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MULTILINEAR OPERATORS IN HARMONIC ANALYSIS AND
PARTIAL DIFFERENTIAL EQUATIONS

LOUKAS GRAFAKOS

ABSTRACT. Grafakos’ two lectures at the Research Institute for Mathematical Sciences
(RIMS), Kyoto University Workshop entitled “Harmonic Analysis and Nonlinear Partial
Differential Equations”, July 4 - July 6, 2011, are based on these notes.

1. INTRODUCTION

A multilinear operator T'(fi,..., fm) is a linear operator in every variable f;. Several
examples motivate the theory of multilinear operators. We list a few of them:

(1) The m-~fold product
I(flv"'afm) :flfm

is the easiest example of an m-linear operator. It indicates that natural inequalities
between Lebesgue spaces are of the form L' x -+ x LPm» — LP where 1/p; +---+

1/pm = 1/p.
(2) A kernel of m+1 variables K (z,y1,...,Ym) gives rise to an m-linear operator of
the form
T(f17 Tt afm)(x) = K(:Ea Yis--- 7ym)f1(yl) e fm(ym) dyl s dym7

Rmn

where the integral may converge in the principal value sense, or even in the sense
of distributions.

(3) The special case in which the kernel K (z,yi,...,yn) in the previous case has the
form Ko(x — y1,...,2 — ym) corresponds to the so-called m-linear convolution

TO(fla R fm)(l') = [(0(3j — Y- T ym)fl(yl) e fm(ym) dyl e 'dymv
Rmn
in which the integral is taken in the principal value sense. This operator can also
be expressed as an m-linear multiplier as follows

Mo(Ery -y Em) FL(E1) -+ Frn(Em)em = Et+em) ey dg,,,

RrRmMmn

Received September 28, 2011. Revised February 10, 2012.

1991 Mathematics Subject Classification. Primary 42B20. Secondary 46E35.
Key words and phrases. Besov spaces, Calderén-Zygmund operators.
Grafakos’ research partially supported by the NSF under grant DMS 0900946

© 2012 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



12

LoUukAS GRAFAKOS

where mg is the distributional Fourier transform of K; on R™”. The Fourier
transform of a Schwartz function ¢ on R" is defined by

26 = [ el metas,

where x - € = Z?Zl z;&; and the distributional Fourier transform is defined analo-
gously via pairing.
The bilinear operator on R x R given by
1/2
B(f, 9)(x) = 1ﬂf@+¢hﬂx—ﬂdt
This operator is local in the sense that if f and g are supported in intervals of
length one, then B(f,g) is supported in the set of halves of the numbers in the
algebraic sum of these intervals; this is also an interval of length one.
The truncated bilinear Hilbert transform
12 dt

H(f, g)(z) =pv Ufﬂx+ﬂg@—¢%;
in which f, g are functions on the line. The homogeneity of the kernel % makes the
study of the truncated and untruncated versions of this operator equivalent. This
operator is also local in the previous sense. Its boundedness from P x LY — L
for 1I/p+1/qg=1/r, 1 < p,q < 00, 2/3 < r < oo, was obtained by Lacey and
Thiele [18], [19].
The bilinear fractional integral

Lo(fig)(x) = | fle+1)gle—D)t*"dt,

R'V’L
where 0 < a < n and f, g are functions on R". For this see [10] and [17].
The commutators of A. Calderén [3]: The first commutator is defined as

e(f. A /f AN=2,

where A(x) is a function on the line; this operator is equal to [H, M4), where H
is the Hilbert transform and M4 is multiplication with A. Using the fundamental
theorem of calculus, C;(f, A) can be viewed as a bilinear operator of f and A’ (the
derivative of A) and estimates can be obtained for it in terms of products of norms
| fllze1 [| A’ 2. The sharpest of these estimates is of the form L!(R) x L'(R) to
LY%*(R) and was obtained by C. Calderén [3]. The m-th commutator is given
by the expression

1 Alx) — A "
Catr @) =pivx [ ) (HLZ2) .
) ;3 rT—Yy
The operator C,, is not linear in A nor A’ but can be multilinearized by considering
~ 1 Ai(z) — Ai(y An(z) — Ay
Cm(f,Al,---,Am)(iﬂ)ZP-V-—/ f) (@) = A4ly) | Anlo) )
T JR r—y r—=Yy
and expressing each difference A;(x) — A;(y) as f Al(s)ds via the fundamen-

dy

tal theorem of calculus. The sharpest p0381b1e estimate for Cm as a function of
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(f, A%, ..., A ) is the estimate L' x --- x L' — LY(m+1):® obtained by Coifman
and Meyer ([5]) when m = 2 and Grafakos, Duong, and Yan [8] for m > 3.

We indicate why the operator in example (4) is bounded from L' x L' to L'/2. For
functions f and g supported in intervals of length one, then B(f,g) is also supported in
an interval of length one. Then

1B < B9 < 51 eellglen

where the last inequality follows by the change of variables u = ¢ —t, v = x +t. For
general functions f and g write fi = fX[kr+1) and analogously for g;. Then B(fi, gi) is
supported in the interval [(k+1)/2, (k+1)/2+ 1] and it is equal to zero unless |k — | < 1.
This reduces things to the case | = k,k — 1,k + 1. For simplicity we consider the case
k = 1. Using the sublinearity of the quantity || - ||2/52 we obtain

HZBfk,gk\ < 328U a0) ||;€32_anku”?ugkn”z < (Ifllellgh) ™,

where the last inequality follows by the Cauchy-Schwarz inequality.

We end this introduction by indicating some differences between linear and multilinear
operators, even in the simple case of positive kernels of convolution type. First we recall
the space weak LP, or LP*> (0 < p < oo) defined by

1/

L7 = {f:R" = C: supA{|f] > A} = |l fllzree < o0}
>

This space is normable for p > 1 and p-normable for p < 1. It is (1 — ¢)-normable for
p=1.

If a linear convolution operator f — f * Ky with Ky > 0, maps L'(R") to L}(R"),
then it obviously maps L*(R™) to LY*(R") and from this it follows that K, must be
an L' (integrable) function. The circle of consequences trivially completes since if Ky is
integrable, then f — f * Ko maps L'(R"™) to L'(R").

In the bilinear case (case m = 2 in Example (3)), one also has that if (f,g) — To(f, g)
maps L'(R") x L'(R") to L'/?(R™), then Ty maps L'(R™) x L'(R™) to L'/*>>(R"), and
from this it also follows that the kernel Ky must be an integrable function. However, it
is not the case that for K, nonnegative and integrable we have that the corresponding
operator Ty maps L'(R") x L'(R") to L'/%»*(R"), see Grafakos and Soria [14]. So there
are some fundamental differences between linear and bilinear operators even in the simple
case of nonnegative kernels.

2. THE KATO-PONCE RULE

Let us start with the classical Leibniz rule saying that for differentiable functions f, g
on R™ and a multiindex v = (y1,...,7,) we have

(1) 7"(f9) =BZ (g) (ﬁ) (0 )@ 9)

where the sum is taken over all multi-indices 8 = (f4,...,0,) with 5; < ~; for all
j=12...,n
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One defines the homogeneous fractional differentiation operator D?, for s > 0 by

D) = @) = [ i

where A = 07 + - -+ + 9?2 is the usual Laplacian and

~

Fey= | fapeeca
.

is the Fourier transform of a Schwartz function f. We also introduce the inhomogeneous
fractional differentiation operator (I — A)¥? by

(I=A)f@) = [ OO +4n>|¢P) /e’ de,
Rn

where f is a Schwartz function, or in this case, even a tempered distribution and ¢ is a
real number. The Sobolev space norm of a tempered distribution f is defined for ¢ real
and 1 < p < oo by

£ = 11T = &),
We note that
1A < 141 e

for any ¢ > 0 and 1 < p < oco. Indeed, this amounts to knowing that the inverse Fourier
transform of the multiplier (1 + |£|?)%2 lies in L' for all + > 0. This is a well known fact
(see for instance [9]) since this function (called the Bessel potential) is integrable near
zero and is bounded by a constant multiple of e~1#1/2 as |z| — oo.

A natural question that arises is whether there is a Leibniz rule analogous to (1) for
positive numbers s. Although one may not write an easy explicit Leibniz formula in this
case, for the purposes of many applications, it suffices to control a norm of (I — A)*?(fg)
in terms of norms of f and g and their derivatives. This was achieved by Kato and Ponce
[16] who proved the following fractional differentiation rule:

@ Wl <€ Il + 11T = )20l e+ 197l

where s > 0, 1 < p < . Kato and Ponce used this estimate to obtain commutator
estimates for the Bessel operator which in turn they applied to obtain estimates for the
Euler and Navier-Stokes equations.

The homogeneous version of this differentiation rule was obtained by Christ and We-
instein [4] who obtained the following inequality for 0 < s < 1

® 1260l < (10Dl + 151l 2]

1 1 1 1 1

—= =t ===+ —

TPt @ P2 Q2
this rule arose in connection with dispersion of solutions of the generalized Korteweg-De
Vries equation. We will refer to both homogeneous and inhomogeneous versions of such
inequalities as the Kato-Ponce differentiation rule. For related references on this rule see
the works of Semmes [22], Bényi, Nahmod, and Torres [1] and Gulisashvili and Kon [15].

We will prove the Kato-Ponce differentiation rule in some cases and we will provide

some extensions. Our approach is based on the theory of bilinear singular integrals.

Ly
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Theorem 1. Let s be a nonnegative even integer. Suppose that 1 < py,ps,q1,qe < 0o be

such that
1 1 1 1 1
St =
TPt @1 P2 Q@
When 1/2 <r < oo and 1 < p1,pa, q1,q2 < 00, there is a constant C such that for all f, g

Schwartz functions on R™ we have
o 1260l < (10Ol sl + 112"
Moreover, when 1/2 <r < 0o and 1 < py,ps, q1,q2 < 00, then

g 1260l <€ 10Nl + 1510,

is valid for all f,g Schwartz functions on R™. By density these estimates can be extended
to all functions for which the right hand side of the inequalities are finite.

Proof. We previously introduced the notion of a bilinear multiplier operator by setting

Tt = [ [ Feamatenen e iy

where (&, n) is some function, called the symbol of T,,. We now note that D*(fg) is a
bilinear multiplier operator with symbol

o(&n) =€ +nl"
It will suffice to express this symbol in terms of |[£|* and |n]|°.

We consider a smooth function ¢ that is equal to 1 on the interval [0, 1] and vanishing
on the interval [2,00). Then we partition |{ + n|® as follows:

et = {0 ) () bt + {2 o (1) L

and we note that the functions inside the curly brackets are homogeneous of degree 0 and
smooth away from the origin (£,7) = (0,0) (obviously they are singular at the origin).

Setting | | "
S/ AN S|
" £+l Il
0-2(§’n) = |77|s ¢(m>
we write
(6) Ds(fg):Tm(Dsfvg)_l_Taz(vasg)

and matters reduce to the boundedness of the operators 7, and 7,,.
We recall a bilinear multiplier theorem due to Coifman and Meyer [6], [7] (with the
extension to indices p < 1 by Kenig-Stein [17] and Grafakos-Torres [12]):

Proposition 1. Suppose that o(€) is a smooth function on R™ \ {0} that satisfies
(7) 0%0(£)] < Cpl¢] 7

for all multiindices |5| < mn+1 and for all 575 0. Then the m-linear operator T, acting
on functions on R™ x «-- x R™ with symbol o is bounded from LP*(R™) x --- x LPm(R")
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to LP(R") when 1 < p; < oo, 1/p=1/p1+ -+ 1/pm, 1/m < p < 0o and is bounded
from LP*(R™) x --- x LP"(R™) to LP»*(R™) when 1 <p; < oo, 1/p=1/p1+ -+ 1/pm,
1/m <p < 0.

This result was improved by Tomita [23] by weaking assumption (7) to hold only for
indices |a| < [mn/2] + 1 when p > 1; see also the related work of Grafakos, Miyachi,
Tomita [11], Grafakos and Si [13], and Miyachi and Tomita [20].

Now we notice that the functions ¢; and o, are homogeneous of degree zero and there-
fore they satisfy (7). Using Proposition 1 (with m = 2) and (6), we obtain the Leibniz

fractional differentiation rule for the product fg.
O

Corollary 1. Under the hypotheses of Theorem 1 have the following estimate
(8) 12D e < € (1l +12°H)s) (N9l + [12° @)

whenever s is a nonnegative even integer.
We now discuss the inhomogeneous version of the preceding theorem.

Theorem 2. Suppose that 1 < p1,ps,q1,q2 < 00 and 1/2 <r < oo be such that
1 1 1 1 1
TPt @1 P2 Q@

Suppose that s > 2n + 1. Then for f, g Schwartz functions the inequality

O =)y < [T = A7 ol + 151l - 90

is valid when 1 < py,p2,q1, g2 < 00. Also the inequality

10) 7= 82 <€ 1= 32Dl gl + 151l = 0.

is valid when at least one of p1,ps, q1, g2 s equal to 1.

Proof. The proof proceeds as that one in the previous theorem with the only difference
being that the functions o; and o, are defined by

2\ /2
SN (ST KPR

(Ll ol
02(5777)—<T|77|2> ¢(m)

and the key observation is that, although these functions are not homogeneous of degree
zero, they still satisfy (7) for all |o| < 2n + 1 (since s > 2n + 1) and thus Proposition 1
applies. O

and

We denote by L*° the weak Sobolev space with norm:

1Al e = (2= 2)72F]

Ly Lot
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Corollary 2. Let s > 0. Then for functions f, g in the Schwartz class we have
179l < 1171
whenever 1 < p,q < oo and 1/r =1/p+1/q. We also have
91l e < 111l 2 llo]

whenever 1 < p,qg < oo and 1/r = 1/p+ 1/q. These estimates extend by density to all
functions in the corresponding Sobolev spaces.

9]

Lt Ll

Lz L

Proof. The important observation is for s > 2n + 1 and for s = 0, the claimed estimate is
valid. The case where 0 < s < 2n + 1 follows by complex interpolation. For purposes of
interpolation, one has to reprove the endpoint cases with s replaced by s+ i and observe
that the estimates obtained are mild in 6. The details are omitted. 0

The methods hereby discussed also extend to the case of m-linear operators for m > 3.
Precisely, we have the following estimates:

Theorem 3. Let 1 < p, < oo for 1 < j k <m be such that 1/p=1/p1;+ -+ 1/pm
for alli. Let f; be functions in the Schwartz class.
Suppose that s is an even integer. When p;i, > 1 we have

<n> 121l < € X (10D TT N
j=1 i#j

and when p; > 1 the following estimates are valid:

126 il € S (1D s TT 1]
j=1

i#]
Now suppose that s > 0. Then the following estimates are valid for any i:
A el T e T
whenever and p;, > 1, and
1 foll e < C Al e [ ol s

whenever p; > 1.

The proof of this theorem is obtained via a decomposition analogous to that in Theo-
rem 2.

3. PARAPRODUCTS

For continuously differentiable functions on the real line we recall the product rule of
differentiation:

(f9) = flg+ fd

from which we obtain the following expression for the product:

F(2)g() + ¢ = / " Pg() de+ / " Hyg ) dr.
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But the constant ¢ must be zero since both functions on the left and right vanish at
infinity. The expressions on the right above can be identified with “half” the product of
f and ¢ and for this reason we call them paraproducts.

The first paraproduct II; of f and g is a bilinear operator defined as follows:

IL(f,g)(x) = /_m f'(t)g(t)dt .

Obviously, the perfect reconstruction of the product from the two paraproducts is as
follows:

fg=1L(f,g)+1L(g, f)

and the derivative of each term on the right is equal to half the derivative of the product,
ie., f'g and ¢'f respectively.

Another type of paraproduct was introduced by A. Calderén (1965) for analytic func-
tions F', G defined on the upper half plane {x+iy : z € R, y > 0} that vanish at infinity.
This paraproduct is defined as

II(F,G)(z) = —i /Ooo F'(z 4 iy)G(z + iy) dy

for complex numbers z with positive imaginary part.
One also has the reconstruction property of IIy, i.e.,

F(2)G(2) = II(F,G)(2) + IL(G, F)(2)

since

II(F,G)(2) + II(G, F)(2) = —i /OOO [F’(z +1)G(z +iy) + F(z +1iy)G (2 + zy)} dy
=— /OOO(FG)’(Z +iy) dy

_ /Ooo d%(FG)(z iy dy

— —[ lim (FG)(= + iy) — (FG)(2)]
= (FG)(z).
We recall the Poisson kernel
Pla) = =—
ol 4 a2
and the conjugate Poisson kernel
1 =
Q) = 71+ 22

and their dilations Py(z) = t ' P(z/t) and Q¢(z) = t*Q(x/t). We consider the derivatives
of these kernels

, 1 2z

Ple) ==y
and ,
PR S

Q (:E) - 71,(1 -|-£L'2)2

and we note that P’ and @)’ are integrable functions with mean value zero.
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If we consider the analytic functions F'(z+iy) = (f*P,)(x)+i(f*Q,)(z) and G(z+iy) =
(g% Py)(x) +i(g * Qy)(z) for some real-valued functions f and g, then

Plaiy) = g-Platin) = - [(FP)@)+i(7+Q)(@)] = ¢ [(FxP)@) +ilF+Q,) (o)
and II(F, G)(z) becomes to

= : : / , dy

| [ m@+itr =] [to = R)@) +ita = @) 2

for real numbers z. This can be written as a finite sum of integrals of the form

/0079*13)( ) (f xQ,)(x >‘§j’

and of the form - p
Y
| wre)@re)m?
where Q is one of Q, P, Q’.
Using the above, the restriction of II(F,G) on the real line gives rise to paraproducts
of the form

I(f, U: g, B)(x) = / (@) (9% D) (@) %
and of the form
Ma(f, U g, 0)(z) = / (f % 0,)(x) (g + T,) () dy—y ,

where ®, U, and U are integrable functions with mean 1, 0, and 0, respectively. For
purposes of most applications, it will suffice to consider functions ¢, ¥, and U that are
compactly supported in their spatial domains or in frequency.

In the sequel we will consistently denote by W, ¥ functions whose Fourier transforms
are compactly supported and vanish at the origin while we will denote by &, ® functions
whose Fourier transforms are compactly supported and are equal to one at the origin.

Finally, we have the discrete versions of II, which we call H3

I5(f, U; g, ® Zs‘b )AY(f

and

I5(f, U; g, ZA‘P

where A;-I’ is the Littlewood-Paley operator given by convolution with ¥,-; and S]‘-I) is an
averaging operator given by convolution with ®4-;.
We would like to consider boundedness properties of these paraproducts. The easiest

one to study is the paraproduct II3(f, ¥; g, ¥) (or analogously its continuous version).
Suppose that ¥ is an integrable C' function on R™ with mean value zero that satisfies

(12) T ()] + [V (2)| < B(L+ [z)™
Introducing the square function

s* (= (S iarmr)

JEZ
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we have that

(13) IS* Oz < ClfNL

for 1 < p < oo. (The same estimate is valid for 0 < p < 1 provided the L? norm on the
right hand side of (13) is replaced by the H? quasi-norm of f and U is assumed to have
more smoothness). We also have that

M (f, ¥;9,%) < S"(f)S"(9)

from which several estimates about II3 can be obtained. For example, it follows from
Holder’s inequality that

M/ 9. 91 < C NSl 9

whenever 1/p; + 1/ps = 1/p and pq,p2 > 1, with the analogous modification when p; or
po are less than or equal to 1.

So the most difficult paraproducts are the ones of the form II3(f, ¥; g, ®). These can be
studied easier under the assumption that ¥ and ® are smooth functions with compactly
supported frequency. Also, at this point, the one-dimensional and higher dimensional
theory does not present any differences.

For purposes of exposition, we let ¥ be a smooth function with Fourier transform
supported in the annulus 1/2 < [¢| < 2 on R™ and satisfying

Z\IJ gy =1, £4£0.
JEZ

We let ® be a smooth function whose Fourier transform is supported in the ball [¢| < 2
and that it is equal to 1 on the smaller ball || < 1/2. The paraproduct II3 can be written
as

qujg? ZA\P S;I)3 +R(fvg)7

where R(f, g) is another paraproduct of the form II3(f, ¥; g, CI}) that was previously stud-
ied.

The main feature of the paraproduct operator Il3(f, U; g, ®) is that it is essentially a
sum of orthogonal functions in frequency. Indeed, the Fourier transform of the function

o —

AY(f) is supported in the set
{ceR: 270 < gl <M},

o —

while the Fourier transform of the function S} 3(g) is supported in the set
| {eeRrm: 2 < g <281}
k<j—3

This implies that the Fourier transform of the function A;I’( f) S;-I’_3(g) is supported in the
algebraic sum

{€eR: 27 < <P+ {eeR™: ¢ <27
which is contained in the set
(14) {EeR": 272 < g <272,

and the family of sets in (14) is “almost disjoint” as j varies.
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We now introduce a function © whose Fourier transform is supported in the annulus
{€¢ e R": 273 < |¢] < 23} and is equal to one on the annulus {£ € R" : 272 < |¢| <
22}, Then the Littlewood-Paley operator A;T)(h) = hx Oy-; satisfies AY(f)SP4(g) =
A?(A}Ij(f) S;I’_g(g)) and we may write

JEZ

It is now possible to compute the LP norm of II3(f, ¥; g, ®) for p > 1 by duality as the
supremum of expressions of the form

(15) /n 5(f, ¥; g, ®)(x) h(z) dx

over functions h with ||h|| ;v < 1. Using that A? is self-adjoint we have that the expression

in (15) is equal to
/ S AS(R)AY (1) S2.4(g) d

JEZ

which is bounded by
| et (1) swp 5o do
" J

Clearly we have
sup S7 (9) < co M(g),
j

where M is the Hardy-Littlewood maximal function and the required conclusion follows
from the boundedness of S®, S¥, and M on L9 for all ¢ > 1.
We have now obtained the following

Proposition 2. The operator II3(f, V; g, ®) is bounded from LP* x LP* to LP whenever
1 < p1,p2,p <00 and 1/py+1/ps = 1/p.

To extend this proposition to the case p < 1 and py, ps > 1, we use the theory of Hardy
spaces. First we need the following lemma.

Lemma 1. Let Ay, be the Littlewood-Paley operator given by Ap(g)(€) = (&)U (27%¢),
k € Z, where \I/ is a Schwartz function whose Fourier transform is supported in the

annulus {€ : 270 < |¢] < 2%}, for some b € Z" and satisfies >, .5 W (275E) = co, for some
constant ¢y. Let 0 < p < oo. Then there is a constant ¢ = c(n,p,co, V), such that for
functions f in HP N L2, and also in LP N L%, we have

17lee < | (S 1awnP)
keZ

Proof. Let ® be a Schwartz function with integral one. Then the following quantity
provides a characterization of the H? norm:

£l 2= [[sup [ f * @l ||, -
t>0

It follows that for f in H? N L?, which is a dense subclass of HP, one has the estimate

|f| Ssup|f*q)t|v
t>0

7
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since the family {®;};~0 is an approximate identity. Thus

[fllzr < el flla

whenever f is an element of H? N L2
Keeping this observation in mind we can write:

17l < el < [[( S 1as001) "
JEZ

L
By density this estimate is also extends to functions f in LP N L2. O

Using this lemma, we extend Proposition 2 to the case where p < 1.

Proposition 3. The operator II3(f, ¥; g, ®) is bounded from LP* x LP? to LP whenever
p1,p2 > 1, p<1and1/pi+1/ps =1/p.

Proof. Let © be as in the proof of Proposition 2. We split II3(f, ¥; g, ®) as a sum of ten
operators TT5(f, U; g, ®), s = 0, .., 9, where

M5(f, W59,@) = > AY()SPa(9)

J: j=10m+s

We consider for instance the case where s = (0. Then in view of Lemma 1 we have

I3, w9 0], < || (3 Iagamer wsg.enp) |
keZ
=<2 3 arnstal @)1
keZ : j=10m
<¢[|(Siae( X armsta)r),,.
kez k| <4

j=10m

But given a k there is at most one multiple of 10, 7 = j(k), such that |j(k) — k| <

4. The function @(2"“{) is equal to 1 on the support of the Fourier transform of

Ay () STy 3(9)-

So matters essentially reduce to the study of the LP boundedness of the square function
v S\ 1/2
(D 1A% (F)SS-a(9) )
kEZ

where j(k) is a fixed one-to-one function of k. The preceding square function is bounded
by

SY(f) sp SP(g) < SY(f) M(g)

and an application of Holder’s inequality yields the required assertion.
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4. PARAPRODUCTS AND DIFFERENTIATION

In this section we discuss how one can use the previously defined paraproducts to
study differentiation, and in particular, the Kato-Ponce differentiation rule. We refer the
author to the work of Muscalu, Pipher, Thiele, and Tao [21] for an elegant exposition
on the theory of paraproducts, and their connection with the Kato-Ponce differentiation
rule.

Given a paraproduct of the form

(£, W5 9. @)(x) = Y AF(f)() 57 (9)(x)
JEZ
for some functions ® and ¥ as above, we investigate what happens when we differentiate
it in the z variable with respect to the differential operator 0*. Here oo = (auy, ..., ) is
a multiindex and the total order of differentiation is |a| = a1 + - - - + ay,.

The classical Leibniz rule gives a sum of terms, one of which is obtained when 0¢ falls
on A;I’( f), vielding A;I’((‘?a f). Then there is a sum of terms of products of derivatives of
both AY(f) and S’(g). A typical term of this sort is

; 5 =B
Cap 21T AT () ST (g),
where at least one entry of the multiindex f is strictly smaller than the corresponding entry
of a. The operator A?B‘I’ is a Littlewood-Paley operator given by convolution with the
bump 0°V,-;, while S;?a_% is an averaging operator given by convolution with the bump
0°B®,-;. Since differentiations 9 include at least one derivative, one has that both
0°P® and 0%V act like “U” functions, i.e., they are smooth functions with compactly
supported Fourier transform that vanishes at the origin (they have vanishing integral).

We need to replace 271 A?B‘I’( f) by another Littlewood-Paley operator involving a
derivative of f. This can be easily achieved by looking at the frequency. We may write

T e
2710l A9V (f) = 271019y (277 = —— ().
5 () (2778 f(€) CERIE €177 (€)

But the function 1%\/3 = ¢ |_|a|(9//35 (€) is well defined and smooth since U vanishes in a
neighborhood of the origin. It follows that
AT () = AT (D)
This discussion leads to the conclusion that
OT0(f, 59, @) = TI3(0°f, U39, @) + R(D"'f. g),

where R(D!®lf, g) is a finite sum of paraproducts of the form IT3(Dl f, ; g, \i) We may
also replace ¥ by W, where

— &4 ~

Ua(§) = W‘I’(S),
from which it follows that
0°TL(f, U; g, @) = I(D°I f, Ty; g, @) + R(DI £, g)

These observations allow us to conclude the interesting fact that differentiating a para-
product of the form TI3(f, ¥; g, ®) yields a sum of paraproducts in which only the first
function is differentiated.
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The preceding discussion yields to the proof of another version of the Kato-Ponce
differentiation rule: we may write

and differentiating with respect to 9% gives
0°(fg) = Ts(Df, W g, @) + T15(DIlg, Wy f, @) + R(DIf, g) + R(Dlg, f).

Taking L” norms and using Proposition 3 we obtain a bilinear version of Theorem 3 in
which D* on the left in (11) is replaced by 0% (where s = |a]).
We now prove a result analogous to Theorem 2 for the homogeneous derivatives D?.

Theorem 4. Suppose that 1 < p1,p2,q1,q2 < 00 and 1/2 < r < oo be such that

1 1 1 1 1
-—=— 4+ —=— 4+ —.
r Y41 q1 P2 Qo

Assume that s > 2n + 1. Then

o <C (IOl ol + 1, 2]

is valid when 1 < py,ps, q1,q2 < 00. Also

00 0D 10Dl + 1O

is valid when at least one of p1,ps, q1, g2 s equal to 1.

(16) 22

Proof. Let us work with Schwartz functions f and g. Introduce a smooth bump ¥ whose
Fourier transform is supported in the annulus 6/7 < || < 2 and is equal to one on

1 < |¢] < 12/7 and such that
> U2 =1

J
for all £ # 0. Let A; be the associated Littlewood-Paley operator. Then we have
fa=">8(HAkg)
jik

and this identity holds at every point in R™. We introduce the operator Sy = > i<k A;

which is given by multiplication on the Fourier side by (2 kE).
We write fg as the sum of the following three terms:

1_[1f£l ZA

Jj<k—2

= > ANA

k<j—2
> A(HAKg
li—k[<2
The first and the second of these terms is easy to handle by the standard technique
described in Section 2, which also works for all s > 0:

P =3 [ [ eSO R+ ol
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which equals

(Hl f g /n Rnf |77| 2mm(£+n)|:2q) k+3£ )|€|‘|7;|77| dédn .

The expression inside the square brackets is a bilinear Coifman-Meyer multiplier, hence
boundedness holds for this term by Proposition 1. We obtain that

(18) | DAL (f, )| 1 < CUIf || 1on | D3 (9)

is valid when 1 < pg, qo < 0o. Also

(19) ||D$(H1(fv g)) L7 S ¢ ||f||LP2||DS(g)||L‘12

when py or ¢o equals 1. The argument for Il is similar, producing estimates analogous
to (18) and (19) with the roles of f and ¢ interchanged.
Now we look at Il3. For simplicity let us only consider the term where j =k, i.e.,

L ||L‘12

Then we may write

D((f,9) = S A (D A5(H2(9)

where we set [£]*T(€) = O(¢) and let A, be the Littlewood-Paley operator associated

with ©.
The symbol of the preceding bilinear operator is

ZNSZ@ K& +m)BE )T ()

{>—3

Notice that each differentiation in & or i produces a factor of 2¢(|¢|+|n|)~!, so to preserve
convergence of the series in £, one may only differentiate in & and 7 combined at most
times with || < s. Thus this symbol is of Coifman-Meyer type if s > 2n + 1, in which
case it satisfies (7) for all |3| < 2n+ 1. It follows that II3 also satisfies (18) and (19). The
proof is now complete. L
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