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Nonlinear partial differential equations and
logarithmic singularities

By

HIiDETOSHI TAHARA* and HIDESHI YAMANE**

Abstract

We study logarithmic singularities of solutions to some nonlinear partial differential equa-
tions near noncharacteristic hypersurfaces. It is a logarithmic analogue of the Painlevé PDE
test for integrable equations.

§1. Painlevé PDE test and WTC expansions

Weiss, Tabor and Carnevale ([7]) constructed a family of meromorphic solutions
to some integrable equations. Let us review their calculation in the case of the KdV
equation:

(11) Uttt — 6’U/LLt + Uy = 0 (t,:c € R)

For any real-analytic function ¢ (z), set T' =t — ¢(x). Then it has been proved in [7]
that the equation (1.1) has a family of meromorphic solutions of the form
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(1'2) u:ﬁ_a¢x+gT _%@bxazT +hT _ﬂng T
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where g = g(z) and h = h(x) are arbitrary real-analytic functions. Since the function
¢ is arbitrary, the noncharacteristic surface T' = ¢t — ¢ (z) = 0 is a multi-dimensional
analogue of moving singularities of the Painlevé equations.

Similar solutions exist for other integrable equations and their expansions are called
WTC expansions. If an equation has a family of solutions which are expressed by WTC
expansions, then it is said to pass the Painlevé PDE test. (See [1] and [7] for details).

When non-integrable equations are considered, different kinds of expansions have
to be introduced. The solutions are generally multi-valued as is proved in [2] and [3].
We mainly follow the latter in the present paper.

§ 2. Kobayashi’s theory ([3])

We introduce some notation following Kobayashi and explain his result. Let (t,z) =
(t,z1,...,2,) € CxC", fix m € N* and set I,,, = {(j,a) € NxN": j+|a|] <m and j <
m}, N = the cardinal of I,,, and U = (Uj o) (j,a)e1,, € CN. Moreover, we set 9; = 0/0t,
0% = (0/0x1)* ...(0/0xy)* for a = (aq,...,0n).

We study nonlinear PDEs of the form

(2.1) ou = [ (b, (005 u) ager, ).

Here f(t,z,U) is holomorphic in {(t,z) € C; x C%;[t| < 7o, |z| < Ro} x C¥, where rq
and Ry are positive constants. (Although f is assumed to be a polynomial in [3], this
condition can be relaxed).

The function f can be expanded in the variable U:

(22) f(t7aj7 U) = Z f,u/(tax)Uﬂa n= (:U’j,a)(j,oz)elmﬂ Ut = H U]{fé;a
/.Le./\/l (j,Oé)EIm

for some subset M of N%V, the set of N-valued functions on I,,,. We assume that fu(t, )
does not vanish identically.
Next we expand f, (¢, ) in t:

[e.9]

(2.3) fu(t,z) = ¢ Z fu,k($)tk-
k=0

We assume that f, o(z) does not vanish identically.

We set
: Y() —m—k
|N| = Z Hjo 7(“) - Z JH 5, 0 T(H) = | | 1 £ (/_L € M? |H| 2 2)
(j,a)E€lm (j,@)ELm K

Kobayashi ([3]) defined his exponent o, by

Oc = sup ().
HEM, || >2



NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS AND LOGARITHMIC SINGULARITIES 205

He assumed that 0. was a rational number and imposed a kind of nonresonance condition
on it. In particular, it must avoid the values 0,1,2,...,m — 2. Under some additional
assumptions, he constructed solutions of the form

o0
(2.4) u =1t Z uj(x)tj/p,
§=0

where u,,’s are holomorphic in a common neighborhood of the origin, ug # 0 and p is the
smallest positive integer such that po. € Z. A general noncharacteristic surface t = ¢ (x)
can be transformed to ¢ = 0 by a change of coordinates and the WT'C expansion (1.2)
for the KdV equation is just an example of (2.4).

Kichenassamy-Srinivasan ([2]) chose a different formulation and introduced expan-
sions involving logarithms in the higher order terms.

8§ 3. Logarithmic singularities

We consider the resonant case where o, € {0,1,2,...,m — 2}. The expansion is
radically different from the one in (2.4) in that the leading term involves a logarithm.
We assume the following:

(A0) 0. =1€{0,1,2,...,m — 2.
(A1) My = {1 € M: || > 2. (1) = (= o)} is non-cmpty’
(A2) If p € My and prjo #0, then j > 141 and ao = 0.

(A3) For a sufficiently small positive constant C' > 0, we have

m—l+ky—vw) +1ul>C > pja

(4,@)EIm
i<t

for any u € M\ Mg. (This is the case if f is a polynomial).
We use the following notation:

e R(C\ {0}), the universal covering space of C\ {0},

o Sp={t e R(C\{0}) ; largt| <0},

o S(e(y)) = {t e R(C\{0});0 < |t| < e(argt)}, where €(y) is a positive continuous
function on R,

[ ] Dr:{a::(ajla.,xn)ecn; |£L'Z|<Tf0]:"[,:]_,-.. ,n}
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Definition 3.1. 6+ denotes the set of all v(¢,z) satisfying the following two
conditions:

i) v(t,z) is a holomorphic function on S(e(y)) x D, for some positive continuous
function (y) on R, and some constant r > 0.

ii) There exists a constant a > 0 such that for any 7 €]0,7] and § > 0 we have

max |v(t,z)| = O(|t|]*) (ast —> 0in Sp).

€D
Our main result is the following:

Theorem 3.2.  Assume (A0)—(A3) and set Bj;, = (=17~ — 1 — 1)! for
j>1+1. Let A= a(x) be a holomorphic solution to

(3.1) > Fuol@) (T30 B3 ) AW = B

HEMo

in a neighborhood of v = 0. Then, for any holomorphic function b(z) in a neighborhood
of x =0, there exists a function v(t,x) € Oy such that

u(t,z) = a(x)t! logt + t'b(x) + tho(t, z)
=t' {a(z)logt + b(z) + v(t,z)}
is a solution to (2.1).

Remark.  The left hand side of (3.1) is entire in A. Picard’s theorem in value
distribution theory assures that there exists a solution to (3.1) in a generic case.

§4. Proof of Theorem 3.2

Set u(t,r) = a(z)t' logt + t'b(x) + t'v(t,z). We shall derive an equation with a
new unknown function v(¢,x). It is a nonlinear Fuchsian equation. Its coefficients are
singular because they involve logarithms. We refer the reader to [6] for details.

8§5. Moving singularities: nonlinear wave equation

In our main theorem, we claimed the existence of solutions with logarithmic singu-
larities along t = 0. By a change of coordinates, we can construct solutions which are
singular along other noncharacteristic hypersurfaces.

We consider

(5.1) Ou(s,y) = g(s, y; u, Osu, Vyu)
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in an open set of C"*! = C, x C}. Here O = 8%/9s* — Y1, 8%/0y?, Vyu =
(Ou/0y1,...,0u/dyy). We assume that g(s,y; z,0,7n) is a holomorphic function in all
its arguments and is entire in (z,0,n). Moreover we assume that it is a polynomial of
degree 2 in (o,n). Its homogeneous part of degree 2 is denoted by ga.

Let ¥ (y) be a holomorphic function with

(5.2) 1—{Vy(y)}* #£0,
where Vyo(y) = (¢1(y), - ¥n (), ¥ily) = 0v(y)/0y: (i = 1,2,...,n), {Vyb(y)}* =

S %i(y)?. Moreover we assume that

(5.3) 92 (V(y),4;0,1, =Vyi(y)) # 0.

Theorem 5.1.  Assume (5.2) and (5.3). Then, in a neighborhood of the hyper-
surface ¥ = {s = (y)}, there exists a family of solutions u(s,y) to (5.1) with the
asymptotic behavior

1- {vy¢(y)}2
g2 ('w(y)a Y; 07 17 _vy¢(y)

u(s,y) ~ — ) log(s —4(y)) as s—p(y).

Proof. Set t = s —(y), * =y, ¥ = 1— {V,o(y)}*(# 0). Then, we have
0s = 0, 0y, = —10;0; + 05,. We can apply Theorem 3.2 near ¢ = 0. The assumption
(5.3) corresponds to k, = 0. Details are explained in [6]. O

§6. Moving singularities: third order case

Next we consider a third order equation. Let P(s,y;0s,0y) be a linear partial dif-
ferential operator of third order. Its principal symbol is denoted by o(P). Its coefficients
are assumed to be holomorphic near s = ¢(y). We consider

(6.1) Pu =g (5,; (005) j1|al<2) -

We assume that g(s,y; (Yj.a)jtlaj<2) is entire in (Yjq) yjaj<2- Moreover, we assume
that g is a polynomial of degree 2 in (Yj,o);+|a|=1,2 and we denote its homogeneous part
of degree 2 by gs.

Set ng) = (=Vy¢(y)" if j + |o| =2 and Yj(,gé) = 0 otherwise. We assume

(6.2) 92 (zb(y),y; (Y}(,&))MMQ) #0
(6.3) o(P)(s,y;1,=Vy¥(y)) #0
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Theorem 6.1.  Assume (6.2) and (6.3). Then, in a neighborhood of the hyper-
surface ¥ = {s = ¥(y)}, there exists a family of solutions u(s,y) to (6.1) with the
asymptotic behavior
_U(P) (37 y; 1, _vy¢(y))

(v©
g2 (¢(y)7y7 (Ytj’a ))

u(s,y) ~ a(y)tlogt, t=s5—1y(y), aly) =

as s = Y(y).

Proof. We set t = s —1(y),z =y again. By using (6.3), we can rewrite (6.1) as

3 -1 (Al o
0;u = [linear part] + o(P) g(t +Y(z), z; (8t (=(Va)0, + V) u)j+|a|§2)'
Here 0(P) = o(P)(t+¢(z),z;1, =V (x)) and —(V,1)0; + V is the n-tuple of vector
fields whose i-th component is —(0¢/0x;)0; + 0,,. Expanding the right hand side as in
(2.2) and (2.3), we find the term

o(P) g2 (v(@), 5 (V\)js1ai<2) Udos - Uso = O}u.

This term is f5,0(z)U* (1 = i, k = 0) in the notation of (2.2) and (2.3), where we define
i by

fi20 =2, [ijo =0 (otherwise).
The assumption (6.2) implies k; = 0, and we have y(iz) =4, || = 2,7(r) = 1.

We claim that Mgy = {f}. First, the assumption on g means Zj+|a|:1’2 Mja <2
for each pp € M. If po g = 2, then pj o = 0(j + |oo| = 1,2). It follows that v(u) = vy(&).
Since |p| > || and k, > kz = 0, we obtain the estimate r(u) < r(f) = 1, the equality
being true if and only if g = fi. On the other hand, if p12 9 < 1, then we have y(p) < ||
and r(u) < 1.

We have f;0(z) = o(P) g2 (@b(x),x, (ng})) So (3.1) becomes

o(P)ga(,z, (VD) A= —1.

Hence we have A = a(z) = —o(P)/g2(¢(z), z, (Yj(g))), u ~ a(x)tlogt. O
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