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A description of Bourgain-Pavlovic¢’s
ill-posedness theorem of the Navier-Stokes
equations in the critical Besov space

Okihiro Sawada*

Abstract

It is investigated the border in between the time-local well-posedness and the
ill-posedness of the Navier-Stokes equations in the whole space with the initial data
in the critical spaces. It is known by Koch-Tataru that the time-local existence
theorem of mild solutions in BMO™! = F 0_0,12' Besides, Bejenaru-Tao and Bourgain-
Pavlovic proved that the equicontinuity is not equipped when the initial data belong
to Bo_ol,oo = Fog}oo. In addition, the term-wise estimates for the successive approxi-
mation of the mild solutions and its convergence or divergence are established.

1 Introduction

1.1 Problem

This note is a brief survey of the results related to [47], mainly.
We consider the Cauchy problem of the nonstationary incompressible viscous flow of
the ideal fluid in the whole space R" with n > 2. This is mathematically described as

the Navier-Stokes equations:

w—Au+ (u,Viu+Vp = 0 inR"x(0,7),
(NS) V-u = 0 inR"x(0,7),
Ulg=o = wo in R™.
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This initial value problem is called (NS). We define the notations of derivatives as follows:

ug = Opu == Ou/dt, J; = 0/0x; for j = 1,...,n, V :i= (01,...,0,), A == > " 9%

Jj=1"3
Here, for vectors a = (a',...,a™) and b = (b',...,b"), a-b or (a,b) denotes > i1 alt’.
The velocity u = (u',...,u") = (u'(z,t),...,u"(x,t)) and the pressure p = p(z,t) are

unknown functions. The problem is to determine the solution (u,p) to (NS) uniquely
from the given initial velocity uy in some function space. It is natural to impose the
compatibility condition on wug, that is, V - ug = 0 holds for all x € R".

The mathematical analysis of mechanics of viscous fluid has a long history. Mathemat-
ical studying of (NS) was started by Oseen [43] who established the time-local existence
of a classical solution to (NS) with a regular initial datum. One of the most important
results on (NS) is obtained by Leray [35, 36] in 1930’s. In [35] Leray showed that for
n = 2 there exists a unique time-global classical solution, when the initial velocity wug
is square-integrable with V - ug = 0 in the distribution sense. He also constructed the
time-global weak solutions for n = 3. See also Hopf [22] and Masuda [37]. It is a famous
open problem whether one can obtain the uniqueness and smoothness of Leray’s weak
solutions, that is, (NS) admits a time-global unique solution in L?(R?). That is different
to our aim, so we do not penetrate into its detail.

By the Duhamel principle we derive the integral equation from (NS)
¢
(INT) u(t) = g — / IP(u(7), V)u(r)dr.
0

See e.g. Fujita-Kato [14, 28]. We call the solution of (INT) a mild solution. This
derivation is understood via the following abstract equation of value in a Banach space:

(ABS) u' = Au—Pu, Vu, u(0)=ug.

Jc|?

Here, we denote the heat semigroup €' := Gyx, the Gauss kernel Gy(z) := W@‘T,
convolution with respect to spatial variables fxg(x) := [g. f(x—2)g(2)dz, the Helmholtz
projection P := (d;; + R;R;); j=1,. n, Kronecker’s delta 6;; = 1 if i = j, 0;; = 0if i # j,
the Riesz transform R; := 0;(—A)~Y/2 .= F _1%}' . The Fourier transform is defined
by

1

o Jo I

FFE) = f(&) =

and F~! is its inverse;

FUfle) = fle) = g [ e

If u is a mild solution, (u,p) is expected to be a classical solution, i.e. wu is in C! in ¢
and C? in z at each time t > 0 and location z € R™. This formal equivalency between
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(INT) and (NS) can be justified when u has a sufficient regularity, provided if p is defined
suitably, for example,
p= Z RiRju'u’. (1.1)
ij=1
We rather discuss (INT) and mild solutions than (NS) and classical solutions. Mild
solutions are usually constructed as the limit of the successive approximation (or, its
subsequence)

uy(t) := e®ug and  wjyi(t) ==u; —B(u;) for jeN (1.2)

in C([0,T]; X) for up € X with a Banach space X, where
¢
B(u,v) := / AP (u(r), V)u(r)dr and B(u) = B(u,u). (1.3)
0

In this note we discuss on the time-local solvability, time-global solvability for small
data, uniqueness and ill-posedness of the Navier-Stokes equations in the whole space with
initial data in critical spaces, due to the analysis of mild solutions and approximation.
We will refer to the definition of function spaces and their properties, in particular, the
important facts concerning with the mild solutions. This note is contributed to understand
of the positive results by Koch-Tataru [30], and the negative one by the technique due to
Bejenaru-Tao [3], Bourgain-Pavlovic [8] and the author of this note [47].

1.2 Motivation

We now refer to the motivation of recent works on (NS) in several function spaces. To solve
(NS) uniquely and time-globally in 3-dimension, one may consider the following steps:
firstly the smooth time-local solution is constructed; secondly the solution is extended
uniquely and time-globally. Along this strategy, Kato-Fujita [28] introduced the notion of
mild solutions, and proved that (NS) admits a unique time-local smooth solution, when
uy € H3~1(R™). They actually discussed that the approximation sequence {u;} uniquely
converges to the mild solution in the class C([0,7]; Hz~'). Although they established
this result in smooth bounded domains with non-slip boundary conditions originally, the
proof can be applied to the whole space problem without any difficulty. The detail was
shown in [14].

Since the results of Kato-Fujita are splendid, there are a lot of papers of the appli-
cations of their method in many directions. Some researcher wanted to eliminate the
smoothness on the initial data, since the smoothness of the solutions is automatically
obtained by the usual smoothing effect of solutions to equations of parabolic type. For
this purpose Kato [27] (in the whole space) and Giga-Miyakawa [21] (in a bounded do-
main) studied the properties of the heat semigroup in the Lebesgue spaces, using LP — L4
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smoothing estimates, and they proved that (NS) admits a time-local unique smooth so-
lution in L"(R™) for all n > 2. Giga [16] also obtained the time-local existence with
initial data in LP(R"™) for n < p < oo. The time-local existence for L™ initial data is
also constructed by Cannon-Knightly [10], Cannone [11], Giga-Inui-Matsui [19] in general
dimension.

We explain the scaling invariant space. For A > 0, put
up(z,t) == Au(Az, \*t),  palx,t) = N2p(Ax, \*t).

If (u, p) is a solution to (NS), then (uy, py) also satisfies (NS), automatically. If (uy, py) =
(u,p), then that is called a self-similar solution. A study on the self-similar solutions
plays an important role for mathematical investigation on partial differential equations.
Meyer [38] proposed the notion of the scaling invariant spaces with respect to = as
follows: we regard X as a scaling invariant space if ||u]|x = [|[Au(X - +a)||x for all A > 0
and a € R™ Concretely, L"(R") is scaling invariant; in fact, one may easily check
lullLn = [[Au(X - +a)||Ln. Once the initial velocity uy belongs to a scaling invariant space,
and small enough with respect to the norm, there is a chance to obtain the existence of a
time-global smooth unique solution. In 1984 Kato [27] figured out this fact, he showed it
when ug € L"(R™). So, we call this fact Kato’s principle or, time-global well-posedness for
small data (GWSD). This immediately implies that u = 0 is a stable stationary solution
to (NS) in a small ball of L", that is to say, the local stability. We intend to say that,
around 1981, Giga-Miyakawa [21, 41, 42] also noticed this fact independently of Kato.
Moreover, Giga [16] and von Wahl [54] pointed out that Kato’s principle is applicable
whence the function space of initial data is scaling invariant. This means that one may
not make sense the smallness in not scaling invariant spaces. After [21, 27|, there are a
lot of contribution works on Kato’s principle in several scaling invariant spaces. Actually,
Kato-Ponce did it in Hf ! in [29], Kozono-Yamazaki showed it in By "/” for p € (n, 00)
in [32], or Cannone et al. in [11, 12, 13, 44]. In addition, the weak-L™(R™) space (which
is equivalent to the Lorentz space L™>) is also considered by Kozono-Yamazaki [33]. In
2001 Koch-Tataru proved it by [30] in BMO™!. The function spaces which are concerned
are wider and wider:

PN c L C By © BMOT = B, € FL = Bl

o0

for p € (n,00). These embeddings are continuous (in norms), and BO_Ol’OO is the biggest

function space in scaling invariant spaces. In fact, Meyer showed that all scaling invariant
space is a subspace of Bo_ofoo. This implies that all self-similar solution belongs to Bo_ofoo.
Therefore, from view point of pure mathematical interests, many researchers tried (still

try) to investigate (NS) in such function spaces. Bourgain-Pavlovic [8] finally showed the
-1

00,007

negative results in B namely, Kato’s principle is not applicable in Bo_ol’OO. This note is
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a contribution for better understanding of their results, and we also argue the convergence
or divergence of successive approximation.

Furthermore, there are some results on the local existence of mild solutions in the
subcritical spaces (not scaling invariant, for example, the Besov space B, ¢ with a <
1 —n/p). See e.g. [46]. Besides, in the case of supercritical spaces (« > 1 — n/p) it
seems to be tough to construct mild solutions by successive approximation, in general.
Nevertheless, using L?-theory by Leray-Hopf, one can obtain the existence of time-global
weak solutions when ug € LP(R?) for p € (2, 3); see e.g. Calderén [9].

Before closing this section, we will refer to notation. Hereafter, we denote the numer-
ical constants by C, which may differ to the others in lines, likely. We do not distinguish
scalar valued functions and vector valued, as well as the function spaces, if no confusion
occurs. We use Bourgain’s notation of an equivalency A ~ B, which means that there is
a constant C such that C™'A < B < CA as well as the norm equivalency || - |4 ~ || - ||
by C7Uflla < |Ifllz < C||flla for all f; we use it when we do not have interests in the
constant C', particularly. We also use a notation of the almost equivalency A ~ B, which
means that A = B 4+ R such that |R|| < || B| with some norm | - ||.

2 Function spaces

2.1 Sobolev space

Let us introduce the function spaces in this section. Let n € N, s € R and let 1 < p,q <
oo. The set of test functions is denoted by D or, C°(R"). Its topological dual stands
for D', which is the set of distributions. The set of rapidly decreasing functions (in the
sense of Schwartz) is written as S; the set of tempered distributions is §’. For p € [1, o],
Lr:=LP(R™) :={f € L} ;| fll, < oo} is the Lebesgue space of p-th integrable functions
whose norm denotes

1l = (fgn lF@)Pd2) i p < o0,

[flloo == esssup,egrnlf(z)] i p=oo.
We often omit the notation of the domain (R™). Note that S C L? C &', and the first
inclusion is dense when p € [1,00). So, we may define the operators (F, e/, R;, P, etc.)
as a tempered distribution.

The solenoidal subspace stands for L? := {f € LP; V- f = 0}, where V - f = 0 means

in the distribution sense. For p € (1, 00) one may see

P = @”'”p :==closure of {f € C; V- f =0} in |||,

[

Let m € Ny := N U {0}, p € [1,00], the Sobolev space WP denotes by

wre = {f € 17| fllwns < o0},

”f”Wm’p = Z|a|§m ||aaf||p
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Here a@ = (ay,...,a,) € N is a multi-index; 0% := 0" --- 0% and |a| == ag + -+ +
a,. Usually, m is called the differentiability exponent, and p is called the integrability
exponent. We also use this terminology, throughout of this note. The inhomogeneous
Bessel-potential space is defined by

Hy o= (1= A)7PLP = {F L+ EP) 25 f € 17}

p

with s € R and p € [1, 00]. Note that W™? = H* for m € Nj.
The homogeneous Sobolev space is defined by

Wme = {f € Ll fllyms < o0},
||f||v.[/m,p = Z|a|:m ||8 f”P
We denote H; = (=A)2LP = {.7-"71|£|_8f;. f € LP} by the homogeneous Bessel-
potential space. One can also see that W™? = H* for m € Ny.

Concerning to the fractional order of Sobolev space, we analogously define the Slo-
bodeckij space W*P with the norm

0 f(z) — 0 f(y)[? e
[ Fllwes 2= 1| fllwoas + ( [ [ dxdy)

|ar|=[s]

for s € Ry \ N and p € (1,00). Here we have used the Gauss notation; s = [s] + {s} and
[s] € Ny and {s} € (0,1). There are many characterization of these function spaces, in
particular, using the interpolation theory; see e.g. [4, 52]. However, we omit the details.

2.2 BMO, Besov and Triebel-Lizorkin spaces

Now we consider BMO (Bounded Mean Oscillation) functions:

BMO = {f € Lige; [[fll a0 < o0},
Memo SUPQCR” |Q| fQ |f(y) — foldy,
fo =g Jo f(2)dz

Clearly, [[‘]]pmo is a seminorm, however, not a norm. In fact, [[f]]zmo = 0 if and only
if f is constant. We should note that BMO/R (or, BMO/C if we deal with complex
valued functions) is a normed space, then a Banach space. Obviously, L>* C BMO C §'.
Notice that [[f]]zmo < 2| f|lcc. We now introduce the Carleson measure due to Strichartz

[51] and this leads us the equivalent norms:

1 st )
anBMorvme;ggM('BR(x” Lo e tdy> (2)

for f € BMO/R. Here we have used ~ the notation of a norm-equivalency.
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To define the Besov spaces and Triebel-Lizorkin spaces we now introduce the Paley-
Littlewood decomp081t10n Let us call {¢;}2 oo the Paley-Littlewood decomposition if

do € CZ(R™), suppdo C {& 1/2 < [¢] < 2}, 5(€) = do(27€) and 373 9,(€) = 1
except for £ = 0. Also, let us denote ¢ = F~1(1 — Z;; ®;), 80 {1, P1, P, ...} is a dyadic
decomposition of the unity in the phase space.

Notice that 1, ¢; € S. We can easily verify by dilation argument that

[éillh = lgolli,  J€Z (2.2)

independently in j. Obviously, [ ¢; = 0 for all j € Z. Also,

o) =i =0 i |j—k|l>2,
this fact is called Bony’s paraproduct lemma due to [5]. This yields that

J+1
Gixf =i (D o) * [ (2.3)

k=j—1

In the same way, we have ¢ x ¢; = 0 for j > 2. By (2.2) and (2.3) it holds true that for
s € R there exists a positive constant C' such that

10— A2, % fll, <C29)g; % fll, for jeN,
I(~2)"26; % fll, <C29]é; % fl, for jez,

which is a sort of Bernstein’s inequality; see e.g. [4].

Definition 2.1. Let s € R, p € [1,00] and q € [1,00]|. An inhomogeneous Besov space is
defined by

B;q = {f S Sl; B, < OO}, y
oo is E .
Illss, =[x Flloo+ 3552 200y £ll2] © i g <00
||JC||B§,Oo = [ * flloo + SUP1<j<eo 27| s * fllp if ¢g=o0
This Besov norm is understood as || - [|ja(zry in the sense that {||f;|,}32, € 19, where

[« £,2°00 % f,2%¢y x f,...} = {f;}52. Following Johnsen [25], we call s the
differentiability-exponent, p the mtegral—exponent and ¢ the sum-exponent.

Definition 2.2. An inhomogeneous Triebel-Lizorkin space is defined by

Fy, = {fES’; s <oo}
[ fllrs, = HW x f|+ (ZQ 1235q|¢J fle ) if p,q < oo,
“le;,oo = |||¢ f|+sup1<]<oo *f|||

. 1/q
1, —wmmwmqﬁwﬁﬁ%m(zﬁﬁ@mwﬂwm dy,
IfllFs. . = SUPkeny 2ern m fB o (z) SUPj>k 29| = f(y)|dy.
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Similarly to the Besov norm, this Triebel-Lizorkin norm is understood as || - || L»ey in

the sense that ||| f;li|| -

Note. (a) B;, and F;, are Banach spaces. One can easily check that the Cauchy
sequence converges. Clearly, S is a subset of B) , and F for all s € R and p,q € 1, 00;
and dense if p < oo and ¢ < oc.
(b) B;,=F;, Moreover, By =F; =W ifsec R, \N.
(¢) The embeddings hold from Minkowski’s inequality (19 C " for ¢ < r):
B,,CB,,CH;CB,, it p<2
B,,CH,CB,,CB,, it p>2
FyyCHy=F,CF5  if pe(l,00).
The last one follows from the fact that F), = L? (equivalent norms) and the Mikhlin-
Hormander multiplier theory.
(d) The embeddings of Sobolev type

B C B? and £ C E?

p1,91 P2,q2 p1,q1 p2,q2

hold if either “s; > sy and p; = p” or “s; — n/p1 = s — n/p2, $1 > s and p; < po”
without any restriction on the sum-exponents ¢; and ¢s.
(e) The equivalency between the Besov space and the Holder class:

B .=C" if seR,\N

holds. For s € N the Besov space Bj, ., is equivalent to the Zygmund class C*, which is
a natural extension for all s > 0 of Holder class; see e.g. the book of Triebel [52].
(f) We easily see that

B, CBUC C L* C B, ...

Here BUC stands for the space of bounded and uniformly continuous functions. Only
one typographical error in the book of Triebel [52] appears in here: BY ; seems to be a
Banach algebra with respect to the point-wise multiplication. However, that is not true.
This fact was pointed out by Yamazaki; the concrete explaining is found in Runst-Sickel
[45].
(g) For the cases p € (0,1) or ¢ € (0,1), one can analogously define B and FJ  as
quasi-Banach spaces, corresponding quasi-norms; the triangle inequality does not hold, in
general. We do not penetrate this situation, since we always need the triangle inequality
with almost every calculation in this note, for instance, to construct mild solutions by
iteration arguments.

We are now in a position to define the homogeneous Besov and Triebel-Lizorkin spaces.
Let Z’ be the topological dual space of

Z.— {feS; 8° f(0) = 0, VaeNg}.
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Definition 2.3. For s ¢ R, 1 < p < 00 and 1 < q < oo, we define the homogeneous
Besov space by (see [4, 45, 52, 53]):

By, = {fezilf

. ‘ /g
1l = [ S5 2les« flls] i q< oo,

1fllps . = SUP_socjcoo 2%l * fll,  if q=oc.

Bqu < OO},

Also, we define the homogeneous Triebel-Lizorkin space by

Fryi= {fe 25l
i H (2520, £19

ns < 00
b, <)

171 [

if p,g< oo,

p

and define it for the cases p = oo or ¢ = oo by the same modification of inhomogeneous
Triebel-Lizorkin spaces.

Note. (h) By the definition of ¢, it is clear that || f| s, =0 if f € P := {polynomials}.
Thus, || - || 3., and Il iz;, are seminorms. The quotient spaces divided by polynomials
Bs /P and I} /P are Banach spaces.

(i) Clearly, Z is a subset of By , and F;, and dense if p,q < oco.

. . p7q’
() B,,and F; are subsets of " if the exponents satisfy

either “s <n/p” or “s=n/p and ¢=1". (2.4)

Under this conditions, the operators F, e!*, P, R; can be defined on the homogeneous
spaces as the tempered distribution sense. Also, it is natural to select the representative
element such that -

f=> ¢jxf in S (2.5)

j=—o0

See the details in Bourdaud [6] or Kozono-Yamazaki [32]. Throughout of this note, we
basically treat the homogeneous space under the exponents satisfying (2.4) only.
(k) The following equivalencies are known:

which are equivalent norms. Here H! := {f € L*; R;f € L', Vi = 1,...,n} is the Hardy
space. It holds true that B;p = F;p. Also, the homogeneous versions of the embeddings
as the same to (c¢) and (d) hold.

(1) We are mainly interested in the case p = oo, and following continuous embeddings

are easily seen:
BY,,C BUC C L*CBMOCBY,..
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Typically, thanks to (2.5), we get

flloe =1 Y- @5 % flloe < D 165% Flloo = I fll g,

j:—oo j:—OO

(m) By dilation for any integer j there exists a positive constant Cj (independent of k
and j) such that ||Rx¢;][1 < Cp. Hence, we see that the Riesz transform is bounded in
the homogeneous spaces as subspaces of S’ when the exponents satisfy (2.4).

In this note we mainly deal with the case p = oo. Define Bgolm by

Byl = {f €S| fllgz, < 00},
1fllgz, = [fI = sup,s volle” flloo.

The equivalency By, = B3l /Rand ||+ ||z=1_ ~ ||+ | =1 hold true except for constant
functions; see e.g. [1, 34]. Indeed, for a non-zero constant function f. =c € R"\ {0} we
see that

sup /plle”® felloo = sup v/ple| = 0o # sup 277(|¢; * felloo = 0.
p>0 p>0 JEZ

The reader should notice that the non-zero f. do not satisfy (2.5).

r—1

3 Local well-posedness in 0.2

3.1 Well-posedness in the sense of Hadamard

In this section we explain the results of Koch-Tataru [30], briefly. They constructed time-
local unique mild solutions with initial data in vmo~?!, and mild solutions can be extended
time-globally if BMO~!'-norm of the initial velocity is small sufficiently. Before stating
their results, we now recall the notion of well-posedness in the sense of Hadamard.

Definition 3.1. We say that the Cauchy problem is (WP) well-posed in X if the following
three conditions are satisfied:

(i) A solution ezist.

(ii) The solution is unique.

(iii) The solution equips the equicontinuity.

The property (iii) means that the solution depends on the initial data continuously in
some reasonable topology e.g. C([0,00); X), that is, for all ¢ > 0 and £ > 0 there exists
d > 0 such that ||ug — to||x < 0 then |Ju(t) —a(t)||x < e. Here u(t) and @(t) are solutions
at time ¢ with initial data ug and g, respectively. If we only get the time-local existence of
unique solution, replacing oo by 7" for some 7" € (0,00) and ¢ € (0,T) at (i) and (iii), then
it is called (TLWP) time-local well-posed. For the case one can obtain the well-posedness
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if the initial data are small enough, it is called (GWSD) time-global well-posedness for
small data. From view point of the dynamical system, (GWSD) implies the local stability
of the trivial solution v = 0. We call (IP) ill-posed if one of (i) — (iii) is failed. This usual
terminology is used throughout this note.

Leray [35] showed that (NS) is (WP) in L2(R?). The famous problem is to show
whether (NS) is (WP) in L2(R?), or not. Kato [27], Giga-Miyakawa [21] proved that
(NS) is (TLWP) and (GWSD) in L2(R").

We will discuss well-posedness of (NS) in the Besov or Triebel-Lizorkin spaces closed
and related to L>°, due to the mild solutions. We now focus into the continuity of solutions
in time at the initial time. Dealing with L°°-initial data, we have to take care about the
following fact:

Lemma 3.2. Let f € L®. Then e®f — f in L™ ast — 0 if and only if f € BUC.

In other words, e is strongly continuous in BUC, but not in L*®. Or, e is (Cp)-
semigroup in BUC'. Concerning the Heavyside function, h(z) = 1 for z > 0 and h(z) =0
for z < 0, it is easy to see that [|[e"“h — h|| = % for all ¢ > 0. The proof of this lemma is
found in e.g. [19].

Recall the integral equation (INT). It is clear that the second terms of right-hand-side
vanish as ¢ — 0 whence it is integrable. So, in order to get the continuity of solutions in
time up to initial time, it is naturally required the restriction on ug € X satisfying that
e!® is strongly continuous at t+ = 0 in X. For this purpose we now introduce the little
Besov space and little Triebel-Lizorkin space.

Definition 3.3. Let s € R, 1 < p,q < oo. Subspaces of B, , and F; , are defined by

p,q

by = {9€ By, ey —gin By, as t— 0},
pa T {g SV R et?g — g in Fyoas t— 0},

Assume, in addition, that exponents satisfy (2.4), the homogeneous version is defined by

I');’q ={g € B;;’q; g=> 7 o ¢i*xg inS, et®g — g in B;q as t — 0},
g = {g €EF ;9= Z‘;’;_OO pi*xg inS, et?g— g in Fj, ast— 0}.

They are closed subspace of usual Besov or Triebel-Lizorkin spaces, so Banach spaces.
It is easy to check that

YaraREs s Sl s
e8] D, — RBs+l1 P.q s
CC C bp,q Bp:q C Bp,q '

Also, one may see that by , = By, if and only if ¢ < co. See more details of little Besov
spaces in [2, 46].
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Next, we refer to the function spaces which are used by Koch-Tataru [30]. Let BMO™!
be
BMO™ = {[ €8 |Ifllmor < oo},

R 1/2
\ fll o1 == SUPzecrn, R>0 (m fo fBR(x) |etAf(y)|2d?/dt) )

where Bg(z) is an open ball radius R > 0 centered at x € R™. One may see that BMO™!
is equivalent to the set of first derivatives of BM O functions, and also they coincide the

specific homogeneous Triebel-Lizorkin space:
BMO™ =9BMO = F_},.

Recall (2.1). The reader may find the details of basic properties of BMO or Fpsyq in e.g.
(30, 45, 50, 51, 56].

One can see that the several interesting functions belong to BMO™! (and then BO_O%OO),
for example, the trigonometric functions e.g. [z — sinz] which are not decaying at space
infinity, [z ~— sin z+sin(v/22)] is an almost periodic function, [z ~— e® sin(e”)] is a growing
and oscillating function, [z — p.v.1] has a singularity.

For T € (0, c0] we denote the norm of BMOL" by

1 R2 1/2
Wllppos == sup | o / / 2 f(y) Pyt |
pHOr vern ke \|BrR@) Jo  JBr)

Let us now define the bmo~! and vmo™".

bmo~" i= {f € 8" [fllomo—r = f parorr < 00} = Fioy > BMO™,
vmo™! = {f € bmo™"; limr_yo || f|| pasoz2 = 0}
{f € me_l; liInt—>0 ||6tAf - f”bmo—1 = O} = fo_o,12

Here vmo is the localized version of VMO the space of vanishing mean oscillation func-

tions. In the book of Stein [50] VMO functions are required the vanishing in both
limro || fll Bror = imr— oo || fl| Baror = 0, which is slightly different to above.
Let T' € (0, 00], the function v of x and ¢ we define Ep-norm by

loller = supgrer VE[ ()]l o
R2
+ SupmeR”,RE(O,ﬁ)(m fo fBR(z)W(yv t)|2d?/dt) :

This norm is associated to the natural class of solutions of the heat equation as well as
the Navier-Stokes equations. Actually, let v = vy with vy € BMO™!, we see that

le*volle, = supoe,r Ve vo]l o

RQ 1/2
+ SuPzeRn,Re(O,ﬁ)(m fo fBR(z)letAUO(y) |2d?/dt)
< Cllooll g, + Cllvoll gy, < Cllvoll g7, < oo,

the first inequality obviously holds for taking T' = oco. The discovering Ep-norm is crucial.
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1 _ -1
3.2 Inwvmo " = [,

We give the main results of Koch-Tataru:

Theorem 3.4 (Koch-Tataru [30]). (NS) is (TLWP) in vmo™!, i.e., "ug € vmo™t, 3T > 0
and mild solution 3'u € EpNC([0,T];vmo™ ). Moreover, (GWSD) in BMO™!, i.e., if we
assume, in addition, that ||ug||rro-1 is small enough, then Fu € E,, N C([0,00);vmo™1).

Remark 3.5. (i) When uy € bmo™!, there is a lack of continuity of mild solutions at
t =0. Also, uniqueness is not known; see Miura [39].

(ii) By definition of Ep-norm it is shown that the mild solution u(t) € L for any small
t > 0. Thus, the pressure giving by (1.1) makes sense of value in BMO for t > 0.
Under this setting (u,p) satisfies (NS) in the classical sense, and the solution is uniquely
determined by ug; see Kato [26].

(iii) By smoothing effect for any small to > 0 the mild solution u(ty) € WH=(R™). So,
this ty can be regarded as a new initial time, and u(ty) as a new bounded and smooth
initial velocity. By analysis in L*°-framework by e.g. [19] we may observe the properties
of obtained mild solutions, more precisely. For example, the propagation speed of Koch-
Tataru’s solutions is infinity; see e.g. [40].

(iv) 1t is well-known that Serrin’s class L*(0,T; L") with % + % <1 satisfying s > 2 and
r € (n,00) produces the reqularity of solutions to (NS). Since the embedding L*(0,T; L") C
Er holds, one can arque the solution in Serrin’s class as a Koch-Tataru’s solution.

We use the iteration scheme (so-called successive approximation or fixed point argu-
ment) for the proof of Theorem 3.4. In fact, we successively define {u;} by (1.2) with
(1.3). Onme can see that the approximation sequence {u;}32, is a Cauchy sequence in
ErnC([0,T];vmo™). The Key of the proof is the inequality for estimating to the bilin-
ear terms: there exists a positive constant C' such that

1B(u, v)ller < Cllullezllvlle, — for u,v e &rp. (3.1)

This inequality holds true even for 7' = oo. One may find the proof of (3.1) due to the
point-wise estimates of the heat kernel in [30], and the estimates involving the higher
order differentiation in [40].

It is not known the benefit bilinear estimates in neither C'([0, 7]; vmo™!) to which the
solutions naturally belong, as long as the author knows. Remark that the function space
which contain non-decaying functions is usually not a Banach algebra with respect to
point-wise multiplications, e.g. 32071, vmo~', BMO~! and Bo_ol’w, except for L. Thus,

it seems to be difficult to make sense the bilinear terms in such function spaces, basically.
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4 Ill-posedness in ;,100 = b;},oo

4.1 Norm inflation

In this section we will give a rigorous proof of [8], that is, (NS) is (IP) in .0_07100 = I‘)golpo
in R?. Firstly, it is shown a lack of equicontinuity of mild solutions. Also, we see that it
seems to be difficult to construct a unique time-local mild solution.

Theorem 4.1 (Bourgain-Pavlovic [8]). Let n = 3. For 6 € (0,1) and T € (0,1), there
exists a ug Ei)‘l wo(R?) such that ||lug|| 51 <8 with V -ug = 0, there exists a mild solution
u in C([0,T]; ! ) and [|[u(T)|| 52 >1/0.

700,00

Remark 4.2. (i) This assertion indicates that in the class C([0,T];bZ..) to which

’ 700,00

mild solutions ought to belong, mild solutions do not have the equicontinuity. Thus, this
assertion is to be said ill-posedness theorem. Namely, (NS) is not (TLWP) in I‘);},OO

and the supercmtzcal spaces b_* _ with o > 1. Also,

and wider spaces, for example, b .00

(NS) is not (WPSD) in b7}

00,007

0,00

even though bl s scaling invariant. Furthermore, to

50,00
show the uniqueness of mild solutions in this class seems to be difficult in the sense that
the usual arguments due to Gronwall type inequality do not work.

(ii) One can also prove the lack of equicontinuity by the technique of Bejenaru-Tao [5];
see subsection 4.3.

(iii) This assertion is still true for the case n > 4 by the simple modification of the proof.
However, in the case n = 2 it is not clear whether the same results can be proved, or not.
(iv) It is supposed that one can also obtain the same statement in other function spaces.

Yoneda wrote [55] for ill-posedness in FZ\ with ¢ € (2,00), using the same argument

q
of [8]. Moreover, the author thinks that the similar results can be obtained for strong
solutions to other equations of parabolic type, particularly, the Keller-Segel equations; see

e.g. Twabuchi [23].

4.2 Initial datum

Theorem 4.1 follows from the technique of Bourgain [7] for establishing the similar ill-
posedness theorem for the KdV equation. His method is so-called “norm inflation”. Before
stating the outline of the proof, we now fix the initial velocity, concretely. In what follows,
the initial velocity is fixed to be of the form

ug(z) == \/_ Z hs ez cos(k - x) + ez cos(ly - )], (4.1)

that is to say,

uo(z ( Zh cos(hszy), Zh coshzl—x2)>
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with parameters () > 0 and large r € IN; other notations are as follows:

er:= €9:=(0,1,0) (=),
es:= €5:=(0,0,1) (= vl),

he == h(s):=2%¢"1/25"1p  for s € N,
ke := (hs,0,0),

ly == (hs,—1,0) (= k).

Here v,n € N are also parameters; vy, v, k., are the notation in [8]. The specific time

s)°'7s

T when the inflation occurs can be regarded as a parameter, replacing the time variable
[t — At] with some A > 0. Using this scaling argument, we can relax the restriction
T < 1. However, for the sake of simplicity of the proof, and for the readers’ convenience,
T remains as a given small number.

It is clear by definition that ug(z) = (0,u3(z1), uj(z1,22)) and uy € Byl by the

-1 .
00,00

see [46]. It should be emphasized that we are able to fix the directions of v; = ey and

simple calculation below. Moreover, ug is a uniformly continuous function, so ug € b

vl = es without loss of generality, since (NS) is invariant under the Galilei transformation.
In addition, it should be more emphasized that the selections of v, and v, are slightly
different to those of [8]; that is a crucial point noticed by Yoneda.

The proof of Theorem 4.1 is realized by the suitable selection of the parameters
(Q,r,v,n) for each §,T € (0,1). Since

het1/he = 235702, (4.2)

it follows that hy << hgyy for large s or v; this property is so-called ‘lacunary’. For the
sake of simplicity, h(z) := 2**~1/242~1y denotes the function of z > 0. The compatibility
condition V - uy = 0 is satisfied by ey - ks = 0 and e3 - [, = 0, obviously. It is clear that
ug is a smooth periodic function (thus bounded) with the period 27 /h in z; and 27 in
Zo. This implies that the mild solution is also periodic with the period 27, regarded as
a function on the torus (27'T)3, as long as the mild solution exists. So, the kinematic
energy is bounded by the initial energy %HUOH%Q((%T);;); this is huge but finite. And also,
g is a sum of Dirac’s delta functions, therefore, ug € F My;

FMy = {F 'v € §'; v = sum of finite Radon measures, v(0) = 0}.

We refer to the detail of F'M; in [17, 18].

Let uq be the first approximation of iteration, that is, the solution to the heat equation
with initial datum given by (4.1):

uy(z,t) = @ Z hs [ege_hzt cos(hsxy) + 636_(h§+1)t cos(hsry — 932)]

\/F s=1
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For ¢ > 0 we obtain that u(t) := ui(-,t) € L> N BMO™, even though these norms are
large. The function u; is of the form

U = (O,u%(xl,t),u“;’(xl,xg,t)). (4.3)

It is well-known that one can construct the unique mild solution with initial velocity
given by (4.1) in the L*™-framework. Moreover, the estimate for the possible existence
time 7). (until the mild solution is constructed in C([0,T.]; L>) by the usual iteration
scheme) is obtained by [19] to be bounded from below: T, > C/||ug|/2, ~ h,? with the
universal constant C' > 0. Indeed, by h, >> r we see that

Q < :
luollow ¥ —= > hs~h,>>1 it r>>1
22

Therefore, T, might be very tiny. Also, one may see that

luoll prro-1 ~ Qvr >>1  if r>>1.

However, we observe the homogeneous Besov norm | - || 5=1 ~ || || = sup 50 v/2lle”® - ||o
as
fuollpzs, ~ ol ~ S << 1 i >0 (14)

In fact, by the definition of Besov norm from Paley-Littlewood decomposition it holds
true that
luoll gz, ~ supjez |95 * V™ uolloo
< V2L sup; sup, |y * Y7, cos(k,) ()|
< 2/2sup; ||¢j||1% <<1 if r>>1.

Here we have used the two facts that ||¢;|l1 = ||¢o[l1 for j € Z and for each s € {1,...,r}
there are at most 2 indices j € Z such that ¢; * cos(ks - x) # 0. For reader’s convenience
we now give an elementally proof of (4.4) as follows; we will explain the details later:

lluoll = SUP,>g \/ﬁ||€pAU0||oo
= sup, \/ﬁ% sup, ‘Zgzl haleae™0 cos(k, - o) + ese” WP cos(1, - x)]‘
< \/5% SUPp>0 >t V/Phse "
= \/5% SUP)< 2 Dam1 V/Phse™"50 + SUD 52 Doy \/ﬁhse_th]
I / s r —h2
S \/5% I h;2(2h”r) —I_ Supth,:Q { Zspzl —I_ Zs:sp+1 }\/ﬁhse hsp:|
S VEE (24 sup,sye [ Ph(z e T dz
_ -I-e_\/l; + SUp 52 f; \/ﬁh(z)e_h(z)Q”dz]
< \/5% _2 + % + SUp 5 -2 flr \/ﬁh(z)e_h(z)Q”dz] < C*%
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with the numerical constant C, independent of parameters. We take g(s) := ge‘CQ, then ¢
is monotone increasing when ¢ < 1/4/2, and monotone decreasing when ¢ > 1 / V2. Thus,
we choose s, € {1,...,r} such that

Vphs < /pheyr i s < s, Vphs > \/phsi1 if s> s,

The maximal value of g is taken as maxg = g(1/v/2) = 1/v/2e. By the monotonic-
ity we derive the estimate replaced from sum by integration. The last inequality fol-
lows from the fact that the derivation of flr .-+ with respect to p is positive when p is
small, besides this is negative when p is large. In this section we often use the fact that
SUD,50 Doy \/,Ehse_th < C, bounded uniformly in r.

Recall the successive approximation and its modification of convergence version. Let

us put the sequence {v;}22, as

vi(t) = uy(t) == ePug,
Uk+1(t) = Uk+1(t) — uk(t) = —B(Uk) + B(U,k_l)

for k € N. Therefore, we rewrite u; and the mild solution u = lim;_,. u; as

uit)=> w(t) and () =) wvlt), (4.5)
k=1 k=1

as long as the mild solution exists. In what follows, we calculate vy (t) and estimate the
Besov norm of them at ¢t = T. Moreover, we notice that

vp = (0,0,v3(z1,79,1)) for k>2. (4.6)

Gathering (4.3) with (4.6), the mild solution should be of the form

u = (0,ui(w1,t),u(z1, 20, 1)) with u®= ZU,?; (4.7)
k=1

4.3 Term-wise estimates

For all §,T € (0,1), we correctly select parameters (Q,7,7,n) to see that

Q
o (M, < Nluolla, =~ Corz =15 <6 (4.8)

<

Also, vy = My + Ry and My := 63%26_t sin x5 with

la () 2, = IMe(T) | g, = ChQ* =1 L > (4.9)

STIR

in the next subsection. Here A ~ B means the almost equal, that is, A = B + R such
that |R| < |B| for the scalar valued, and ||R|| 51 < 3| B|| =1 for functions; C, > 0 is
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a numerical constant. We will see that M, is the major term of vy at ¢ ~ T' in the next
subsection. Conversely, Ry is the collection of the remainder terms of vy at ¢t ~ T'. It is
remarkable that M (t) no longer might be the leading term if we take neither a different
norm nor t << 1. We further prove that vs = M3 + R3 with

3 T
M; = —;2775 - Z hse " cos(heay 4 T2) + cos(hsr1 — 2) Yes
s=1
and JT
QT Q2
T 5=1 == ||Ms(T)| 5-1 S 4.10
Ioa(T) s = VBT, = S = (1.10)
for t ~ T ~ n=2. Moreover, we see that for vy
1—3e?)Q?
U4(T) = M4(T) + R4(T), M4(T) = —KMQ(T), K = % >0
and the estimate
[oa(T)l| g1, = IMa(T) || g2, = KL (4.11)
By induction one may also show that vx(T) = My(T) + Rx(T') and
Mo (T) = (=K)F2Ms(T) and My (T) = (—K)* ' My(T) (4.12)

for k > 2 with t ~ T ~ n~2. For the proof of Theorem 4.1, taking parameters such that
K < 1/12, we may appeal to rough estimates for the remainder terms in the following
way. Since the number of terms of v, is 2%, and the biggest term in the Besov norm of
the components of vy, is that of My, it is allowed to compute

l[vak—1 (D)l gz
[Jvae ()] g2

(¢ terms) - || Ma—1(T) || g < (4K)*28,

<
< (f terms) - ||M2k(T)||Bo_01oo < (4K)* 'L

for £ > 3. Once we obtain these estimates, it follows from (4.5):

s

oo
(Tl pzr, = Noa(D)ll g, — > AK) Hva(T) | g >
k=2

if K < 1/12. We simply discard the sum of odd numbers above, since S is Very small
compared with L. Finally, the choice of parameters yields that S ~ § and L ~ 3, this
completes the proof of Theorem 4.1.

We see the proofs of (4.8) — (4.11) in [47]. So, we omit the details in here.

Choice of parameters We now mention the selection of the parameters (Q,r,~,n) for

the proof of Theorem 4.1. Firstly, we always fix v := 3. We impose that n € N with
n > 2 large such that n ~ T2 for T € (0,1). For any 6 € (0,1), we fix Q > 1 large
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such that Q > \/% . Finally, we choose r € N large such that r > 4C26~*, T > h;? and
K < 4.

No blow-up From the choice of initial velocity, the gradient of pressure terms are
always annihilated, that is to say, Vp = 0 due to (1.1) and (4.7). This yields that the
mild solution exists uniquely and time-globally in C([0,00); L°°(R?)), since it is known
that the mild solution exists uniquely and time-locally in this class, and the a priori
estimate ||u(t)|| g < ||uo||L= holds for all ¢ > 0 by the maximal principle for the solution

u to the following Burgers type equations
up — Au+ (u, Vu = 0, Ul4=o = ug € L.

Therefore, the blow-up does not occur.

Role of ) The choice of the parameter () (depending on r and n) is essential. As the
conclusion, we investigate the following four cases:

1. It is possible to show that [[u;(T)|[;5-1_ does not converge as j — oo when @ is
large so that K > 4. This implies that one should take a subsequence to proceed
the iteration scheme (1.2) to construct the mild solution up to time 7" from the initial
datum wg given by (4.1), even though {u;} is a Cauchy sequence in C([0,7.]; L)
with T, ~ h 2.

2. If @ is large, but not so large compared with r and 7 such that K < 1/12, then the
norm inflation occurs, likely. The author guesses that the norm inflation solution
can be extended time-global one with exponential decay as t — oo, since M} is
always the major part of v, and the estimates above are valid for all ¢t > T.

3. On the other hand, if @ is small such that CyQ < 1, where Cy is the universal
constant related to the constant C' in (3.1), then the norm inflation does not occur.
In this case the unique time-global mild solution exists due to Theorem 3.4 and

subsection 4.7.

4. One can prove that there exists a unique time-global mild solution in the certain
class e.g. C([0,00); L) if Q << 1 due to the argument of [18]. In this case the
mild solution decays exponentially as ¢ — oo.

Once we get (4.9) with large L, it seems to be difficult to apply the fixed point
argument, directly. More precisely, the mapping from the initial data to the mild solutions
seems to be not of class C?; Germain intended to show it in [15]. The proof of Theorem 4.1
is slightly different to that of [8]. They actually intended to show

ly(T) gz, << 1, (4.13)
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where y 1= v — uy := u — u; + B(u1) = > ;-5 vx. Bourgain-Pavlovic [8] proceeded on
the investigation to get (4.13). However, it is not clear to the author how to choose the
parameters such that (4.13) and (4.9) are satisfied along their strategy, simultaneously.
Although they mentioned the way-out by new techniques (slicing the time-interval into
many parts) due to Koch-Tzvetkov e.g. [31], it is unlikely to get some advantage by their
method in the situation u,y € C([0,T]; bgoloo) Remark that it seems to be hard to find
the associate norm like || - ||¢, for Koch-Tataru’s solution. As seen in (4.11), it is difficult
to show (4.13) without smallness of @ directly, even if y is relatively smaller than ws.

Besides, if @) is small, then the norm inflation does not occur.

Technique of Bejenaru-Tao We explain the technique by Bejenaru-Tao [3]. They also

proved a lack of equicontinuity to the nonlinear Schrodinger equation in some supercritical
spaces. Their proof is based on the scaling argument and the contradiction arguments as
follows. Thanks to Theorem 3.4, there exists € such that there exists a unique time-global
mild solution if ||ug||paro-1 < €. Consider the family of initial velocity Aug for 0 < A < 1.
Find ug € BMO™" such that the Bo_ol’oo—norms of u,uy,y have the order o(A) as A — 0
for all ¢ > 0; besides, A\™"||va]| g1 > C with some constant C' with some A > 0 and .
The scaling argument works Well; since the bilinear estimates (3.1) do not depend on T.
Actually, ug is taken as similar to (4.1). This contradicts to the expansion u = u; + vy +¥.

The author thinks that their proof is good, however, there is no information about the
behavior of mild solutions. While, Theorem 4.1 is a constructive and concrete assertion
for the ill-posedness.

4.4 First and second approximation

In this subsection we only calculate the forms of vy. Divide v, into three parts. Let us see
(u1(7), V)ur (7)
=32 % S hslegre T cos(ky - ) + efte” DT cos(l, - @)
X O, (% > a1 g [ese "7 cos(k, - ) + ege” it cos(1,, - x)])
= QTQ Dol Qg hshqege_(thrthfl)T cos(ks - x)sin(l, - x)
= Q72 S, h?ege_(ZhEH)T (—%) sin
+Q72 ST hgege_@hg“”% sin(2hsr1 — o)

s=1

1 S et siq shgese” P HRDT cos(k, - ) sin(l, - )

=. N1 + N2 + Ng.
For each ¢ =1,2,3 we set

t
Up = U(t) == — / eTTAPN,(T)dr.
0

Thus, vy = Zz’zl Uy. In the conclusion U; happens “inflation”, as the contrast to that
U, and Uz are small, when @ and r are large. Notice that v, satisfies (4.6). Therefore,
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V:-Ny=0and PN, = Ny as well as V - vy = 0.

The estimates for vy are shown in [47]. The original proof of [8] has a gap at the
estimate for Us, which seems to be balanced to U;. So, it was not clear whether the norm
inflation actually occurs, or not. Yoneda found the modification of the initial datum such
that Us can be regarded as small terms (compared with U;) as the same as Us.

4.5 Calculi for v3 and vy

In this subsection the forms of vz and v, are derived, concretely. We invoke

U3 =ug — Uy = u; — Blug) — {uy — Bur)}
= —B(vy + va, vy + v3) + B(vy,v1)
= —B(Ul,vg)

= —ft t_T)APegvl( YOu3(T)dT
= — [| @ A2 (1) 003 (1) dres.

Since vy and vy are functions independent of z3, the fourth equality holds by vy = (0, 0, v3),
and the last equality holds by divergence-free of the integrant. Clearly, vs satisfies (4.6)
with k£ = 3; v3 = v3 = 0. Analogously, we observe that (4.6) are valid for all k& > 4.

We now calculate the concrete expression of v3 at t ~ T ~ =2

o == fy et LS hee i cos(hyn) - £
{2221(1 — e 2MT)e T cos 1y
+ 22:1(62’137 — 1)e gt cos(2hgx1—T2)
+ Zq#(ethhﬂ _ 1)6—(hg+2hth+hg+1)r cos(hqx1+hpx1 — )

+ Z#p(l — e 2hahoT ) o= (hG=2hahp IS AT cos(h 2y — hyay +2) }] dr

= _Q3 fo _ heem BEFDTENA L cos(hoxy) cos o YT + (remainder)
— —33’ te~t ZS hse Rt {cos(hstr+12) 4 cos(hszy —x2)} + (remainder)

=: M3(t) + Rs(t).

Here and hereafter, we do not distinguish the vector valued My and its third component
if no confusion occurs likely, since M, = (0,0, M?) for all k > 2 as well as Ry, = (0,0, R3).
It is easy to see the estimate ||Ms(T)|| 51 ~ Q*/y/r << 1 and the remainder term Rj
is small compared with M3 as the Similar’to the estimates for Uy, Uy and Us.

Next, we compute v4. It follows that at t ~ T ~ 52

v o= — fg elt-7)4a [{% Sy hge Rt cos(hsxl)} . (—%) Te T
D hge "™ {— sin(hgay + x3) + sin(hgz) — xg)}} dr + R,

4 —t [t _ _op2 .
= L5 h2et [y Te M Tdrsingy + Ry

= @ etsing, [zgzl L {1 — (1 4 2h§t)H + Ry

= —%6_t sinxs + R4 = _KM2 -+ R4.
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Here we move the summation over s > 2 to the remainder terms; the remainder term
R4 might differ to the others in lines, likely. Also, it is easy to see that the Besov
norm of R, is relatively small compared with that of My = —KMs. Then, we have
|va(T)|| gz . =~ K L. The same argument indicates (4.12), as long as T' ~ 2. Therefore,
the proof of Theorem 4.1 now completes. O

4.6 No convergence of approximation

For the case of huge @), the successive approximation is no longer a good approximation
in C(0,T Bo_oloo)

Theorem 4.3 (S. [47]). For T > 0 there exists a ug such that [[u;(T)|| p=1_ sy does not
converge.

Proof. Let us assume T < 1/4 without loss of generality. We choose the initial datum g
given by (4.1). We will prove that

1
1R (D) 52, < gIMe(D)l 522 (4.14)
for k € N. Once we get (4.14), one sees
j
luajea (D)l pzr . = Y K/ HIMa(T)ll s, — 00 s j = oo (4.15)
k=1
when K > 4. It suffices to show (4.14) under the suitable choice of parameters with & > 3.

Determine v = 3 and r = 2. Select n € N as n > 2 and 1 ~ T2, Let @ be taken large
such that K > 4. If / is odd and ¢ > 3, then we see

IR izt e o\ ey o
G 2(26 ) =2 e <

Wl =

Analogously as the estimates for Ry, in the case for even £ > 4 one can prove the similar
inequality. This completes the proof of Theorem 4.3. O

The calculation above implies that it seems hard to show the convergence of {u;} in
the class C(0,T} booloo) It is not clear whether the other successive approximation, for

example,
wy = Uy and Wit = wy — B(w;, wji1),

does converge, or not. Although one can easily observe that ||u4j+2( )|l Baro-1 tends to

infinity as j — oo by the continuous embedding BMO~! ¢ Bl . it is not clear to

00,007
the author whether another norms e.g. || - ||z3(@2rm)3) Or || - [z of {u;(T)} diverge as
j — oo, or not. It is obvious that the proofs of above theorems do not fit the situation in

two-dimension.
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4.7 Estimate for y

In the end of this note we express the remainder y = u — us and its property whence
() is small enough for readers’ convenience. Before computing the norms, we establish a
proposition for embedding type for periodic functions.

Proposition 4.4. Let k > 0 and n € N. Assume that v € L> N BO_O%OO(R”) is periodic
with period 2w /k in x; for all j = {1,...,n}. Then

[0l gz, < O]l (4.16)
holds true with constant C' depending only on n.

The proof is easy, so we omit. It is easy to see that for v € & enjoying the period
27 /k in R?
()| g2, < Cr ™ [0(T) oo = Cr™*T 3| T20(T) |0 < ChT3T 2 0]le,
by (4.16) and the definition of Ep-norm. This technique leads us to show the smallness
of Besov norm of functions at 7" by the smallness of Ep-norm, even though it seems to be
tough to compute the Besov norm directly.

Now we estimate y. Let u be a mild solution, and let y := u — vy — v9. A formal
calculation yields that

Yt = U — (Ul)t — (v2)s

= u; — Aeug — P(uy(t), V)uy(t) — /Ot Ae"AP (uy (1), Vuy (1)dr.

Subtracting this to Ay = Au — Avy — Avy, we have
ye — Ay = —P(u, V)u + P(u, Vuy
:G1+G2+G3 = G

Here we set

Gy = Gi(t) == —P{(y, V)(u1 — v2) + (u1 — v2, V)y },
Go = Go(t) == —P(y, V)y,
Gg = Gg(t) = —P(Ul, V)UQ.

Since

U, = (O,U%(ﬂfl,ﬂfg,t),U?(l’l,l'g,t)) and vy = (0,0,1}5’(931,:1:2,15)),

it is noticed that (v, V)u; = 0 and (vy, V)vy = 0, easily. Furthermore, from B(u,)(0) = 0
it deduces that y(z,0) = 0. By Duhamel’s principle y can be regarded as the solution to
the following equation of integral form:

y(t) = /Ot IAG(T)dr. (4.17)
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In terms of B, we rewrite it by
y = —B(y,u1 — va) — B(ur — v2,y) — Bly) — B(uy, va).

Moreover, we may obviously seek that y = (0,0, 4%(x1,22,t)) as well as (4.6).

It is straightforward to prove the estimates for v; and vy in Ep-norm. We thus choose
T small such that Cv/TQ? < 1/4 as well as r large such that CQ/\/r < 1/4. Compute
(4.17) in Ep-norm by (3.1) and the triangle-inequality to have

lyller = 1By, ur — v2) + Blur — va,y) + B(y) + B(u1, v2)||er
< C{(Jurller + llvaller + Nlyller) Nyller + llutller [[valler }

<C { (Q +VTQ* + ||y||£T> lylle, + \/3?3}

1
< (GQ+ Cllyller) yller + 77 (4.18)
with some positive constant Cy. It is not difficult to show that y is small in this way if

CﬂQ < 1.

In [8] Bourgain and Pavlovic compute |y|le,, dividing the time-interval into many
parts. Although the author thinks that it is unnecessary to employ their method, it is
supposed that their technique leads us to some new idea and inspiration. So, the author
would give an explaining of their method.

Let Ty € (0,T) be fixed, and let Ty be assumed as a new initial time for the equation
(4.17) with initial datum y(7p). That is to say, for t > Tj

¢
y(t) = e=T8y(Ty) +/ e IAG(1)dr. (4.19)
To
One can rewrite the second terms in the right hand side of (4.19) by
4 4
/ ARG (1)dr = / eIAG(T) Xm0 (T)dT

To 0
— —B(y", ui —v}) — B(u} — v}, ") — B(y") — B(uj, vf)

in terms of B. Here we have denoted * by

0 Zf t < Ty,
y(t) if t>To.

Analogously, we define ug and vg. By semigroup property we also rewrite the first terms
in the right hand side of (4.19) by

To
(=To)A (1) — ((=To)A / (TG (1) dr
0
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t
:/ e(t_T)AG(T)X[oyTO](T)dT

0
= _B(ybv uli - Ug) - B(uli - Ug? yb) - B(yb) - B(Uli, Ug)

Here ” denotes

b b A y(t) Zf t<T07
Y '_y(t)'_{o if t>Tp.

Analogously, we define v} and v5. When we settle T} € (Ty, T) small again to deduce that
[yller, have a better estimate. By (3.1) and so on, we see

Iyller, < CUlluiller, + N0dller, + 19 llex Ny ler, + Cliutller, 103 ler,
b
+C (luiller, + I03ller, + 15 llee,) 19" Ner, + Cllactller, 03]er,

<c (% T+ VT T + ||y||gT1) ler,

—I—C’\/ZTO+VT1_TOQ3.
NG

One may have some improvements by this method, repeating and repeating.

Acknowledgement. The author is grateful to Professor Matthias Hieber for letting
him know many interesting literatures concerned with this paper, including [8]. He is also
grateful to Professor Hisashi Okamoto, Professor Taku Yanagisawa, Professor Yasushi
Taniuchi, Professor Hideyuki Miura, Professor Yasunori Maekawa and Professor T'suyoshi
Yoneda for discussing with him on the workshop at Nara Women’s University. He also
thanks Professor Tsukasa Iwabuchi who pointed out a gap of the previous works [48], and
introduced the strategy of Bejenaru-Tao [3]. This work is partly supported by IRTG 1529
(Japanese-German International Research Training Group) from JSPS (Japan Society for
the Promotion of Science) and DFG (Deutsche Forschungsgemeinschaft).

References

[1] Amann, H.: Operator-valued Fourier multipliers, vector-valued Besov spaces, and applica-
tions. Math. Nachr., 186, 5-56 (1997).

[2] Amann, H.: On the strong solvability of the Navier-Stokes equations, J. Math. Fluid Mech.,
2, 16-98 (2000).

[3] Bejenaru, I., Tao, T.: Sharp well-posedness and ill-posedness results for a quadratic non-
linear Schrodinger equation. J. Funct. Anal. 233, 228-259 (2006).

[4] Bergh J., Lofstrom, J.: Interpolation Spaces. An Introduction. Springer, Berlin, (1976).

[5] Bony, J.-M.: Calcul symbolique et propagation des singularités pour les équations aux
dérivées partielles non linéaires. Annales Sci. de I'Ecole Normale Sup., 14, 209-246 (1981).

[6] Bourdaud, G.: Réalisations des espaces de Besov homogenes. Ark. Mat., 26, 41-54 (1988).

[7] Bourgain, J.: Periodic Korteweg de Veries equations with measures as initial data. Sel.
Math. Ser., 3, 115-159 (1993).



84

8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]

[18]

OKIHIRO SAWADA

Bourgain, J., Pavlovic, N.: Ill-posedness of the Navier-Stokes equations in a critical space
in 3D. J. Funct. Anal., 255, 2233-2247 (2008).

Calderén, C. P.: Existence of weak solutions for the Navier-Stokes equations with initial
data in LP. Trans. Amer. Math. Soc., 318, 179-200 (1990).

Cannon, J. R., Knightly, G. H.: A note on the Cauchy problem for the Navier-Stokes
equations. STAM J. Appl. Math., 18, 641-644 (1970).

Cannone, M.: Ondelettes, Paraproduits et Navier-Stokes, Diderot Editeur. Arts et Sciences,
Paris-New York-Amsterdam, 1995.

Cannone, M., Meyer, Y.: Littlewood-Paley decomposition and Navier-Stokes equations.
Methods and Applications of Analysis, 2, 307-319 (1995).

Cannone, M., Planchon, F.: Self-similar solutions for Navier-Stokes equations in R3.
Comm. Partial Differential Equations, 21, 179-193 (1996).

Fujita, H., Kato, T.. On the Navier-Stokes initial value problem I. Arch. Ration. Mech.
Anal., 16, 269-315 (1964).

Germain, P.: The second iterate for the Naiver-Stokes equation. J. Funct. Anal., 255,
2248-2264 (2008).

Giga, Y.: Solutions for semilinear parabolic equations in LP and regularity of weak solutions
of the Navier-Stokes system. J. Differential Equations, 61, 186-212 (1986).

Giga, Y., Inui, K., Mahalov, A., Matsui, S.: Uniform local solvability for the Navier-Stokes
equations with the Coriolis force. In: Giga, Y., Kozono, H., Okamoto, H., Shibata, Y. (ed.)
Kyoto Conference on the Navier-Stokes Equations and their Applications, Kyoto, January
2006, 187-198. RIMS Kékytroku Bessatsu, B1, Kyoto (2007).

Giga, Y., Inui, K., Mahalov, A., Saal, J.: Global solvability of the Navier-Stokes equations
i(n spe;ces based on sum-closed frequency sets. Adv. Differential Equations, 12, 721-736
2007).

Giga, Y., Inui, K., Matsui, S.: On the Cauchy problem for the Navier-Stokes equations
with nondecaying initial data. Quaderni di Matematica, 4, 2868 (1999).

Giga, Y., Matsui, S., Sawada, O.: Global existence for the two-dimensional Navier-Stokes
flows with nondecaying initial velocity. J. Math. Fluid Mech., 3, 302-315 (2001).

Giga, Y., Miyakawa, T.: Solutions in L" of the Navier-Stokes initial value problem. Arch.
Ration. Mech. Anal., 89, 267-281 (1985).

Hopf, E.: Uber die Aufangswertaufgabe fiir die hydrodynamischen Grundgleichungen.
Math. Nachr., 4, 213-31 (1951).

Iwabuchi, T.: Global well-posedness for KellerSegel system in Besov type spaces. J. Math.
Anal. Appl., 379, 930-948 (2011).

Iwashita, H.: LI-L" estimates for solutions of the nonstationary Stokes equations in an
exterior domain and the Navier-Stokes initial value problems in LY spaces. Math. Ann.,
285, 265288 (1989).

Johnsen, J.: Pointwise multiplication of Besov and Triebel-Lizorkin spaces. Math. Nachr.,
175, 85-133 (1995).

Kato, J.: On the uniqueness of nondecaying solutions of the Navier-Stokes equations. Arch.
Ration. Mech. Anal., 169, 159-175 (2003).

Kato, T.: Strong LP-solutions of Navier-Stokes equations in R™ with applications to weak
solutions. Math. Z., 187, 471-480 (1984).

Kato, T., Fujita, H.: On the nonstationary Navier-Stokes system. Rend. Sem. Mat. Univ.
Padova, 32, 243-260 (1962).

Kato, T., Ponce, G.: Commutator estimates and the Euler and Navier-Stokes equations.
Comm. Pure Appl. Math., 41, 891-907 (1988).

Koch, H., Tataru, D.: Well-posedness for the Navier-Stokes equations. Adv. Math., 157,
22-35 (2001).

Koch, H., Tzvetkov, N.: Nonlinear wave interactions for the Benjamin-Ono equation. Int.
Math. Res. Not., 30, 1833-1847 (2005).



[32]

33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]

[48]

[49]
[50]
[51]
[5

[5
[5

2]
3]
4]
[55]

[56]

BOURGAIN-PAVLOVIE’S ILL-POSEDNESS THEOREM OF THE NAVIER-STOKES EQUATIONS 85

Kozono, H., Yamazaki, M.: Semilenear heat equations and the Navier-Stokes equation with
disributions in new function spaces as initial data. Comm. Partial Differential Equations,
19, 959-1014 (1994).

Kozono, H., Yamazaki, M.: Local and global unique solvability of the Navier-Stokes exterior
problem with Cauchy data in the space LP'*°. Houston J. Math., 21, 755-799 (1995).
Lemarié-Rieusset, P. G.: Recent Developments in the Navier-Stokes Problem. A CRC Press,
Boca Raton (2002).

Leray, J.: Etude de diverses équations intégrales non linéaires et de quelques problemes
que pose 'Hydrodynamique. J. Math. Pures Appl., 12, 1-82 (1933).

Leray, J.: Sur le mouvement d’'un liquide visquex emplissant ’espace. Acta Math., 63,
193-248 (1934).

Masuda, K.: Weak solutions of Navier-Stokes equations, Tohoku Math. J., 36, 623-646
(1984).

Meyer, Y., Roques, S.: Progress in Wavelet Analysis and Applications. Frontiéres, Gif-sur-
Yvette, France (1993).

Miura, H.: Remark on uniqueness of mild solutions to the Navier-Stokes equations. J.
Funct. Anal., 218, 110-129 (2005).

Miura, H., Sawada, O.: On the regularizing rate estimates of Koch-Tataru’s solution to the
Navier-Stokes equations. Asymptot. Anal., 49, 1-15 (2006).

Miyakawa, T.: On the initial value problem for the Navier-Stokes equations in LP spaces.
Hiroshima Math. J., 11, 9-20 (1981).

Miyakawa, T.: On nonstationary solutions of the Navier-Stokes equations in an exterior
domain. Hiroshima Math. J., 12, 115-140 (1982).

Oseen, C. W.: Meuere Mathoden und Ergebnisse in der Hydrodynamik. Akademische
Verlags-gesellschaft, Leipzig (1927).

Planchon, F.: Asymptotic behavior of global solutions to the Navier-Stokes equations in
R3. Rev. Mat. Iberoamericana, 14, 71-93 (1998).

Runst, T., Sickel, W.: Sobolev Spaces of Fractional Order, Nemytskij Operators, and
Nonlinear Partial Differential Equations. Walter de Gruyter, Berlin-New York (1996).
Sawada, O.: On time-local solvability of the Navier-Stokes equations in Besov spaces. Adv.
Differential Equations, 8, 385-412 (2003).

Sawada, O.: Term-wise estimates for the norm inflation solutions to the Navier-Stokes
equations. (submitted).

Sawada, O., Yoneda, T.: A description on the article of Bourgain-Pavlovic; ill-posedness of
Navier-Stokes equations with a critical Besov space. (Japanese), In: Sawada, O. (ed.) 3rd
Nara PDE Seminar, Nara, December 2008, 51-75. RIMS, Kyoto (2009).

Serrin, J.: On the interior regularity of weak solutions of the Navier-Stokes equations. Arch.
Ration. Mech. Anal., 9, 187-195 (1962).

Stein, E. M.: Harmonic Analysis: Real-variable Methods, Orthogonality, and Oscillatory
Integrals. Princeton Univ. Press, Princeton (1993).

Strichartz, R. S.: Boundard mean oscillations and Sobolev spaces. Indiana Univ. Math. J.,
29, 539-558 (1980).

Triebel, H.: Theory of Function Spaces. Birkhauser, Basel-Boston-Stuttgart (1983).
Triebel, H.: Theory of Function Spaces II. Birkh&user, Basel-Boston-Stuttgart (1992).
von Wahl, W.: Regularity of weak solutions of the Navier-Stokes equations. In: Nonlinear
functional analysis and its applications, Part 2, 497-503, Proc. Sympos. Pure Math., 45,
Amer. Math. Soc., Providence RI, (1986).

Yoneda, T.: Ill-posedness of the 3D-Navier-Stokes equations in in a generalized Besov space
near BMO~!. J. Funct. Anal., 258, 3376-3387 (2010).

Youssfi, A.: Regularity properties of commutators and BM O-Triebel-Lizorkin spaces. Ann.
Inst. Fourier (Grenoble), 45, 795-807 (1995).



