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Coupling of two singular partial differential equations
and its application

By

HiDETOSHI TAHARA™

Abstract

In this note, we will consider a reduction of a singular Briot-Bouquet type partial dif-
ferential equation (A) t0u/0t = F(t,x,u,0u/0x) to a simple form (B) tdw/0t = A(x)w with
AMz) = (0F/0u)(0,,0,0) in the complex domain under the assumption that (A) satisfies cer-
tain Poincaré condition. The reduction is done by considering the coupling of two equations
(A) and (B), and by solving their coupling equation. The result is applied to the problem of
finding all the singular solutions of (A). This is an announcement of [5], and the details will
be published in [5]. In the case of non-singular partial differential equations, its reduction to a
normal form is done in [4].

§1. Introduction

Let (¢, z) be the variables in C; x C,, and let F(t,x, u,v) be a holomorphic function
defined in a polydisk A centered at the origin of C; x C, x C,, x C,. In the paper [4],
we have established the equivalence of the following two partial differential equations

ou ou ow
E:F(t,x,u,a—x) and W:O

by considering the coupling of these two equations and by solving their coupling equa-

tions.
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In this note, we will consider the following nonlinear singular partial differential
equation

(1.1) t% = F(t,aj, u, g—Z)

under the assumptions

A;) F(t,x,u,v) is a holomorphic function on A,

As) F(0,2,0,0)=0o0n Ag=AN{t=0,u=0,v=0}, and
oF

Ag) %(O,x,0,0) =0 on Ag.

In the book of Gérard-Tahara [3], the equation (1.1) is called a Briot-Bouquet type
partial differential equation with respect to ¢ if it satisfies the conditions A;), A3) and
Aj3); the function

OF
1.2 AMz) = —(0,2,0,0
(1.2 () = 5(0,2,0,0)
is called the characteristic exponent (or the characteristic exponent function) of (1.1).
About the structure of holomorphic and singular solutions of (1.1) in a neighborhood of
(0,0) € C; x C,, one can refer to Gérard-Tahara [2] and [3]. Among them, the following

theorem is the most fundamental result:

Theorem 1.1 ([2]). If A(0) & {1,2,...} holds, the equation (1.1) has a unique
holomorphic solution ug(t, x) in a neighborhood of (0,0) € CyxC, satisfying up(0,z) =0
near r = 0.

The main theme of this note is to consider the following problem:

Problem 1.2. Find a canonical form of the equastion (1.1) by considering the
coupling of two partial differential equations.

This is an announcement of [5], and the details will be published in [5].

§ 2. Analysis of the coupling equations

As is seen in the case of Briot-Bouquet’s ordinary differential equations (in chapter
4 of [3]), it will be reasonable to treat the following equation
ow

(2.1) tﬁ = Ax)w
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as a candidate of the canonical form of (1.1) in a generic case. In order to justify this
assertion, we need to discuss the following coupling equation

a¢ (¢l0]

b5 Ju. AMx)p, or

(®) + > (DF)(t,a,ug, - Umi1)

m>0

(®) 12 Z(Zm )%:F(t,x,w,w),

m>0 “0<i<m m

where

m! 0 \m—i
Ami(®) il(m —1)! (8:1:) Alz), 0<i<m,

and D is the totally derivative operator defined by

+ Zuz—l—l or + sz—l—l

>0 120

In the equation (®), ¢ = ¢(t, x, ug, uq, .. .) is the unknown function with infinitely many
variables (t,z,ug,uq,...); in the equation (¥), ¥ = (¢, z,wp, wy,...) is the unknown
function with infinitely many variables (¢, z, wo, w,...).

The formal meaning of the coupling equations is as follows:

Proposition 2.1. (1) If ¢(t,x,up, us,...) is a solution of (®) and if u(t,x) is a
solution of (1.1), then the function w(t,z) = ¢(t,x,u,du/0z,...) is a solution of (2.1).

(2) If Y(t, z,wo,ws,...) is a solution of (V) and if w(t,x) is a solution of (2.1),
then the function u(t,z) = ¥(t, z,w,0w/0z,...) is a solution of (1.1).

Proof. We will show only (1). Let ¢(t,z,uo, ui,...) be a solution (®) and let
u(t,x) be a solution of (1.1). Set u;(t,z) = (8/0z)'u(t,x) (i = 0,1,2,...): we have
w(t,z) = ¢(t,z,u,0u/dx,...) = ¢(t, z,up,uy,...) and dw/dx = D[d|(t, z, ug,uy,...).

Therefore we have
ow  0¢ 0 8uZ B ou
tﬁ_tEJrZauz o ! +28uz( o) {815}
¢ ¢ ou
=t () [Pt )]

0 .
=t +Z 6¢D1[F](t,$,’lj0,...,ui+1)

= G(t,x, QS,D[QS]) = G(t,x, w, g—i)

This shows that w(t,x) is a solution of (2.1). O
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Denote by Sp the set of all solutions of (1.1), and by Sz the set of all solutions of
(2.1): if we have a solution ¢(t, z,ug,uq,...) of (®) (resp. a solution ¥ (t, z, wg, wy, . ..)
of (¥)) we can define a mapping ® : S; 5 u — w = ¢(t, z,u,0u/dx,...) € Sy (resp.
U:Sd>wr— u=1(tz,w dw/dx,...) €S1). Thus, to define the mappings ® and ¥
we must solve the equations (®) and (V).

For k € N* and R > 0 we denote by Hy r[t,uo,...,ur—1] the set of all homo-
geneous polynomials of degree k in (¢, uq,...,ur—1) with holomorphic coefficients in a
neighborhood of D = {z € C; |z| < R}.

For r > 0,c >0, s >0 and € > 0 we write

U(r,c, s,e) = {(t,x,uo,...,uk_l) €ECxCxCF;|t| <re x| <s,

lugl < 0Ole, Juq| < 1le/e, ... |up—1| < (k — 1)!€/Ck_1},
Wi(c,s,€) = {(t,z,wo,...,wg—1) € Cx C x CF;|t| <e,|z| < s,
lwo| < Ole, |wy| < Llefe, ... |wk—1] < (k— 1)!5/ck_1}
(k=1,2,...). For a holomorphic function f(¢,z,ug,...,ux—1) on Uy = Ug(r, ¢, s,€) we

define the norm || f||y, by
||f||Uk = l'l'[l]akX |f(t,[13,U0, cee 7uk—l)|'
The norm ||g||w, is defined in the same way. We have the following result.

Theorem 2.2. Let R > 0 be sufficiently small. Suppose the conditions Ay),
AQ), A3) and

(2.2) i+ Mx)(j —1)| >0(i+j) onDg
for any (i,7) € N x N\ {(0,0),(0,1)}

for some o > 0. Then, we can find constants ro > 0 and 0 < ¢y < R so that the
following results hold.
(1) The coupling equation (®) has a unique formal solution of the form

—a(x)

- 1_)\(3;)t+u0+Z¢k(t,$,uo,...,uk_1)

E>2

(2.3) ¢

with ¢k(t7 T, U, - - - ,Uk_l) € Hk,R[ta ug, - - - 7uk—1] (k =2,3,.. )7
moreover, for any 0 <r <71y, 0 <c<co and s = R — c there is an € > 0 such that

> lekllu,  with Uy = Ug(r,c, s,€)
k>1

is convergent, where ¢1 = —a(x)/(1 — A(z))t + ug.
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(2) The coupling equation (V) has a unique formal solution of the form

a(z)

e 1_—)\(:1;.)t+w0+Z¢k(t,x,w0,...,wk_l)

k>2

(24) @

with Vg (t, T, wo, ..., wE_1) € ’Hk,R[t,wo, oo wi—1] (K=2,3,..0);
moreover, for anyr >0, 0<c<cy and 0 < s < R there is an € > 0 such that

D llbkllw,  with Wy, = Wi(c, s,¢)
k>1

is convergent, where ¥y = a(x)/(1 — A(x))t + wo.
(3) Moreover, we have the following equalities: ug = (t,x, ¢, Do, D?¢,...) as a

function with respect to the variables (t,x,ug,u1,us,...), and also wy = ¢(t,z, ¥, Dip,
D%, ...) as a function with respect to the variables (t,x,wqo, w1, ws, .. .).

The proof will be published in [5]. We will give here only a construction of the
formal solution. The proof of the convergence is done by the majorant method; but the
details are very much complicated.

Construction of the formal solution of (®). By the conditions A1), Ay) and Ag) we
have the expession

(2.5) F(t,x,up,u1) = a(z)t + AMx)up + Z Ci .o (Tt up ug ™
it jta>2

where a(z), A(z) and ¢; j () (i + j + o > 2) are all holomorphic functions in a neigh-
borhood of Dgr. We set

Ry(t,w,uo,u1) = Y Cijal@)tud’u,® € Hy glt,uo,m], p>2.
i+jt+a=p

Then, we have F'(t,z,uo, u1) = a(z)t + A(@)uo + 32,50 Bp(t, x,up, u1) and so

(2.6) D™ [F|(t,z,ug,- .., Umt1)
=a"™ (@)t + > Ami(@)ui+ Y DR|(t 2 ug, ... Ums1)

0<i<m p>2

for any m € N, where o™ (z) = (0/0x)™a(z). Thus, by substituting the unknown
function ¢(t, z,ug, uy, . ..) into the coupling equation (®) we see that our coupling equa-
tion (®) is written in the form

(2.7) (r=A2)p=-> > D"R)(t.z,u,... ,umﬂ)aii

m>0p>2
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where

a vector field with infinitely many variables (¢, ug, u1, .. .).
Now, let us solve the equation (2.7). Let

(2.8) ¢=> otz uo,...,up-1) €Y Hirlt,uo, ... up1]
k>1 k>1
be the unknown function. Since D™[R,](t,x,uo,...,Um+1) belongs in the class H, g

[t,u0y ..., Umt1], by substituting (2.8) into (2.7) and by comparing the homogeneous
part of degree k with respect to (t,ug,...,ux—_1) we see that (2.7) is decomposed into
the following recurrent formulas:

(29) (’7’1 — )\(a:))¢1 =0 in Hl’R[t,’U,O]
and for k > 2
(2.10) (i — M) P

0
- Z Z D™ [Rk—(ﬁ‘l] (ta Z,Ug, . .- 7um—|—l) ajq

1<q<k—1 0<m<q—1

in Hi rlt,vo, ..., uk—1],
where
Tk:tg—l- Z (a(m)(x)t—l— Z )\mz(ar:)uz)i k=1,2,....
ot ’ oy, T

0<m<k—1 0<i<m

Thus, if we note the following lemma, we can get a formal solution (2.3) of (®).

Lemma 2.3. (1) If Mxz) # 1 on Dg, the equation (71 — A(x))¢1 = 0 has a
solution ¢1 € Ha r[t,uo] of the form

—a(x)B(x)

Y= T

t+ ﬁ(l’)’UJo

and B(z) can be chosen arbitrarily.

(2) Let k> 2. If |i+ A(z)(j — 1)] # 0 on Dg for any (i,j) € Nx N withi+j =k,
then for any fr € Hi rlt, uo, ..., ur—1] the equation (7, — A(z))pr = fr has a unique
solution ¢r, € Hy r[t, uo, ..., Ug—1].

Construction of the formal solution of (V). As in (2.5), we have the expression

F(t,z,wo,w1) = a(x)t + Axz)wo + Z Ci o)t wol wi ™
it jta>2
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where a(z), A(x) and ¢; jo(x) (i + j 4+ o > 2) are all holomorphic functions in a neigh-
borhood of Dg. Therefore, the coupling equation (¥) is expressed in the form

(2.11) (T = A@)Y =a@)t+ > cijal@)ty? (D))"

i+j+a>2

where

« 0 3,
T = ta + Z ( Z )\m,i(az)wi) M

m>0 0<i<m

a vector field of infinitely many variables (t,wo,ws,...), and A, (z) = m!/(il(m —
i) (0/0z)™"N(x) (0 < i < m). We note that A\, () = A(z) holds for all m =
0,1,2,....

Let

(2.12) P = Z ?,[Jk(t, X, wq, . .- ,wk_l) S Z /Hk,R[t, wo, - - - ,wk_l]

k>1 k>1

be the unknown function. Then, by substituting (2.12) into (2.11) and by comparing
the homogeneous parts of degree k with respect to (¢, wp,...,wr—1) we see that (2.11)
is decomposed into the following recurrent formulas:

(2.13) (17 = Ma))1 = a(z)t  in Hy gr[t, wol

and for k > 2

(2.14) (r = Ma)e = > Cijal@) ti[ > Yy X

2<itj+a<k lp(3)|+lg(a)|=k—i
X oo X 4y, X Dthg,] X -+ x D[4y, ]
in Hk,R[tv we, - - ,?.Uk;_l],

where

- o)
Tk=t§—l— Z ( Z )\m,i(ﬂf)wi>—awm, k=1,2,...,

0<m<k—1 N0<i<m

lp(j)| =p1+---+pj and |g(a)| = q1 + - - - + go. Thus, if we note the following lemma,
we can get a formal solution (2.4) of (V).

Lemma 2.4. (1) If A(x) # 1 on Dg, the equation (77 — A(x))y1 = a(x)t has a
solution Y € Hi r[t,wo] of the form

a(x)

Y1= 1—Ax)

t + B(z)wo
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and B(z) can be chosen arbitrarily.

(2) Let k> 2. If |i+ A(z)(j —1)| # 0 on Dg for any (i,j) € Nx N with i +j =k,
then for any fi € Hp, r[t, wo, ..., wg_1] the equation (1} — AN(z))Yr = fir has a unique
solution ¥y, € Hy rlt, wo, ..., we_1].

§3. Equivalence of two PDEs

Let F and G be function spaces in which we can consider the following two partial
differential equations:

ou ou .

(A) ta = F(t,x,u, 8_;13) 1mn ]:,
ow

(B) t—at =AMz)w ing

S4 = the set of all solutions of (A) in F,
Sp = the set of all solutions of (B) in G.

Then, if we can find function-spaces F and G so that the two mappings

S Fou(t,x) — w(t,x) = ¢(t,x,u,0u/dx,...) €G,
U:Gswtz) — ult,x) =yt z,w dw/ox,...) € F

are well defined, by Proposition 2.1 and Theorem 2.2 we see that the two mappings

Q:S4>ult,z) — w(t,z) = ¢(t,x,u,0u/dz,...) € Sp,
U:Sp 3 w(t,x) — ult,z) =9t x,w,0w/dx,...) € Sa

are well defined and that one is the inverse of the other. In this case, we say that two
equations (A) and (B) are equivalent.

Let us intrduce such function-spaces. We denote by R(C \ {0}) the universal cov-
ering space of C\ {0}, and we write: Sp(r) = {t € R(C\ {0}) ; |argt| < 0,0 < |t| <}
and D = {x € C; |z| < R}.

Definition 3.1. (1) We denote by %, the set of all u(t, x) satisfying the following
i) and ii): i) u(t,z) is a holomorphic function on Sp(r) x Dg for some 6 > 0, r > 0
and R > 0; and ii) we have

max lu(t,x)| = o(1) (ast — 0in Sp(r)).
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(2) We denote by .4 the set of all u(t,x) satisfying the following i) and ii): i)
u(t, x) is a holomorphic function on Sy(r) x Dg for some § > 0, r > 0 and R > 0; and
ii) there is an a > 0 such that

max lu(t,z)| = O(|t|*) (ast — 0 in Sp(r)).

Then we have

Proposition 3.2.  Let ¢(t,x,ug,u1,...) and P(t, x,wq,ws,...) be the solutions
in Theorem 2.2. Then the following two mappings are well defined:

O A (resp. S4) D u(t,x) — w(t,z) = ¢(t, z,u,0u/dx,...) € S (resp. S, ),
VS (resp. S4) dw(t,x) — u(t,x) = Y(t, z,w,0w/0z,...) € H (resp. .S4).

Thus, we have the following result.
Theorem 3.3 (Equivalence).  Suppose the conditions A1), As), Az) and

(3.1) i+ Mx)(j —1)| >0(i+j) onDg
for any (i,7) € N x N\ {(0,0),(0,1)}

for some o > 0and R > 0 . Then, the following two equations are equivalent:

ou ou )

(3.2) ta = F(t,aj,u, %) in S (resp. S4),
ow )

(3.3) tﬁ = Nx)w in Sy (resp. L4).

In other words, if we denote by Sa the set of all solutions of (3.2) and by Sp the set of

all solutions of (3.3), the following two mappings are bijective and one is the inverse of

the other: &

Sp ——=
v

S

8§4. Application

Let us consider the following Briot-Bouquet type partial differential equation

(4.1) t% = F(t,x,u, %)

We denote by #((4.1)) (resp. #+((4.1)) the set of all solutions of (4.1) belonging in
the class % (resp. .t). Then we have
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Theorem 4.1 (Structure of solutions).  Suppose the conditions A1), Az), As)
and (3.1). Then we have

Fo((4.1)) = F4((4.1))
{U[n(z)t*@]; h(z) € C{x}}, when ReX(0) > 0,
{w[o]}, when ReA(0) <0

Proof. This follows from Theorem 3.3 and the following fact:

B {h(x)t*®); h(z) € C{z}}, when ReA(0) > 0,
7 ol when ReA(0) < 0.

(]

Note that W[0] = ¥(¢,«,0,0,...) is nothing but the unique holomorphic solution
uo(t, x) obtained in Theorem 1.1, and so we have

Corollary 4.2 (Analytic continuation).  Suppose the conditions A1), As), As),
ReA(0) <0 and A(0) & (—00,0]. Ifu(t,z) is a solution of (4.1) on Sp(r) x Dg satisfying
u(t,z) —> 0 uniformly on Dgr (as t — 0 in Sp(r)), then u(t,z) has an analytic
continuation up to some neighborhood of (0,0) € C2.

The details will be published in [5].
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