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Equivariant local index

By

Takahiko YOSHIDA*

Abstract

This is an expository article on the equivariant local index developed by Fujita, Furuta,
and the author in [7].

§1. Background, motivation, and purpose

This is based on a joint work with Hajime Fujita and Mikio Furuta [5, 6, 7, 4].
In [5, 6] we developed an index theory for Dirac-type operators on possibly noncompact
Riemannian manifolds and applied the index theory to the geometric quantization of
Lagrangian fibrations. In [7] we refined the index theory in the case of torus actions.
As an application we obtained a proof of the quantization conjecture, concering the
commutativity of the quantization and the symplectic reduction, in the case of torus
actions. Other applications of the index theory will be described in [4, 8]. The purpose
of this note is to explain the equivariant index theory developed in [7] in a simple
symplectic case.

Let us recall the background and our motivation. One of our motivation comes
from the geometric quantization. Let (M, w) be a closed symplectic manifold. Suppose
that (M,w) is prequantizable, namely, the cohomology class represented by w is in the
image of the natural map H?(M;Z) — H?(M;R). Then, there exists a Hermitian line
bundle L — M with Hermitian connection V¥ whose curvature form Fy. is equal to
—2my/—1w. (L, V) is called a prequantum line bundle.
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It is well known that a symplectic manifold is equipped with an almost complex
structure J compatible in the sense that g(u,v) := w(u,Jv) is a Riemannian metric.
For example see [18]. We take and fix a compatible almost complex structure J. We

extend J to TM ®g C complex linearly, and v/—1 and —+/—1-eigenspaces by T10M
and T%!' M, respectively. We put

W:=A"*T"M® L=nAT"M)"®L.

The Levi-Civita connection with respect to the Riemannian metric g together with the
Hermitian connection V% of L induces the canonical connection V: T'(W) — I'(T*M ®
W) on W. Moreover, the Clifford module structure ¢: CI(T*M) — End(W) is defined
as

c(u) == v=2W" Na—u"'La)

for u € T*M and o € W, where u%! is the (0,1)-factor of u® 1 € T*M ® C =
(THOM)* @ (T M)*. Then, the Spin® Dirac operator is defined to be the composition

D:=coV:T(W)—=T(W).

It is well known that D is a first order, formally self-adjoint, elliptic differential operator

of degree-one, and if (M, w, J) is Kéhler and L is holomorphic, then D is nothing but the

Dolbeault operator with coefficients in L up to constant, namely, D = /2 (0QL-+0*®L).
Let D° and D' be the degree-zero and degree-one parts of D, namely,

0._ 1.
D" = D|/\0,Ev€nT*M®L, D" = D|/\0'°ddT*M®L7

respectively. Since M is closed and D is elliptic, D is Fredholm, namely, both of the
kernels of D° and D! are finite dimensional vector spaces. Then, the index of D is
defined by

ind D := dim ker D° — dim ker D*.

ind D is called the Riemann-Roch index. Note that ind D depends only on w and does
not depend on the choice of J and V¥ since the index is homotopy invariant and the
space of compatible almost complex structures of (M, w) is contractible. By the Atiyah-
Singer index theorem, ind D can be expressed as

ind D = / e“Td(TM,J),
M

where T'd(TM,J) is the Todd class of the complex vector bundle 7'M with complex
structure J. Moreover, if (M, w, J) is Kéhler and L is holomorphic, then ind D is equal
to the Euler-Poincaré characteristic

indD = (—1)?dim H(M,Op).
q>0
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For the Spin® Dirac operators see [16].

A Lagrangian fibration is a fiber bundle : (M,w) — B from (M,w) to a manifold B
whose fiber is a Lagrangian submanifold of (M,w). Note that for a Lagrangian fibration
7: (M,w) — B, the restriction (L, V%)|;-1(;) to each fiber 771(b) is a flat line bundle
since Fyr = —2my/—1w and a fiber is Lagrangian. A fiber 771(b) of a Lagrangian
fibration m: (M,w) — B is said to be Bohr-Sommerfeld if (L,V¥)|.-1() has a non-
trivial global parallel section. The Bohr-Sommerfeld condition is equivalent to that
the degree zero cohomology H° (ﬂ_l(b); (L,VL)|7T—1(b)) with coefficients in the local
system (L, VE)| -1 (b) 18 non-trivial. It is known that the Bohr-Sommerfeld fibers appear
discretely. Then, in [1] Andersen showed that for a Lagrangian fibration 7: (M,w) — B
the Riemann-Roch index is equal to the number of Bohr-Sommerfeld fibers.

A completely integrable system can be thought of as a Lagrangian fibration with
singular fibers. Similar results are known for several completely integrable systems,
such as the polygon space [14], the Gelfand-Cetlin completely integrable system on a
complex flag variety [12] and the Goldman completely integrable system on the moduli
space of flat SU(2)-bundles on a Riemann surface [13].

Suppose (M,w) is equipped with an effective Hamiltonian action of a compact Lie
group G which lifts to L and preserves all the data. Then, ker D° and ker D! become
G-representations. In this case the equivariant Riemann-Roch index is defined as

indg D := ker D° — ker D* € R(G),

where R(G) is the representation ring of G. In the case where G is a torus (S')",
M is a complex n-dimensional nonsingular projective toric variety, and L is an am-
ple line bundle, it is known by Danilov [2] that indg D has the following irreducible
decomposition

indeD= @ Cy,

y*eu(M)Nt;

where p is the moment map associated to M and C.- is the irreducible representation
with weight v*. The moment map p can be thought of as a Lagrangian fibration with
singular fibers. All singular fibers of y are smooth tori. Hence, in this case, the notion
of a Bohr-Sommerfeld fiber makes sense even for singular fibers. Moreover, elements of
u(M) N, correspond one-to-one to Bohr-Sommerfeld fibers. In particular, the Danilov
formula can be thought of as a refinement of Andersen’s result. The Danilov formula
was generalized to non-symplectic cases, such as, presymplectic toric manifolds [15],
Spin® manifolds [9], and torus manifolds [17].

In the Geometric quantization the Riemann-Roch index and the number of Bohr-
Sommerfeld fibers correspond to the dimensions of the quantum Hilbert spaces obtained
by the Spin® quantization and the geometric quantization using a real polarization,
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respectively. From the viewpoint of the geometric quantization it is fundamental to
investigate the relationship between these two quantizations.

The above results are localization phenomena of the Riemann-Roch index to the
Bohr-Sommerfeld fibers. So we have a natural question: We wonder whether all of these
localization phenomena might be caused by the same mechanism. If it is true, make
clear the mechanism of the phenomena.

For this question we gave a partial answer in [5, 6, 7]. Namely, in [5] we developed an
index theory for Dirac-type operators on possibly noncompact Riemannian manifolds,
which we call the local index, and improved the result obtained in [5] and obtained a
product formula for the local index in [6]. In [7] we refined the local index to the case
of torus actions and gave a proof of the quantization conjecture for the Hamiltonian
torus actions. Some of the above results, such as the equality between the Riemann-
Roch index and the number of Bohr-Sommerfeld fibers for a nonsingular Lagrangian
fibration and the Danilov formula for a toric variety, were obtained as consequences of
the excision property for the (equivariant) local index. See [5, 6, 7, 8].

Although the index theory developed in [5, 6, 7] is formulated for Riemannian
manifolds it seems complicated for non experts. So, in this note, for simplicity, we will
explain the equivariant version of the local index for the Hamiltonian S!'-actions. It is
one of the simplest case.

This note is organized as follows. In Section 2 we will explain two versions of
local indices for prequantizable symplectic manifolds with Hamiltonian S!-actions. In
particular, when the manifold has an open covering that satisfies certain conditions we
can obtain localization formulas for local indices. In Section 3, we will give a way to take
such an open covering and will consider the localization formulas for the open covering
in details.

§ 2. Equivariant local index

§2.1. indg:i(M,V;L)

In this subsection let us recall the equivariant local index in the symplectic case.
Let (M,w) be a possibly non-compact symplectic manifold and (L,VY) — (M,w) a
prequantum line bundle on it. Suppose M is equipped with an effective Hamiltonian
Sl action which lifts to L and preserves all the data. Note that each orbit O is isotropic
in the sense that w|o = 0. In particular, the restriction of (L, VL) to each orbit is a flat
line bundle because of %FvL =w.

In order to define the equivariant local index we introduce the following notion.

Definition 2.1.  An orbit O is said to be L-acyclic if it satisfies the condition
H° (0;(L,VF)|o) = 0.
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Note that the non L-acyclic condition is a generalization of the Bohr-Sommerfeld
condition for Lagrangian submanifolds.
The following lemma is one of the key points to define the equivariant local index.

Lemma 2.2. Let O be an orbit of the S'-action on M. Then, the following
conditions are equivalent:

1. O is L-acyclic.

2. (L, V)]0 admits no non-trivial global parallel section.

8. H* (0; (L, VH)|p) = 0.

4. The kernel of the de Rham operator of O with coefficients in L vanishes.

Remark 1.  An orbit consisting of a fixed point is not L-acyclic since on such an
orbit (L, VF) always has a non-trivial global parallel section.

Proof of Lemma 2.2. 1t is clear that the first two conditions are equivalent. Since
an L-acyclic orbit O is a circle the first and third conditions are equivalent. See [6,
Lemma 2.29]. Moreover, by the Hodge theory, the third condition is also equivalent to
the fourth condition. O

Example 2.3 (Non L-acyclic orbits in CP!).  Let k be a positive integer. De-
fine (M,w) and (L, VL) to be the following quotient spaces by the equivalence relations

1/_1 1 _
(M,w) = Sga?ZdeAdzj [ (20,21)~(hz0,hz1) (hES)>
§=0

1
1 _
(L7 VL) = Slzz xC,d+ 5 Z(Zjdzj - Zjdzj) /(Zo,z1,v)~(hzo,hz1,hkv)7

§=0

where S} := {2 = (20,21) € C?: ||2||> = k}. Namely, (M,w) is the one-dimensional
complex projective space CP! with kwrg, where wpg is the Fubini-Study form which
represents the generator of H®*(CP!;Z), and L is the kth tensor power of the hyperplane
line bundle H®*.

Take and fix an integer m. Let us consider the toric S'-action on M and its lift on
L which is defined by

glzo : z1,v] :== [20 : g21, 9™ V]

for g € St and [2g : 21,v] € L. In this example we have the following exactly k + 1 non
L-acyclic orbits

Oi={lz: 2] € M: |22 =i} (i=0,1,....k)
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In fact, for an orbit O take and fix an element [2g : z1] € O. Then, O can be written as
O ={[20 : hz1]: h € S*}. Suppose s € H°(O; (L, V¥)|o) is a non-trivial global parallel
section. Then, it is easy to show that s should be of the form

(2.1) s([z0 : hz1]) = [z0 : h21, h|21|230]

for some complex number sq € C. In particular, by (2.1), |21]? should be integer since
s is a global section on O. Conversely, suppose |z1|? is an integer. Then, (2.1) defines
a non-trivial global parallel section on O.

In [6, 7] we obtained the following theorem.

Theorem 2.4 ([6, 7]).  Let (M,w) be a possibly non-compact symplectic man-
ifold with effective Hamiltonian S*-action and (L,VF) — (M,w) an S'-equivariant
prequantum line bundle on it. Let V.C M be an S'-invariant open set which contains
only L-acyclic orbits and whose complement M \ V is compact. For these data, there
exists an element indg1 (M, V; L) € R(SY) of the representation ring R(S') of S! that
satisfies the following properties:

1. indg: (M, V; L) is invariant under continuous deformation of the data.

2. If M is closed, then, indgi(M,V; L) is equal to the equivariant index of a Spin®
Dirac operator.

3. If V' is an S*-invariant open subset of V with complement M \ V' compact, then
we have

indgi (M, V; L) = indg: (M, V'; L).

4. If M" is an S'-invariant open neighborhood of M\ 'V, then indg: (M, V; L) has the
following excision property

indgi1 (M, V; L) = indg: (M',V N M'; L|pp).
5. If M is a disjoint union M = My [[ M, then we have the following sum formula

ind51 (M, V,L) = ind51 (Ml, VN Ml,L|M1) @indsq(Mg, VN MQ,L|M2)

6. We have a product formula for indg:(M,V;L). For the precise statement see [0,
Theorem 5.8].

We call indgi (M, V; L) an equivariant local index.

Remark 2. An orbifold version is available. It will be necessary in Section 3.
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See [6] for a proof. Let us briefly recall the construction of indg: (M, V;L). The
idea used here is the following infinite dimensional analog of the Witten deformation.
Let D: T'(W) — T'(W) be the Sl-invariant Spin® Dirac operator. For ¢ > 0 consider the
following perturbation of D

D, := D + tpDsper,

where p is an Sl-invariant cut-off function on M with p| m\v =0 and p =1 outside a
compact neighborhood of M \ V| and Dgpe, is an S Linvariant de Rham operator on V
along orbits in the following sense, namely,

1. Dgper: T (Wly) — T'(W]y) is an order-one, formally self-adjoint S!-invariant dif-
ferential operator of degree-one.

2. Dgper contains only derivatives along orbits.

3. For each orbit O in V' Dgper|o is the de Rham operator of O with coefficients in
(L, VH)|o.

4. For each orbit O in V let u € T(TV|p) be an Sl-invariant section perpendicular
to the orbit direction. u acts on I' (W|p) as the Clifford multiplication c¢(u). Then,
Dgper anti-commutes with c(u).

It is possible to take such a Dgper. Since V' contains only L-acyclic orbits the third
condition for Dgper and Lemma 2.2 imply that the kernel of Dgper|o is trivial for any
orbit O in V.

First we give a definition of indg:(M,V; L) for the special case where M has a
cylindrical end. In [5, 6, 7] we showed the following proposition.

Proposition 2.5. Under the assumption in Theorem 2.4 suppose that M has a
cylindrical end V.= N x (0,00) and all the data are translationally invariant on the
end. Then for a sufficiently large t > 0, the space of L*-solutions of Dys = 0 is finite
dimensional and its super-dimension is independent of a sufficiently large t > 0 and
any other continuous deformations of data.

Definition 2.6. In the case of Proposition 2.5 we define the ind(M,V, W) to be
the super-dimension of the space of L?-solutions of D;s = 0, namely,

indg1 (M, V; L) := dimker DY N L? — dim ker D} N L?
for a sufficiently large ¢ > 0.

For the general end case, we replace V' by a cylindrical end so that all the data are
translationally invariant on the end, and come down to the cylindrical end case. We
can show that indg: (M, V, W) is well-defined, namely, it does not depend on various
choices of the construction. See [5, 6, 7] for more details.
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V' := N x (0,00)

M/

Figure 1. Replacing V' by a cylindrical end

Remark 3.  To obtain a product formula we need to formulate and define indg: (M, V; L)
for a manifold whose end is the total space of a fiber bundle such that both of its base
space and its fiber are manifolds with cylindrical end.

Let (L,V%) — (M,w) and V be the data as in Theorem 2.4. Suppose that there
exist finitely many mutually disjoint S!-invariant open sets Vi, ..., V,, of M such that
Vi, ..., V,, and V form an open covering of M, namely, M = V U (U, V;). Then,
v,) € R(Sl) is
defined, and as a corollary of Theorem 2.4 we have the following localization formula
for indg: (M, V; L).

for each ¢ = 1,...,n the equivariant local index indg: (V;,V; N V; L

Corollary 2.7. indgi(M,V; L) is written as the sum of indg: (V;, V; NV L|v,) ’s,
namely,

indg: (M, V; L) = @ indg: (Vi, Vin V3 Lly,) .
=1

Corollary 2.7 implies that indg: (M, V; L) can be described in terms of the data
restricted to the neighborhood V; of non L-acyclic orbits.

Proof of Corollary 2.7. Since U, V; is an S'-invariant open neighborhood of M\V
the excision property shows

indg: (M, V;L) = indg: (Uj_, Vi, Uiy NV Llun v,) -

Moreover, since V;’s are mutually disjoint, by the sum formula, we obtain the equality
in Corollary 2.7. 0

Remark 4.  We can prove this theorem in the torus action case. In that case we
need to construct an additional geometric structure named “strongly acyclic compatible
system” on V. See [6, 7]. As an application of the theorem for the torus action we can
obtain the Danilov formula for a nonsingular projective toric variety M [2]. It will be
explained in [8].



EQUIVARIANT LOCAL INDEX 223

Example 2.8 (Equivariant localization formula for CP').  Let us consider the
case of Example 2.3. Recall that we have the exactly £+ 1 non L-acyclic orbits Oy, ...,
Op.. For each i =0,1,...,k we take a sufficiently small positive real number ¢; > 0 and
define V; by

Vii={lzo:21] E M:i—¢g; <|z1]® <i+ei}.

We put
Vi={lzo:21] € M: |21 |* ¢ Z}.

Then, for each i = 0,1,...,k the local index indg: (V;, V; NV L|y,) is defined. Now we
show the following formula

(22) indsl(%,%mV;Lh/i) = Ci—m-

For each i = 1,...,k — 1, (L,VD)|y, — (Vi,w|v,) is equivariantly isomorphic to the
trivial line bundle on the cylinder S x (i — &, + &;)

(8" x (i —ei,i+¢e;) x C,d —2nv/=1rdf) — (S* x (i — &;,i +&;),dr A db)
with Sl-action
(2.3) g™ v = (g™ g™)

for (e2™V=10 r v) € S* x (i—¢;,i4¢;) X C. The isomorphism f;: S*x (i—e;,i+e;)xC —
(L, VE)|y, is given as

fi(e%‘/__le,r, v) = [\/k —7r: 62”‘/__19\/17, v] )

For each i = 0, k, (L, VE)|y, — (Vi,wl|v,) is equivariantly isomorphic to the trivial line
bundle on the disc D, := {w € C: |w|* < &;}

27

1 V-1
(Dai x C,d+ 5(wdu‘) — u‘)dw)> — (Dgi, —dw A dw)

with St-action

(gw, g™v) iti=0

(2.4) g(w,v) =
( (g tw, g™ Fv) ifi=k

for (w,v) € D,, x C. The isomorphism f;: D, x C — (L, VL)|y, is given as

[VEk—|w]?:w,v] ifi=0

RO = s TPl =k
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With the above identifications f;, we can compute indg: (V;,V; NV, L]y,). According
to [5, Remark 6.10] both of dimker DY N L? and dimker D} N L? in Definition 2.6 for
indg:1(V;,V; NV, L

v, ) are computed as
dimker DY N L? = 1, dimker D} N L? =0,
and a generator of ker DY N L? is given as

(2.5) si(e®™Y 7 ) = (eQWﬁe,r, ai(r)e%\/__lie)
fori=1,...,k—1 and

(2.6) si(w) = (w, bi(Jw]))

for i = 0, k, where a;(r) and b;(Jw|) are some functions on r and |w|, respectively. See
[5, Remark 6.10],0r [25, Section 5.3] for more details. The S acts on ker DY N L? by
pull-back. For g € S we denote by ¢, and 1, the S*-action on M and L, respectively.
By using the explicit expressions for the S!-actions (2.3), (2.4) and the generators (2.5),
(2.6) the Sl-actions on the generators are written as

(¢g—1 08; 0 SDg)(6277\/—_16’77,) _ gi—msi(e%r\/—_l@,r)

fori=1,...,k—1, and

g " (si(w)) ifi=0

(¢g_1 08;0 @g)(w) = gk—m (si(w)) ifi=k.

Hence, we can obtain the formula (2.2).

By the second property for indg: (M, V; L) in Theorem 2.4 and the formula (2.2)
for indg: (V;, V;NV; L|y, ), the equivariant localization formula in Corollary 2.7 is written
as

H°(M;Or) = indg1 D
= indgi (M, V; L)

k
= @Pinds: (V;, Vin Vi Lly,)
=0

k
=P Cim.
1=0

§2.2. ind),(M,V;L)

Let t5 be the weight lattice of S'. For each v* € ¢} and an element U € R(S")
let us denote by U the multiplicity of the irreducible representation with weight ~*
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in U. By taking the multiplicities of the irreducible representations with weight v* in
the both sides of the equivariant localization formula in Corollary 2.7, we obtain the
following localization formula for indg: (M, V; L)Y .

(2.7) indg (M,V; L) = @@inds: (Vi, Vi N V3 L|y,)"

i=1

In this subsection, for each v* € ¢}, we define an (L, v*)-acyclic condition which is a
milder condition than the L-acyclic condition. By using the (L, v*)-acyclic condition we
obtain a version of a local index, which is denoted by indgj (M, O; L), and its localization
formula. In particular, (2.7) is obtained as a special case of the localization formula for
indgj (M,0;L).

Since the S!-action preserves all the data, for each orbit O, S* acts on H°(O; (L, VE)|0)
by pull-back.

Definition 2.9.  For each v* € t; an orbit O is said to be (L,~*)-acyclic if O
does not consist of a fixed point and satisfies the condition H°(O; (L, VE¥)|p)?" = 0.

Remark 5. By definition, any L-acyclic orbit are (L,~v*)-acyclic orbit.
The following lemma is a version of Lemma 2.2 for (L, ~y*)-acyclic orbits.

Lemma 2.10.  Let O be an orbit of the S*-action on M. Then, the following
conditions are equivalent:

1. O is (L,v*)-acyclic.
2. H* (0;(L,VE)|o)" =0.

3. The irreducible component with weight v* of the kernel of the de Rham operator of
O with coefficients in L vanishes.

The proof is similar to that of Lemma 2.2.

Example 2.11 (Non (L,~*)-acyclic orbits in CP').  Let us find non (L, y*)-acyclic
orbits for Example 2.3. By definition, non (L,~*)-acyclic orbits are orbits consisting of
a fixed point, or orbits with H°(O; (L, VX)|0)?" # 0. The orbits of the former type are

Oo = {[20 . 0]}, Ok = {[O . Zl]}

We can show that there exists an orbit of the latter type if and only if 0 < m +~* < k,
and in that case we have the unique orbit of the latter type which is

Omir ={[z0:21] € M: |21 = m +~*}.
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Recall that O;s are the only orbits which satisfy H°(O;; (L, VE)|p,) # 0, and in that case
an element s € H°(O;; (L, VL)|o,) has the form (2.1). S* acts on H(O;; (L, VE)|p,)
by pull-back. For g € S and s([z : hz1]) = [20 : hz1, WA so] € HO(Oy; (L, VE)|o,) the
Sl-action can be written as

(Yg-1050@4)([20 : hz1]) = [20 hzl,g|zll2_mh|z1|230].
Thus, (¢4-1 050 ¢p,) = g7 s if and only if |z1|> — m = ~v*.
Now we have a version of Theorem 2.4. See [7] in case of v* = 0.

Theorem 2.12.  Let (M,w) be a possibly non-compact symplectic manifold with
effective Hamiltonian S*-action and (L,VY) — (M,w) an S'-equivariant prequantum
line bundle on it. Let O C M be an S*-invariant open set which contains only (L,~*)-
acyclic orbits and whose complement M \ O is compact. For these data, there exists an
integer indgz (M,O; L) € Z that satisfies the same properties as in Theorem 2.4.

Remark 6. In order to define indgj (M, O; L) € Z we replace the L-acyclic condi-
tion by the (L,~*)-acyclic condition in the construction of the equivariant local in-
dex, and consider the multiplicity of the irreducible representation with weight ~*
in ker DY N L? — ker D} N L? for the perturbed Spin® Dirac operator D, instead of
ker DY N L? — ker D} N L? itself. In particular, since L-acyclic orbits are (L,~*)-acyclic,
V in Theorem 2.4 can be taken as O in Theorem 2.12. In this case, by definition,
indgj (M,0; L) is equal to indg: (M, V; L)Y,

Let (L, VF) — (M,w) and O be the data as in Theorem 2.12. Suppose that there
exist finitely many mutually disjoint S'-invariant open sets Oy, ..., O; of M such that
O1, ..., Oy, and O form an open covering of M, namely, M = O U (Uélei). Then, for
eachi=1,...,1 indgz (0;,0,N0O; L|p,) € Z is well defined, and we have the following
localization formula for indgj (M,0; L).

Corollary 2.13. indgj (M, O; L) is written as the sum ofindgz (0;,0;,N0;Llo,)’s,

namely,
l

indy, (M,0; L) = @ indZ, (0;,0:N 0;Llo,).
i=1
This formula implies that indgj (M, O; L) can be described in terms of the data re-

stricted to a sufficiently neighborhood of the fixed point set and orbits with H* (O; (L, V*) |o)7* #
0.

Remark 7. By Remark 6, if we take V and V;’s in Corollary 2.7 as O and O;’s in
Corollary 2.13, respectively, then (2.7) is obtained by Corollary 2.13.
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Example 2.14 (Localization formula for multiplicities in CP').  In Example 2.11
we showed that for each v* € t, with 0 < m+~* < k there are exactly three non (L, v*)-
acyclic orbits Op, Ok, and Oy, 1+, otherwise we have exactly two non (L,~*)-acyclic
orbits Oy and Of. We put

Op := Vo, Ok := Vi, Omiys := Vi, and O := {[20 : 21] € M : |21|*> # 0,k,m + ~v*}.

Then, for each ¢ indgj (0;,0,NO; L|p,) is defined. By definition, (O;, O; N O) is equal
to (V;,ViN'V). Hence, by Remark 6 and the formula (2.2) we obtain

ind?, (04, 0; N O; L|o,) = indY, (Vi, Vi N V; Lly;)
= indg: (V;, Vi N V; Ly, )"

1 if0<m+~y*"<kandi=m+~*

0 otherwise.

8§3. A special case

Let (L, VL) — (M,w) be as above. For g € S* we denote by ¢, and v, the S'-
action on M and L, respectively. It is well known that corresponding to the infinitesimal
lift of the S'-action on M to L, the moment map u: M — t* is determined uniquely by
the following Kostant formula

d
(3.1) = tzowe_tg 050 Qe = Vx 8+ 2vV—1m (1,&) s

for ¢ € t and s € T'(L), where t is the Lie algebra of S!, (, ) is the natural pairing
between t* and t, and X¢ € I'(T'M) is the infinitesimal action of £&. We have the following
relationship between non L-acyclic orbits, (L,y*)-acyclic orbits, and the values of p.

Lemma 3.1. (1) Non L-acyclic orbits are contained in p= (). In particular,
fized points are contained in “_1(%*)'
(2) Orbits with H* (O; (L, VL)|(9)7 # 0 are contained in p=t(v*).

Proof. Let O be a non L-acyclic orbit with u(O) = n* € t*. Then, by definition,
there exists a non-trivial global parallel section s € H ((’); (L,VE) |O) For any element
¢ in the integral lattice tz we put

St 1= Pe—te O S0 Pyte.

By (3.1), we have

d *
T51(@) = 2V =1m (0", €) ()
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for x € O. Then, s; has the form

Since £ € tz, by putting t = 1,

s =5 =2V ImE g

Thus, (n*,£) should be integer for arbitrary £ € tz. This implies the first part.
Let O be an orbit with H* (O; (L, VL)|<9)7 # 0. Then, there exists a non-trivial

global parallel section s € H° (O; (L,VL)|O)7*. For any element £ € t, by (3.1), we
have

d
)= 2| tec0s0pue(a)

— 20V {pu(a), &) s(2)

2/ —1 (v, &) s(x

for x € O. Since s is non-trivial this implies the second part. O

In the rest of this section we assume that 1 is proper and the cardinality of p(M)Nt,
is finite. For each v* € u(M) Nt let V. be a sufficiently small S*-invariant neighbor-
hood of u~1(y*) so that {V,» byren(anne are mutually disjoint. Let V' be the comple-
ment of 4~ 1(£), namely, V := M \ p~1(t;). By Lemma 3.1 V contains only L-acyclic
orbits. Moreover, by assumption, V4« \ V is compact for each v* € (M) Nt;. Hence,
for each v* € (M) Nt the equivariant local index indg1 (Vy-, Vo= NV Ly, ) € R(SY)
is defined. By applying Corollary 2.7 to this case we have the following localization
formula for indg: (M, V; L).

(3.2) indg: (M,V;L)= @  indg (Va-, V- NViL|y,.).
T*EMM)NE;

We show the following theorem.

Theorem 3.2.  For each v* € p(M) N, and o* € £ with v* # o*

*

indgi (Vy=, Vo= N V3 Ly, )" =0.

Proof. Since L-acyclic orbits are (L, o*)-acyclic ind%: (Vy, Vore N V5 Ly, L) s also
defined, and by Remark 6 it is equal to indg1 (Vyx, Vox NV L|VW*)or : indg: (Vi Vo= 0
V; Lly,.) is described in terms of the data restricted to a sufficiently neighborhood of

the fixed point set and orbits with H* (O; (L, VL)|O)U* # 0. By Lemma 3.1 and the
definition of V.-, if v* # o™, then V.« contains no orbits of the latter type.
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Suppose V,« contains fixed points. By Lemma 3.1 the fixed point set (V,y*)s1 is
contained in p~!(v*). In particular, (VA,*)S1 is compact since p is proper. Suppose
(‘/7*)51 has the exactly [ connected components (VW*)fl, cee (Vv*)fl. For each i =
1,...,1 we take a sufficiently small S'-invariant neighborhood O; of (VW*)Z.SI, and also
put O := V- \ (VA,*)SI. Then, for each i = 1,...,1 ind% (0;,0; N O; L|o,) is defined,
and by the third property in Theorem 2.12 and Corollary 2.13 for indgi (Vw* , O; L|V'y*)
we have

indg: (Vy-, Vo= NV Llv..) = ind%: (V4-,0; Llv...)
l
= P ind%:(0:,0;n 0 Lo,).
=1

Now, for each fixed point zg € V,«, the fiber L,, becomes a representation of S*. By
the Kostant formula (3.1), for £ € t and s € I'(L) we have

d

d
dt t:owe_t& (s(z0)) = at t=0¢6_t£ 0 80 (pe (To)

= (Vx8) (x0) + 2v/=1m (u(w0), €) s(xo)
= 2v/=1m (v*,€) s(x0).

This implies 1, (v) = g~ v for g € S* and v € L,,. By definition it is easy to see that
ind%: (0;,0; N O; L|p,) = ind%: (0;,0; N O; L ® Cy+|o,).
Thus, by [7, Theorem 4.1], for o* # +* we obtain
ind%: (0;,0,N0; L|p,) =0
for each ¢ = 1,...,l. This proves the theorem. O
As a corollary we have the following formula.
Corollary 3.3.

ind%, (Vy-, Vo N V3 Llv,.) ifv* € u(M)Nt;

indg1 (M, V; L) =
0 otherwise

So, we have a natural question:
Question 3.4.  How to compute indgz (Vv*,VW* nv; L|VW*) ¢

We give a partial answer of this question. First let us consider the case where
v* = 0. Suppose 0 € t is a regular value of u. Then, a new symplectic orbifold (Mo, wo)
with prequantum line bundle (Lo, V*°) is obtained by the symplectic reduction, namely,

(M07w0) = (N_1(0)7w|u_1(0)) /Sla (L07VLO) = ((LavL)|M_1(0)) /Sl
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Since p is proper My is compact. Let Dy be the Spin® Dirac operator on (Mp,wq) with
coefficients in Lg. Then, in [7, Section 5.2] we showed the following formula.

Theorem 3.5 ([7]).  Lety* = 0 € t be a regular value of p. Then, ind%: (Vo, Vo NV Ly,)
s equal to the index of Dy.

Remark 8. Note that if 0 is a regular value of u, V{ contains no fixed points. In
fact, by Lemma 3.1 and the definition of Vj, if fixed points exist in V{, they should be
contained in p~1(0). But, by assumption, 0 is a regular value of . Thus Vj contains
no fixed point. In particular, ind%l(VO, Vo NV Lly,) is described in terms of the data
restricted to a sufficiently neighborhood of the orbits with H* (O; (L, V* )|(9)0 # 0.

Next let us consider the general case. For a general regular value v* € t; of u
we use the shifting trick. By tensoring C,« with (L, V¥) we obtain the prequantum
line bundle (L, VL) ® C,« on (M,w) with shifted S*-action. Then, the moment map
associated to the shifted S'-action, which we denote by p.«, is written as

(3-3) flye = ="

Since v* is a regular value of u 0 is a regular value of u,~. Hence, by the symplectic
reduction for the shifted S*-action, a new compact symplectic orbifold (M-, w.,+) with
prequantum line bundle (L.~, V") is obtained as

(Moo, wye) o= (u;*l(()),%;j(o)) /S, (Loe, V5 ) o= (L, VE) @@W*uw_:(m) /81,

Let D« be the Spin® Dirac operator on (M«,w.~) with coefficients in L.«. Then, as a
corollary of Theorem 3.5 we obtain the following formula.

Corollary 3.6.  For a regular value v* € t; of p indg:; (VV*,VW* N V;L|VW*) 18
equal to the index of Dx.

Proof. By (3.3) V,» is a sufficiently small S!-invariant neighborhood of ,u,;*l 0).
Thus, by Theorem 3.5 for the prequantum line bundle (L, V) ® C,+ on (M,w) with
shifted S'-action we obtain

indg: (Vy«, Vy» NV L® Coply,,, ) = ind Dy
On the other hand, it is easy to see that
ind:gy'j (V'y* ) V’y* N V; L|V,Y*) == ind%l (V’y* s V»y* N V; L & C’Y* |V'v*) .
This proves the corollary. O

In particular, for a closed M, we obtain the the quantization conjecture for the
Sl action.
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Corollary 3.7 ([11, 10, 3, 19, 23, 24, 20, 22], etc.).  Let (L, VE) — (M,w) be as
above. Assume M 1is closed. If v* € t is a regqular value of p, then,

(indg1 D)'Y* =ind D,-.

Proof. From the second property in Theorem 2.4 indg: (M, V; L) is equal to the
equivariant index indg1 D for the Spin® Dirac operator D on M with coefficients in L.
Then, this is a consequence of Corollaries 3.3 and 3.6. O

If v* is a critical value of u, the reduced space (My«,w,+) has more complicated
singularities than orbifold singularities in general. Even in this case Meinrenken and
Sjamaar defined the Riemann-Roch index for (M,«,w,~), and showed that the quanti-
zation conjecture still holds for a closed M [21].

We conclude this note with the following question:

Question 3.8.  For a critical value v*, is indg; (VV*, Vi N V;L|Vw*) equal to
Meinrenken and Sjamaar’s Riemann-Roch index for (M« wy=) ¢
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