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On the role of the degenerate third Painlevé equation
of type (D8) in the exact WKB analysis

By

YOSHITSUGU TAKET*

Abstract

In [W] and [TW] the exact WKB theoretic structure of the most degenerate third Painlevé
equation of type (D8) was investigated. In this paper we announce a result that this degenerate
third Painlevé equation of type (D8) plays a special role of the canonical equation near a simple

pole of Painlevé equations. We also explain an outline of its proof after reviewing several
relevant results of [W] and [TW].

§1. Introduction

In this paper we consider the degenerate third Painlevé equation from the viewpoint
of exact WKB analysis. Since the work of Sakai [S] on geometrical classification of
the space of initial conditions of Painlevé equations, it is considered to be natural
to distinguish the degenerate third Painlevé equations of type (D7) and (D8) from the
generic third Painlevé equation (Pyp). Several important properties such as 7-functions,
irreducibility etc. of these degenerate third Painlevé equations were studied in [OKSO]
and the asymptotics of their solutions was also investigated in [KV]. The purpose of
this paper is to discuss the most degenerate third Painlevé equation of type (D8) with
a large parameter n of the form

(Puvios) EX_ LN LA L (2 1
1(Ds) a2~ \ dt t\ar )T\ 1)

from the viewpoint of exact WKB analysis and clarify its role in exact WKB analysis.
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Let us explain the background of this paper. In exact WKB analysis the most
important role is played by turning points. In the case of second order linear ordinary
differential equations, every equation can be transformed to the Airy equation near a
simple turning point and the local behavior of its Borel resummed WKB solution is
described by that of the Airy equation (see, e.g., [KT3, Chapter 2]). Furthermore,
Koike showed in [K] that a simple pole, i.e., a degenerate regular singular point, should
be considered also as a kind of turning points and that the canonical equation near
a simple pole is given by the Whittaker equation. On the other hand, in the case
of Painlevé equations, similar transformation theory near a simple turning point was
established in [KT1], [AKT], [KT2]; the main result of this series of papers is that
every formal Painlevé transcendent (a formal 2-parameter instanton-type solution of a
Painlevé equation) is transformed to that of the first Painlevé equation (Pp) near its
simple turning point. Then the following question naturally arises: What can we say
about a simple pole of Painlevé equations? The answer to this question is a simple and
impressive one: The above equation (Pii(ps)) gives the canonical equation near a simple
pole of Painlevé equations. In this paper we explain the core part of the transformation
theory to (P (ps)) near a simple pole of Painlevé equations after reviewing the exact
WKB theoretic structure of (Prp/(ps)) investigated in [W] and [TW].

The plan of the paper is as follows: In Section 2 we recall several relevant results of
[W] and [TW] on the exact WKB theoretic structure of (Pir/(ps)). The most important
ones are the relationship between the Stokes geometry of (P (ps)y) and that of the
underlying linear differential equation (Proposition 2.2) and the connection formula for
its instanton-type solutions (Corollary 2.4). Then in Section 3 we explain the core part
of the transformation theory to (P (ps)) near a simple pole of Painlevé equations. The
details of the proof of main theorems will be discussed in our forthcoming paper.

§2. Exact WKB theoretic structure of (P (ps))

Exact WKB theoretic structure of (P (ps)) was investigated in [W] and [TW]. In
this section we review the results of [W] and [TW].

First we introduce two classes of formal solutions of (P (ps)). It can be readily
confirmed that (P (ps)), or the Hamiltonian system
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with the Hamiltonian
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which is equivalent to (Pyp(ps)), has the following particular solution

(2.2) O\ v) = (ﬂ, n—%ﬁ).

As this solution contains no free parameters, it is called a “O-parameter solution”. In
what follows we use the notation (X,7) to denote the 0-parameter solution (2.2). In
addition to (/):, V), by employing the multiple-scale analysis similarly to the case of (Py)
([AKT, Section 1]), we can construct the following formal solution A(¢; &, 8) of (P (ps))
with 2 free parameters (o, 3) called a “(2-parameter) instanton-type solution”:

(2:3) At 8) = VEi+n 2> P Ly a(t,n),

n=0

where Lo = Lo(t,n) is given by
(2.4) Lo = 91/443/8 (a(27t1/2772)°‘56¢" n 6(27t1/2n2)—a56—¢n>
with ¢ = 4v/2t*/* and Lyjo = Ly/a(t,n) (n > 1) is of the form

n+1—-2k
(2.5) Ly = — ¢(3-n)/8 Z 05177_’(12) ok ( 27t1/2772)°‘ﬁe¢’7>

with cl(n/ 2) being constants depending only on (¢, 5). As we will see below, the Stokes

phenomenon that occurs on a Stokes curve of (P (psy) is explicitly described in terms
of these instanton-type solutions.

Remark 1. In this paper, for the sake of convenience in developing the transfor-
mation theory in Section 3 below, we use a pair of canonical variables (A, v) that is
different from the variables (¢q,p) used in [W] and [TW]. They are related by the for-
mula (\,v) = (¢,p+n"1g71). As its consequence, the expressions (2.1) and (2.2) of the
Hamiltonian and the 0-parameter solution become slightly different from those in [W]
and [TW] in their appearance, but they are essentially the same. For the same reason
we adopt a new scaling of the free parameters (o, #) in this paper and consequently the
expression (2.3) ~ (2.5) of an instanton-type solution becomes different from that in
[W] and [TW], although they exactly coincide.

Next we define a turning point and a Stokes curve of (P (ps)). In the same
manner as in the case of the usual six kinds of Painlevé equations (Py) (J =1, ..., VI)
they are defined by considering the Frechét derivative (or the linearized equation) of
(Priv(ps)) at its 0-parameter solution (/):, V) denoted by (AP (ps)):

d? 2 o 1
(AP (ps)) a2 (AN) = pre T e A
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Definition 2.1. A turning point (resp., a Stokes curve) of (Pr/(ps)) is, by def-
inition, a turning point (resp., a Stokes curve) of (AP (ps)y). To be more specific, a
turning point of (Prr/(ps)) consists of one point ¢ = 0 and a Stokes curve of (Prrr/(ps)),
which is defined by the relation

t
2
(2.6) Im/o \ st =T (4V24) =0,

is explicitly given by
(2.7) {teC| argVt=2n7 (n€Z)}
(i.e., the positive real axis).

Note that a change of variables (t, A\) = (£2, £/ 2A\) transforms the Frechét derivative
(APIII’(DS)) into

d* ~ 8 1Y) ~
28 —~A>\ — 2 = — _2—~ A)\,
(28) dt? 1 (t 4t2>

which has a simple pole at £ = 0 in the sense of [K]. Thus ¢ = 0, i.e., the turning
point t = 0 of (Pyr(ps)) can be considered as a nonlinear analogue of a simple pole of
second-order linear ordinary differential equations discussed in [K].

Now an important problem in exact WKB analysis of (P (ps)) is to seek for an
explicit connection formula that describes the Stokes phenomenon for instanton-type
solutions on its Stokes curve defined above, i.e., the positive real axis. For that pur-
pose, as in the case of the first Painlevé equation (Pp) (cf. [T2]), we make full use of
the well-known relationship of (P (psy) with the theory of isomonodromic deforma-
tions of linear differential equations (cf. [OKSO, Section 3]) formulated as follows: Let
(SLr(psy) and (D (ps)y) denote the following linear differential equations, respec-

tively.
02 9

Lup _o0 _

(SLur(ps)) ( 22 +n Q) Y =0,
oy 104
(D1 (psy) T A(% 5 92 Y,
where
tK 1 t AV 3

2. ST I 2
(29) @ 2 T op T x(x—)\)+n 4(x — N)?’
(2.10) A=A
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and K appearing in (2.9) is the Hamiltonian defined by (2.1). Then the compatibility
condition of (SLir(ps)y) and (D (psy) is exactly described by the Hamiltonian sys-
tem (Hyr(psy). Otherwise stated, the Hamiltonian system (Hr(psy) or the Painlevé
equation (P (ps)) governs the isomonodromic deformation of (SLi(ps)) in the sense
of [JMU]. In particular, if a solution of (Hy (ps)) or (Prr(ps)) is substituted into the
coefficients of (SLir(psy), the monodromy data of (SLi(ps)) are preserved (i.e., they
are not depending on the deformation parameter ¢). To seek for the connection formula
of (P (ps)), we substitute an instanton-type solution (2.3) ~ (2.5) into the coefficients
of (SLir(psy) and compute its monodromy data by applying the exact WKB analysis
to (SLir(ps)). A key proposition in determining the connection formula is the following

Proposition 2.2.  Suppose that an instanton-type solution of (Hrry(ps)) is sub-
stituted into the coefficients of (SLiv(ps)). Then the following hold:
(i) The top order term (with respect to n=1) Qo of the potential Q of (SLyv(psy) can
be factorized as

(z = V1)*

213

(2.11) Qo =

Hence (SLu (ps)y) has a unique double turning point at x = Vt.
(ii) When and only when t lies on a Stokes curve (2.7) of (Pur(ps)), there exists a
Stokes curve of (SLiv(ps)) that starts from Vt, encircles x = 0 and returns to 't (cf.

Fig.1, (ii)).

(i) (i)
— — G
Vi

Figure 1. Stokes curves of (SL(ps)) in the case of (i) arg Vt >0, (ii) arg v/t = 0, and
(iii) arg v/t < 0.

Proposition 2.2, (ii) implies that the configuration of Stokes curves of (SLir(ps))
when argv/t > 0 is different from the configuration when argvt < 0 (cf. Fig.1).
Hence, if we apply the exact WKB analysis for linear ordinary differential equations to
(SL1r(psy) to compute its monodromy data, the concrete expressions of monodromy
data thus obtained become different (as functions of the parameters («, 8)) according
as t belongs to the region Q = {t|argy/t > 0} or Q_ = {t| argv/t < 0} since the
computation of monodromy data through the exact WKB analysis heavily depends on
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the configuration of Stokes curves. On the other hand, the isomonodromic property
requires the monodromy data to be unchanged. Consequently, after crossing the Stokes
curve arg v/t = 0, an instanton-type solution \(t; a, 3) of (Priv(ps)) with given parame-
ters («, B) in the region Q4 should be analytically continued to another instanton-type
solution A(t; o/, 8) with different parameters (o, 8’) in _ so that the monodromy data
of (SLyr(psgy) in Q_ may coincide with those in €. This is the Stokes phenomenon
for instanton-type solutions of (Pirr(ps)) that occurs on its Stokes curve.

In the case of (Piir(ps)), the underlying linear equation (SLi(ps)) has irregular
singularities at = 0 and x = oo with Poincaré rank 1/2 and its monodromy data
consist of the following three matrices:

10 10 cd
(2.12) 50=<a 1), Soo=<b 1), M:<e f>,

where Sy (resp., S« ) is the Stokes matrix around the irregular singular point z = 0
(resp., z = o0) and M designates the connection matrix between x = 0 and x = oc.
Note that among these monodromy data we can take, for example, (my,ms2) = (a,d) as
a basis for them.

The computation of the monodromy data (mq, mso) through the application of exact
WKB analysis was explicitly done in [W] and [TW]. The result is given by the following:

Theorem 2.3.  Suppose that an instanton-type solution of (Hyyr(ps)) s sub-
stituted into the coefficients of (SLi(ps)y). Then the monodromy data (my,mz) of
(SLir(psy) can be explicitly computed as follows:

(In the region Q. , i.e., when arg+/t > 0)
— B E/4, —itE @
o = oy (2B e
! ( r(-£11) T(EZ +1)
«
L(§+1)
(In the region Q_, i.e., when arg\/t < 0)

(2.13)
my = 2¢/7 28/4

— _9 9—E/4 s _ 9oE/4,inE/4 o :
m ﬁ( T(—Z +1) ©TE+

(2.14)
Q
me = 2/m 284 — —
r(Z+1)
Here E designates —8af3.

For the details of the computation see [TW, Section 5]. (Note that the above formulas
for the monodromy data are slightly different from those of [TW] due to the adoption
of a new scaling of the parameters («, 5). Cf. Remark 1.)
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As an corollary we thus obtain the following connection formula for instanton-type
solutions of (Pyrp/(ps)) on its Stokes curve arg Vt=0.

Corollary 2.4. Let A(t;a, ) and A(t;o/,5") be instanton-type solutions of
(Priv(ps)) in the region 1y and Q_, respectively. If X(t;a',3') is the analytic con-
tinuation of \(t; v, B) across the Stokes curve arg v/t = 0, then the following connection
formula should hold:

B[4 i Ly oB/4—inE/A__

r(-£+1) (£ +1)
-E i’ E'/4 _inE'/4 o
2.15 =9 E/A___T_ oF/4gimE'/A__ T
(215 T-Z+1) DE 1)
E/4 @ _ oE'/4 o
£ +1) (& +1)

where E = —8af and E' = —8d/3’.

§3. Transformation theory to (P (ps)) near a simple pole

As was discussed in the preceding section, the connection formula for instanton-type
solutions on a Stokes curve can be explicitly written down for the most degenerate third
Painlevé equation (P (ps)). More interesting is that this equation (Pp(ps)) plays a
special role of the canonical equation near a simple pole of Painlevé equations, that is,
every 2-parameter instanton-type solution of a Painlevé equation (Pj) can be trans-
formed to an appropriately chosen 2-parameter instanton-type solution of (Prr(ps))
near a simple pole. In this section we explain the transformation theory to (P (ps))
near a simple pole of Painlevé equations.

First of all, we list up Painlevé equations (P;) (J = L 1L III', III'(D7),IV, V, VI)
for the reference of the reader.

2\
(F1) ol 1 (60% + 1),
2\
(Pir) P 1 (20° + A + o),
X1 (dAN\? 1dh , e AN c
(Firr) W‘X(E) i@ [tz N +7—7]’

P —_— ==
(Prr(p7)) 72

dt

tar !

X1 (dA\? 1dh L [222 ¢ 1
.
12 t A

2N 1 (d\\? 2 ,[3., ) ) co
(Prv) W‘ﬁ(%) 5t {§A + 4N + (2t +61)A_X]’
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a2\ 1 1 dA\\> 1dx  (A—1)2 1

P L= — ) () -2 (o —

(Bv) - oz (2)\+)\—1) (dt> TR ( 2

20\ —1)? t 2N +1

op? (A—1) [OO_C_O C2 c1t™( )

Y

)
2 A2 (A—1)2  (A—1)3 ]

(Pop) eA_1/1 11 d/\2_1+1+1 dA
Vi a2 2\ 3 "a—1 " a—t)\at t t—1 "' A—t/) at

2AA = 1)(A—1) A2 —2tA +t
2(t —1)2 { AN (A —1)2
5 ot a(t—1) ctt—1)
I {C“‘F+ A-D2 (1P }] |

where ¢, ¢, and ¢, (x =0, 1,2,t,00) denote complex constants. (Instead of the ordinary

(Pri1), here and in what follows, we deal with its equivalent form (Pyrpr) for the sake of
convenience in discussing the behavior of solutions near its simple pole.) In view of this
list we readily find that Painlevé equations (Py) have the following singular points:

(Pr), (Pr), (Pv) : {0},
(3.1) (Par), (Pav(pr)), (Pv) @ {0,00},
(Pvr) : {0,1,00}.

Among them ¢ = 0 for (P ), t = 0 for (Py(pr)), t = 0 for (Py) and t = 0,1, 00 for
(Py1) are of the first kind (or “regular singular type”). At these singular points of the
first kind, in addition to double pole type 0-parameter solutions, there exist simple pole
type O-parameter solutions. For example, let us consider the sixth Painlevé equation
(Py1) near its singular point ¢ = 0 of the first kind. Since the top order part \o(t) of a
0-parameter solution A = Ag(t) +n LA (£) + - -+ of (Py1) satisfies an algebraic equation

def 2A0(Xo — 1)(Xo — 1) cot  calt—1) ett—-1)
(8:2)  Fvildo,t) = : tg(t — 1)20 {Coo N /\L% (;0 —1)2 - (Ao —1)? } =0

(Pyr) has six 0-parameter solutions. As was observed in [T1], their local behavior near

t = 0 can be classified into the following three groups:

Group (A): The case where A\g(t) has an expansion \o(t) = ag+a1t+---

with ag # 0. Here ag is a root of (ag — 1)? = ¢1/coo- In this case we have
OF: 4 _
a;;l (o(t). 1) = 5 (Ve + V)l + 0.

Group (B): The case where A\o(t) can be expanded as A\o(t) = ait + - - -,
that is, A\g(¢) has a Taylor expansion with vanishing constant term at ¢ = 0.

(3.3)

Here a; is a root of ((1/a1) —1)? = ¢;/co and we have

%ivol No(t), 1) = % (Veo & ve) +0(t™).

(3.4)
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Group (C): The case where \o(t) can be expanded as Ag(t) = a;9t'/? +
ait+ - -+ with respect to t1/2. Here a; 5 is a root of a%/Q = (ct—cg)/(c1 — Coo)-

In this case we have

68F/\\;I (/\O(t)at) = j:t;% \/(Ct — CO)(Cl — Coo) + O(t_l)

(3.5)

In parallel to the case of (Prr(ps)), through the study of the behavior of the Frechét
derivative of (Pyr) at these O-parameter solutions near the origin after the change of
variables (¢, A\) = (£2,1%/ 2&:\), we find that a 0-parameter solution belonging to the
group (C) is of simple pole type (while a 0-parameter solution belonging to the other
two groups is of double pole type). In a similar manner we can confirm that for the
following pairs

((Pur),0), ((Pur(pn),0), ((Pv),0),

(3.6)
(Pv1),0), ((Pvi),1), ((Pvr),o0)

of a Painlevé equation and a singular point of it, there exist simple pole type O-parameter
solutions whose top order part A\o(t) satisfies
(3.7) %(Ao(t),t) =O0((t—t,)7%?) as t—t,,
where F7(\,t) denotes the coefficient of n? in the right-hand side of the explicit formula
of (Py) given in the above list and ¢, designates a simple pole type singular point for a
0-parameter solution in question.

Using the top order part Ag(t) of these 0-parameter solutions, we can also construct
a simple pole type 2-parameter instanton-type solution A s (¢; ., 3) for each pair ((Py), t«)
of a Painlevé equation and a singular point of it listed in (3.6). The problem we want to
discuss is then the analysis of the Stokes phenomena for these instanton-type solutions of
Painlevé equations that occur on their Stokes curves emanating from the corresponding
simple pole type singular points ¢ = t,. (Note that, as in Definition 2.1 for (P (ps)),
every simple pole type singular point ¢ = t, of (Py) should be regarded as a turning
point and that a Stokes curve of (Py) emanating from t, is defined as a Stokes curve
(emanating from ¢,) of the Frechét derivative of (Py) at the corresponding 0-parameter
solution of simple pole type in question. Thanks to (3.7) we readily find that only one
Stokes curve emanates from a simple pole t..) In order to attack this problem, we
develop a transformation theory near simple poles. As a matter of fact, generalizing
the transformation theory near simple turning points established in our series of papers
([KT1], [AKT], [KT2]), we can prove the following theorem which claims that every
2-parameter instanton-type solution of simple pole type of a Painlevé equation can be
transformed to that of (P (ps)) near its simple pole. (In the statement of the theorem
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we add a lower suffix “ITI’(D8)” and put ~ as S\IH/( DS8) (t; &, B) to the variables relevant
to (Prirv(ps)) to distinguish them from those relevant to other Painlevé equations (Py).)

Theorem 3.1.  Let \j(t; «, 8) be a 2-parameter instanton-type solution of simple
pole type for one of the pairs ((Py),ts) of a Painlevé equation and a singular point of it
listed in (3.6). Let o be any point on a Stokes curve emanating from the corresponding
simple pole type singular point t = t.. Then we can find a neighborhood V of o and
a 2-parameter instanton-type solution S\IH/(Dg)(E; d,B) of (P (psy) so that A;(t;c, B)
is formally transformed to S\III/(DS)(E;GQB) in V. To be more specific, there exist a
formal transformation t = t(t,n) of an independent variable and a formal transformation
¥ = &(x,t,n) of an unknown function of the form

(3.8) t(t,n)=> Lt/
Jj=0

(39) ‘%(xvtan):ij/2(x7t777)77_j/27
Jj=0

where fj /2 and T ;o are holomorphic in both x and t, that satisfy the following relation:

(3.10) T(As(ta,B),t,m) = ;\III’(DS) (t(t,n); &, B).

Thus the most degenerate third Painlevé equation (P (ps)) gives the canonical
equation of Painlevé equations near a simple pole. In particular, it can be expected that
the connection formula similar to that for (P (ps)) described in the preceding section
(Corollary 2.4) should hold also for an instanton-type solution of simple pole type for a
pair ((Py),t.) listed in (3.6) on its Stokes curve emanating from t = ¢,.

In what follows we explain an outline of the construction of the transformations
t(t,n) and Z(x,t,m). It is done in a way parallel to the transformation theory near
a simple turning point; we again make full use of the relationship between Painlevé
equations and isomonodromic deformations of linear differential equations. That is, we
use the fact that a Painlevé equation (Py) is equivalent to the compatibility condition
of a system of the following linear differential equations:

82
(SLy) (—w + 772QJ> P =0,

o oY 10Ay
(D) E:AJ£_§W .

(For the concrete form of Qs and Ay see, e.g., [KT1] or [KT3, Chapter 4].) If we sub-
stitute a 2-parameter instanton-type solution \;(; «, 3) of simple pole type in question
into the coefficients of (SLy), we then find that the following proposition, which is a
generalization of Proposition 2.2 to any general instanton-type solution of simple pole

type, holds between the Stokes geometry of (Py) and that of (SLy).
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Proposition 3.2.  Suppose that an instanton-type solution \;(t;c, 8) of simple
pole type of (Py) is substituted into the coefficients of (SLy). Then the following hold:
(i) The top order term (with respect to 1) Qo of the potential Q of (SLy) has a double
zero at x = \o(t). Hence (SLy) has a double turning point at x = \o(t).

(ii) When and only when t lies on a Stokes curve of (Py) emanating from a simple
pole type singular point t = t. in question, there exists a Stokes curve of (SLyj) that

starts from Ao(t) and returns to Ao(t) after encircling several singular points and turning
points of (SLy).

This Proposition 3.2 of geometric character again plays a key role in the proof of The-
orem 3.1 in the following manner. Let t = o be a point on a Stokes curve of (Py)
emanating from ¢t = t, and let v denote a Stokes curve of (SLjy) that starts from
Ao(t) and returns to Ag(t) at ¢ = o whose existence is guaranteed by Proposition 3.2,
(ii). Then we can construct an invertible formal transformation (Z(z,t,7),%(t,n)) which
brings the simultaneous equations (SL;) and (D) into (SLr(ps)) and (Dry(ps)) in
a neighborhood of 7 x {o}. That is, we have

Theorem 3.3.  Under the above geometric situation there exist a neighborhood
U of the Stokes curve v, a neighborhood V' of o, and a formal coordinate transformation

(3.11) F=d(x,t,n) =Y Zipltnn?/?
7>0

(3.12) E=1t(tn) =Y t;pt.nn />
7>0

with Tj/9(x,t,n) and fj/g(t,n) being holomorphic on U x V and V', respectively, for
which the following conditions (i) ~ (v) are satisfied:

(i) The function To(x,t,n) is independent of n and 0To/0x never vanishes on U x V.
(ii) The function to(t,n) is also independent of n and dty/dt never vanishes on V.
(iii) Fo(x,t) and to(t) satisfy

(3.13) To(Ao(t), 1) =1/ to(t)-

(iv) Z1/2 and t /2 identically vanish.
(v) If 1;(:%,{, n) is a WKB solution of (SLur (ps)) that satisfies (D (ps)) also, then
Y(x,t,n) defined by

0% (1, n)>—1/2¢(

(3.14) W(x,t,n) = ( e

E(x,t,n),E(t,n),n)

satisfies both (SLy) and (Dy) near x = \(0).
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Furthermore we can verify that this semi-global transformation (Z(z,t,7),%(t,n)) that

brings (SLjy) and (D;) into (SLiv(ps)) and (D (psy) provides a local equivalence
(3.10) between A;(t;c, 3) and S\HI/(Dg) (f;d,/;). Otherwise stated, by considering a
transformation for the underlying system (SLj) and (Dy) of linear differential equa-

tions, we can find a transformation of an independent variable and a transformation of

unknown functions for a solution A;(t; a, 8) of the nonlinear equation (Py) in question.

This is a sketch of the proof of Theorem 3.1. The details will be discussed in our

forthcoming paper.
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