)% (142194 23%25)3 5 9 10 22+ 206 B
5 = 225 —3§(1+x +2ﬁx) X T_ﬁ

modulo (4/3) +. By exchanging (u, z) for (v,y), we acquire the same congruence (3.13)
for (v,y). Hence, we acquire the following congruence by (3.11) and (3.13)

1 10 2553 1 10 2553 5 2 2 5
1+ ‘;‘551’) 4y ‘;53/) —3@-(1+x2+2ﬁx)10x(x+ﬂx—ﬂ—)
z Yy

15 18

2 5
(3.14) +3% (149 +28y)'Y x (% — %) =0 (

We define g(z,y) by the following equality

125 y25

(1+a2'%428%2°)% (1+y'" +28%°)3 ((x2+1+2ﬁw)3 (y? + 1+ 28y)?
xd Yy

- = )5—59(%11).

Let 1 be an element which satisfies 77 = 5/3%. We have v(v1) = 4/25. Furthermore,
we set
(¢ +1+202)° (v +1+20y)° _

(315) 335 - y5 = ’712

By substituting (3.15) to (3.14) and dividing it by (5/83%), the following congruence
holds

75 = 3(1 + o + 262)'° x (—xz ;Sﬂ”’ - %)
2 5
(316)  —3(L+y?+205)" (y;—zﬁy - y—) + Bg(z,y) (mod (8/15)+).
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We set,

93\ 1/2 93\ 1/2
T :=x(1+—ﬁ> , U1 ::y(l—i——ﬁ) .
x Y

Then, we have
(3.17) o =2 + 28z, yi = y° + 2By.
Then, the following congruence holds by (3.15)

211'2 3 2 3
(3.18) ( 1;;) - (yl;gl) = Z (mod (1/5)+).

We put as in [CM2, subsection 7.2]

S . S
13 T3

(3.19) Ty =

Proposition 3.4.  Let the notation be as above. The reduction of the space Yé“’2
is defined by the following equations

1“10(7“4 + 1)10

. _ .2 5 _

(1+ 26 4 rlo).

Proof. By (3.15), we acqure the following

2 1 3 2 1 3
(3.20) @ D" _ Wit D7 (d 04
T Y1

with = # y by w1 (X) # Y. Under the transformation (3.19), the curve (3.20) is isomor-

2

phic to an affine curve s? = 72 — 1 as proved in loc. cit. The required assertion follows

by considering the congruence (3.16) modulo 0+ and rewriting it under the variables
(r,s). O

Remark 3.5.  In the proof above, the curve (3.20) with = # y is isomorphic to the
curve s? = r? — 1. We set

2
f=flz1, )= m

The inverse of the transformation (3.19) is described as follows

f+1 35!31
r = —-

-1 T -

Note f3 = x1/y1.
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In the following, we will prove that there exist two irreducible components defined
by a® — a = t% which attach to the reduction ?22 at (r,s) = (0,¢), ¢? = —1. We focus
on a locus v(r) = 1/30. By (3.18), we define g by the equality s> = r? — 1+ 71g. Then,
g satisfies the following congruence

TQ—
;;GZT;%%571Z (mod (1/5)+).

Hence, we acquire the following congruence

(3.21) 19 =

(3.22) 2= (r? —1){1+ %ﬂ(rf—il)?} (mod (1/5)+).

In the following, we compute the term (2g(x,y) in the right hand side of the
congruence (3.16) modulo (8/15)+ as in (3.29). We obtain the following equality by the
definition of x;

4
+ 1) 79
2 42—t 1= A
(3.23) x*+1420x =2a] + (r—1)5+(r—1)6+5 0
with some function Ag. Hence, we have v(z? + 1 +26x) = v(r). By (3.17), we define A
by the following equality

(3.24) 21041 423%° = 21" +1 +5A.
By (3.24), the following congruence holds

,,,,5(,,,,4 + 1)5
r—1)®

(119)°
(r — 1)%0

210 41+ 26%2° = + +5A1 (mod (4/3)+)

with some function A;. Therefore, we acquire

(a:.lo +1 +2,35.175)3 B 7al'c'n(r4 + 1)15 +3(,ylg)51,.10(1,.4 + 1)10

o = 7 r—1)5sT +5r°A, (mod (4/3)+)

with some function Ay. We set

51,.10 7a4 10
fﬁ:3“”%a_gpgj) x {(r+1)° = (r —1)°}.

Hence, we obtain

modulo (4/3)+ with some function A}. Since we have v(z?+1+28z) = v(r), we acquire
the following congruence

(3.26)

(@2+1+m%ﬁ @F+1+mwﬁ>5 (2 +1+4202)° (y*+1+20y)"

o y5

25 y25

- (mod (4/3)+).
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We easily verify the following congruence using the equality (3.23)

(3 27) (.732 +1+ 2ﬁ$)15 _ 7’15(7“4 + 1)15 3 (719)5 7“10(7’4 + 1)10
’ 125 - 25 (T _ 1)5 25

(mod (4/3)4+).

By exchanging = for y, we obtain the same congruence (3.27) for (y,r,s). Hence, by
(3.27) and (3.26), we acquire the following congruence by the definition of g(z,y)

5
(3.28) (W +1+262)° (P14 253/)3) = H (mod (4/3)+).

L Y5

By (3.25) and (3.28), we obtain the following
(3.29) Fg(w,y) = —p*r'°AL = §%r1% (mod (8/15)+)

where —d is the constant term of AL(r, s).
Since we have v(y}) = 4/5 > 8/15 and v(8°r!%) = 5/6 > 8/15, we rewrite the
congruence (3.16) by (3.29)

1 2310 1 2310
(3.30) 75 = 3210 1 3 Zf;) _ 5l J;iy;) (mod (8/15)+).
1 1

Then, on the term in the right hand side of the congruence (3.30), we acquire the
following congruence by (3.19) and s? = r2 — 1 + v1g

332 10 ,,,10 ,,,.4 10 r 1
33y Urm) _r(r+l) <( 1 >(1+7—91> (mod (8/15)+).

x%3 slb r— 1)10 72

By exchanging x; for y;, we acquire the same congruence (3.31) for (y1,7,s) by (3.19).
Hence, substituting (3.31) to the right hand side of (3.30), we acquire the following

congruence

10(,.4 10
+1) 719
39 75 — 32,10 ro(r 1 D (1
(3.32) B°r d+3315(r2—1)10 +—r2—1 {(r+1) (r—1)"}
modulo (8/15) + . Note the we have v(Z) = v(r?).
We set )
Z

=7
LTt 1)?
Therefore, we obtain the following congruence by (3.21), (3.22) and (3.32) x {r(r* +
1)}—10

(3.33) A= 38%(1 + 7 Z){(r + DM — (r — DM} + 5%d (mod (1/5)4+).

Since we have (r + 1)1 — (r — 1)} = 2(1 + 275 +r19) (mod 1+), the congruence (3.33)
has the following form

(3.34) 75 = %(1 + 1 Z1)(1 + 2r%) + 82d (mod (1/5)+).
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We put sg := £2. We choose elements 37 and «; such that 3 = v1/s}° and
B7 = 2a8 /st respectively. We have v(3;) = 1/25,v(a) = 1/30. We choose an element
Yo such that v§ = (1 +y170)/s8® — d.

We change variables as follows

2

(3.35) Zy =" + fra, r=aqt, s =59+ 5—131.
S0

Then, we have s; = t? (mod 0+). Substituting (3.35) to the congruence (3.34) and
dividing it by 32, we acquire the following

a® —a =% (mod 0+).
Hence, we have proved the following proposition.

Proposition 3.6.  Let the notation be as above. Then, in the stable reduction of
Xo(5%), there exist two irreducible components defined by

a® —a =15,

The genus of this affine curve is equal to 10. These two curves attach to the reduction
—A )
Y, , at two points (r,s) = (0,+2).

Let go(p") be the genus of the modular curve Xo(p™). Let gy, be the genus of the
Igusa curve Ig(p®). We have g5 ;1 = 0 and gs2 = 6 by [Ig, Section 0]. Furthermore,
we have go(5%) = 48 by [Sh, Propositions 1.40 and 1.43]. In Xy(5%), we find the two
components 72’1,21’2 . Z5 = 2% + 272 with genus 0, the eight components defined by
a® — a = s* with genus 2, ?; , with genus 0, the 2 components X4 with genus 10 and
the two Igusa curves Ig(52) with genus 6. On the other hand, the graph of the stable
model of X(5%) is a tree by [CM, Theorem 9.4]. Hence, the sum of the genera of all
irreducible components and the Betti number of the dual graph is 48. Therefore, we

conclude that the stable reduction Xy(5%) consists of the above components.

§3.4. Xo(7)

We recall a parametrization on the modular curve Xo(7) from [CM2, subsection
7.3]. The genus 0 curve X((7) has a unique supersingular annulus corresponding to
j = 1728. Let A denote this unique supersingular elliptic curve with j-invariant 1728.
If we take T = n}/n% as a parameter as in [Mc2, Section 2], the supersingular annulus
Wa(p) is the region described by 0 < v(T) < 2, because of i(A) = 2. Namely, we fix
an identification Wa(p) ~ A(p~2,1) > T. Then, the formulas for the forgetful map
g Wa(p) — Wa(1) 3 j—1728 and the Atkin-Lehner involution wy : Wa(p) — Wa(p)
are given as follows
(T* —10-7>T% — 9 - 7472 — 2. 75T — 77)2

T7

* (- * 72
T (j —1728) = , wi(T) = T
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Hence, we obtain the following by m, = w; o7y

2.7 9.7 10-7 7\?
* ([ _ T
mo(j —1728) =T <1+ =+ =t —ﬁ> .
The circles TS4 and SD 4 are given by v(T') = 7/4 and v(T) = 1 respectively.
We compute the reduction of the space Zfl = T, 1(SD,) in the same way as
Xo0(5%). We use the following identification (3.3)

Z114,1 = (X7 U, Y) S CJ114/7 X 0114 X Cfl3/7| 7Tv(‘X) = Wf(U)a WU(U) = Wf(Y)}'

Compare this identification with the one given in [CM, subsection 7.3]. In the follow-
ing, we calculate the reduction of the space Z‘ﬁl in Proposition 3.7. Furthermore, in
Proposition 3.8, we find 8 components defined by a” —a = s? with genus 3, which attach
to Zﬁl at each singular point z € ug. Finally, by the genus computation, we conclude
that we have obtained all irreducible components which appear in the stable reduction
of Xo(73).

We choose an element 3 such that 37 = 7. We have v(8) = 1/7.

We change variables as follows X = 3/x, U = 87u, Y = (7*/8)y. Then, by m,(X) =
7¢(U), we acquire the following congruence

(1 =242

(3.36) US (mod (1/2)4+).

In the same way as above, we obtain the following congruence by m,(U) = 77 (Y)

(3.37) wt= "7 (mod (1/2)+).
By (3.36) and (3.37), the following congruence holds

(3.38) (o) =1 2%(:54 +y%) (mod (1/2)4).

We choose an element « such that 7 = —2-7/3% We have v(vy) = 3/49. We introduce
a new parameter Z as follows

(3.39) xy=1+~2.

Substituting (3.39) to (3.38) and dividing it by —2 - 7/8%, we acquire the following
congruence

1+~Z2
x

(3.40) 7" =2t + ( ) (mod (1/14)+).

We put F(Z,z) := z* + (M)4. We have proved the following proposition.

x
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Proposition 3.7.  Let the notation be as above. The reduction of the space Zfl
is defined by the following equation

(3.41) 7T =zt 47

This affine curve has genus 0.

Proof. As in loc. cit., by considering (3.40) modulo 0+, the required assertion
follows. O

Note that the curve (3.41) has singularities at x € ug(Fa9). In the following, we
prove that there exist eight irreducible components defined by a” — a = ¢? in the stable
reduction of X(72). These components are called “new components” in [CM]. These
components attach to the reduction (3.41) at each singular point 2 = ¢ with ¢ € ug(Fy9).

Let ¢ € us(C,). We choose an element g such that vJ = (¢* +¢74) (1 +y70)%. We
set 2 := (1 + v70)'/2. By the definitions of vy, 2o, we acquire 7§ = F (o, 2o).

Then, we can easily check that

e 0,.F(vy,x0) =0.
o v(9zF (v0,20)) = v(y) = 3/49.
e 92F(v0,z0) is a unit.

We choose elements a; and 31 such that a$ = 9z F (o, 7¢) and af = (1/2)02F (o, 70) 57
respectively. Then, we have v(a;) = 1/98,v(61) = 1/28.
We change variables as follows

x=ux9+ (1t, Z =y + a1a.

Substituting them to (3.40), we acquire the following congruence by the choices of a;
and (3
al(a” —a—1*) =0 (mod (1/14)+).

By dividing this by af, we acquire a” — a = t? (mod 0+). Hence, we have proved the
following proposition.

Proposition 3.8.  Let the notation be as above. Then, there exist eight irre-
ducible components defined by a” —a = t2 in the stable reduction of Xo(7%). These eight
components attach to the curve (3.41) at each singular point.
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By the same computations as the ones in [CM2, subsection 7.3], we can compute
the reduction of the spaces Yé“’l and Yf"2 as follows

S

4 2
S
(r—l)z’s "

This curve has genus 1.
Let go(p™) denote the genus of the modular curve Xo(p™). We have go(7%) = 26 by
[Sh, Propositions 1.40 and 1.43]. We find the two irreducible curves ?;1 and ?iQ of

genus 1, the component Zil with genus 0 and the eight curves {XC}CE . defined by a’—
a = t? with genus 3 in W. On the other hand, the dual graph of the stable reduction
of Xo(73) is a tree by [CM, Theorem 9.4]. Hence, the sum of genera of all irreducible
components and the Betti number of the dual graph is equal to go(73) = 26. Therefore,

we conclude that the stable reduction Xy(73) consists of the above components.

§3.5. Xo(7)

In this subsection, we will compute the reduction of the space Yé“’Q C Xo(74). We
consider the following identification (3.4)

Yéq,z ~{(X,U,V}Y) € Cf/zs X C114/4 X C?/z; X 0?5/28

mo(X) =7 (U), m(U) = mp(V), mo(V) = 7 (Y), wi(X) # Y}

In Proposition 3.9, we compute the reduction ?;2. After that, in Proposition 3.11,
we find four components defined by a” — a = t® with genus 21, which attach to the
component ?;2 at each singular point (r,s) = (0,¢),¢* = —1. Finally, by the genus
computation, we determine the stable reduction of Xg(74).

We choose an element 32® = —7. We have v(8) = 1/28. We change variables
as follows X = B/z,U = B7/u,V = (7?/8T)v,Y = (7?/8)y. Let h(T) := 108773 +
981712 4 282'T € Z7[B)[T). By m,(U) = 7;(V), we acquire the following equality

ul — ()2 el — hv))2
52) G S GRS Tl

We put hy(T) := 108173 + 96*T? + 23°T. By m,(X) = 74(U), we obtain the following

congruence

(3.43) u=x" (1 + 2%(3:4 - hl(a:))> (mod (9/8)4+).
By (3.43), the following congruence holds
(3.44)
4 1—h 2 1 28 h 7\)2 7 7 10 7
1= ) _ (L™ + hieT) 2l +x4_hl(x))7x(x4_h1(x))(%)
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modulo (9/8) + . By exchanging (u, z) for (v,y), the same congruence (3.44) for (v,y)
holds. By substituting (3.44) to (3.42), we acquire the following congruence
(L+a = h@D))?  A+y* = h(y")?

e QS Lt (o)

7 4+ 1087 >

128

7 7
345) 2 (Lt = ) X (0~ ha(y) (?’Z—“’ﬁ) — 0 (mod (9/8)4).

We define g(z,y) by the following equality

49 y49

(1422 — h(z")? (1+y® - h(y")? _ ((3;4 +1— hy(x))? _ (y*+1- hl(y))2>7_7g(x,y).

7 Y7

Let 71 be an element which satisfies v{ = 7/3%. We have v(y1) = 6/49. Furthermore,
we set

5.46) AR C0) i L hw? _

By substituting (3.46) to (3.45) and dividing it by (7/8%), the following congruence
holds . .
'+ 10
Z" = Bg(x,y) — 2<Tﬁ> (2* = hy(2)) (1 + 2* = by ()"

(3.47) 12 (M

)t = )1+~ () (smod (15/36)).

We set,

B () /4 h 1/4
331::33(1— 2;(4)> ,ylzzy(l— 1(4y)> .

We put as in [CM2, subsection 7.3]

S S

(3.48) Ty = SR Yy = Sk

Proposition 3.9.  Let the notation be as above. Then, the reduction of the space
Yf{z 1s defined by the following equations

r7(r% +1)7

4 2 7T
sT=r"—-1, Z _3—321(r2—1)14

(1+ o8 + r14).

Proof. By considering the congruence (3.46) modulo 04, we acquire the following

congruence
4 1 2 2 1 2
(3.49) (”31; o Wit g 04
1 1
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with 21 # y1 by wi(X) # Y. As proved in [CM2, subsection 7.3], by the map (3.48), the

4

curve (3.49) is isomorphic to a curve s* = r2 — 1. Hence, the required assertion follows

by rewriting the congruence (3.47) under the variables (r, s). O

Remark 3.10.  We write down the inverse map of (3.48). By setting

we have f? = z1/y;. Then, the inverse of the transformation (3.48) has the following

form
. f +1 . 45!31

TN V=S

In the following, we will prove that there exist four irreducible components defined
by a” — a = % which attach to the reduction ?; o atr=0.

We focus on a locus v(r) = 1/56. We set s* = r? — 1 + 19 by (3.46). By using
(3.46), we can easily check the following congruence

" L7 (mod (1/7)4).

3.50 = -
(3.50) ng 4r(r6 4+ 1)

Hence, we acquire the following by (3.50)

2

(351) s*T=rc—1 + mle (mod (1/7)+)

In the following, we calculate the term 3*g(z,y) in the right hand side of the congruence
(3.47) modulo (15/56)+ as in (3.59). We obtain the following equality by the definition
of x1

r(®+1)  mg

+ + 7A.

(3.52) L) == L

Hence, we have v(z* 4+ 1 — hy(z)) = v(r). By the definition of z;, we obtain an equality
(3.53) 1+2® —nh") =1+22 +7A
with some function A. By (3.53), the following congruence holds

rr+ DT (n9)”

8 41— h(aj7) N = 1)

+ 7A¢ (mod (9/8)+)

with some A(,. Therefore, we acquire

@+ 1=h@T)? _ Mt Y (ng) 00+ 1)
249 = 549 (r —1)7s%

(3.54) +7r" Ay (mod (9/8)+)
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with some function A;. By exchanging = for y, we obtain the same congruence (3.54)
for (y,r,s). We set as follows

(19)r"(r +1)7

G=2 (r2 — 1)75%

<A{(r+1)"=(r-1)7

Hence, by (3.54), we obtain

228 41— h(zT))2 y2 11— h(y7))?

modulo (9/8)+ with some function Aj. Since we have v(z* + 1 — hy(z)) = v(r), we
acquire the following congruence
(3.56)

(<x4+ L= m(2)? (1 —h1<y>>2)7 @l m@)Y =)
o7 Y7 = 249 49

modulo (9/8) + . We easily verify the following congruence using the equality (3.52)

(@t 1)t e DR ()T T+ 1T

(357) 49 - s49 (7" _ 1)6 s49

(mod (9/8)+).

By exchanging = for y, we obtain the same congruence (3.57) for (y,r,s). Hence, by
(3.57) and (3.56), we acquire the following congruence

<<w4 t1-m@)?  (@+l- hl(y))2)7 = G (mod (9/8)+).

7 7

(3.58)

By (3.55) and (3.58), we obtain the following
(3.59) Brg(x,y) = —p*" AL = B*7d (mod (15/56)+)

where —d is the constant term of AL(r,s).
Since we have v(37r7) > 15/56, we rewrite the congruence (3.47) by (3.59)

(L+ad)’ A+yd)

Z"=p%"d -2
vy’ yi’

T7 7,6 7 1
(3.60) = B47d — 232122—1514 (1 + 1;——91) {(r+ 1) — (r— 1)1} (mod (15/56)+).

We set {

—7

4r(r® 4+ 1)

Then, we obtain the following congruence by (3.60) x {4r(r® + 1)} =7 and s* = (r? —
1)(1+717Z1) (mod (1/7)4) by (3.51)

Z1 =

(3.61) Zl = —28%(1 + 1 Z){(r+ 1% — (r — 1)} + g*d (mod (1/7)4).
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Since we have (r+ 1) — (r — 1)1% = 2(1+2r® +r*) (mod 1+), we acquire the following
congruence by (3.61)

1
(3.62) Zl = 3§(1+7121)(1+2r8) + B*d (mod (1/7)4+).
We fix a root z = sg of the following equation z* = —1. We choose elements 3
and «; such that 8% = 37y, /s3! and 3] = —af/s3! respectively. We have v(3;) =

1/49,v(a) = 1/56. We choose an element ~yo such that 7§ = —(1 + v17)/s&! — d.
We change variables as follows

052

(3.63) Zy =70+ fra, T =ait, s =859+ —=s1.
480
Then, we have s; = t? (mod 0+). Substituting (3.63) to the congruence (3.62) and

dividing it by 3%, we acquire the following
a” —a=1% (mod 0+).
Hence, we have proved the following proposition.

Proposition 3.11.  Let the notation be as above. Then, in the stable reduction
of Xo(7%), there exist four irreducible components defined by a” — a = t8. The genus of
the curve a” — a = t8 is equal to 21. Furthermore, these four components attach to the

curve ?;2 at (r,s) = (0,¢) with ¢* = —1.

By the same computations as the ones in [CM2, subsection 7.3], we can compute
the reduction of the spaces Yg‘{l and Yﬁg as follows

—A —A S
Y Y, : 2= —" _ st=p2_1.
3,1 1,3 (7“— 1)27
This curve has genus 1. As in the previous subsection, we can also compute the reduction
of the spaces Z‘24,1 and ng as follows

There exist eight curves defined by a” — a = s? with genus 3, which attach to the
—A . . . A
component Z, ; at each singular point x € ug. The same things happen for Z 5.
Let go(p") be the genus of the modular curve Xo(p™). Let gy, be the genus of the
Igusa curve Ig(p®). We have g1 = 0 and g72 = 33 by [Ig, Section 0]. Furthermore,

we have go(7%) = 201 by [Sh, Propositions 1.40 and 1.43]. In Xy(7%), we find the two
Igusa curves Ig(7?) with genus 33, the components ?3’1 and ?1’3 with genus 1, the two

A SA . A . . .
components Zg 1, Z; 3 with genus 0, the component Y, 5 with genus 1, four irreducible
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components defined by a” —a = t® with genus 21 and 16 irreducible components defined
by a”—a = s% with genus 3. On the other hand, the graph of the stable model of X(74) is
a tree by [CM, Theorem 9.4]. Hence, the sum of the genera of all irreducible components
and the Betti number of the dual graph is equal to 1 x 34+ 16 x 3+21 x4+ 2 x 33 =

201 = go(7*). Hence, the stable reduction of Xy(74) consists of these components which
we found.
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