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Abstract

For a map between manifolds, the space of the connected components of its fibers is called
the Stein factorization. In this paper, we show that for a large class of C'°° maps between
manifolds, their Stein factorizations are triangulable. As applications, we obtain several new
Euler characteristic formulas concerning singularities of C'*™ stable maps in certain dimensions.

§1. Introduction

Let g: M — N be a generic C*° map between smooth manifolds. The space of the
connected components of fibers of g is denoted by W,. Then, we have the canonical
quotient map q4: M — W, and the natural map g: W, — N such that g = gog,. Such
a decomposition of g into the composition of ¢, and g is called the Stein factorization
of g. Sometimes the quotient space W, is also called the Stein factorization of g.

It is known that when dim M > dim N, the Stein factorization of g: M — N, or
the quotient space Wy, is a very important tool in studying the topological properties of
the map g. Refer to [3, 4, 10, 11, 12, 14, 17, 20, 21], for example. In all the known cases,
the quotient spaces of generic C'*° maps are polyhedrons and their local structures have
been determined.
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In this paper, we first show that if g is a so-called Thom map, then its Stein factor-
ization is triangulable. In particular, topologically stable C'*° maps have triangulable
Stein factorizations, and their quotient spaces are polyhedrons. This is a fundamental
result in the topological study of generic C°° maps in the sense that it enables us to
study given C'*° maps by using the polyhedral structures of their quotient spaces.

As examples, we give several Euler characteristic formulas for generic C*° maps, by
means of triangulations of Stein factorizations. We pay special attention to C°° stable
maps of 3-dimensional manifolds into R? and those of 4-dimensional manifolds into R?,
and obtain several new formulas.

The paper is organized as follows. In §2 we give a precise definition of the Stein
factorization of a continuous map between topological spaces and its triangulation.
Then, we state the triangulation theorem of Stein factorizations of proper triangulable
maps. As a corollary, we see that the Stein factorization of a proper Thom map is
always triangulable, since by Shiota [22] proper Thom maps are triangulable. In §3
we prove that the Stein factorization of a proper simplicial map between locally finite
simplicial complexes is triangulable. The idea is to subdivide the given simplicial map
and to define an abstract simplicial complex whose underlying space is homeomorphic
to the quotient space. In §4, we recall Euler characteristic formulas obtained in [16] for
simplicial maps and show that local indices defined in [16] also decompose according to
the Stein factorization. In §5 we consider C'*° stable maps of 3-dimensional manifolds
into the plane and get a formula relating the Euler characteristics of the quotient space
and the image together with the number of singular fibers of specific types. In §6, we
consider C'° stable maps of 4-dimensional manifolds into R® and get a similar formula.

Throughout the paper, we will often abuse the terminology “simplicial complex” (or
“simplicial map”) to indicate the corresponding polyhedron (resp. PL map), although
we will try to use correct notations until §3 in order to avoid confusion. For a space X,
idx denotes the identity map of X.

§2. Preliminaries

In this section, we define the notion of a triangulation of the Stein factorization of
a map and state our triangulation theorem of Stein factorizations.

Definition 2.1. Let g: M — N be a continuous map between topological spaces
M and N. Two points z,x" € M are g-equivalent if g(x) = g(z’) and the points z and z’
are in the same connected component of g=*(g(z)) = g~ *(g(z)). We denote by W, the
quotient space with respect to the g-equivalence, endowed with the quotient topology.
The quotient map is denoted by q,: M — W,. Then there exists a unique continuous
map g: Wy, — N such that ¢ = g o g,. The quotient space W, or the commutative
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diagram
M g N
O
dg g
Wy

is called the Stein factorization of g.

There is a one-to-one correspondence between the quotient space and the space of
the connected components of the fibers of g. Note that each fiber of the quotient map
gy is connected.

Remark 2.2.  FEven if g: M — N is a C'*° map between smooth manifolds, the
Stein factorization W, may not necessarily be a manifold. For example, consider the
Morse function g: T? — R on the 2-dimensional torus as in Fig. 1. The Stein factoriza-
tion W is clearly not a manifold.

T2 R

Qi

dg

Wy

Figure 1. Stein factorization may not be a manifold

In the following, for a simplicial complex K, its associated polyhedron is denoted
by |K|, and for a simplicial map f: K — L between simplicial complexes, |f|: |K| — |L]|
denotes the associated PL map.

Definition 2.3. Let g: M — N be a continuous map, where M and N are
topological spaces. We say that g is triangulable if there exist simplicial complexes K
and L, a simplicial map f: K — L and homeomorphisms A: |K| — M and p: |L| - N
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such that the following diagram is commutative:

M J N
A M
|f]

K| L.

We call f, K and L triangulations of g, M and N, respectively.

Definition 2.4. Let g: M — N be a continuous map, where M and N are
topological spaces. We say that the Stein factorization of g is triangulable if there
exist simplicial complexes K, L and V, simplicial maps f: K — L, ¢: K — V and
¢: V — L, homeomorphisms A: |K| — M, p: |L| - N and ©: |V| — W, such that the

following diagram is commutative:
g
Wy

A

s

M N

K Ll.

We call ¢, ¢ and V' triangulations of q4, g and Wy, respectively.
Our first result of this paper is the following.

Theorem 2.5. Let g: M — N be a proper continuous map between locally com-
pact topological spaces M and N. If g is triangulable, then so is the Stein factorization

of g.

Theorem 2.5 will be proved in Section 3.

Shiota shows in [22] that proper Thom maps, which constitute quite a large class
of C'"°° maps between smooth manifolds, are triangulable. In particular, topologically
stable proper C*° maps are triangulable. Therefore, we have the following.

Corollary 2.6. Let g: M — N be a proper C'*° map between smooth manifolds.
If g is a Thom map, then the Stein factorization of g is triangulable.
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Corollary 2.7.  For smooth manifolds M and N, in the space of proper C
maps CpY (M, N), the set of those maps whose Stein factorizations are triangulable con-
tains an open and dense subset.

§ 3. Triangulating Stein factorizations

In order to construct a triangulation of the Stein factorization of a given triangulable
map, we begin by studying the fibers | f|~1(y) for a simplicial map f: K — L between
simplicial complexes for y € |L|.

The following lemma is well-known (for example, see [13, Lemma 20.5]).

Lemma 3.1. Let f: K — L be a simplicial map between simplicial complexes,
T € f(K) a simplex of L, and b, the barycenter of T. Then, there exists a homeomor-
phism Q. |f]71(T) = | |71 (b;)x T making the following diagram commutative:

Q,

fI7 () x T

N

T,

fI74(7)

where T is the interior of the simplex T and po is the projection to the second factor.
Let f: K — Lbea simplicial map between locally finite simplicial complexes.

Definition 3.2.  Suppose that L is a barycentric subdivision of L. Then by [8,
Lemma 1.8], there exist a subdivision K of K and a simplicial map f: K — L such
that |f| = |f|. We call f a subdivision of f.

We will define an abstract simplicial complex V and show that its associated poly-

hedron is homeomorphic to WI 7= W, s|- Note that K and L are locally finite, since so

are K and L. Let us assume that |f| = |f|: |[K| — |L]| is proper.

Let K(© denote the set of vertices of K. For v,w € K, we say that v is f-
equivalent to w, written as v ~ w, if f(v) = f(w) and there exist a finite sequence of
vertices vg,v1,...,vs of f7Y(f(v)) = f71(f(w)) C K such that v = vy, w = v, and
there are 1-simplices (v;v;11) in f~1(f(v)) connecting v; and v;yq1, i = 0,1,...,s — 1.
This clearly defines an equivalence relation. Note that if v ~ w, then they belong to
the same connected component of |f|=(|f](v)) = |f]71(|f|(w)).

We define the abstract simplicial complex V as follows. The set of vertices V(®)
is the f-equivalence classes K(*)/~ of vertices of K. Distinct f-equivalence classes
[vo], [v1], ..., [vk] of V(©) define a k-simplex of V if for each i = 0,1,. .., k, there exists a
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v; € [v;] such that (vyv] ---vy,) defines a k-simplex of K. In this case, we denote the k-
simplex by {[vo], [v1],. .., [vk]}. Tt is easy to verify that V defines an abstract simplicial
complex.

We define the map ¢: K — V by ¢((vov1 - - - vk)) = {[vo], [v1]- - -, [vk]}. Note that
¢ is a simplicial map, although ¢({vovy ---vg)) may have dimension strictly smaller
than k.

Define ¢: V — L by ¥ ({[vo], [v1], -, [vk]}) = (f(vo)f(v1)--- f(vg)). Note that
is well defined: in fact f(v) does not depend on the choice of a representative v of [v]
and (f(vo)f(v1)--- f(vg)) defines a simplex of L.

A simplicial map is said to be non-degenerate if it preserves the dimension of each
simplex.

Lemma 3.3. The map ¢ is simplicial and non-degenerate. Furthermore, the
following diagram is commutative:

K ! L
o NG A
V.

Proof. 1t is straightforward to show that ¢ is simplicial. In order to show that

¢ is non-degenerate, let o = {[vg], [v1]} be a 1-simplex of V. There exist v, € [v;],
i = 0,1, such that (vjv]) € K. Since 1 does not depend on the representatives, we
have ¥ ({[vo], [v1]}) = (f(v()f(v])). Suppose, by contradiction, that f(vj) = f(v}),
i.e., ¥(o) is a O-simplex of L. From (vyv}) € K and f(v)) = f(v}) it follows that
(vyvy) € fHf(vg)) = fF7H(f(v})). Then, we have vy ~ v}, which is a contradiction,
since [v(] # [v}]. Therefore, ¢ is non-degenerate.

The commutativity of diagram (3.1) follows immediately from the definition of

. O

Lemma 3.4.  For the PL maps |¢|: |K| — |V| and |¢|: |V| — |L| associated
with the simplicial maps ¢: K —V and ¢: YV — L, respectively, ||~ (z) is contained
in a connected component of | f|~(|¢b|(x)) for all z € |V|.

Proof. There exists a unique simplex o = {[vo], [v1], .. ., [vs]} € V such that z €0.
The simplex 7 = 9(c) € L can be written as

(W ([wol)p([va]) - - - ([wr])) = (f (vo) f (v1) - - f(vr))-

As 1 is non-degenerate by Lemma 3.3, we have |¢|(x) €7. Since L is a barycentric

~ ~ [e]
subdivision of L, there exists a unique 7 € L such that 757 and dim7 > dim 7 (see
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T [¥1(2)

[4[([vo]) = bz

Figure 2. The simplices 7 and 7

Fig. 2). (Note that we have dim 7 > dim 7 when 7 is the cone over a simplex contained in
OT with non-maximal dimension, with vertex the barycenter bz of 7.) We may assume,
without loss of generality, that |¢|([vg]) is the barycenter of 7, i.e., [1|([vo]) = bz.

Consider the line segment v in 7 joining |¢|(x) and [¢|([vg]). Note that v is en-
tirely contained in the interior of 7. Since |f| = |ﬂ, applying Lemma 3.1, we have
a homeomorphism H.,: |f|~'(y) — |f|7*(b7) x v which makes the following diagram
commutative:

17 ) = Lf17(b7) >

N A

where ps is the projection to the second factor.

Let y and z be arbitrary two points of |o|~!(z). We will show that they be-
long to the same connected component of |f|~1(|1|(z)). There exist two simplices
oy = (o1 -+~ ug) and o, = (wowy - - - wy,) of K such that y any, z €0y, and p(oy) =
o= p(0,). Let ug,u1,...,u;, (or wo,wr,...,wj, ) be the vertices of o, (resp. o,) which
are mapped to [vg] by ¢. Then ug ~ -+ ~ w;y ~ wo ~ -+ ~ wj,, i.e., they be-
long to the same connected component of |f|=1(|f|(vo)) = |fI7L(|%|([ve])) = |fI~1(b7).
Consequently they belong to the same connected component of |f|~1(7).

Let v, be the line segment in o, joining ug to y, and v, the line segment in o, joining
wo to z. We have |f|(yy) = |f|(7.) = 7. Then, up and y are in the same connected
component of |f|71(y), and wy and z are also in the same connected component of
F17H(y)-

As a consequence, y and z are in the same connected component C of |f|~1(vy). By
the commutative diagram (3.2), we have that C' is homeomorphic to ¢ x 7, where ¢ is the
connected component of | f|~1(bz) that contains ug and wq. In particular, |f|=1(|¢|(z))N
C is homeomorphic to ¢, which is connected. Moreover, we have y, z € |f|~(||(z))NC;
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therefore, y and 2 belong to the same connected component of | f|~1(|¢y|(x)). O

We will show that the underlying space |V| associated to the abstract simplicial
complex V is homeomorphic to W|s. For this, we define the map a: [V| — W)s by
a(z) = q5(Jel 1 (z)), © € |V|, where qf: |[K| — Wy is the quotient map associated
with |f|: |K| — |L|. By virtue of Lemma 3.4, the map « is well defined.

We have the following diagram:

/1
K] L]
w (I)|_f/|’
Wi

I III
lo] Imn ’ (I1I) |
«

VI

Part (I) in the above diagram is commutative. Part (II) is also commutative by the
definition of a. For the commutativity of (III), by the definition of @ and commutativity
of (I) we have, for z € |V|,

[fl(a(@)) = [fl(a 70l () = If1(e] (@) = [$](2),

where the last equality follows from the commutative diagram (3.1). Therefore, part
(III) is also commutative.
In order to define the inverse map of «, we need the following.

Lemma 3.5.  For all v € Wiy, |c,0|(q|_f|1 (x)) consists of a single point.

Proof. Let y and z be any two points in ql_fll (). By commutativity of part (I) of
diagram (3.3), we have

1) = IfToapi(y) = 171() = [fTo qp(2) = |£1(2).

There exists a unique 7 = (vgvy - - - vg) € L such that |f|(y) = |f|(z) €T. Furthermore,
there exist o, = (uou1---ug) and o, = (wowy -+ - wy,) € K with £,m > k such that
Yy any, z €0, and floy) = flo,) =T.

We may assume

f(UO) — .=
f(uio+1) :

—
S
<
I
<
iy
~
—
S
.
S
+
=
~—
I
I

Pt ya1) = o = Flue) = vn = f(wyyrs1) = -+ = Flum).
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Since ug, u1, ..., uy are vertices of o, € K, we have
U ~ N Uy U1 ™ 0 Uy g ey Ugy 1 0~ Uy,

Similarly, we have

Wo ~ e N Whgy Wig1 ™ 0 ™ Wiy wevy Wy g 41~ 000 Wine

Suppose, for the moment, we have the equivalences
(3'4) Ug ~ Wo, Ujg+1 ~ Wig+1s « vy Ugp_ 41 ~ Wy +1.

We can write y and z in barycentric coordinates:

k ir k
y:z Z o;u;  and ZZZ Bijw;,

r=0 i=%,_1+1 r=0 j=jr—1+1

where i—l = 1= j_17 Zk = f, jk =m, a; > 0,6_7 > 07

2 m
Zaizl and Zﬁjzl.
i=0 j=0

Then we have

k
:Z : : u"’r 1+1

Similarly, we have

Since
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and |f|(y) = |f|(2), from the uniqueness of barycentric coordinates it follows that

iy Jr
> o= >, B
1=tr—1+1 J=Jr—1+1

for all r. Then, since [u;, ,+1] = [wj,_,+1] for all r by our assumption (3.4), we have

lel(y) = [el(2)

In order to show the equivalences (3.4), we need the following.

Lemma 3.6. Forr = 0,1,...,k, |f|7'(v.) is a strong deformation retract of

17 ({or}UT).

Proof. Let 6 be a simplex contained in |f|~!(7) such that f(8) = 7. Let 6y be
the maximal face of 6 such that |f|(fy) = v,, and let §; be the complementary face of
0 formed by the vertices not belonging to 6y. Each point a € |f|~1({v, }UT) N6 can be
uniquely expressed as

a = )\0t0 + )\1151

for some tg € g, t1 € 01, Ao > 0, Ay > 0 and A\g + A; = 1. Set v,.(a) = to. Then,
we can show that v,: |f|~ ({v,}UT) — |f|~ (v,) is well defined and defines a strong
deformation retract. O

Let us now show the equivalences (3.4). For each r there exist

(i) aline segment w; in o, joining u,;, _, 41 and y, where the line segment w; is contained

in | | ({v, }UT),

(ii) a path wy in |f|=*(]f](z)) joining y and z, since y and z belong to q|}|1 (x), where

the path wy is contained in |f|~1(7), and

(iii) a line segment ws in o, joining w;, , 41 and z, where the line segment ws is contained

in | £~ ({v, JUT).

Let w be the path obtained by connecting wy, wo and w3, where ws is the path ws
with the opposite orientation. The path w is contained in |f|~*({v, }UT) and connects
wi, ,+1 and wj,_,y1. Then v, ow is a path in |f|~(v,) joining u; _,+1 and wj,_, 41.
Now it is easy to modify the path v, ow, fixing the end points, so that it passes through
only 1-dimensional simplices of f~1(v,.).

We conclude that w;,_, 41 ~wj,_, 41 forallr=0,1,...,k. O

Let us define the map 8: Wiy — V| by B(z) = |g0|(q|}|1(a:)), x € Wiy. This is well
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defined by Lemma 3.5, and we have the following diagram:
|£]
K| | L]

(I) -
a5 |1

ooy
W
o] \ i

(3.5)

VI

Part (II) of the above diagram is clearly commutative. As to part (III), take a point

w € Wig|. Since || o |¢| = |f| and momﬂ = |f], we have [9] o |¢| = | |oq|f|. Then

([0 B)(w) = [$|(B(w))

= (|9l ol (g7 () = (If]

[¥1(lel(a7 (w)))

OC]|f|)(€l|_f|1(w)) = |f](w).

Therefore, part (III) is also commutative.
To prove the continuity of @ we need the following.

Lemma 3.7.  If |f| is proper and K and L are locally finite, then |p| is a closed
proper map.

Proof. Let D be a compact subset of [V|. Let us show that |o|~(D) is a com-
pact subset of |K|. By the commutativity of diagram (3.5), we have |¢|~1(D) C
|fI72(J»|(D)). Since |¢| is continuous and |f| is proper, we see that |f|=1(|¢|(D))
is a compact subset of |[K|. On the other hand, |¢|~!(D) is a closed subset, since |¢p]
is continuous. Since it is contained in the compact set |f|=(|¢|(D)), it is compact.
Therefore, || is a proper map.

Now let us show that V is locally finite. Let [v] be a vertex of V. If a simplex
{[vo], [v1], - - -, [vm]} of V has [v] as one of its vertices, then there exist vertices v ~ v; of
K such that (vyv] ---v],) € K, and v ~ v} for some i. Since |f| is proper, there exist at
most finitely many vertices w of K such that v ~ w. For each w, we have only finitely
many simplices of K that have w as one of its vertices, since K is locally finite. Then
only a finite number of simplices of V have [v] as one of its vertices. Therefore, V is
locally finite.

Then, by [15, Lemma 2.6, p. 11], |K| and |V| are locally compact. By [15,
Lemma 2.4, p. 10], they are Hausdorff. Since |p| is proper, by [2, Proposition 11.5,
p. 33], |¢| is a closed map. O

Now we are able to show the following.
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Lemma 3.8.  Under the hypothesis above, o is the inverse map of B. Further-
more, « and [ are continuous.

Proof. Let w be an arbitrary point of W)f. Then we have

(o B)(w) =a(B(w)) = allel(g; (w))
= g7/l (lel(g7) (w))))-

By virtue of Lemmas 3.4 and 3.5, we have that ¢z (|¢|~ 1(|<,0|(q|}|1(w)))) consists of a
single point. Since q|7| is surjective, gz (||~ (|g0|(q|f|( w)))) contains w, and we have
q|f|(|g0|_1(|cp|(q|}|1(w)))) = w. Therefore, we have o o B(w) = w, Yw € Wy, and
consequently ao 8 = idw, .

Consider now an arbitrary point y of [V|. We have

(Boa)(y) = Blaly)) = Blan (el ®))) = lel(a7 (g7 (el ))))-

By Lemmas 3.4 and 3.5, |cp|(q|}|1 (q;71(Jel*(y)))) consists of a single point of [V|. On the
other hand, |go|(q|;c|1(q|f|(|g0|_1(y)))) contains y, since |p| is surjective. Hence, we have
(Boa)(y) =y, Yy € |V|, and consequently « is the inverse map of f.

If B C |V| is an open subset of |V|, then by the definition of the quotient topology
on Wiz, B~1(B) is an open subset of W ¢ if and only if q|}|1 (871(B)) is an open subset
of |[K|. In fact, q|ff|1(6_1(B)) = (Boqy) ' (B) = |¢|~(B) is an open subset of |K],
since || is continuous. Therefore, § is continuous.

Since « is the inverse of 3, in order to show that « is continuous, we have only
to show that 8 is a closed map. Let D be a closed subset of Wf. Since gz is
continuous, q| I(D) is a closed subset of |K|. By Lemma 3.7, |p| is a closed map.
Thus, |<p|(q|f|( )) is closed in |V|. On the other hand, |g0|(q|f|( )) = B(D), since gy
is surjective. Therefore, o is continuous. O

Summarizing the above argument, we have proved the following.

Proposition 3.9.  Let f: K= Lbea stmplicial map between two locally finite
simplicial complezes such that |f|: |K| — |L| is proper. Let f: K — L be a barycentric
subdivision of f Then, there exist a simplicial complex V), a simplicial map ¢: K — V,
a non-degenerate simplicial map :V — L and a homeomorphism a: |V| — Wy,
making the following diagrams commutative:

K| — A —— 1
K f L \%I 71
O W,
(3.6) NV% B [u g
V|
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Remark 3.10.  In Proposition 3.9, the first diagram can be regarded as a trian-
gulation of the Stein factorization of |f|: |K| — |L| (see Definition 2.4). In particular,
the quotient space Wy is homeomorphic to a polyhedron.

Proof of Theorem 2.5. Let g: M — N be a continuous map between topological
spaces M and N. Suppose M and N are locally compact, and ¢ is proper and tri-
angulable. Let f: K — Lbea triangulation of g, i.e., there exist homeomorphisms
A: |K| — M and p: |L| — N such that po |f| = go A. From [15, Lemma 2.6, p. 11]
it follows that K and L are locally finite. Let f: K — L be a barycentric subdivision
of f. It follows that K and L are also locally finite. The map |f|: |K| — |L| is proper
and po|f|=goA.

We can define the homeomorphism A: W)z — W, by A(z) = qg()\(q|_f|1 (x))), for
x € Wy, whose inverse map I': W, — W)y is given by T'(y) = ¢,/ (A" (g, ' (y))), for
y € W4. We have the following commutative diagram:

M N

\/
>

Aur_ :
\

Consider now the simplicial complex V, the simplicial maps ¢: K — V, ¢: V — L

K| L.

and the homeomorphism «a: |V| — W)|f|, which exist for f by Proposition 3.9. The
commutative diagrams (3.6) and (3.7) give rise to the following commutative diagram:

Then the map ©: [V| — W, defined by © = A o o is a homeomorphism and satisfies
the commutative diagram of Definition 2.4 with V replaced by V. Therefore, it follows
that the diagram (3.1) is a triangulation of the Stein factorization of g. O



74 JORGE T. HIRATUKA AND OSAMU SAEKI

Remark 3.11.  In the above proof, we used a barycentric subdivision of a given
triangulation. This procedure is necessary, since without the barycentric subdivision,
the space that we get may not be a simplicial complex as can be seen in Fig. 3.

Furthermore, we need that the map is proper, in order to guarantee that the re-
sulting space is locally finite as a simplicial complex. See Fig. 4 for an example of a
non-proper simplicial map whose Stein factorization is not locally finite. As another ex-
ample, consider the map g: R? \ {0} — R defined by g(z,y) = x, which is a non-proper
submersion. Then its Stein factorization is not even Hausdorff.

N/

Figure 3. Stein factorization of a simplicial map

Figure 4. Example of a non-proper simplicial map

§4. Euler characteristic and local indices for simplicial maps

Let g: M — R” be a C"*°-stable map, where M is a smooth closed manifold. We
would like to find formulas relating the number of singularities of g with the Euler
characteristics of certain subsets of M, g(M) and W,.

In [16], Ballesteros and Saeki define local indices for simplicial maps f: K — L
between simplicial complexes, where K is finite. They have found a formula relating
such indices with the FEuler characteristics of the source and the image of f. In this
section we refine their formula by using the Stein factorization of f.
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Definition 4.1. Let f: X — Y be a simplicial map, where X is a finite simpli-
cial complex.

(i) The closure of theset {z € X : f=(f(x)) # {z}} in X is called the self-intersection
set of f, denoted by D(f).

(ii) The set M (f) = f(D(f)) is called the multiple-point set of f.

Note that D(f) and M(f) constitute subcomplexes of X and Y, respectively. Further-
more, if v € M(f), then f=(v) C D(f).

In the following, for a simplicial complex C and a vertex u € C(9), we set

with 7 running over all simplices of C' which contain w. Then, we define the index
Indf(v) for each vertex v of M(f) by

(4‘1) Indf(v) = Xv(f(X)) - Z Xw(X)
we(f~1(v)©
(see [16]). In other words, we have

_1\dim T _1\dimo
(4.2) mds(v) = émll)—m_ > > —émll)aﬂ-

f(X)D13v we(F~1(v))© XDodw

Remark 4.2.  We can define the index for any vertex v € (f(X))© by (4.1).
Then, by definition we have Ind;(v) = 0 for all v € (f(X))@ \ M(f)©®. Furthermore,
if v € M(f)©), then we have

Indf(v) = xo(M(f)) — Z Xuw(D(f))-
we(f~1(v))©

In the following, x denotes the Euler characteristic with respect to the singular
homology. By [16, Theorem 3.3], we have the following.

Theorem 4.3. Let f: X — Y be a simplicial map between two simplicial com-
plexes, where X s finite. Then, we have

X(F(X) = x(X)= Y Tndg(v).
ve(FXN©

Let f: X — Y be a simplicial map, where X is finite. Let us assume that it is the
subdivision of a simplicial map as in Definition 3.2. By Proposition 3.9 we have the
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following Stein factorization, where W; is a finite simplicial complex whose associated
polyhedron is identified with W|¢|, and g5 and f are simplicial maps:

X ! Y
N
W,

Note that f: X — Y is proper, since X is a finite simplicial complex and its associated

polyhedron is compact.
Since the quotient space Wy is finite, we can apply Theorem 4.3 above three times
to the equality x(f(X)) — x(X) = (x(f (X)) = x(Wy)) + (x(Wy) — x(X)) to obtain

Z Indf(v) = Z Ind #(v) + Z Indg, (u).

vEf(X)(©) vEf(X)(©) uew
In fact, we have the following.

Lemma 4.4. Let f: X — Y be a simplicial map between two simplicial com-
plexes, where X is finite. Then, for allv € f(X)©, we have

Indy(v) = Ind¢(v) + Z Indg, (u).
w€(f1(v)©

Proof. The formula follows from the following calculation:

(—1)dim‘r dlma
Ind = ~ 7
nd¢(v) Z dim7 + 1 Z Z d1ma—|—1
f(X)D13v we(F~1(v))© XDodw
Z (_l)dimT Z Z d1m6
FWr ooy dim7 + 1 ue(f 1(1}))(0) W35 d1m5 +1
d1m6 dlma
- Z Z d1m5—l—1 Z Z d1ma—|—1
we(f~1(v)(@ WyDoSu we(f~1(v))©® XDodw
d1m6

=Indf(v) + Z Z 1m5 +1
we(f~1(v))(© W;yDé3u

dlm e

Bl Z Z Z dlma—i-l

w€(f1 () we(qy ' (u)) (@ XD03w

=Ind¢(v) + Z Indg, (u).
w€(f=1 ()@
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§5. Stable maps of 3-manifolds into R?

Let M be a closed orientable 3-dimensional manifold. In this section, by applying
Corollary 2.6 and Theorem 4.3 to a C*°-stable map g: M — R? and its Stein factoriza-
tion, we obtain a formula relating the singularities of g to its topological invariants.

In the following, for a topological space X, x°(X) denotes the Euler characteristic
of X defined by using the Borel-Moore homology HS(X;Z) (see [1]), or the homology
of infinite chains (see [23, Chap. 6, §3]). Note that when X is compact, x(X) coincides
with the Euler characteristic x(X) defined by using the usual singular homology.

The following well-known proposition gives us conditions for a C* map g: M — R?
to be C*-stable. For details, see [5, 11, 12].

Proposition 5.1.  Let M be a closed 3-dimensional manifold and g: M — R? a
C* map. Then g is C'°°-stable if and only if the following local and global conditions
are satisfied.

(1) For allp € M, there exist local coordinates (x,y,z) and (X,Y) around p € M and
g(p) € R2, respectively, such that

(z,y ) p: reqular point,

(Xog.Vog)= (z,y? y + 22), p: c‘leﬁmte‘ fold pozm%,
(x,y% — 22), p: mdeﬁmte fold point,
(v,—22 +yx+y3),p: cusp point.

Note that then the set S(g) of singular points of g forms a closed submanifold of M
of dimension 1.

(i) For every cusp point p € S(g), we have g=*(g(p)) N S(g) = {p}, and the map
91 5(g)~{cusp points} 5 an immersion with normal crossings.

Let M be a closed orientable 3-dimensional manifold and g: M — R2? a C*°-stable
map. The singular set S(g) of g is the union of the set Sy of the definite fold points,
the set S; of the indefinite fold points, and the set C' of the cusp points.

Let us consider the Stein factorization of g:

M g R2
\ ®) /
dg g

W,.

Every point p of W, admits one of the canonical neighborhoods as shown in Fig. 5, where
the thick lines represent the image of the singular set S(g) of g by g4 (see [11, 12]). A
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2 A

pc (Ig(Sl) pE QQ(SI)
trident double cone P € q4(C)

Figure 5. Local structures of W,

point p € Sy with g,(p) having a neighborhood as in the upper-right figure of Fig. 5 is
said to be simple, and a point p € S with ¢4(p) having a trident or a double cone as
its neighborhood is said to be non-simple.

Remark 5.2.  The images of the canonical neighborhoods as above by g are as
shown in Fig. 6 (see [12]).

From [25, 26] it follows that ¢ is triangulable and by Theorem 2.5 or by Corol-
lary 2.6, W, is homeomorphic to a polyhedron. Let f: K — L be a triangulation
of g, and let gy and f be triangulations of qg and g, respectively. They constitute a
triangulation of the Stein factorization of g:

K ! L
N
W;.

We denote by S(f), Sp, S1 and C' the subsets of K corresponding to S(g), So, S1
and C, respectively, as long as there is no risk of confusion.

Remark 5.3.  For r € f(W;) = f(K), we can easily describe the multi-germ
f: Wg, f7Yr)) = (L,r). For example, when f=1(r)n S(f) = f~1(r)N S1 = {p,p'}
with p # p’ and ¢¢(p) = q¢(p’), we have the two possibilities: the multi-germs are
described as in either Fig. 7 or Fig. 8.
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g(p)

p 9(p)

p €Wy~ q4(S(9)) P € qq4(So) P € qg(S1) simple

9(p) 7(p)

P € qg(S1) not simple  p € ¢4(C)

Figure 6. Images of canonical neighborhoods by g

N

[/
[ [/

Figure 7. Multi-germ corresponding to a trident

Later we will use the representation above to compute the local index for each

vertex of M(f).

Notation 5.4. In the following, for an equivalence class of a singular fiber in the
sense of [19, Remark 3.14], say I°, the symbol 1°(g) denotes the set of points y € R? such
that the fiber g=1(y) over y is equivalent to I° and some copies of a fiber of the trivial
circle bundle. We also use the notation I°(f), etc., for the corresponding subcomplexes
of f(S(f)). Furthermore, for a finite set X, |X| denotes the number of its elements.

Remark 5.5.  The number of vertices in f(K)~\ f(S(f)) and that in I*(f) depend
on the choice of a triangulation f: K — L of g, while the numbers [II*(f)| do not.

Definition 5.6. For y € f(K), we call k = |f~1(y)| the multiplicity of y. Simi-
larly, for z € g(M), we call k = |g~1(2)| the multiplicity of z. For each positive integer
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i+

Figure 8. Multi-germ corresponding to a double cone

k, the set of points in f(K) ~ f(S(f)) (or in g(M) \ g(S(g))) with multiplicity £ is

denoted by M(f) (resp. M(g)).

Remark 5.7.  The multiplicities of y € f(K) and z € g(M) are positive integers,
since f is a non-degenerate simplicial map and §~!(z) constitutes a finite set of points
which correspond to the connected components of g=1(2).

Set A = f(S(f)). Consider the following decomposition of the set f(K) into the
union of disjoint subsets:

FE) = | U Mi(f) | UA.

k>1

For v € A let Ind s, (v) denote the index of v with respect to the map fa =
f|f_1(A): f~1(A) = A in the sense of (4.1).

Using Remark 5.3 and considering a neighborhood of each vertex v € A, we can
compute the index Indg, (v) as follows. Let k be the multiplicity of a vertex v € A9,
From equation (4.2) it follows

dim 7 (_1)dima

IS
Wda®=2 G~ 2 X Gmort

we(f5' (v))©@ TIW

Then we obtain Table 1. For notations related to singular fibers, refer to [19, §3.1].

In the following, for each positive integer k, we denote by 1120( f) the set of points
in I1°°(f) of multiplicity k. Similarly, we use the notations II)*(f), II.*(f), IIZ(f) and
IT; (f). We also use the notation IT} (g) similarly.

Theorem 5.8. Let g: M — R? be a C*-stable map of a closed orientable 3-
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Indg, (v)
v € I10(f) 0
v e IL(f) 0

v e TI°(f) | k-2
v eI (f) | k-1
v e I (f) k
v € I13(f) k
v € I13(f) E—1
v € I1°(f) 1/2

Table 1. Index of each vertex v € A0

dimensional manifold into the plane. Then, we have

X(g(M)) = x(Wy) + > (1 = B)x“(My(9)) + > _(k = 2)|IR°(9)

k>2 k>3
+> (k= DR g) + Y KGN 9)| + > k1T (9)
k>2 k>2 E>1
) L )l
+> (k=1L (g 5

k>2

Proof. Since f(K) = f(W;) and W = f~1(f(K)), we have

E>1 k>1
—3 (- Mi(f)) + x(8) = x (F71(A))
k>2

Applying Theorem 4.3 to fa = f|f_1(A): f1(A) = A, we obtain

X(A) =x(f7HA) = Y Indg, (v)

’UEA(O)

81
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Then we have

X(FWg) = x(Wp) =D (1= E)X (M (f)) + > Indg, (v).

k>2 veA)

Using the indices calculated in Table 1, we have

X(F(Wy)) — x(Wy)
S-S @+ Y ndg, (v)

k>2 vEII(f) v€EII®!(f)
+ Z Indg, (v) + Z Indg, (v) + Z Indg, (v)
vEIIM (f) vEI?(f) VeI (f)
+ Z Inde (v)
vell*(f)
= (1= k)x*(My(f) + Y (k= 2)[IR°(f)]
k>2 k>3
> (k= DR+ DRI+ D kIR
k>2 k>2 k>1
1(f
+30 - n)+
k>2
Since f is a triangulation of g and g(Wy) = g(M), we get the desired result. O

We have the following immediate corollary, which is originally due to Thom [24].

Corollary 5.9. Let g: M — R? be a C*®-stable map of a closed orientable 3-
dimensional manifold into the plane. Then, the number of cusps is always even.

Some explicit examples can be found in [6].

§6. Stable maps of 4-manifolds into R®

In this section, we study C*-stable maps g: M — R®, where M is a closed ori-
entable 4-dimensional manifold. We will obtain an integer formula relating singularities
of such a map with some topological invariants.

Proposition 6.1.  Let M be a closed 4-dimensional manifold and g: M — R® a
C* map. Then, g is C*°-stable if and only if the following local and global conditions
are satisfied.
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(i) For everyp € M there exist local coordinates (z,y, z,w) and (X,Y, Z) aroundp € M
and g(p) € R3, respectively, such that

(Xo0g,Yog,Zog)

(

z,Y, 2), . reqular point,
T, Yy, 22 + w?), . definite fold point,
z,y, 22 — w?), . indefinite fold point,

Ty, 23+ xz — w?), : cusp point,
z,y, 2+ 122 + yz + w?),

z,y, 2t + 222 + yz — w?),

definite swallowtail point,

(
(
_ )
(
(
(

A~ L~ B~ B~ B =

\ : andefinite swallowtail point.

(ii) Set S(g) = {p € M : rankdg, < 3}, which is a closed 2-dimensional submanifold
of M under the above condition (i) and is called the singular set of g. Then, for
everyr € g(S(g)), g~ (r)NS(g) consists of at most three points and the multi-germ
(9ls(9),971(r) N S(g)) is equivalent to one of the siz multi-germs as described in
Fig. 9: (1) represents a single immersion germ which corresponds to a fold point, (2)
and (4) represent normal crossings of two and three immersion germs, respectively,
each of which corresponds to a fold point, (3) corresponds to a cusp point, (5)
represents a transverse crossing of a cuspidal edge as in (3) and an immersion
germ corresponding to a fold point, and (6) corresponds to a swallowtail point.

Let g: M — R3 be a C*°-stable map of a closed orientable 4-dimensional manifold
M. Then, as in the previous section, we have a triangulation of the Stein factorization

K ! L
\ O /
ar f

W,

We also use notations similar to those in the previous section. In particular, for notations

of g (see Proposition 3.9):

related to singular fibers, refer to [19, §3.1].

Remark 6.2.  The numbers of vertices in f(K)~\ f(S(f)), I*(f) and II*(f) depend
on the choice of a triangulation f: K — L of g, while the numbers [IIT*(f)| do not.

Set A = f(S(f)) ~ (I°(f)UI*(f)). Note that A is the set of points r € f(K)
which correspond to (2)—-(6) in Fig. 9 and that A is of dimension one. (Note that here
we use f(S(f)) ~ (I°(f) UI*(f)) instead of f(S(f)) as A, since we need to ignore the
2-dimensional simplices in order to simplify the computation.) For v € A, Ind 7a(v)
denotes the index of v with respect to the map fa = f|f_1(A): F~Y(A) = A. Let Ap
(or Arqp) denote the subset of A corresponding to IT*(f) (resp. IIT*(f)).
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(1) )
0\'
- o
(4) (5) (6)

Figure 9. Multi-germs of g[g(g)

Proposition 6.3.  The index Indf, (v) for each vertex v of Ay is given as in
Table 2, where k is the multiplicity of v. The index Indf, (v) for each vertex v of A

vanishes.

Proof.  The index Ind s, (v) can be calculated by analyzing the adjacencies among
the sets I*(f), II*(f) and IIT*(f). For example, for v € IIT*(f), the fibers near the
singular fiber component of f~!(v) are as in Fig. 10 (for details, see [19, §3.1]). Then,
we can calculate the index Ind, (v) according to its definition. Details are left to the

reader. O

In the following, for each positive integer k, we denote by |[III;(f)| (or [IIT;(g)|) the
number of elements of IIT*(f) (resp. III*(g)) of multiplicity k.
By the same argument as in the proof of Theorem 5.8, we obtain the following.

Theorem 6.4. Let g: M — R® be a C*-stable map of a closed orientable 4-
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Table 2. Index of each vertex v € A0

dimensional manifold into R®>. Then, we have

x(g(M))
W)+ > (1= k)X (Mi(9) + (1= k)x“(M; (g))
k>2 k>2
+) <2k - ;) R (g) + > <2k - g) 1Y (g)]|
k>3 k>3
3
57 (26— 2 ) Y 9) |+ S (28 — = ) TIIE (g)
£ (- o 5 ()
3
ok — 2 ) [III%2(g)| + 2k — = ) [} (g)]
(263 ) iz 32 (2 3)
(2k %) L2 (g)] + ) (2k— —) T3 (g)]

k>2

Indg, (v) Indg, (v)
v e II°°(f) | 2k —(7/2) velll°(f) | 2k i 2
v e I (f) | 2k — (5/2) v e TIT7(f) - (/2)
v e I (f) | 2k — (3/2) velll®(f) | 2k—2
ve ' (f) | 2k—(1/2) velll”(f) | k-1
v e I%(f) | 2k —(3/2) v € I (f) k
v e I®(f) | 2k—(5/2) v e 1I1°(f) k
v e I(f) | 2k — (1/2) v € I°(f) k/2
v e IYP(f) | 2k —(3/2) velll(f) | (k—1)/2
v e II4(f) | 2k — (1/2) velII°(f) | (k+1)/2
v eP(f) | 2k—(1/2)

2% — — | [IIIE(g)| + k— <) [ (g)]
(2= 3) o + X (2% - )
3 @k -2) |mz<g>|+z( 2% —) () + 3 (2 — 2) |1 (g)

k>1 k>1 k>1
+ 3 (k= DR (9)| + > KL (9)] + > kIR (g)
k>2 k>2 k>1

+Z§|ng(g)| +k§>:1 <§ - %) I3 (9) + ) (

k>1 k>1

) ).
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OO0

N

DX OOCX

Figure 10. Degeneration of fibers near a I1T*-type singular fiber

where M} () = {y € g(M) ~ g(S(9)) : 137" ()| = k}, A = g(S(g9)) ~ (°(9) UT'(9)) and
MZg) ={y€g(S(g) ~ A : g7 (y)| =k}

As an immediate corollary, we have the following.

Corollary 6.5. Let g: M — R3 be a C™-stable map of a closed orientable 4-

dimensional manifold into R®>. Then, we have

T ()] = (LI(g)| + [1II%(g)])

+ > Mg+ Y (I (g)| + [T (9))) =0 (mod 2),
k:odd k:even

where T(g) (C R3) is the set of triple points of 9gls(g) in the target as in Fig. 9 (4).

Note that the above congruence can also be obtained by using the adjacencies of
singular fibers. For details, see [19, Remark 4.4].

Example 6.6.  Consider the C*-stable map g: CP242CP2 — R® constructed in
[19]. Note that g has only fold points as its singularities. Furthermore, the set g(S(g))
is a disjoint union of three spheres, which are the images of definite fold points, and a
Boy surface, which is the image of indefinite fold points. Therefore, g has exactly one
singular fiber of codimension three and g has neither swallowtails nor cusp points.

For this map, we have [III(g)| = [III{(g)| = [III(g)| = O for all & > 0. From
Corollary 6.5 it follows that |T(g)| — ([TII°(g)| 4 |TIT3(g)|) = 0 (mod 2). This implies
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that the singular fiber of codimension three must be of type ITI® or III®, since |T'(g)| = 1.
In fact, g has exactly one singular fiber of type III®.

Example 6.7. In [9, Theorem 2.1, p. 6], Kobayashi presents a C'*°-stable map
gi: CP? - R3
satisfying the following properties.

(1) The singular set S(g1) is diffeomorphic to RP?fRP2§RP? (see [7, Example 5.8] as
well).

(2) The map g; has six swallowtails and six curves of cusp points.

For the map g1, we have two triple points of g1|g(g,), one of which corresponds to a
singular fiber of type IT1°°°, and six definite swallowtails. Note that the six swallowtails
are of the same type, while three of them have multiplicity one and the other three have
multiplicity two. Then, by Corollary 6.5, we have |III°(g1)| + [II13(g1)| = 1 (mod 2).
Since |T'(g1)| = 2 and [II1°%(g;)| = 1, the singular fiber corresponding to the other
triple point of g1]g(4,) has to be of type II11° or III8.

Example 6.8. In [9, Theorem 3.1, p. 8], Kobayashi presents a C'°*°-stable map
ga: CP? - R3
satisfying the following properties.
(1) The singular set S(gz) is diffeomorphic to the disjoint union S? U RP?2.

(2) The map g2 has a circle of cusp points and some surfaces of fold points, while it
does not have any swallowtails.

(3) The singular value set g2(S(g2)) C R® consists of two connected components: the
image of RP? is a singular surface obtained from an embedded sphere with a cuspidal
edge circle, by replacing a small 2-dimensional disk with a punctured Boy surface,
and the image of S? is embedded so that it surrounds the image of RP2.

As in Example 6.6, go does not have any swallowtails and ga|s(g,) has only one
triple point. Therefore, the singular fiber corresponding to this point has to be of type
IT1° or IT1°.

Remark 6.9.  As a consequence of Corollary 6.5, if a C*°-stable map g: M — R3
of a closed orientable 4-dimensional manifold M does not have any swallowtails and
9d|s(g) has only one triple point, then the singular fiber corresponding to this point has
to be of type III® or III®. Moreover, by [18, Corollary 5.4], the Euler characteristic
x(M) is odd.
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Remark 6.10.  Some related Euler characteristic formulas based on singular fibers
of maps are obtained in [7].
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