RIMS Koékyiroku Bessatsu
B34 (2012), 383-396

Partial Epstein zeta functions on binary linear codes
and their functional equations

By

Kazuyoshi SUZUKT*

Abstract

In this paper, partial Epstein zeta functions on binary linear codes, which are related
with Hamming weight enumerators of binary linear codes, are newly defined. Then functional
equations for those zeta functions on codes are presented. In particular, it is clarified that
simple functional equations hold for partial Epstein zeta functions on binary linear self-dual
codes.

§1. Introduction

The minimum distance of a code determines the error correction / detection capa-
bility of the code. The distance distribution of a linear code is equivalent to the weight
distribution of the code, because the difference between any two codewords is equal to
another codeword. The MacWilliams identity for Hamming weight enumerators pro-
vides the relationship between the Hamming weight distribution of a code and that of
the dual code [10, 11]. By using the MacWilliams identity, the weight enumerator of
the dual code of a code is derived from that of the code, and vice versa. Some gener-
alizations of Hamming weight enumerators and those of the MacWilliams identity have
been known [11, 13].

Broué and Enguehard provided a method of construction of elliptic modular forms
using the weight enumerators of self-dual codes [3]. The relationship between several
types of modular forms such as Hilbert, Jacobi, and Siegel modular forms and those
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of weight enumerators, e.g. Hamming weight enumerators and Lee weight enumerators,
of codes over finite fields, finite rings have been extensively studied by Bannai, Choie,
Ebeling, Nebe, Ozeki, Runge, Solé, et al. [1, 2, 4, 5, 6, 7, 12].

Modular forms closely relate to Dirichlet series and zeta functions. One classical
reason why modular forms were studied is their use in investigating the number of ways
of representing an integer by a quadratic form. For example, the number of ways an in-
teger can be represented as a sum of squares is equal to the coefficient in the g-expansion
of the power of a modular form. P. Epstein introduced a zeta function associated with
positive definite quadratic forms [8]. In [14], partial Epstein zeta functions, which are
summands of Epstein zeta functions associated with quadratic forms, have been intro-
duced and their functional equations have been proved by using the Mellin transform of
theta series which are related with modular forms on binary linear codes. In this paper,
partial Epstein zeta functions for binary linear codes, which are related with Hamming
weight enumerators of binary linear codes, are newly defined. Then functional equations
of those zeta functions for codes are presented. In particular, it is clarified that simple
functional equations hold for zeta functions for binary linear self-dual codes.

The organization of this paper is as follows: Section 2 presents some definitions and
some basic facts concerning binary linear codes and explains the MacWilliams identity.
Section 3 describes theta series and their transformation formulae. Section 4 presents
partial Epstein zeta functions for binary linear codes and their functional equations that
are the main theme of this paper.

§2. Preliminaries

This section presents the definitions and the basic properties of binary linear codes
and explains the MacWilliams identity for Hamming weight enumerators of binary linear
codes.

§2.1. Binary linear codes

Let F5 be the binary field. A k-dimensional subspace of n-dimensional vector space

7 is called a binary [n, k] linear code or a binary [n, k| code, where n and k are called
the code length and the dimension of the code, respectively. An element of a code is
called a codeword of the code. A class of binary linear codes is defined by matrices
over Fo. A binary [n, k] code may be specified by a basis of k linearly independent
codewords. A matrix whose rows are a basis of a code is called a generator matrix of
the code. The same code, in the sense of a set of codewords or a vector space, may be
described by different generator matrices or bases of the vector space. Let G be a k xn
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generator matrix of a binary [n, k] code C and let us denote G as

91,1912 " gin

921922 g2.n
G=1| . . .

9k,19k2 " Gk
where g;; are elements of Fy and the rows of G are a basis of C'. All rows of G and all
linear combinations of them are codewords in C. Therefore, C' contains 2¥ codewords.
The null space of C'is spanned by the rows of the following matrix H that satisfies the
relation G'H = Oy (n—k):

hix  hig -+ hin
han  hao -+ hap
H = . . .

)

hn—k,l hn—k,2 te hn—k,n

where h;; are elements of Fy, 'H denotes the transpose of H, and Ol x (n—k) denotes
the k x (n — k) zero matrix. The matrix H is called a parity-check matrix of C' and
generates the dual code of C. The dual code C* of C is defined by

Ct:={veFy|(c,v)=0forallcecC},

where (c, v) = Z?:l cjv; for ¢ = (c1,¢2,...,¢p) and v = (v1,v2,...,v,), which is the
inner product of ¢ and v. For a linear code C, its dual code C* consists of all rows of

H and all linear combinations of them. In other words, H is a generator matrix of C-.
If C = C*, then C is called a self-dual code.

Example 2.1. Let C7 be the binary [7,4] Hamming code. A generator matrix
G7 and a parity-check matrix H7 of C7 are

1101

10(1)0(1]88 1001101
Gr = and H; = (0101011,

0110010 0010111

1110001

respectively.

Example 2.2.  The binary [8, 4] extended Hamming code is a self-dual code [11].
The following matrix Gg is a parity-check matrix of Cys as well as a generator matrix of
Cs:
10011010
01010110
00101110
11111111
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§2.2. MacWilliams identity for Hamming weight enumerators of binary
linear codes

The distance distribution of a code closely relates to the error correction / detection
capability of the code. Any two codewords in a code have to be definitely far from each
other for ensuring the specific error correction / detection capability. The distance
distribution of a linear code is equivalent to the weight distribution of the code, because
the distance between two codewords is equal to the weight of another codeword.

Definition 2.3 (Hamming weight [11, p.8]).  Let u = (uy,us,...,uy) be an el-
ement of F3, where u; denotes the ith component of u. The Hamming weight of u;,
denoted by wy(u;), is defined by

0 if u; =0,
wi(u;) = { )

1 otherwise.

Then the Hamming weight of u, denoted by wy(u), is defined by

u) = Z wr (u;).
i=1

The Hamming weight of a vector denotes the number of nonzero components of the
vector.

Definition 2.4 (Hamming weight enumerator [11, p.126]).  Let z¢ and 2 be in-
determinates. For a binary [n, k] code C, the Hamming weight enumerator We (xq, x1)
is defined by

n
We (xg, x1) E Ty wi(©) wH(C) E Wi a2},
ceC =

where W; denotes the number of codewords of Hamming weight ¢ in C'. In the same way,
for the dual code C+ of C, the Hamming weight enumerator W1 (zg, 1) is defined by

Wei (xo, 1) E Ty wa(e’) wH(C) E Wf xl,
c’eCt Jj=0

where Wf denotes the number of codewords of Hamming weight j in C+. Both the
weight enumerators We (xg, 1) and Weo (xg, 1) are homogeneous polynomials of
degree n in two indeterminates xy and x;.

The following Theorem 2.5 holds for Hamming weight enumerators of binary linear
codes.
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Theorem 2.5 (MacWilliams identity [10], [11, p.127]).  Let C be a binary [n, k]
code with dual code C. Then the following relation holds between the weight enumerator
of C and that of C+:

(21) Wcu_(xo,xl) = —WC’ (a:o—l—:cl,a:o —.731),

C]
where |C| = 2F denotes the number of codewords in C'.

Equation (2.1) is the MacWilliams identity for Hamming weight enumera-
tors of binary linear codes and shows that the weight enumerator of C* is derived
from that of C. Equation (2.1) is symmetric with respect to the roles of C' and C*,
that is,

(22) Wc(afo,afl) = ﬁWCL (afo—l—xl,xo—afl),

where |C+| = 2"~* denotes the number of codewords in C. Equation (2.2) is obtained
by putting yo = ¢ + 1 and y; = x¢ — 21 in Eq. (2.1). The weight enumerator of C' is
derived from that of C*+ by using Eq. (2.2).

If C is self-dual, then n = 2k and |C| = 2¥ = 2"/2. Therefore, Eq. (2.1) results in
the following form:

(2.3) We(zo,21) = We (a:o-i—:cl 330—%1)'

V2 V2
Equation (2.3) shows that the Hamming weight enumerators of binary linear self-dual

codes are invariant under the transform

i) 1 11 i)
o: — — .
I \/§ 1 _1 Tq
Example 2.6. The code C7, which was given in Example 2.1, contains 16 code-
words shown in Table 1. Then the weight enumerator of C7 is

We, (z0,71) = o4 + Trgat + Togr] + o],

On the other hand, the dual code C7 contains 8 codewords shown in Table 2. The
weight enumerator of Ci is

Wes (w0, 21) = xh + Tedet.
Substitute z¢ + z1 and z¢g — z; into z¢ and z1 of We, (zg, z1), respectively, then

We, (w0 + 21,70 — 1)
= (330 + .731)7 + 7(.730 + 331)4(330 - .731)3 + 7(.730 + 331)3(330 - .731)4 + («770 - 331)7

= 16(%‘8 + 7.738.73%) = 24WC’#— (.7}0, .731).
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Table 1. Codewords in C7 and their Hamming weights

Codeword | Weight || Codeword | Weight || Codeword | Weight
0000000 0 1011010 4 1001101 4
1101000 3 0011001 3 0101011 4
1010100 3 1100110 4 0010111 4
0110010 3 0100101 3 0001110 3
1110001 4 1000011 3 0111100 4
1111111 7 — — — —

Table 2. Codewords in C7 and their Hamming weights

Codeword | Weight || Codeword | Weight || Codeword | Weight

0000000 0 0010111 4 0111100 4
1001101 4 1100110 4 1110001 4
0101011 4 1011010 4 — —

Conversely, We. (2o, 1) is derived from WC% (o + x1,20 — x1). In fact,

WC’#— (CEO + 21,20 — CEl) = (CEO + 5131)7 + 7($0 + l‘l)g(aﬁo — :1:1)4

= 8(:1:8 + 7x3$‘;’ + 7:1:8:1:‘1L + xz) = 23WC7(x0, x1).

Example 2.7. The code Cg, which was given in Example 2.2, contains 16 code-

words shown in Table 3. Since the generator matrix of Cg- is identical with that of Cy,
both the weight enumerators of Cg and Cg are

Weg (2o, 21) = Wee (20, 1) = a8+ 14xiet + oF.
In fact, Weq (20, 1) is invariant under the transform o:
W (xo—l—wl 3130—31?1) . (330+331)8+14 ($0+$1>4 (330—361)4+ (330—361)8
“\U vz v V2 V2 V2 V2

= a:(s, + 1491361313‘11 + x? = Wey (20, 21).

Equation (2.1) provides the relationship between the coefficients of We(zg, 1)
and those of Woi(xg,z1). To indicate the relationship explicitly, we introduce the
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Table 3. Codewords in Cg and their Hamming weights

Codeword | Weight || Codeword | Weight || Codeword | Weight
00000000 0 10011010 4 01010110 4
00101110 4 11001100 4 10110100 4
01100101 4 01111000 4 10101001 4
11010001 4 11100010 4 00110011 4
01001011 4 10000111 4 00011101 4
11111111 8 — — — —

(n+1) x (n+ 1) matrix M,, as follows: we denote the expansion of the polynomial
(xo +21)" (w9 — 1) as

n n—1 n
Hj,0Tg + [j1To “T1+ e+ Ty

for j = 0,1,...,n. The coefficients p;; = przo(—l)p (;) (’;__IZ) are known as special

cases of Krawtchouk polynomials [11, p.129, Equation (12)]. We define M,, by

Ho,0 Ho,1 - Ho,n

Hio M1,1 " HUin
M, = . . .

Hn,0 Un,1 """ Hnn
Proposition 2.8.  The coefficients p;; have the following properties:

2mif g =1,
0 otherwise.

(i) Z:’L:O Him Bm,l = {

2mif 7 =0,
0 otherwise.

(i) Z?:o Mgl = {

Property (i) implies that M2 = 2™1,, 1, where I, 11 denotes the (n+1) x (n+1) identity
matriz.

Proof. Property (i) is given in [11, p.152, Chapter 5, Corollary 18]. Property (ii)
is obtained by substituting 1 into zg and z; of the equations (z¢ + z1)" 7 (zg — x1)) =
Hi,0T0 + ,uj,la:g_lxl + -+ pypat for 5 =0,1,...,n. O

By using the components of the matrix M, the right-hand side of Eq. (2.1) is
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expressed as follows:

1

2—kWC (xo + 21, To — 1)

1 n n—i 1
= 2—kZWZ (xo—l—xl) (330—.731)
1=0

1 ¢ -
ok Z Wi (pi0f + prinag @1+« + prina?)
i=0

1 n n - n
(24) = 2_k { (Z Wiﬂi,O) a:g + (Z WZ',IJ/Z";[) xg 1331 4+ .4 (Z Wiﬂi,n) x?} .
=0 =0 =0

Comparing the coefficients of Eq. (2.4) with those of the left-hand side of Eq. (2.1), we
see that the coefficients of Wg(xp,z1) and those of Wi (zg,x1) satisfy the following
equation:

n

1
(2.5) (We- Wit Wb, o Wik = = (Wo, Wi, Wa, .., Wy) M.

Multiplying both sides of Eq. (2.5) by Q%Mn yields

1

(2.6) (Wo, Wy, Wa, ..., Wn) = onk

(Weh, Wi, Wi, o W) M
Equation (2.6) is also obtained directly from Eq. (2.2). Equations (2.5) and (2.6) play
important roles in Section 4.

§3. Theta series

In this section, we deal with one-variable theta series that are essential to derive
the functional equations for partial Epstein zeta functions on binary linear codes in
Section 4.

Definition 3.1.  Let 7 be a variable in the upper half-plane H of C. Let u,, ; =
(1,...,1,0,...,0) be an element of F, where the leftmost j components of u,, ; are 1’s
and the other components are 0’s for j =0, 1,...,n. For 7 € H, the theta series 6,, ;(7)
for j =0,1,...,n are defined by

. (m,m . (2m+u, ;,2m+u,, ;)
L ojr e my 2miT KARE] Dol
Op,i(1) = E e T = E e 1 ,

mezn mezZn
m=uy (mod 2)

where (u,v) is the standard inner product of u and v.
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Remark.  For all positive integers n, the theta series 6, ;(7) consists of the powers
of (91’0(7') and 91’1(7')2

(31) Qn,j(T) = 91,0(7)”_3'01’1(7')7'.

Proposition 3.2.  The theta series 0,, () for j =0,1,...,n satisfy the follow-
ing two transformation formulae:

en,o(T + 1) en,o(T)
en,l(T + 1) en,l(T)

(i) | On2(T+ 1) | =diag(1,i,i2,...,i") | On2(7) |,
Opn(T+1) O (T)
On,0(5) On.0(T)
On,1 () n On,1(T)

i 0,,.0(= — T 1 0, o(T

(ii) () ( Z) =, | Ona) |,
Onn(=L) Onn(T)

where i = \/—1 and —7/4 < arg\/7/i < w/4. The symbol diag(1,4,i?,...,i") denotes
a diagonal matrix.

Proof. The first formula follows directly from the definition of 6,, ;(7).

The second formula is obtained by using the Poisson summation formula. Two-
variable theta series for 7 € H and z € C, which are extensions of 6, ;(7), were defined
and their transformation formulae were given in [14]. The proof of the second formula for
0,.;(7) is analogous to that of the second formula for the two-variable theta series. [

§4. Partial Epstein zeta functions on binary linear codes

Definition 4.1 (Epstein zeta functions [8]). Let s be a complex variable with
Rs > n/2, let Y be an n x n matrix of a positive definite quadratic form, and let g
and h be n-dimensional real vectors. Then the Epstein zeta function associated with
(Y, g, h) is defined by

6271'1'(h, a)

(a+g)Y(a+g))”’

Zn(Y,g,h,s) := z:(t

aczm
a+g#0n

where a runs over all elements in Z™ except for any vectors such that a+ g = 0,,, and

0,, is the n-dimensional zero vector.
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Let us substitute the n X n identity matrix 7,, into Y and substitute 0,, into g and
h, respectively. Then we have

1
Zn(1y,0,,0 =
n( s s nas) ;1 <a, a>57
a#0p

where (a, a) denotes the standard inner product of a and itself. We denote the function
Zn(I1,0,,0,,8) by Z,(s) and define partial Epstein zeta functions of Z,(s) as follows.

Definition 4.2 (Partial Epstein zeta functions [14]).  Let s be a complex vari-
able with Rs > n/2. Partial Epstein zeta functions Z, ;(s) for j = 0,1,...,n are
defined by

1

Zy i(s) := ’

i (2) vgz; 2V +uy 5, 2v 4 uy 5)°
2vtuy, ;#0n

where the vectors u,, ; are binary vectors given in Definition 3.1.

Theorem 4.3 ([14]).  Partial Epstein zeta functions Z, ;(s) for j =0,1,...,n,
which are defined for Rs > n/2, extend analytically to entire functions on the whole
complex s-plane except for a simple pole at s = n/2 with residue (7r/4)”/2 /T (n/2),
where T'(s) is the gamma function. Let

™

Ani(s) = (§>_Sr(s) Zy i (5).

Then the following relation holds for j =0,1,...,n:

(4:].) An,](S) = \/% ZHj,lAn,l (g - S) )
=0

where p;; is the (j,1)th component of M,. These relations for j = 0,1,...,n are
rewritten in the following single equation:

T o(5) Zno (% —s)

(4.2) (z)_sI‘(s) Zn,:l(s) _ (g>—(n/2—s)1_‘(g_s> \/%Mn Zna ( —S)

Znn(s) Znn (5 —5)

The above type of partial Epstein zeta functions are components of partial Epstein

D3 w3

zeta functions on binary linear codes which are defined as follows.

Definition 4.4 (Partial Epstein zeta functions on binary linear codes).  For a
binary [n, k] code C, let A(C) be the following set:

AC):={c+2v|ceC, veZ}.
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For a complex variable s € C with s > n/2, the partial Epstein zeta function on C' is
defined by

Zney(s) = Z Z Z (2v +c, 2v—|—c) '

reA(C) < L ceC verm
r#0p 2v+4c#0y,

In the same way, for the dual code C+ of C, the set A(C~) is defined by
A(CH) = {¢+2v]|c e Cc+, ve Z"}.

For a complex variable s € C with Rs > n/2, the partial Epstein zeta function on C+
is defined by

1
Zaety(8) = Z Z Z v+, 2v+c)

r'eA(cl) < c’'eC VEZn
r! #£0y, 2v+4c/#0,

Replacing u,; with a codeword ¢ of Hamming weight j does not change
the summation Z, ;(s). Therefore, if the Hamming weight enumerator of C is
We(zo, 1) = 3o Wizl ™'zl then Zy(c)(s) is expressed as follows by using the coef-
ficients Wy, W1, ..., W,, of We(xo,x1):

1 n
(4-3) Za(0)(5) Z Wi Z 2v+ups, 2v4u,,): Z Widinsls)
50 n, i=

vEZT
2V+Un’i¢0n

In the same way, for the Hamming weight enumerator Wi (zg, 1) = Z?:o fog_j !
of C*, the partial Epstein zeta function Z A(c’J_)(S) is expressed as

(4.4) Zacy(8) Z W Zn,j(

The next Theorem 4.5 is the main result in this paper.

Theorem 4.5.  The partial Epstein zeta function Z(cy(s) on a binary [n, k] code
C with dual code C* extends analytically to an entire function on the whole complex
plane except for a simple pole at s = n/2 with residue 2* (7r/4)”/2 /T(n/2). Then
Z oy (s) satisfies the following functional equation:

(g)—sr(s) \/%ZA(C)(S) _ (g)—(nﬂ_s) T (g — 8) \/%ZA(CJ_) (g — S) .

In particular, if C is self-dual, we have

(5) rezew=(5)" 0 (55) e (5 -9)

and the residue of Zn(c)(s) at the pole s =n/2 is (71'/2)71/2 /T(n/2).
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Proof. Let us substitute Eq. (2.6) into Zx ) (s). We then have

Zn0(8)

ZA(C)(S):zn:WiZn,i(S)Z (Wo Wy - Wn) Zn’:l(S)

- Zonn(s)
Zno(8)
(45) S owe w0
Zosn(s)

Multiplying both sides of Eq. (4.5) by (7/2) °T (s) /V/2F yields

(4.6)
Zn’o(S)
™\ ey (™ "r(s) L Lppd . Zn(9)
(3) TOm2e =(3) TE g (W W wi) M|
Znn(8)
Using Eq. (4.2), we can rewrite the right-hand side of Eq. (4.6) as
Zn,O (% - 8)
m\—(n/2=s) _/n 1 T— N Zna (3 = 5)
(5) d (5 _S> ok (WO Wit - W”) :
Znin (5 = 5)

n

S ()G ) S (3 )

=0

an = (570G ) g ()

The residue of Z,(¢)(s) at the pole s = n/2 is equal to the sum of those of Z, ;(s).
Therefore the residue of Zy(c)(s) at the pole s =n/2 is 2 (7r/4)n/2 /T'(n/2). In partic-
ular, if in Eq. (4.7) C = C*, the equation becomes

(5 T =(5) " r () e (3-)

Put k = n/2 into 2* (71'/4)71/2 /T'(n/2), then the residue of Zx(c)(s) at the pole s =n/2
is (/2)"? /T (n/2). O
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Example 4.6. The Hamming weight enumerator of C7 is We. (xg,21) = azg +
Trgrd +Txdz}+2l. Then, for all s € C with Rs > 7/2, the partial Epstein zeta function
on C7 is

ZA(C7)(8) = Z7’0(8) + 7Z7’3(S) + 7Z7’4(S) + Z7’7(8).

On the other hand, the partial Epstein zeta function on the dual code C7- is
Znory(8) = Zr0(s) + TZ74(s),

because the weight enumerator of Cs is Wer (1o, 1) = o+ Txdxrt. Two zeta functions
Zn(cy)(s) and Zy (1) (s) satisfy the equation

(3) T sz = (5) T (3-5) smaen (5-9):

Example 4.7. The Hamming weight enumerator of the self-dual code Cjy is
Weoy (w0, 1) = 2§ + 14xdxt + 28, Then, for all s € C with Rs > 4, the partial Epstein
zeta function on Cyg is

Znc)(8) = Zg,0(s) + 14725 4(s) + Zg 8(s).

This zeta function satisfies the functional equation

T —S T —(4—8)
(5) T (s) Za(cy)(s) = (§> I'(4—8) Zrcg) (4 — s).
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