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Application of the nonlinear Galerkin FEM method
to the numerical solution of a reaction-diffusion
system in two dimensions

By

Jan MAcH*

Abstract

This paper deals with an application of the nonlinear Galerkin method to the numerical
solution of a particular reaction-diffusion system in two spatial dimensions. This method
was suggested as well adapted for the long-term integration of the evolution equations and
combines the time and space discretization. Here we discuss the nonlinear Galerkin approach
in the framework of the finite element method and give details on how the numerical scheme is
derived. The modified Runge-Kutta method with adaptive time step selection is used for the
integration in time. We also present the examples of numerical results.

§1. Introduction

Consider the system of reaction-diffusion equations

(1.1) %_[t] _ DAU +F(U),

where D € R%? denotes a positively definite diagonal matrix, F : R — R? is a
Lipschitz continuous mapping, U (t, z) is a d-dimensional function of time ¢ > 0 and of
space z € 2 C R™. Q is a bounded space domain with piecewise smooth boundary. We
consider the homogeneous Neumann boundary conditions
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where v is the unit outward normal of €2 and the initial condition
(13) U|t=0 = UO € H7

where H := L2(Q, R?) is the Hilbert space with the scalar product

d d
(14) V) = 0V =Y (U Vou =3 [ UV
i=1 =17
and the space V := HV(Q,RY) as the Hilbert space with the scalar product
d d
(1.5) (U, V)v =D (Ui, Vi)nay o) = Z/ VU; - VV;,
i=1 i=1 7%

where U = (Uy,...,Uq), V = (V4,...,V4). The weak solution of the problem (1.1)-
(1.3) on the time interval (0,7") is a mapping U : (0,7") — V such that it satisfies the
following problem in the sense of distributions

(1.6) %(U, W) + (DU, W)y = (F(U),W) in (0,T) YW €V,

(1.7) Uli—o = Up.

This abstract setting covers the initial-boundary value problems for wide range of
reaction-diffusion systems, see e.g. [24, 28, 22].

The Gray-Scott model is the particular example of the reaction-diffusion system
exhibiting rich dynamics [25], [26], [27]. It describes the autocatalytic chemical reaction

(1.8) U+2V =3V, V=P,

where U, V are reactants and P is the final product of the reaction. The chemical
substance U is being continuously added into the reactor and the product P is being
continuously removed from the reactor during the reaction.

The initial-boundary value problem for the Gray-Scott model, considered in Section
3 for numerical simulations, is the following system

(1.9) %:DuAu—uv2 + F(1 — ),
(1.10) % = D,Av +uww? — (F + k),

in 2x(0,7) with the initial conditions

(111) U(',O):Uini,
(112) ’U(',O):”Uini
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and the zero Neumann boundary conditions

9

(1.13) a—z o =0,
P

(1.14) 8_3 loq = 0.

The functions u, v are unknowns representing concentrations of the chemical substances
U, V. The parameter F' denotes the rate at which the chemical substance U is being
added during the chemical reaction, F' + k is the rate of the V' — P transformation
and a, b are the diffusion constants characterizing the environment of the reactor. We
denote the reaction terms in the system (1.9)-(1.10) by Fi(u,v), Fa(u,v) or Fy, Fy only.
The system (1.9)-(1.13) has been studied from the viewpoint of qualitative behavior, see
e.g. [24, 25, 26, 27] and of mathematical properties [28]. Mathematical consequences of
these results help in the use of the presented method.

The rest of the article is organized as follows. The finite element nonlinear Galerkin
scheme for the system of two reaction diffusion equations, i.e. the Gray-Scott model
(1.9) - (1.10), is derived in Section 2. In Section 3 selected results of numerical solution
are presented.

§2. Nonlinear Galerkin method

The long-term behavior of dissipative systems to which (1.1) - (1.3) belongs can be
described by the global attractor A. In the standard Galerkin method the numerical
solution of the problem under consideration is searched in the space P,,H spanned by
wi, ..., w, and thus produces an approximation of A in the space P,,H. The nonlinear
Galerkin method searches for the solution in an approximate inertial manifold, which
is the nonlinear manifold closer to A than P,,H [1, 2, 3, 4]. This is the distinguishing
property and the theoretical advantage of the nonlinear Galerkin approach compared
to other simple methods. It was thus suggested as well adapted for the long-term
integration of evolution equations in dynamically nontrivial situations [2]. It is general
and allows the use of various methods for the time and space discretization of the
underlaying problem. This approach was developed initially in the context of spectral
methods [1, 2, 22]. Later, it has been generalized to other spatial discretization methods,
i.e. the finite element method [7, 5, 14, 15, 23] and the finite difference method [12, 21].

The nonlinear Galerkin methods have been studied extensively. They have been
applied to a variety of problems so far, i.e. to the modeling of turbulence [8, 10, 18], nu-
merical solution of Navier-Stokes equations [5, 6, 11, 13, 23], the Kuramoto-Sivashinski
equation [4, 16, 20] and the Burgers equation [9, 19, 20].

It has been also applied for the numerical simulations of reaction-diffusion systems,
i.e. in [21] nonlinear Galerkin method based on the finite difference method is reported
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to produce quantitatively the same results as the standard finite difference method
when solving a particular reaction-diffusion system in two dimensions for parameters
leading to non-trivial spatial and temporal behavior. In [22] the application of the non-
linear Galerkin approach with the spectral spatial discretization to the one-dimensional
Brusselator model is studied and it is reported to provide computational time savings
compared to the standard Galerkin method with similar error in the numerical solution.

Reduction of the computational time for the same level of error was frequently
reported as a computational advantage of the nonlinear Galerkin methods over the
standard methods in other studies as well, see e.g. [4, 10, 11, 23]. Reported compu-
tational time gains varies between 25% — 55% depending on the particular nonlinear
Galerkin scheme definition, implementation details and the studied problem. Some au-
thors were not able to reproduce these positive results when using more sophisticated
time integration methods with the adaptive time stepping [16, 20]. For comparison
of different time integration methods in the context of nonlinear Galerkin methods see
[17], where the author concludes that efficient integration in time is needed to avoid pre-
mature conclusion about the computational advantages of nonlinear Galerkin methods
and to allow reliable comparison with the standard methods. Variable step-size variable
formula BDF method was suggested as an efficient method for the time integration of
those compared.

In our work we study whether the theoretical advantages can be converted into
the computational ones for a particular nonlinear Galerkin method based on the finite
element discretization in space. The finite element nonlinear Galerkin method is applied
to the numerical integration of the system of two reaction-diffusion equations in two
spatial dimensions. We provide details on how the the numerical scheme for the example
problem is derived.

For L > 0 we denote

(2.1) Q= (0,L) x (0, )

the square domain and remind here the notation H = L?(€2, R?) and V = HV(Q, R?).
We consider the finite dimensional subspace Vj, of V as in the usual Galerkin finite
element method. In the nonlinear Galerkin method discussed here, V}, is decomposed
into the coarse (large eddy) space Vg, and the correction space Wy, as described in
Section 2.1. That is Vj, = Vg, + W), The weak solution of the problem (1.6)-(1.7) is
approximated by

(2.2) Un(t) = Yu(t) + Zn(t),

where Vt > 0, Y3, (t) € Vap, and Z3,(t) € Wy,. The function Y}, (t) and Z,(t) are solutions
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of the following equations, see i.e. [2, 22],

d - - - -
(2.3) E(Yh, Yy)+ (DY, +DZy, Yy)v = F Y, + Z1), Ya), VYn € Vo,
(2.4) (DY), + DZy, Zp)v = (F(Yn) + F' (Y3) - Zn, Z1,), VZ, € W,
(2.5) (Uly=0, Y3) = (Uo, Y1), VY, € Va.

The values of Zj(t) are known to be small for h small. At each time ¢, Up(t) =~ Y3 (%),
but the effect of the Y}, (t) add up due to the sensitivity of reaction diffusion equation
on the initial data and is thus effective on large intervals of time. The definition of
functions Y}, (t) and Zp,(t) other than (2.3)-(2.5) is possible [16, 20].

The choice of the spaces Vg, Wy, is given by the particular method of the space
discretization - the finite element method in the case of this article, or the spectral
method or the finite difference method, see [1, 2, 12, 21].

The framework of the convergence analysis for the nonlinear Galerkin method is
given in [2, 3], and is elaborated for the reaction-diffusion systems in [22], and the
finite-element method applied to them in [33].

2i-2 2i-1 21 2i+1 2i4+2

Figure 1. Numerical grid for the realization of the finite element nonlinear Galerkin
method in two spatial dimensions.

§2.1. Discretization by the finite element method

In this section we describe details of the spatial discretization within the finite
element nonlinear Galerkin method. For the square domain Q (2.1), N € N, h = L/2N
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we consider regular square mesh of nodes x; ; = [ih, jh|, i =0,...,2N, j =0,...,2N,
see Fig. 1. Let &y, denote set of (black) node indices [2i,25],7=0,...,N,57=0,...,N.
In a similar manner we denote &, the set of (white) node indices [2i + 1,25 + 1], i =
0,...,N—1,7=0,...,N—1,[2i,2j+1],i=0,...,N,j=0,...,N—1and [2i+ 1, 2],
1=0,...,N—1,7=0,...,N.

The piecewise linear finite elements are used to construct the corresponding spaces.
First, we define the nodal (hat) functions ¢, YO € &9, that are equal to one at nodes
xo and are equal to zero at all other nodes xp;, VM € &y, M # 0.

Next, we define the nodal (hat) functions ¢p, VP € &, that are equal to one at
nodes xp and are equal to zero at all other nodes xp;, VM € &, M # P.

We define

0 N,N

1 21,25 2

(2.6) [@gi,)zj = ( 0 ]> a@gi,)Qj = ( ‘ )] ’
P2i,2j i=0,5=0

_ s 0 41 N—-1,N
(2.7) dj%—)ﬁ—lﬂj = 2 7¢é§—)|—1,2j = ’

I 0 V2i41,25 Jizo.j—0

- " 0 41 N,N—1
(2-8) ’v[’;},)zjﬂ = 22 7¢$,)2j+1 - )

i 0 h2i,2541 lizo.j=0

0 N—-1,N—1
(2.9) @Dégrl 2j4+1 — Yaivij 7¢§?ll 2j4+1 — )
’ 0 ’ Voit1,2j+1) |, _, i—o

as the 2-dimensional vector-valued finite element basis functions. The basis of Vg

consists of functions (2.6). The space W, is spanned by functions (2.7), (2.8) and (2.9).

The union of the bases of Vg, and Wy, provides a hierarchical (induced) basis of V.
Specifying Yy, = (up,vn) and Zj, = (zp,wy,) in the numerical approximation (2.2)

we have
N,N
(2.10) Ugp, = Z U24,2502i,25 5
i=0,j=0
N,N
(2.11) Vap, = Z V24,223,255
i=0,j=0
N—1,N N,N—1
(2.12) 2y = Z 22i4+1,2j¥2i41,25 + Z 22i,2j+1¥2i,2j+1

1=0,7=0 1=0,7=0
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N—1,N—1
E 22i41,2j4+1%2i4+1,2j+1,
i=0,j=0
N—1,N N,N—1
(2.13) wp, = E woit1,2j%2i 41,25 + E W2 2j4+1%2i,2j+1
i=0,j=0 i=0,j=0
N—1,N—1
+ E W2i41,2j+1V2i4+1,2j+1-
i=0,j=0

where the components of the principle solution part Y3 and of the correction term Zp
are the solution of the following system

(2.14)  O¢(uan,vo) + Dy(uan + zn, po)v
(2.15)  Oi(van,vo) + Dy(van + wh, po)v = (Fa(uan + 2n, Van + Wn), 90),
(2.16) D, (uzp, + zn, Yp)v

= (F1(uap + 2n, v2n + wp), ©0),

= (F1(u2n, van) + OuF1 (u2n, van)2n
+0y F1 (u2n, van)wh, Y p),

(2.17) Dy (van +wh, ¥p)v = (Fa(uan, van) + OuFo(Uzn, van)zn

+0u Fa(ugn, van)wh, P p).

VO € &y, and VP € &, which corresponds to (2.3) - (2.4) for D = diag{D,, D,} and
F = (Fi,Fy). We denote here (-,-) and (-,-)y scalar product (1.4) and bilinear form
(1.5) for d = 1 respectively.

Now we derive equations for the term z, from (2.16). Equations for wy, are de-
rived analogously. Numerical integration is applied to approximate the right-hand side
of (2.16). For the particular index P € &, such that xp N 9N = B, the following
approximation is used

(2.18) (F1 + OuFy + 0u Fy,¢p) ~ h2F1|P + h28uF1|P + h28vF1|Pa

which can be modified for the boundary nodes replacing h? terms by %hQ.
We consider ¢p, P € &, defined at nodes x2; 2541, T2i+1,2j+1 and Z2i41,2; sepa-
rately. For ¢p = 12; 2541, 0 < j < N in (2.16) we receive

(2.19) (uan + 2, V2i2j41)v = (Uan, ¥2i2j+1)v + (Zh, V2i2j41)v

= §(U2i,2j + U2i,2j4+2 — U2i—2,2j4+2 — U2z’+2,2j)

—22i—-1,2j4+1 + 4224 2j41 — 22i4+1,2j+1,

for 0 <i< N. Fori=0 and ¢ = N we have

(2.20) (u2n + zn, Vo,2j+1)v = (U2n, Yo,2j41)v + (2n, %0.2j+1)v
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1
= 5 (0,25 — u2,25) + 220251 — 21241,
and
(2.21) (ugn + 2n, Yon,2j+1)v = (U2n, Yan,2j+1)v + (2, Yon 2j+1)V
1
= §U2N,2j+2 — ZoN-1,2j+1 T+ 2Du22N,2j+1,

respectively. Finally, for 0 < ¢ < N, the equation (2.16) yields

D, 4D,
(2.22) 2 22i-1.2+1 + 7z OuF1|2i 2541 ) #2i2j+1
D,
_ﬁz2i+1,2j+l - 8UF1|2i,2j+1w2i,2j+1
D,

= Fi|2i2j41 — W(U%,Qj + U2i 2542 — U2i—2,2j42 — U2i12,25)-

For ¢ =0 and ¢ = N we have

(2.23) (4}?2” - 3uF1|0,2j+1> 20,2j+1 — %21,23'—1—1 — OuF10,2j41w0,2541
= F1lo,2j+1 — %(Uo,zj — U2,2;),
and
(2.24)— 21?2“ ZON—1,2j+1 + (% - 8uF1|2N,2j+1) 2aN,2j+1 — Opl2N,2j+1W2N 241
= Filan2j41 — %(UQN,Qj—l—Q — UaN-2,2j+2),
respectively.

For ¢¥p = 19i41,2j41, 0 <i < N and 0 < j < N in (2.16) we get

(2.25) (uan + 2h, V2ig1,2j41)v = (U2n, V2i+1,2j+1)v + (Zhy Y2i41,2j41)v
= (U2i,2j4+2 + U2it2,2j — U2i,2j — U2i122j42) — 22i+1,2;

—Z22i2j+1 422i+1,2j+1 — 22442,2j41 T 22i41,2542

and thus equation (2.16) yields

2.26 Du D 4D, OuF
( . ) _ﬁZQi—l—l,Qj - ﬁZ%,Qj—i—l + W — Oy 1|2i—|—1,2j—|—1 Z22i41,25+1
D, D,
—ﬁ221+2,2j+1 - ﬁ22i+1,2j+2 - 8vF1|27)—|—1,2j+1w2i—|—1,2j—|—1
D,

= Fi|2i41,2j41 — ﬁ(uzi,zgurz + U2i42,25) — U2i,2j — U2it2,2j42)-
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For ¢¥p = 194125, 0 <i < N in (2.16) we get

(2-27) (U2h + Zn, ’¢2z’+1,2j)v = (U2h7 ’¢2z‘+1,2j)v + (Zh, ¢2i+1,2j)v
1
= 5(_U2z’+2,2j—2 + Ugiy2.25 + U2i 25 — U2i2j+2)

—29i4+1,2j—1 1 4Z2i+1,2j — 22i+1,2j+1,

for 0 < j < N. For j =0 and j = N we have

(2.28) (u2n + 2n, V2iq1,0)v = (U2n, Y2ir1,0)v + (Zh, Y2i11,0)v
= %(UQi,O — U2i2) + 222i41,0 — 22i+1,15
and
(2.29) (uan + 2n, V2ir1,2N)v = (U2, V2it1,2N)v + (Zhs Y2it1,28)v
= %(UQH-Q,QN — U2i122N—2) — 22i+12N—1 T 222i112N

respectively. Finally, the equation (2.16) yields

D 4D D
(2.30) —h_;z2i+1,2j—1 + (h—Qu - 8uF1|2i+1,2j> Z2i4+1,25 — h_522i+1,2j+1

—0uF1|2i41,2W2i41,25
D,
= Fil2it1,2j — 2_h2(_u2i—|—2,2j—2 + U2i42,25 + U2i2j — U24,2j42)

for 0 < j < N. For j =0 and j = N we obtain

(2.31) (% — 8uFl|2i—|—l,0> 29i+1,0 + _%Z%—H,l — O0pF1|2i41,0W2i41,0
= F1l2i41,0 — %(U%,O — Ug;,2),
and
(2.32) _%ZQi—i—lQN—l + (% — 3uF1|2i+1,2N> 22i41,2N — OuF1]2i11,2NW2i41 2N
= Fil2it1,28 — %(U%—M,QN — U2i12,2N—2),
respectively.

We need to evaluate terms usgp, vop, at grid nodes xp, VP € &£, to compute values
of Fi|p, 0, Fi|p and 0, F;|p. This is accomplished by the linear interpolation

1
(2.33) Uoh|2i1,2) = 5(U2¢,2j + u2i42,2;),
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(2.34) Ugh|2i,2j4+1 = §(U2i,2j + u2i25+2),

(2.35) Uop|2i41,2j41 = §(U2z‘,2j+2 + U2i42,25)-

In the similar manner, the term wvqy is treated.
We obtained the sparse linear system of 21,0y,

Necorr = (N+1)N+N(2N+1) :N(3N+2)7

equations for the values of terms zj, wy, at grid nodes xp, P € &,. The matrix is stored
in compressed sparse column (CSC) representation for use with the UMFPACK solver
[29, 30, 31, 32], which we use to solve the system.

Now we derive equations for the values of the solution component ugp from (2.14).
Equations for vg, in (2.15) are derived analogously. Numerical integration is used to
approximate the right-hand side (2.14) For particular O € &y, such that zo N OQ = 0,
the following approximation is used

(2:36)  (Fi(uan + 2n, v2n + wh),90) ~ Y h*0olpFi(usn + 2n, van + wn)|p.
Peé&y,

The term h? is the area around grid nodes xp, P € &, as it is depicted in Fig. 2. For
Yo = ¢2i25, 0 <i < N, 0 < j < N and denoting Fy = Fi(ugp + 2z, van, + wp,) the
approximation (2.36) yields

1 1 1

(2.37) (F1, 92i25) ~ §h2F1|2i,2j—1 + §h2F1|2z‘+1,2j—1 + §h2F1|2i—1,2j
1 1 1

+h2F1|2i,2j + §h2F1|2i+1,2j + §h2F1|2i—1,2j+1 + §h2F1|2z',2j+17

which can be modified for the boundary nodes.

We need to evaluate the terms usp + 25, vop + wy, at grid nodes xp, VP € &, in the
approximation (2.36). Linear interpolation is used to interpolate values of wusp, vop on
grid nodes xp, VP € &,

1
(2.38) (ugn + 2n)|2i+1,25 = = (u2i,2j + U2i42.25) + 22i+1.2;5,
2
1
(2.39) (ugn + 2n)|2i,2j41 = = (u2i,2j + u2i2j42) + 22i.2j+1,
2
(2.40) (uon + 2n)|2i+1,2j41 = = (24,242 + U2i42,25) + 22i+1,2j+1-
2

In the similar manner, the term vy + wy, is treated.
For a particular nodal hat function po = ¢92;25,0 < i < N,0 < j < N in Eq. (2.14)
we derive

1 5. 1 5. 1 5. .
(2.41) §h2u2i,2j—2 + §h2u2i+2,2j—2 + §h2u2i—2,2j + 2h* 9 2
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I I I I 2j-2
2i—2: 2i—1: 21 :2i+1 :2i+2

I | e

I I . h

Figure 2. Numerical integration.

) 1 5. 1.
+§h2u2i+2,2j + §h2u2i—2,2j+2 + §h2u2i,2j+2 — Dyug; 22
1
—Dyugi—22; +4Dyuz; 2; — Dyugivo2j — Dyugi 22 — §Du32i+l,2j—2
1 1
—Dy 291,251+ §Du22i,2j—1 + Dyz2i41,2j-1 — §Du22i+2,2j—1
1 1 1
+§Du22i—1,2j + EDuZQi—I—l,Qj - §Du22i—2,2j+1 + Dyz2i—1,2541
1
+§Du272i,2j+1 — Dyz2i41,2j41 — §Du221—1,2j+2
1 1 1
= §h2F1|2i,2j—1 + §h2F1|2i+1,2j—1 + §h2F1|2i—1,2j + h2F |2 2,
1 1 1
—|—§h2F1|2¢+1,2j + §h2F1|2z'—1,2j+1 + §h2F1|2i,2j+1'
For vo = ¢o,0 we obtain
1, 1., 1., 1
(2.42) —h Uo,0 + —h Uu2,0 + —h ug,2 + Du’UJo,o — —DuUQ,O
3 6 6 4
1 1 1
_§Duu0,2 + §Du21,0 + §Duzo,1 —Dyz11
1 1 1
= ZhQFl 0,0+ Zh2F1 1,0 + Zh2F1 0,1-

For po = 20, 0 <i < N the Eq. (2.14) gives

1 5. ) 1 5. 1 5. 1.5,
(2.43) EhQU%—z,o + R0 + 6h2u2i—|—2,0 + ghzuzi—z,z + ghzuzi,z
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1 1 1
—=Dyuzi—20 + 2Dy uz; 0 — §Duu2i+2,0 — Dyugio + =Dyz2i41,0

2 2
1
_§Du22i—2,1 + Dyzoi—1,1 + §Duz2i,1 — Dyzoivr11 — §Du22i—1,2
1 1 1 1 1
= Zh2F1|2z'—1,0 + §h2F1|2i,0 + Zh2F1|2i+1,0 + §h2F1|2i—1,1 + §h2F1|2i,1~
For o = pan,0 the Eq. (2.14) yields
1 5. 2 5. 1 5. 1. ..
(2.44) ghQUQN—Q,O + ghzuzN,o + §h2u21\r—2,2 + EhQUQN,Q
1 1 1
_§Duu2N—2,0 + Dyuan,o — §Duu2N,2 - §Du22N—2,1
1
+Dyzon—1,1 — §DuZ2N—1,2

1 1 1 1
= Zh2F1(|2N—1,0 + Zh2F1|2N,0 + §h2F1|2N—1,1 + Zh2F1|2N,1-

For o = ¢0,25, 0 < j < N we have

1. I : Iy
(2.45) ghQ’U,O’Qj_Q + =h*g.9j o + h?T 2j + =h*12 2,

1. 5.
(2.46) ghQUQN’Qj_Q +

3 3

1
2 .
+6h Uo,2j42 — §Duu0,2j—2 + 2Dy up,2; — Dyu2ito,2;

1 1
_§Duu0,2j—|—2 - EDuzl,Qj—Q + Dyz1,25-1 — §Du22,2j—1

1 1
t5Duz1,2i + 5 Duzozj+r = Duzizjm

1 1 1
= —h*Filogj—1+ §h2F1|1,2j—1 + Ethl

4
For o = pan2j, 0 < j < N we get
1
3

1 1
0,2j T §h2F1|1,2j + ZhQFl

1

2 .
3h UIN—2,2j+2

2. 2.
h*tion—2,2; + h*loN 25 +

1 1
2 .
+6h UIN,2j4+2 — §Duu2N,2j—2 — Dyusn_22; + 2D, uaN 25
1
_§DuU2N,2j—|—2 —Dyzon_12j-1+ EDuZQN,Qj—l + §DuZQN—1,2j

1 1

_EDuZQN—Q,Qj—l—l + DyzoN—1,2j4+1 — EDuZQN—l,Qj—l—Q

0,25-+1-

1 1 1 1
= Zh2F1|2N,2j—1 + §h2F1|2N—1,2j + =h*Filan2j + §h2F1|2N—1,2j+1

2

1
+Zh2F1|2N,2j+1~

For 9o = ¢o,2n, we have

1 5. 1 ,. 2 5. 1.5,
(2.47) EhQUO,gN_Q + ghQ/UQ’QN_Q + ghzuo,gN + ghQUQ,QN



NONLINEAR GALERKIN FEM METHOD 107

1 1 1
_§DUUO,2N—2 + Dyup 2N — §Duu2,2N - §Duzl,2N—2
1
+Dyz190N-1 — §Du22,2N—1
1 1o 1
= Zh Filoon—1+ §h Filion—1+ Zh Fy

For vo = p2i2n, 0 <@ < N we have

1
02N + Zh2F1

1,2N-

1 5. 1 5. 1 5. .
(2.48) §h2uzi,21\r—2 + §h2U2i+2,2N—2 + ghQU%—z,zN + h*g; aN

1 5.
+6h2u2i+2,21\f — Dyugian—2 — 0.5Dyugi_2 28 + 2D u; 25

1 1

_§Duu2i+2,2N - EDuZQi—l—l,QN—Q — Dyzoi—12N—1+ §Du22i,21\r—1
1
+Dy 2241281 — EDuZ2z'+2,2N—1 + EDuZ2i—1,2N
1 1 1
= —h2Fy|oion—1 + = -
5 1|21,2N 1+ 5 1

1
+Zh2F1 |2i+1,2N-

For ¢ = wan an, we have

1 5. 1 5. 1. 5. 1
(2.49) ghQUQN,QN—Q + ghQUQN—Q,QN + §h2U2N,2N - §Duu2N,2N—2
1

_§Duu2N—2,2N + Dyuanaon — Dyzoan—128-1 + §Du22N,2N—1

1
h?Fil2iv1on -1+ ~h*Filai 1o8 + §h2F1|2i,2N

1 1 1 1
+§Du22N—1,2N = Zh2F1|2N,2N—1 + Zh2F1|2N—1,2N + Zh2F1|2N,2N-

Eq. (2.41) - Eq. (2.49) form a sparse linear system Atiap, = by of Neyor = (N + 1)2
equations for the derivatives of the solution component ug, at grid nodes xp, O €
Eap. The matrix is stored in compressed sparse column (CSC) representation for the
use with the UMFPACK solver, which we use to solve the system. The system of
equations Avgp = b, for the derivatives of the second solution component vy, is derived
analogously.

§2.2. Integration in time

By the spatial discretization of (2.14) and (2.15), two linear systems were derived
for the derivatives of the solution components usp, vap

(250) Ath = bu7
(2.51) Adbop = by.

Being aware of other results [16, 17, 20], where the authors emphasize the necessity of
using the efficient time-integration methods to allow a reliable comparison to standard
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4th order method with the adaptive

methods, we selected the modified Runge-Kutta
time step selection for the integration of (2.50) and (2.51) in time.

At each step of the Runge-Kutta method we first interpolate the solution wusp, vop
on xp, P € &, using (2.33) - (2.35). Then we assembly and solve the linear system for
the terms zp, wp. We continue with computation of (2.38) - (2.40) which is needed for
the evaluation of terms Fy(uap + 2zn, van + wp)|p and Fa(uap + 21, van, + wp)|p at nodes
xp, P € &, during the numerical integration of right-hand sides in (2.14), (2.15). Then

we update the vectors b, and b, in (2.50) and (2.51) respectively prior to solving these

1

08

06

0.4

0.2
(a) (b)

systems.

o

(c)
Figure 3. Example of the initial conditions for the component v and v of the Gray-Scott
model are depicted in (a) and (b) respectively. Color scale used in the following figures
is depicted in (c).

§3. Numerical results

In this section we present an example of numerical results. We applied the finite
element nonlinear Galerkin scheme to the numerical solution of the initial-boundary
value problem for the Gray-Scott model (1.9)-(1.10) introduced in Section 1.

For the quantitative comparison we used the common finite difference scheme with
the discretization the Laplace operator given by the classical five-point stencil and model
parameter values D, =1-107%, D, =1-10"%, F =0.025, k = 0.05, L = 0.5 leading to
nontrivial dynamics. Numerical simulations were performed on meshes with 401 x 401
and 801 x 801 grid nodes. Initial condition vy for the component v was a spot-like
function in the upper left corner of the domain €2 defined by the exponential function

exp(—1/(1 — ((z — wo)(x — z0) + (¥ — y0)(¥ — ¥0))/€)

for g = yo = L/4 and ¢ = 0.00625. The initial condition for the component u was
computed as ug = 1.0 —vp, see Fig. 3. The range of integration in time was 0 < ¢ < 800.
Numerical results at times ¢ = 500 and ¢t = 800 are depicted in Fig. 4, Fig. 6 for the finite
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O

(a), t = 500.0 (b), t = 500.0

(¢), t = 800.0 (d), t = 800.0
Figure 4. Numerical simulation of the Gray-Scott model by the finite difference method
(401 x 401 grid nodes). Both solution components u (left), v (right) are given.

2N 8

(a), t = 500.0 (b), t = 500.0

(c), t = 800.0 (d), t = 800.0
Figure 5. Numerical simulation of the Gray-Scott model by the finite element nonlinear
Galerkin method (401 x 401 grid nodes). Both solution components u (left), v (right)
are given.
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O

(a), t = 500.0 (b), t = 500.0

(c), t = 800.0 (d), t = 800.0
Figure 6. Numerical simulation of the Gray-Scott model by the finite difference method
(801 x 801 grid nodes). Both solution components u (left), v (right) are given.

X

(b), t = 500.0

(c), t = 800.0 (d), t = 800.0
Figure 7. Numerical simulation of the Gray-Scott model by the finite element nonlinear
Galerkin method (801 x 801 grid nodes). Both solution components u (left), v (right)
are given.
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J .

Sy

(a), t = 800.0 (b), t = 800.0
Figure 8. Other example of patterns where quantitative agreement of numerical results
between finite difference and finite element nonlinear Galerkin methods applied to the
solution of the Gray-Scott model was observed. Both solution components u (left), v
(right) are given.

(a), t = 920.0 (b), t = 920.0

Figure 9. Other example of patterns where quantitative agreement of numerical results

between finite difference and finite element nonlinear Galerkin methods applied to the
solution of the Gray-Scott model was observed. Both solution components u (left), v
(right) are given.

difference scheme and in Fig. 5, Fig. 7 for the finite element nonlinear Galerkin method
respectively. Both numerical approaches provide quantitatively the same results for the
finer mesh. When using the coarser mesh, the difference in the numerical solutions
is larger. Other examples of patterns where agreement of numerical results by both
methods was obtained are given in Fig. 8 and Fig. 9. Model parameters D, = 2-107°,
D,=1-10"°, F =0.02, k=0.05 L=0.5and D, =2-10"°, D, =1-107°, F = 0.022,
k = 0.059, L = 0.5 respectively were used.

§4. Conclusion

In this paper we applied a particular finite element nonlinear Galerkin method to
the numerical solution of the Gray-Scott reaction-diffusion model in two spatial dimen-
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sions on a regular square numerical grid and described details of how the the numerical

scheme is derived. The modified Runge-Kutta method with adaptive time step se-

lection was used for integration in time. We provide example numerical results, which

demonstrate that the nonlinear Galerkin finite element scheme (2.3)-(2.5) produce quan-

titatively the same results as the standard finite difference scheme. Comparison with a

standard scheme was used to verify the numerical results.
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