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Rauzy fractals induced from automorphisms on the
free group of rank 2 related to continued fractions

By

Hiromi E1*

Abstract

For a substitution satisfying the Pisot, irreducible, unimodular condition, a tiling substi-
tution plays a key role in the construction of Rauzy fractals (see [15, 3]). To try extending
techniques developed for substitutions to automorphisms, [6] gives the way to construct Rauzy
fractals by using tiling substitutions for automorphisms related to hyperbolic companion matri-
ces of quadratic polynomials. This paper shows application to another class of automorphisms
related to continued fraction expansions.

§0. Introduction

After Rauzy introduced fractal, called Rauzy fractal, as a geometric representation
of substitutive dynamical system for a special Pisot, irreducible unimodular substitution
in [15], it has been extensively studied (e.g., [3, 11, 14]). In especial, Arnoux and Ito
[3] gave a method to construct Rauzy fractals by using tiling substitutions. After that,
Arnoux, Berthé, Hilion and Siegel [2] initiated the investigation into automorphisms
on free groups. They actually forcused on automorphisms whose iterations, applied
to letters, do not give rise to any cancellations of letters. An incidence matrix A, is
a linear map associated to an automorphism o by abelianization (for details, see the
next section). [6] is devoted to construct stepped surfaces and Rauzy fractals induced
from automorphisms on the free group F5 of rank 2 whose incidence matrices are the
companion matrices of quadratic polynomials 2 — ax F 1 such that

(0.1) Ay = (? j;l> ;
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and assume “hyperbolicity” instead of the Pisot condition. Then there are four cases
corresponding to configurations of eigenvalues of the matrix (0.1). Let us consider one
case related to the matrix A_ whose eigenvalues satisfy A > 1, 0 < X < 1, concretely
the automorphism ¢ with a = 3:

1—2 0-1
o , Ay = .
2 — 217122 13
Then we encounter the following cancellation problem under the iteration of o as follows:

0%(2) = o(217122) = 217122 271 217122 21122

Such a cancellation never occurs for a substitution. The idea to solve such a problem is
to find a substitution 7 and an automorphism 0 such that

oc=06toTod,

in other words, o is conjugate to a substitution 7. In fact, for the above example, we

e I B e e (N
2212 | 22 Tl 22 '

Through the discussion on the classes of automorphisms related to the matrix (0.1), the

can find

possibility to apply the method in [6] to another class of automorphisms was found. To
do it, it is necessary for o to be decomposed as ¢ = 6! o7 0§ with § and 7 satisfying
the following conditions:

1. 7 is a substitution or an alternating substitution, where an alternating substitution
is an endomorphism on the free group F, such that 7(i) (i = 1,2) are words with
the alphabet {171,271}

2. § is an automorphism on Fy such that both words §~1(i) (i = 1,2) are words with
one of the alphabets {1,2}, {1712}, {1,271} or {171,271}

Ito and Yasutomi [12] gives automorphisms which fix characteristic sequences C(x)
of quadratic irrational numbers x (see the next section). Namely, C(z) is a fixed point
of the following automorphism o,:

. —1 —1
Oy = (O-l,al ©02a,0" " OO_tN,aN) © (O-tN+17aN+1 ©---0 O-tN+2KaaN+2K) © (JtN,aN ©---0 Ul,a1)7

where [0, a1,a2, - ,aN,GN+1, -, GN12k]) 1S the continued fraction expansion of a quadratic
irrational number x € [0,1), and 01,4, 02, are substitutions defined by

1— 192 1 — 12071
Ol,a - a—10 ° 02.a - a y
2— 172 2—12
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. 1 if k£ is odd
k= 2 if k is even

Note that a substitution is naturally extended to an endomorphism on the free group,
and oy 4, 02,4 are invertible in this sense. Put

a1 — lap as — 1 as an — 1lay
Bal,ag,...,an = 1 1 1 1 1 1 .

It is easy to check that the incidence matrices of automorphisms o, related to x =

[0,a1,a2, -+ ,an,aN+1, ,GN+2K) are given by

—1
Aam - Bal,ag,.. B

SAN+2K " a1,a2,...,aN

which are different from (0.1). Since the automorphisms o, related to continued fraction
expansions satisfy the two conditions 1, 2 by taking 7 = 04y ansi O " O Otnior,aniox

—1

and § = oy 000y ;1, we apply the method in [6] for this new class of automor-

N,aN
phisms.

In the next section, we recall results associated to characteristic sequences. In the
last section, we construct Rauzy fractals induced from automorphisms o,, and define
domain exchange transformations. The purpose of this paper is to find set equations
for Rauzy fractals by using a conjugacy d of an automorphism o, in Theorem 2.6, and
show that the orbit of the origin point by the domain exchange transformation gives

the sequence C(z) in Corollary 2.10.

§ 1. Characteristic sequences and continued fraction expansions

For an endomorphism o on the free group of rank 2 denoted by Fy (resp. a
substitution ¢ over the alphabet A4 = {1,2}), the incidence matrix A, defined by
(f(o(1)),f(0(2))) satisfies the following commutative diagram:

F, #}7&

{

72 ——— 772

where f : F, — 72 is a canonical homomorphism defined by f(¢) = o and f(i*!) =
+e;, i € A, and e; are fundamental vectors. The characteristic polynomial of A, is
denoted by ®,(z). For an endomorphism on F» or a substitution, there are the following

four conditions:

e (Pisot condition) The maximum root of ®,(x) is Pisot number, that is, the dominant
eigenvalue of A, is greater than one and the other has modulus less than one,
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e (Irreducible condition) ®,(x) is irreducible over Q,
e (Unimodular condition) | det A, |= 1,
e (Primitive condition) the matrix A, is primitive.
For a number z € I := [0,1), define the map C from I to AY by
O(a) = (Cu(e), Cala). - Cula). ).

where Cp(z) := |nz| — [(n — 1)x| + 1, and |-| means the floor function. Note that
Cn(z) = |nxz| — |[(n — 1)z] when we use the alphabet A = {0,1}. Put c(z) =
(Cao(z),Cs(x), -+ ,Cp(x),--+). Since Ci(z) = 1, C(x) = le(x); and C(x) or ¢(x) are
called the characteristic sequence or the characteristic word of z (cf. [13]).

Is there a non-trivial substitution o for which C(x) (resp. ¢(x)) is invariant, that is,
C(z) (resp. c(x)) is a fixed point of o such that o(C(x)) = C(x) (resp. o(c(x)) = c(z))?
Ito and Yasutomi [12] and Crisp, Moran, Pollington and Shiue [5] give the answer to
this question by using the continued fraction expansion of x.

Let us define the functions S: I — I anda: I — Z by

x x
1
a(z):=|—|,
@=1)
and the sequence {a,}5; by a, := a(S" 1(x)), then we get the continued fraction
expansion of x denoted by [0,a1,a2, + ,apn, -]
Remark 1. (1) A quadratic irrational number z is reduced, that is, 0 < x < 1

and T < —1, where T means the algebraic conjugate of x, if and only if the continued
fraction expansion of z is purely periodic (see [17]).

(2) A number z is quadratic if and only if the continued fraction expansion of z is
eventually periodic.

Ito and Yasutomi give a substitution over A or an automorphism on Fj for which
C(x) is invariant for a quadratic irrational number x € I in the following theorem.

Theorem 1.1 (Theorem 2.4 in [12]). (1) If x € I is a quadratic irrational and
reduced number, then v,(C(z)) = C(z), where [0,a7, az, -+, a2k is the continued frac-

tion expansion of x, and 7y, is a substitution given by

Yz = Oti,a1 © " © Otk ,aok -
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(2) If v € I is a quadratic irrational number, then o, (C(z)) = C(x), where [0, a1,a2,- -,

aN,aN+1, ", GN12K] 18 the continued fraction expansion of x, and o, is an automor-
phism given by

Oy 25;107'93053:,
where

O+ O0tnjok,aN+2K

-1 —1
5ac — UtN,aN ©---0 Ul,al'

Tz = Otni1,aN+1

In the case (1), the sequence C(z) is a fixed point of the substitution ~,, and the
case boils down to the substitution case (cf. [3]). In the case (2), automorphisms o, are
conjugate to invertible substitutions 7, satisfying the Pisot, irreducible, unimodular,
primitive conditions.

§2. Rauzy fractals and domain exchange transformations

In this section, we consider only the automorphisms o, in Theorem 1.1 (2) for
quadratic irrational numbers x € I which are not reduced, and for simplicity, we use
notations o, 7, 0 instead of o, 7,, J,, unless otherwise noted. Note that the sub-
stitution 7 satisfies the Pisot, irreducible, unimodular, primitive conditions and it is
invertible. Results in this section are derived by applying the previous paper [6], so
brief proofs or ideas of proofs are explained.

Let us define the tiling substitution for a unimodular endomorphism on Fj (see
[7, 16]).

Definition 2.2.  The free Z-module G* is defined by

l
g .= {an(xk,zZ) | np €7, xp € 22, iy, € Afor any k, [ < oo}.
k=1

An arbitrary endomorphism ¢ on Fj is written by
o(i) = wgi)wg) - -wl((ii)), i€ A,
in reduced form, and define the k-prefix P,gi) and k-suffix S,(:) € Fyfor 0 < k<1 by

P]EZ) = wgz)wgl) v w](:ll’ SI(;) = w](fz—i)—lwl(:j-Q e wl((zz)) .

The tiling substitution ¢* on G* for a unimodular endomorphism ¢ on F3 is defined by

o*(x,i*) :=

S (At )+ Y - (A @ s, )

JEA

w,(cj)zi w,(cj)zi_l
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Identify (z,i*) € Z? x {1*,2*} with the positive oriented unit segment spanned by
the fundamental vector e; translated by «, where {i,j} = {1, 2}, that is,

(x, 1) :={x+tex |0 <t <1}, (x,2%) :={x+te; |0 <t <1}

N
(x,1%) —(x, 1%) (x,2%) —(x,2%)

Figure 1. The segments (x, 1*), (x,2*) with orientation

The element of G* is also identified with a union of oriented unit segments with their
multiplicity.

Since 7 is primitive and Pisot, the incidence matrix A, has a positive column eigen-
vector u, and a positive row eigenvector v, corresponding to the maximum eigenvalue
A > 1 by Perron-Frobenius Theorem. The matrix A, has the same eigenvalue A, and a
column eigenvector u,, and a row eigenvector v, of A, corresponding to the eigenvalue A
are respectively given by u, = AgluT and v, = v,As by A, = AglATAg; and the con-
tractive eigenspaces P, of A, and P, of A, are given by P, = {x € R? |< z,'v, >= 0}
and P, = {x € R? |< =z,'v, >= 0}, where < -,- > means an inner product. The
projection from R? to P, (resp. P,) along the expanding column eigenvector u, (resp.
u,) is denoted by 7, (resp. 7). Note u, is positive since the matrix Aé_l is positive,
but it is possible for v, not to be positive (see Figure 2).

Example 2.3. For the quadratic number x with the continued fraction ex-
pansion z = [0,4,4,2], the automorphism o is given by o(1) = 1(1112)%, ¢(2) =
(27117117117 h)32711712. And it is conjugate to the substitution 7 given by 7(1) =
(1222)32, 7(2) = (1222)22 with the conjugacy § given by §(1) = 1271, §(2) = (2171)32.
The direction of P, is not the same as in the substitutive case (see Figure 2).

Let us introduce Rauzy fractals induced from 7 and o by using tiling substitutions.

Proposition 2.4.  The following limit sets exist in the sense of Hausdorff metric
(cf. [3, 6]):
X, = lim Al'm,. 7" "(U),

n—00
Xii) = lim Alm. 7" "(e;,1"), i € A,
Xy = lim Alm,o" "(U),
X0 = lim A%n,0* "(e;,i%), i € A,

n—oo
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Py
Figure 2. (e1,1*) + (e2,2*) and o*((e1, 1*) + (e2,2*)) for z = [0, 4,4, 2]

where U = (e1,1%) + (e2,2*) € G*.

These sets X, Xﬁi) (resp. X, Xo(f)) are called Rauzy fractals induced from 7 (resp.
o) (see Figure 2).

Proof. The existence of limit sets for a substitution is known (see [3]), so we

consider it for the automorphism o. Put
l
Ci = {Z(mk,]}:) € G| o™ (o,i") No™(xk, ji) # 0 for any k} :
k=1

where Zizl(wk,iZ) N> (y,,77) # 0 means there exist k, t such that (ay,i}) =
(y,,77). For v € C;, put

o0 (0,1")y =07 (0,i") \ (me0"(0,i") N 10" (7)).
Let positive numbers ¢y, co be

¢y =maxdy(my(0,i*), Agmo0*(0,1%)),
i€A

co =maxmax {dg(Asm,0"(0,7"), AeTo0"(0,7")4)},
€A veC;

where dp is the Hausdorff metric. From the fact that for any compact sets A, B, C, D,
dH(A uB,C'U D) < max(dH(A, C), dH(B, D)),
and the triangle inequality,

dpg(meo™ "(U), ApTtoo” "+1(L{)) <e¢1 +eso.
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So
dg(A'm,0* "(U), A r,o* "THU)) < (e + )N,

where )\’ is the other eigenvalue given by \' = % < 1. Therefore the sequence A%m,0* ™(U)
is a Cauchy sequence in the space of all compact subsets on P,, and it is convergent.
The existence of the limit set Xo(f) is proved by the same way. O

Remark 2. The substitution 7 is Pisot, unimodular, irreducible, primitive and
invertible, thus Rauzy fractals X, Xﬁz), i € A are intervals, and moreover, we have

X9 = (e;,i*)+h
for some h € P, (see [4]).

The following proposition and theorem show the set equation of Xﬁi), i € Aand
the relations between Rauzy fractals Xﬁz) and Xy) induced from 7 and o.

Proposition 2.5 ([3]).  The following equations hold:

A7 XD = Ujea Uyor_, (—A m f(PYY 4 X)), i e A,

where T(3) is written as 7(i) = wgi) e w,(j) - wl((z)) = P,Ei)w,(f)S,(:).
The sets (—A;lﬂTf(P,ij)) + Xij)), j € A such that w,ij) = i are pairwise disjoint
up to a set of Lebesgue measure 0.

By noticing that 6! = 0.4, 0 02,4, 0 -+ 0 T, .y is an invertible substitution, we
have the following theorem:

Theorem 2.6 ([6]).

X9 = Ujea Ul —; (—mof(PY) + A1 XD), i€ A,

where §1(i) is written as 5L = wiz) . -w,ii) » wl((zl)) = P,E%)w,(fi)S,(ﬁi).
The sets (—Wof(P,E])) + Angﬁj)), j € A such that w,(j) = i are pairwise disjoint
up to a set of Lebesque measure 0. Moreover,

As XS =7 (071 (es, i) + h

for some h € P.. Thus, X(gi), X, are intervals.

Proof. The idea of the proof is mentioned here (for details, see [6]). By o =
d~1 o706 and according to properties of a tiling substitution (see [7]), we have

O'* — 5* OT* o (5—1)*,

Ayl = 1,A e for z € R2.
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Therefore,

X{ = lim Alm0* "(e;,i*)
n—oo

= lim A"m,6% o 7" "o (5" (es,i")
n—oo

=UjeaU,o_; lim AZm,6"m "(e; — Asf (), 57)
=UjeaU,0_, nli—>rl;>lo A, A (e, — A(;f(p]gﬂ')),j*)
= UjeaU,o_, lim A7 A%m,r* "(e; — Asf(P),j7)
=UjeaU, o, (—mo£(PY) + A1 X)),

for the equality of the fourth line, see [6].

Disjointness and the property X, and Xf,i) are intervals derive from Remark 3 as
follows.

As XD =Usen Up—; (—m Asf(PY)) + X))
=UjeaU,o_, m(—AsF(PY) + e, ) + h
=m,(67") (€5, + h

for some h € P;. Recall that if a substitution (3 is invertible, then 8*(0,i*), i € A are
connected (see [8]). Since 6! is invertible substitution, the remaining part is proved. O

Remark 3.  Theorem 2.6 shows the role played by 6~ !: the tiling substitution
(671)* is used to get Rauzy fractals x& (1 € A) from xY (j € A). On the other
hand, in the paper [6], § is used to get the stepped surface of P,, which is a discrete
approximation of P;, from the one of P;.

Definition 2.7. The domain exchange transformations T, T,, on X,, X, for a
quadratic irrational number x € X, are defined by

T, X — X,
T (@) =@ — m£(i) if = € X\,
and
T, : Xo — X,
Ty(x) = — m,£(i) if x € X&),
The domain exchange transformations 7%, T, are well-defined from the definitions
of X, and X, (see Figure 3) (cf. [3, 6]).

Definition 2.8. Let (X, T, ) be a measure-theoretical dynamical system, o an
arbitrary substitution over the alphabet A such that

o(i) = wgz)wéz) .- -wl(fi)) ,
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X((Tl) X((72)

\ \ || the domain exchange
\ \ transformation T,

Figure 3. The domain exchange transformation T, for x = (0,4, 4, 2]

{X® | e A} a measurable partition of X, and {A® | i € A} a measurable partition of
a subset A of X. We say that the transformation 7" has o-structure with respect to the
pair of partitions {X®}, {A®M} if the following conditions hold up to a set of measure
0:

TkAG ¢ x@it) forall ie A, k=0,1,---,1(0 1
TFAOD N A= forall ic A 0<k<I1®
T AG A forallie A

X = UieA Uogkgl@)—l Tk A (non — overlapping)

From Proposition 2.5 and Theorem 2.6, we have the following theorem.

Theorem 2.9.  For a quadratic irrational number x € X, the measure-theoretical
dynamical system (X,,T,, ) with Lebesgue measure p has 6~ -structure with respect
to the pair of partitions {Xgi)| i e A}, {Aé_lXﬁi)| i € A}. Moreover, (X, Ty, 1) has
§~ L _structure with respect to the pair of partitions {Xc(,i)| ie A}, {A(;_IAZX@| ie A}

for any positive integer n.

Recall that the sequence C(x) = (¢1(x), c2(x), - ,cn(x),--+) is a fixed point of o,
thus it is given by lim,, o, " 177(1) with the product topology. We have o € 7. (U) C
mr7*(e1,1*) and o € xW | since 7(1) = 7(2) = 1. From the theorem we obtain the

following corollary:
Corollary 2.10.  For a quadratic irrational number x,
T%* V(o) e Xlr@) =12 ...

Since XJ,X((,i), i € A are intervals by Theorem 2.6, the domain exchange trans-
formation T, is just a two interval exchange transformation; and the orbit of the origin

point by T, gives the characteristic sequence C(z).
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There are algorithms corresponding to the continued fraction algorithm in the

higher dimensional case (cf. [10]), and it is expected for the strategy developed in

the paper to work well. We consider automorphisms of rank 2 in the paper, and some of

results may seem obvious. But as Rauzy fractals have fractal boundaries in the higher

dimensional case, the discussion is more complicated in general, and the generalization

of the strategy should be important.
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