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Two proofs for the convergence of formal solutions of
singular first order nonlinear partial differential
equations in complex domain

By

MASATAKE MIYAKE* and AKIRA SHIRAT*

Abstract

This paper is a summary of the papers which were written by M. Miyake and A. Shirai [7]
? Structure of Formal Solutions of Nonlinear First Order Singular Partial Differential Equations
in Complex Domain, Funkcial. Ekvac., 48, (2005)” and by A. Shirai [10] ” Alternative Proof
for the Convergence of Formal Solutions of Singular First Order Nonlinear Partial Differential
Equations, University Journal of Department of Education, Sugiyama Jogakuen University, 1,
(2008)” .

The purpose of this paper is to have already introduced two known proofs for the con-
vergence of formal solutions of the equation f(t,z,u, dru, d,u) = 0, u(0,x) = 0 where (¢, x) €
C{ x CZ. In [7], M. Miyake and A. Shirai proved the convergence of the formal solution from
the viewpoint as evolution equation in ¢ variables. On the other hand, in [10], A. Shirai gave
the alternative proof of the result of Miyake and Shirai from the viewpoint that the roles of
variables ¢t and z are equivalent.

8§1. Theorem

Let C be the set of complex numbers and (t,2) = (t1,...,tq, T1,...,2,) € C¢x C?
be (d+n)-dimensional complex variables. We consider the following first order nonlinear
partial differential equations:

(1.1) f, z,u,0u, 0zu) =0 with  u(0,2) =0,
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where v = u(t,x) is an unknown function, d;u denotes dyu = (Oy,u,...,0,u) (0, =
0/0t;) and 0, is similar to 0.
Throughout this paper, we assume the following assumptions:

[A1] Let 7= (11,...,7q) € C4, & = (£&1,...,&,) € C™. Then we assume that the
function f(t,z,u,7,€) is holomorphic in a neighborhood of the origin of Cdtn+i+td+n,
Moreover, f(t,x,u,7,§) is an entire function in 7 variables for any fixed ¢, x, u and &
in the definite domain.

[A2] (Singular Equations). The equation (1.1) is singular in t variables in the
sense that

0
(1.2) f(0,2,0,7,0) =0 and %(O,x,O,T,O) =0 (k=1,2,...,n).
k
In order to state our theorem we need to prepare some notations. We denote by
O, the ring of germs of holomorphic functions or the convergent power series in the
variables = at x = 0. We denote by O,[[t]] the ring of formal power series of ¢ with
coefficients in O,. Moreover, we set M [[t]] = {u(t,z) € O,[[t]]; u(0,z) = 0}, that is,

(1.3) u(t,x) € My[[t]] & ult,z) = Z U ()t uq(x) € O,
|| >1
where |a| = ay + -+ 4+ ag and t¢ = (t) -+ (tg)* for a = (ay,...,aq) € N9,

[A3] (Existence of Formal Solutions). The equation (1.1) has a formal solution

u(t, 1) = Xjay>1 tal()t™ € Me[t]].

Let p(z) = (¢1(2),...,04(z)) € OF be the collection of coefficients of ;. Then

©1(x), ..., pq(z) satisfy the following system of functional equations:
0
(1.4) %f(t’ x,u(t,x), Opu(t,x), Oyu(t, x))
) t=0
_of of _
= 6_157,(0, z, 0, QD(J?), 0) + %(07 z,0, QD(J?), 0)901('%) =0,

fori=1,2,...,d.
We set a(x) = (0,x,0, p(x),0) for the simplicity of notation. We define holomorphic
functions a;;(x) (4,5 =1,2,...,d) by

(15) 04(8) = o= (ale) + Gui—(ala))e(a).

Under the above assumptions and notations, our theorem is stated as follows:
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Theorem 1.1 (M. Miyake and A. Shirai [7], A. Shirai [10]).  Suppose the assump-
tions [Al], [A2] and [A3]. Let {\1,..., \q} be the eigenvalues of the matriz (a;;(0)); j=1,....d-
If {\;} satisfies the condition (1.6) and (1.7) below which we call the Poincaré condition
and the nonresonance condition respectively, then the formal solution u(t,x) of the form
(1.3) is holomorphic in a neighborhood of the origin:

(1.6) Ch(A1,...,Aq) 20 (Poincaré condition)

where Ch(A1,...,\q) denotes the convex hull of {\1,...,q}.
d af
(1.7) Z Ajaj + =—(a(0)) #0  (Nonresonance condition)
= ou

for all a € N with |a| > 2.

§2. Related result and Examples

In [7], the following result, which is often called the Maillet type theorem, was also

proved:

Theorem 2.1 (Divergent Case (M. Miyake and A. Shirai [7])).  Suppose that
A(x) = (aij(x))ij=1,...4 15 a nilpotent matriz, and take an integer N with 1 < N < d
such that A(z)N = 0, but A(x)? #0 for j =0,1,...,N — 1, where O denotes the null
matriz. Then if f,(a(0)) # 0, the formal solution u(t,xz) € My[[t]] may diverge in
general, and it belongs to the Gevrey class of order at most 2N in t variables, which
means that the formal 2N -Gevrey transformation 3, >, U (2)t%/|a|?N =1 of u(t, x) is
convergent in a neighborhood of the origin.

Example 2.2.  Let (t,7) € C? be the variables. We consider the following equa-

tion:
(2.1) {u — a(x)t}us — wu, = p(x)t?,  u(0,z) =0,

where u; = Ou/0t, u, = Ou/Ox and a(z),p(z) € O, with a(0) # 0. Let u(t,x) =
Yoo L un(z)t" be a formal solution. Then wu;(z) should satisfy

{ui(z) — a(z)}uyi(x) = 0.

Therefore, ui(z) = 0 or ui(z) = a(x), and after a choice of u;(z) we can see that the
formal solution is determined uniquely.



140 MASATAKE MIYAKE AND AKIRA SHIRAI

e The case uj(z) = 0. The formal solution u(t, z) satisfies
a(x)tuy = —p(2)t* + uuy — uug, u = O(t?).

Since a(0) # 0, the Poincaré condition and the nonresonance condition are sat-
isfied. Therefore by Theorem 1.1, the formal solution w(t,x) is convergent in a
neighborhood of the origin.

e The case ui(r) = a(z). Let u(t,z) = a(x)t + v(t,x) (v = O(t?)). Then v(t,z)
satisfies

a(x)v = (p(x) + a(x)d (2))t* — vo, + a' () tv + a(x)tv, +vv,, v = O(t?).

This equation corresponds to the null matrix case for the matrix A(x), therefore, by
Theorem 2.1, the formal solution v(¢, z) belongs to a class of Gevrey order 2(= 2x 1)
in ¢ variable, if p(z) + a(x)a’(x) # 0. On the other hand, if p(x) 4+ a(z)d’(z) = 0,
we have v(t,z) = 0.

Example 2.3.  Let (t1,t2,7) € C? be the variables. We consider the following
first order nonlinear partial differential equation:

(2.2) (1 — wy, )u — V2touy, uy, +uty — a(x)tity =0,  u(0,0,2) =0
where u = u(ty,t2,x), uy; =0u/0t; (j =1,2), uy =0u/0z, a(x)c O.
ft,x,u,m,6) = (1 — 1)u — V2tomimo + ué — a(x)tits

u(t,r) = p1()ts + e2()t2 + vt x) (v =O(|t]*)).

Put

Then the coefficients (p1(z), p2(z)) of the linear part in ¢ in the formal solution satisfy
the following system of functional equations:

if(t, x,u(t, x), Ou(t, z), Opu(t, x))

oty = (1= p1(2))pa(z) =0,

t=0

(t.2,u(t, @), dpu(t, x), dpu(t,z))| = —V2p1(2)pa(2) + (1 - p1(2))pa(x) = 0.

t=0

oty

The holomorphic solutions of the above system of functional equations are (¢1(x), p2(x))
= (1,0),(0,0). We remark that after a choice of the pair (¢1(z), p2(x)), the formal
solution v(t, x) is determined uniquely.

Next we calculate a matrix A(z) =
asy (J?) ao2 (J?)

ail (J?) CL12($)> .

By the formula

)= P 0,2,0,0(),0) + 2L (0,20, 0(2), 0)ps(z) (1 = 1,2)
- atZaTj 9 ) 7%0 ) auaTj 9 ) 790 ) QO’L 7]_ ) 9

aij (J?
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we have
[ —ei(x) 0
Alz) = (—\/ﬁgoz(x) —\/§g01(x)> '

e The case (¢1(x), p2(x)) = (1,0). A(z) = A(0) = <_01 _(3/§> Since A\ = —1, Ay =

—v/2, the Poincaré condition is satisfied. Moreover, by f,(a(0)) = 1 — ¢;(0) = 0,
the nonresonance condition is also satisfied. Therefore, the formal solution v(¢,x) is
uniquely detemined and it is convergent in a neighborhood of the origin by Theorem
1.1.

0 o ) and fua©) = 1-¢10) = 1 £0.

Therefore, the formal solution v(¢, ) is determined uniquely, and it belongs to the

e The case (¢1(x), p2(x)) = (0,0). A(x) =
Gevrey class of order at most 2N = 2 by Theorem 2.1.

§ 3. Sketch of the Proof of Theorem 1.1.

In this section, we shall give two proofs of Theorem 1.1. Firstly, in the subsection
3.1, we shall give a reduction of the equation (1.1).

Secondly, in the subsection 3.2, we shall introduce the sketch of the proof in [7],
which is from the viewpoint as evolution equation in ¢ variables.

Finally, in the subsection 3.3, we shall introduce the sketch of the proof in [10],
which is from the viewpoint that the roles of variables ¢t and x are equivalent.

§3.1. Reduction of the Equation

We can prove the followig inequality by the Poincaré condition and the nonreso-
nance condition:

"For all a € N¢ with |a| > 2, there exists a positive constant Cy > 0 independent
of a such that

d
0
(3.1) E Aja; + 6—f(a(0)) > Cpla| (Nonresonance-Poincaré condition).”
u
Jj=1

We put v(t,z) = u(t,z) — Z?:l vi(x)t; (= O(Jt|?)) as a new unknown function.
By substituting this into the equation (1.1), we see that v(t,x) satisfies the following
singular nonlinear partial differential equation:

d
(3.2) Z a;j(x)t;0; + g—i(a(@) v(t,z) = Z do(2)t* + f3(t, 2,0, 0pv,0,v)

ij=1 || =2
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with v(¢, ) = O(|t|?), where dn(z) € O, and f3(t,z,v,7,&) is holomorphic in a neigh-
borhood of the origin with the Taylor expansion

(3.3) fa(t,m,0,7,8) = > Fapar (@)t0PTIET

lol+2p+q|+2[r[>3

where (o, p,q,7) € N4 x N x N% x N" and fapqr(7) € O,.

Remark.  The equation (3.2) is similar to the one which was studied by Gérard
and Tahara in their joint works (cf. [4]). However, their equation is not general than
ours. Indeed, they assume that the vector field Zf j=1@ij()t;0p; on the left hand side
is triangular, that is, a;;(z) =0 (i > j). Moreover, they assume that the ¢ derivatives
appearing in the nonlinear part f3 are of the form {t;0;,v} instead of d;v.

Next, we take a regular matrix ) such that

A1

91 A
Qai;(0)Q ! = ' ' ’ ) (Jordan canonical form).

dd—1 Ad

By a linear change of variables (71,...,74) = (t1,...,t4)Q, the equation (3.2) is reduced
to the following:

(3.4) (Ag+ A — Ly — = > Cal@)t™ + g3(t, 3, v, 010, 0,0)

lor|=2

with v = O([t|?), where we rewrite the variables 7 by ¢ again, and the operators Ag, A,
L1 and Ly are given by

( d 8f d—1
AO = Z /\jtjé?tj + %(0(0)), A = Z5jtj+18tj,
(3.5) = =1
L= ay@)d L = 2 (a(0) - Y a()) = (o)
\ 3,j=1 Y Y u du ‘ .

Moreover, the functions o;;(z) and n(z) vanish at x = 0, that is, a;;(x) = O(|z|),
n(z) = O(|z|), (u(z) € O, and g3(t, z,v,7,&) is holomorphic in a neighborhood of the
origin with the same Taylor expansion as f3.

In the following subsections 3.2 and 3.3, we give the convergence of formal solution
of the equation (3.4) by the two methods. If we can prove the convergence of formal
solution v(t,z) of (3.4), we give the convergence of the formal solution u(t,z) of (1.1),

because u(t,z) = v(t,z) + Z;l:l @j(m)t; and p(z) = (p1(z),. .., pa(x)) € OL
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§3.2. Sketch of the Proof in [7] (Original Proof)

In [7], the proof of convergence of formal solution is done from the viewpoint as
evolution equation in ¢ variables. Let P = Ag + A — L1 — Lo.
Let

Oz(R)[t]L = Z U ()Y ua(x) € Oy on |z| < R
|laf=L
be the set of homogeneous polynomials of degree L in t variables with holomorphic
coefficients.

Here we define a majorant series and a majorant operator. For two formal power
series f(t) = 37 450 fal® € C[[t]] and F(t) = 3_, 50 Fut® € C[[t]], we say that F(t)
is a majorant series of f(t), if |fo| < Fy, hold for all o € N? and we write this relation
f(t) < F(t).

Next, for two formal power series f(t, ) = >, 5 fa(2)t* € Ox(R)[[t]] and F(t) =
> ja)>0 Fa(@)t® € Ox(R)[[t]], we say that F(¢,z) is a majorant series of f(¢,z), if
fa(x) < Fy(z) hold for all @ € N¢ and we write this relation f(t,7) < F(t, ).

Moreover, for two formal power series f(¢,x) and F'(t,x) such that f(¢,2) < F(t,x)
and for two operators P; and P, , we say that P, is a majorant operator of P; (we write
this relation Py < Py), if Py f(t,2) < PoF(t,x) holds.

Lemma 3.1. (i) For all L > 2, the mapping P : OL(R)[t]r — OL(R)[t]L is
invertible for sufficiently small R > 0.
(ii) For u(t,x) € O,(R)[t]L, we suppose a majorant relation

u(t, ) < W(z)(ty + -+ ta)"

does hold by a function W (x) with non-negative Taylor coefficients. Then for sufficiently
small R > 0, there exists a positive constant F > 0 independent of L such that

1 F
(3.6) P lu(t,r) < A XW(:c)(tl o tg)k
_ —1 F L
= (T'0r) o XW(J?)T :

where T =t +---4+tgand X =x1+--- 4+ x,.

You can find the proof of Lemma 3.1 in [7, Proposition 6.2]. So we omit the proof.

Let U(t,z) = Puv(t,xz) be a new unknown function. Then U(t,z) satisfies the
following equation:

(3.7) U= Y Cala)t™ + gs(t,z, P~'U,0,P~'U,0,P'V)

|| =2
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with U = O(|t|?).
In order to prove the convergence of formal solution U (t,x), we prepare convergent
majorant functions by some positive constants R > 0, A > 0 and Gqapgr > 0 as follows.

A
E Coz ta<<mT2 (T:tl+"'+td,szl—l—---—l—xn),
|| =2

Gapqr lal, pqer
g3(t, @, u,7,8) < > (R= X )llpram L 476
|al+2p+|q|+2|r| >3

= G3(T, X, u,,§).
We consider the following equation:
A F
3.8 WTX)=——=T"+G3 (T, X, ——=W,
B8 WEX) = T G (T X

F w)¢ P

with W = O(T?). We put a formal solution W (T, X) by W(T, X) = D K>o Wi (X)TX.
By substituting W (T, X) into (3.8), we have the following majorant relations: Wy (X) =
A/(R— X)? and for K > 3,

_ Gozqu
Wi(X)= 2 {(R — X)laltp gt
|l+2p-+al +2r|>3

¢ B FWr,, o FWag,( X)}

ZHFWM T 7% SBINC o)

j=14=1 j=14=1

k. . . .
where > " is a summation which is taken over

d 7
|04|+ZK12+ZZ =D+ S M=K

j=1¢=1 j=1¢=1

By the above recurrence formulas, we can see that the formal solution W (T, X) of (3.8)
exists uniquely, and W(T, X)) satisfies U(t,z) < W(T, X), because the functions are
replaced by majorant functions and P~ <« (T@T)_I% < % hold by Lemma 3.1.

The following lemma is obtained by estimating the powers of 1/(R — X) in the
above recurrence formulas.

Lemma 3.2.  The coefficients {Wk(X)}x>2 are given by

10K —18 W ;
K
(39) WK(X) = E m, by some WK@ Z 0.

£=2
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We omit the details of the proof of Lemma 3.2. (see [7, Lemma 6.6]).

By using Lemma 3.2, we have

F ZwZK 18£+1 FW
-1 K/{ K
K>2 (=2
10F
—W(T, X).
<G—xpW X

Now we consider the following equation:

A
(R —X)?

F F v¢ 10F n

with V' = O(T?). By setting V(T,X) = TQV(T, X), the above equation is reduced
to that for V for which the existence of unique formal solution V which is convergent

(3.11) V(T,X)= T2

follows from the classical implicit function theorem. The above considerations show
that U(t,z) < W(T,X) < V(T, X) which proves the convergence of U(t, ).
This implies that

F
R-X

V(T, X) € C{t,z},

v(t,z) = PTU(t,z) < (Tor)™*

W (T, X)

<

W(T,X) <

R—-X R—-X

which proves the convergence of v(t,z) = u(t,z) — Z;l:l ;(x)t;.

§3.3. Sketch of the Proof in [10] (Alternative Proof)

The equation (3.4) is rewritten by

d
(3.12) (Ao + A)v(t,x) = Z a;j(2)t;0v(t, x) +n(z)v(t, x)
5=
—I—ZCQ 1t + g3(t, xz, v, Opv, Oxv)
|| =2

with v = O(|t|?) where

d—1

d
0
(313) A0 = Z )\jtjatj + 6—£(CL(O))7 A= Z(Sjtj+18tj.
j=1

J=1
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We recall that the functions «;;(z) and n(z) vanish at x = 0, that is, a;;(z) = O(|z]),
n(z) = O(|z|), (u(z) € O, and g3(t, z,v,7,&) is holomorphic in a neighborhood of the
origin with the same Taylor expansion as f3.

3.3.1. Existence of Formal solution. Let Cl[t];[x]as be the set of quasi-homogeneous
polynomials of degree L in t and of degree M in z, that is,

Cltlrlz]m = S vim(t,x) = Z Vapt®z’ ; vap € C
la|=L,|8|=M

We define as C[[z]][t]L the set of homogeneous polynomials of degree L in ¢ with coef-
ficients of formal power series in x, that is,

Cllallftle =< vr(t,x) = > vear(t,x); vpa(t, z) € Clt] (2]
M>0

=qvp(t, ) = Y va(@)t*; va() € C[la]]
|a|=L

By substituting v(t,z) = > ;5,vr(t,z) € Clft,z]] (v(t,z) € Cllz]][t]r) into
(3.12), we obtain the following recurrence formulas:

d
(3.14) (Ao +A)p(t,z)= > aij(x)t;0,vp(t, ) + n(z)vr(t,z)

ii=1
+H(t,x,{vr } <, {Owr } o<, {Osvrm YL er),

where Hj denotes a homogeneous polynomial of degree L in ¢ which is determined from
the nonlinear part gs. Especially, if L = 2, we put Hy = Z|a|:2 Calx)t™.

Next, by subsutituting vr(t,z) = >, ~ovm(t, ) € Cllz]][t]r with v (t, x)e
Clt]z[z] into the recurrence formulas (3.14), we obtain the following recurrence for-

mulas for every L and M:
(3.15) (Ao + A)vpp(t,x) = Hop(t, o, {vp ae (t, ) and its derivatives}),

where Hp s is a homogeneous polynomials of degree L in t and of degree M in x which
is determined from the right hand side of (3.14). Moreover, L’ and M’ satisfy

I'<L,M<M o L=1L, M <M.

Here the following lemma plays an important role:



Two PROOFS FOR THE CONVERGENCE ... 147

Lemma 3.3. Let Py = Ag +A. Then we have:

(i) For all L > 2 and M > 0, the mapping Py : Cltlpx]m — Clt]rlz]ar is
invertible.

(ii) Forvrn(t,z) € Clt]r[x]|a, we suppose that a majorant relation

ULM(t,J}) < WLMTLXM (WLM > 0)

does hold, then there exists a positive constant C; > 0 independet of L and M such that

C
(3.16) Prlopy(t,z) < TlWLMTLXM (= CYWia x (TOr) T XM)
< CleMTLXM.

Remark. By the above lemma, majorant operators of Pyt on C[[t,z]] are ob-
tained by

(3.17) Pyl < Cy(Tor)t < Cy.

Moreover, in this lemma, we obtain the majorant relations on the constant coefficients,
not functional coefficients. In this situation, it is easier to prove Lemma 3.3 than proving
Lemma 3.1.

The proof of Lemma 3.3 is found in [10, Lemma 1], so we omit the proof.

By Lemma 3.3 and the recurrence formula (3.15), vras (¢, ) are uniquely determined
by the induction. Therefore, the formal solution exists uniquely.

3.3.2. Convergence of Formal Solution. We put U(t,z) = Pyv(t,x) as a new
unknown function. Then U (t, z) satisfies the following equation:

d
(3.18) Ut,2) =Y aij(@)t:0, Py 'U + n(x) Py 'U

,5=1

+ ) Cal@)t™ + gs(t,x, Py 'U, 0P, U, 0,5 V)
|| =2

with U(t,z) = O(|t]?).

In order to construct a majorant equation for (3.18), we prepare some notations.
For a formal power series f(z) = Y fsz?, we define |f|(x) by |f|(z) = > |fs|z”, and
for gs(t, z,u, 7,£) = Y gapgr(x)t*uPTIE", we define |g3|(t, z,u, 7,£) by

93/ 2., 7,€) = 3 gapgr |(2)t w7
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We put T = (T,...,T) € C? and X = (X,...,X) € C". Then the majorant relations
aij(z) < faij|(z) < o] (X) and

gs(t, z,u, 7, &) < |gs|(t, z,u, 7,8) < |g3|(T, X, u,7,§)

hold clearly.
By Lemma 3.3 (ii), if a majorant relation U(¢,z) < W (T, X) holds, then we have
the following majorant relations:

d d
o > ai(@)tid, Py 'U < Oy Y fa|(X) | W,
i.j=1 ij=1

o ()P U < Ciln|(X)W.

D Gal@tr < [ D 1Cal(X) | T,

lor|=2 lo|=2

g3(t,x, Py tU, 0, Py U, 0, Py *U)
< Iggl(T,X,CHW,{01W/T},{018x(T6T)‘1W})-

Let us consider the following equation which is a majorant equation of (3.18):

(3.19)  PXOW(T.X)=| > [GlX) |17

|| =2
+1gs| (T X, LW, {C1W/ T}, {Crox (Tor) W)
with W = O(T?) where P(X) is a holomorphic function at X = 0 given by
X)=1-C1 ) ayl(X) = Ciln|(X).
ij=1

If (3.19) has a formal solution W(T,X), then we can obtain the majorant relation
U(t,z) < W(T,X), because the functions are replaced by the majorant functions and
the operators are also replaced by the majorant operators.

Here 1/P(X) is holomorphic in a neighborhood of X = 0, because P(0) # 0 by
lai;|(X) = O(X) and |n|(X) = O(X). Therefore, by dividing (3.19) by P(X), the
equation (3.19) is reduced to the following:

(320)  W(T,X) = Z(X)T? + G3(T. X, LW, {CiW/T}, {C10x (Tor) 'W})

with W = O(T?) where Z(X) and G3(T, X, u,7,£) are holomorphic functions given by

193|(T, X, u, 7, §)

ICa
Z Gs(T, X, u,7,§) = )

|| =2
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We put W(T',X) = > s Wi (X)TE. By substituting this into (3.20), we have the
following recurrence formula: Wa(X) = Z(X) and for K > 3

W)= > {—'ga;‘;;('(f‘)

loe|+2p+|q|+2|r|>3

- P d g Tj CIWM
S T w00 TT T o, [T T ow S }
(=1 j=1/¢=1

j=1/¢=1

kk . . . .
where ) " is a summation which is taken over

|al+ZKe+ZZ Lie=1)+

j=1/4=1

T

I M&
||

By this recurrence formula, we can see that the formal solution W (T, X) exists uniquely.

We take majorant functions of Z(X) and G3(T, X, u,7,£) b

A

Gapgr lal, prqer
(3.22)  Gs(T,X,u,7,6) < > (R = Xt 1 T8
|| +2p+]gl+2]|r|>3

= R3(T7 X? u, T, 5)

where A and G ,pqr are non-negative constants and R is a positive constant sufficiently
small.
We consider the following equation:

(3.23) V(T,X) =Q(X)T?+ Rs(T, X,C1V,{C1V/T},{C10x (T07)~"V})

with V = O(T?).

We put V(T,X) = > ey Vk(X)TE. By substituting V(7,X) into (3.23), the
coefficients Vi (X) (K = 2,3,.. .) satisfy the following recurrence formula: V(X)) =
A/(R— X)?, and for K > 3

Gapqr
Vi (X) = Z { (R — X)lal+ptlgl+ir]

|a|+2p+-|q|+2]r|>3
.
2 C'1VM }
b

p d 4
S [V I v, [T ITox

j=1¢=1 j=1¢=1

where >~"" is the same summation as the one in the recurrence formula for {Wx (X)}.
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By the construction of majorant equation (3.23) and the recurrence formula, the
formal solution V' (T, X) exists uniquely, and it satisfies the majorant relations

Ut,x) < W(T, X) < V(T, X).

Moreover, by calculating the upper bound estimate of the power of 1/(R — X) in the
recurrence formula, we have the following lemma:

Lemma 3.4.  The coefficients {Vi (X)}x>2 are given by

TK—12 v .
K
£=2

We can easily prove Lemma 3.4 by the same calculation as the one in the proof of
Lemma 3.2. (See [10, Lemma 2]).

By (3.24), we have the following majorant relation:

TK—-12

_ ¢ Vi 7
1 Lt VKe oK
(325)  Ox(Tor)'V(I.X)< > > K(R—X)EHT < V(T X).
K>2 =2
We consider the following functional equation:
(3.26) Y(T,X)=Q(X)T? + R3(T, X,C,Y,{C,Y/T},{7C;Y/(R — X)})

with Y = O(T?). The equation (3.26) has a unique formal solution Y (T, X). Moreover,
by the construction of (3.26), Y (7', X) is a majorant function of V(T X), that is, the
following majorant relations hold:

Ult,z) < W(T, X)) < V(T, X)) < Y (T, X).

We put Y (T, X) = T?Y (T, X). Then Y satisfies

N

(327 V(T X) = Q(X) + %Rg(:r, X,y T2V, {Cy TV, (TG T2V /(R — X))

with Y(O, X) = Q(X). Since R3 has a vanishing order in T at least 3, therefore Rg/T?
is holomorphic in a neighborhood of T' = 0 and vanish at 7' = 0.

For the equation (3.27), we can prove that the formal solution Y is convergent in
a neighborhood of the origin by the classical implicit function theorem. Therefore, we
obtain that

Ult,z) < W(T,X) < V(T,X) < Y(T,X) = T*Y (T, X) € C{t, z}.
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Therefore, we have

o(t,x) = Py MU (t,x) < C(Tor) 'Y (T, X) < C,Y (T, X) € C{t,x},

d

which proves the convergence of v(t,z) = u(t,z) — >\, p;(2)t;.
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