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A stratified Whitney jet and a tempered-stratified
ultradistribution

By
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§1. Introduction

A tempered distribution and a Whitney function appear in various aspects of analysis
such as the Riemann-Hilbert correspondence [2], the theory of asymptotic analysis and
etc. As they are defined by non-local properties, for example, a tempered distribution
on an open set U C X is, by definition, a distribution on U which extends to the whole
space X, tempered distributions and Whitney functions do not form sheaves in a usual
topological space X. This is one of reasons why they were difficult to be managed.
However they are still sheaves on the subanalytic site X,,. The recent development of
the theory for ind-sheaves and sheaves on subanalytic sites by M.Kashiwara-P.Schapira
[5] and L.Prelli [11], etc. enables us to apply sheaf theoretic methods (Grothendieck’s
six operations) to such an object. Therefore a tempered distribution and a Whitney
function now can be managed well in a functorial way.

It is reasonable to expect tempered ultradistributions and Whitney functions of
Gevrey class to form sheaves on X, also. Unfortunately this expectation is not true as
it is shown in Examples 2.3 and 2.4 of this note.

Our aim is to construct sheaves on X, corresponding to tempered ultradistributions
and Whitney functions of Gevrey class. We introduce, in the note, a tempered-stratified
ultradistribution and a stratified Whitney jet of Gevrey class. They can be regarded as
alternatives of a tempered ultradistribution and a Whitney jet of Gevrey class due to
the fact that their sections on an open subanalytic subset with the smooth boundary
coincide with those of a tempered ultradistribution and a Whitney jet of Gevrey class
respectively.
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The stratified Whitney jets of Gevrey class certainly form a sheaf on the subanalytic
site Xs,. While, for a tempered ultradistribution, we can construct the corresponding
sheaf on X, only if dim X < 2. We discuss, in the last section of the note, the possibility
of its construction on a higher dimensional manifold.

This note is a short summary of our paper [10] in which the complete proofs for
propositions and theorems here are given.

§2. Preparation

Let X be a real analytic manifold. We always assume, in this note, a manifold to be
countable at infinity. We denote by Mod(Cx) the category of sheaves on X with values
in C-vector spaces, and by € °° the sheaf of infinitely differentiable functions on X.

Let A be a locally closed subset in X, and J4(X) designates the set of continuous
sections over A of the jet vector bundle Jx of X. We have the canonical morphism
ja : €°(X) = Ja(X) and the natural restriction map Jp 4 : Ja(X) — Jp(X) for a
locally closed subset B C A. If X is the n-dimensional Euclidean space with coordinates
(z1,...,2Ty), then an element in J4(X) is identified with a family of continuous functions

{pa(®)}aeqoyumy» on A, and j, is given by

. o
JA(SO) = { 8Tf

In what follows, the symbol % denotes (s) or {s} for some s > 1. Let us recall the

for ¢ € € (X).

A}ae({o}uN)n

definition of the sheaf €* of ultradifferentiable functions of class % in X. For an open
subset V in the n-dimensional Euclidean space with coordinates (z1, ..., Z,), an element
f(z) € €3 (V) (resp. f(zx) € €131(V)) is an infinitely differentiable function with the
following growth condition. For any compact set K C V and for any h > 0 (resp. some
h > 0), there exists a constant C' such that

(8}

sup | £ f(@)| < Al for any a € ({0} UN)",

zeK

respectively. The definition naturally extends to that of an ultradifferentiable function
on a real analytic manifold.

Definition 2.1.  For a locally closed subset A in X, the set js(€* (X)) C Ja(X)
is called Whitney jets of Gevrey class * over A, and we denote it by W3 (X).

For an open subset V in X, the vector space €*(V) can be endowed with a locally
convex topology in a natural way. The set Db*(V') of ultradistributions of class x on V/
is, by definition, the strong dual of €*(V). It is well-known that a family {Db*(V)}v
forms the sheaf Db* of ultradistributions of class * on X.
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Given a closed set Z C X and F € Mod(Cx) we denote by I'z(F) the subsheaf of F
of sections supported by Z.

Definition 2.2.  Let U be an open set in X. The set Db%(U) of tempered ultra-
distributions of class * over U is defined by

T(X; Db*)
DU = ! .
X(U) = 5 o)

Let F be a presheaf on X, and let U and V be open subanalytic subsets in X with
U, V,UNYV and U UV being locally cohomologically trivial. We now consider the
following sequence of Abelian groups

(2.1) 0= FUUV) = FU)aFV)=>FUNV) .

If F is the presheaf of either tempered distributions or Whitney functions, it follows from
the Lojasiewicz inequality [9] for subanalytic subsets that the sequence (2.1) is exact.
The exactness of (2.1) implies that tempered distributions and Whitney functions form
sheaves on the subanalytic site X,. We refer the reader to [5] and [11] for the precise
definitions of a subanalytic site and a sheaf defined on it.

While, for the presheaf either F(U) := Dbi(U) or F(U) := W (X), the sequence
(2.1) is not exact as the following examples show (see [10] for the details).

Example 2.3. Let [ > 1. Set
Uy = {(z,y) € R* y > 2>},

U. 2 = R x R<0 .
Let L;oc(U) denote the set of locally integrable functions in an open subset U. Define

a function u;(x,y) € Lioe(U;) (1 =1,2) by

1
(2, y) = €xp <_y — 2041
0 for (xz,y) € U1 N (R x R<g)

uz(z,y):=0 for any (z,y) € Us .

> for (z,y) € U1 N (R x Rsy)

Then we have u; € Db()?)t(Ul). Clearly ug € Dbg?)t(Ug). As wi|u,nu, = u2lu,nu,,
there exists u € Ljoe(Ur U Us) such that u|y, = uy and u|y, = usz, but we can show
u¢ DVDH (U, UTY).

Example 2.4. Let m > 2 and set

Up = {(z,y) € R*% y < 0},
Uy :={(z,y) eR* 2 < 0ory >z}
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Define the jets G1 = {g1,o} € Ju,(X) and G2 = {g2,o} € Jv,(X) by

0 (x,y) e Uy Nn{x <0}
pa@)=9 0,

Hpa P (—;) (x,y) e Uy n{z > 0}
92.0(x,y):=0.

Then we have G}, € W[{Ji}(X) (k=1,2). As Gy = G2 in U1NU;y, we find G € Jy,uu, (X)
with G = Gy, in Uy, for k = 1,2. However G ¢ W[{J?LUZ(X).

These examples indicate that the presheaves {Db¥(U)}y and {W;;(X)}u do not
form sheaves on the subanalytic site Xg,.

At the end of the subsection, we give some definitions and results which are needed
later on. Let X be a real analytic manifold of dimension n and A a locally closed
subanalytic subset of X. Throughout this paper, a subanalytic stratification { A4 }4 of
A is that of X which is finer than the partition {A, X \ A}.

Definition 2.5. We say that A is 1-regular at p € X if there exist a neighborhood
U C X of p, aneighborhood V' C R™ of the origin and an isomorphism ¢ : (U, p) — (V,0)
satisfying the following condition. There exist a positive constant x > 0 and a compact
neighborhood K C V of the origin such that for any x1,x9 € Y(ANU)N K there exists
a subanalytic curve [ in ¢»(ANU) joining x; and 2 and satisfying the estimate

| < kl|zy — 9],

where || stands for the length of /.
The set A is said to be 1-regular if it is 1-regular at any point p € X.

Let { A }aen be astratification of A. Then {A, }aena is called a 1-reqular stratification
if each stratum is 1-regular, connected and relatively compact. A 1-regular stratification
always exists thanks to the following proposition due to K. Kurdyka.

Proposition 2.6 ([8]).

1. Let Z C X be a locally closed subanalytic subset and {X,} a stratification of Z.
There exists a 1-reqular stratification of Z finer than {X,}.

2. Let U C X be a subanalytic open set. There exists an open covering {U;}jcs of U
such that, for any j € J, U; is a subanalytic 1-reqular set and that, for any compact
set K in X, a finite number of U; only intersects K.
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§3. A stratified Whitney jet and a stratified ultradistribution

In this section, we first give the definitions of a stratified Whitney jet and a stratified
ultradistribution. Then we investigate their properties and establish a relation between
them.

§3.1. A stratified Whitney jet of Gevrey class

Let A be a locally closed subanalytic subset.

Definition 3.1. We say that F' € Ja(X) is a stratified Whitney jet of class
over A if for any compact subanalytic set K there exists a subanalytic stratification
{Aataen of A such that ja,nr, A(F) € Wi g (X) holds for any a € A with A, C A.

We denote by SW7 (X) the set of stratified Whitney jets of class * over A. If { A4 }aea
is a stratification of A, then we denote by SWr Aa}(X ) the subset of SW7(X) defined
by:

SWia (X)) = {F € Ja(X); ja.,a(F) € Wi (X) for any a € A with A, C A} .
The following proposition is fundamental to understand a stratified Whitney jet.

Proposition 3.2. Let A be a locally closed subanalytic set in X and {Ay} a 1-
reqular stratification of A. Then we have SW3(X) = SWE‘AQ}(X). In particular, if A
is 1-regular, then SWH(X) = W3 (X).

The reason why we introduce a stratified Whitney jet is explained by the following
proposition.

Proposition 3.3. Let A1 and As be locally closed subanalytic subsets in X and
set A=Ay U Ay. Assume that both Ay and As are either closed or open in A.

1. The sequence of Abelian groups
(3.1.1) 0 — SWH(X) = SW), (X) © SW),(X) = SWi, qa,(X)
18 exact.
2. If Ay N As is 1-regular or if dim X < 2 and A is closed, then the third arrow of

(8.1.1) is surjective.

§3.2. A stratified ultradistribution

The vector space SW3 (X) of stratified Whitney jets has also a natural locally convex
topology. We introduce, in the subsection, the set of stratified ultradistributions which
is the strong dual of SW7(X) for a compact subanalytic set A.
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Let X be a real analytic manifold and A a closed subanalytic subset in X. For a
stratification {A,} of A, let us define stratified ultradistributions along {A,}.

Definition 3.4. An ultradistribution v € Db*(X) is said to be stratified along
{A,} if u can be written in the form:

u = Z Ug, uq € Tz (X; DbY).
o with AoCA

We set
SDbi 4 1(X) := {u € Db*(X); u is stratified along {Aa} } C T'a(X; Db*) .
We define the set SDb’[k A] (X) of stratified ultradistributions of class x along A by

SDbiy(X) = lim  SDbl, 4(X).
stratification
{A,} of A

Note that, since for any stratification {A,} there exists a 1-regular stratification finer
than {A,}, we have

SDbrA] (X) = :LEI SDbjEAa}(X) .
1-regular stratification

{An} of A

We have the similar propositions as those for a stratified Whitney jet.

Proposition 3.5.  Let A be a closed subanalytic subset in X and {An,} a I-reqular
stratification of A. Then we have SDbE‘A] (X) = SDbf'{‘Aa}(X). In particular, if A is
I-regular, we have SDb}y, (X) =Ta(X; Db*).

Proposition 3.6.  Let Ay and As be closed subanalytic sets. If A1NAs is 1-reqular
or if dim X < 2 holds, then the sequence of Abelian groups

0— SDb’["AmA2](X) — SDb’["Al](X) ® SDb’[kAﬂ(X) — SDb’[kAluAQ](X) —0
18 exact.

These results come from the corresponding ones in the previous subsection by the
following duality.

Theorem 3.7.  Let X be an orientable real analytic manifold, and A C X a com-
pact subanalytic set. Then, algebraically, we have

SDH 4/ (X) = (SWi (X))

where (SW34(X))" denotes the topological dual space of SW3(X).



A STRATIFIED WHITNEY JET AND A TEMPERED-STRATIFIED ULTRADISTRIBUTION 159

§4. Sheaves of Gevrey classes on subanalytic sites

§4.1. The sheaf of the stratified Whitney jets on X,

Let X be a real analytic manifold. The presheaf of stratified Whitney jets of class %
is defined by
SWi (U) = SWir(X),
where U is a subanalytic open subset of X. Note that, since T'(U; Dy ) acts on SW};(X),
SW}}M is a oDx-module where Dx is the sheaf of linear differential operators in X
and o : X — X, is the canonical morphism (see [5] and [11]).

Propositions 3.2 and 3.3 can be rephrased in terms of sheaves on subanalytic sites as
follows.

Proposition 4.1.  The presheaf SWx _ of stratified Whitney jets is a sheaf on the
subanalytic site Xgq. If U C X is a 1-reqular open subanalytic set, then we have

SWXsa(U) — WU(X) ~ WU(X) ~ p—m s
X,U
where I;(U denotes the subsheaf of €* consisting of functions vanishing on U up to

infinite order.

We define the presheaf W5 by W% (U) := W5 (X) for a subanalytic open subset
U.

Corollary 4.2.  We have WY =~ SWX_ where W32 denotes the sheafication of
the presheaf W% _ on the subanalytic site Xsq.
§4.2. A tempered-stratified ultradistribution

For U C X a subanalytic open set, we define the set of tempered-stratified ultradis-
tributions on U as

DO (U) = SDb(X) Db (X)
- SDVy 1 (X)  SDby, gy (X)

Theorem 4.3. Let U be an open subanalytic subset of X.
1. The ring T(U; Dx) acts on Db¥E (U).

2. Let V' be an open subanalytic subset of X. Then we have the following exact se-
quence.

Db (UUV) — Dby’ (U) @ Dby° (V) — Dby (UNV) — 0.

Further, if dim X < 2, then the first morphism of the above sequence is injective.
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3. If X\ U is 1-regular, then Db}’?fa (U) coincides with the sections of tempered ultra-
distributions of class x on U, that is,

Dby* (U) = Dby (U) .

As an immediate corollary of the above theorem, we have

Corollary 4.4. Ifdim X < 2, then Db;f:a is a sheaf on the subanalytic site Xg.

§5. Higher dimensional case

Let G be a sheaf on the subanalytic site X;,, and let ryy denote the restriction
morphism of G for V' C U open subanalytic subsets. Assume that G satisfies the
following conditions.

1. If an open subanalytic subset U has smooth boundary, then G(U) ~ Db*'(U).

2. For any open subanalytic subset U, the restriction morphism ry x : G(X) — G(U)
is surjective, i.e. G is quasi-injective.

If dim X < 2, our Db_’;}f@ satisfies Conditions 1. and 2. above. Moreover the sheaf
of tempered distributions on X,, also satisfies Condition 2. Note that, as tempered
distributions themselves form a sheaf on the subanalytic site Xg,, it does not make
sense to ask for Condition 1. For the possibility of a general construction of a sheaf of
tempered ultradistributions on X, we have the following result.

Proposition 5.1. If dim X > 2, then there exists no sheaf G on the subanalytic
site Xsq that satisfies the above conditions 1. and 2.
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