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Summability of formal solution of Cauchy problem
for some PDE with variable coefficients

By

Kunio ICHINOBE *

Abstract

We give a proof of the summability of formal solution for Cauchy problem of linear first

order partial differential equations with respect to t and with t dependent coefficients under

some global conditions for Cauchy data.

§1. Result

We consider the following Cauchy problem for linear partial differential equations
of first order with respect to t and with t dependent coefficients

(1.1) \left\{\begin{array}{l}
@u (t; x)=\sum_{(i, $\alpha$)}^{f^{inite}}a_{i $\alpha$}t^{i}\partial_{x}^{ $\alpha$}u(t, x)\\
u(0, x)= $\varphi$(x)\in \mathcal{O},
\end{array}\right.
where (t, x)\in \mathbb{C}^{2}, a_{i $\alpha$}\in \mathbb{C} and \mathcal{O} denotes the set of holomorphic functions in a neigh‐
borhood of the origin.

The Cauchy problem (1.1) has a unique formal solution of the form

(1.2) û (t, x)=\displaystyle \sum_{n\geq 0}u_{n}(x)\frac{t^{n}}{n!}.
We have an interest in the case where the formal solution is divergent. We assume that

for the operator

(1.3) \displaystyle \max $\alpha$>1,
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with a_{i $\alpha$}\neq 0 . In this case, the formal solution (1.2) is not convergent in general.
We shall study the summability of the formal solution.

For the operator we assume that for indices (i,  $\alpha$) with a_{i $\alpha$}\neq 0 ,
the number  $\alpha$/(i+1)

is a constant, that is

(1.4) \displaystyle \frac{ $\alpha$}{i+1}=\frac{p}{q},
where p and q are relatively prime. We call this number  $\alpha$/(i+1) the modified order

of the operator (cf. M. Miyake [6]). In this case, since we see  $\alpha$=pj and i=qj-1 for

j\geq 1 ,
our equation is rewritten as follows.

(1.5) @ u (t; x)=\displaystyle \sum_{j=1}^{ $\nu$}a_{j}t^{qj-1}\partial_{x}^{pj}u(t, x) ,

where v\geq 1 and a_{ $\nu$}\neq 0 . Then the assumption (1.3) means

pv>1.

In the case where (p, q)=(2,1) and v=1
,

the equation (1.5) is the heat equation.

Before stating our result, we give some notations and definitions in Ramis or Balser

ways (cf. W. Balser [1]).
For d\in \mathbb{R},  $\beta$>0 and  $\rho$(0< $\rho$\leq\infty) ,

we define a sector S=S(d,  $\beta$,  $\rho$) by

(1.6) S(d,  $\beta$,  $\rho$) :=\displaystyle \{t\in \mathbb{C};|d-\arg t|<\frac{ $\beta$}{2}, 0<|t|< $\rho$\},
where d,  $\beta$ and  $\rho$ are called the direction, the opening angle and the radius of  S , respec‐

tively. We write S(d,  $\beta$, \infty)=S(d,  $\beta$) for short.

Let k>0, S=S(d,  $\beta$) and B(r) :=\{x\in \mathbb{C};|x|\leq r\} . Let v(t, x)\in \mathcal{O}(S\times B(r))
which means that v(t, x) is holomorphic in S\times B(r) . Then we define that  v(t, x)\in
\mathrm{E}\mathrm{x}\mathrm{p}_{t}(k, S\times B(r)) ,

if for any closed subsector S' of S ,
there exist some positive constants

C and  $\delta$ such that

(1.7) \displaystyle \max|v(t, x)|\leq Ce^{ $\delta$|t|^{k}}, t\in S'
|x|\leq r

For k>0 ,
we define that \displaystyle \hat{v}(t, x)=\sum_{n=0}^{\infty}v_{n}(x)t^{n}/n!\in \mathcal{O}[[t]]_{1/k}(\hat{v}(t, x) is a formal

power series of Gevrey order 1/k), if v(x) are holomorphic on a common closed disk

B(r) for some r>0 and there exist some positive constants C and K such that for any

n,

(1.8) \displaystyle \max_{|x|\leq r}|v_{n}(x)|\leq CK^{n} $\Gamma$(1+(1+\frac{1}{k})n)
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Here  $\Gamma$ denotes the gamma function.

Let  k>0, \displaystyle \hat{v}(t, x)=\sum_{n=0}^{\infty}v_{n}(x)t^{n}/n!\in \mathcal{O}[[t]]_{1/k} and v(t, x) be an analytic function

on S(d,  $\beta$,  $\rho$)\times B(r) . Then we define that

(1.9) v(t, x)\cong_{k}\hat{v}(t, x) in S=S(d,  $\beta$,  $\rho$) ,

if for any closed subsector S' of S ,
there exist some positive constants C and K such

that for any N
,

we have

(1.10) \displaystyle \max_{|x|\leq r}|v(t, x)-\sum_{n=0}^{N-1}v_{n}(x)\frac{t^{n}}{n!}|\leq CK^{N}|t|^{N} $\Gamma$(1+(1+\frac{1}{k})N) , t\in S'
For k>0, d\in \mathbb{R} and \hat{v}(t, x)\in \mathcal{O}[[t]]_{1/k} ,

we define that \hat{v}(t, x) is k ‐summable in d

direction (\hat{v}(t, x)\in \mathcal{O}\{t\}_{k,d}) if there exist a sector S=S(d,  $\beta$,  $\rho$) with  $\beta$> $\pi$/k and an

analytic function v(t, x) on S\times B(r) such that v(t, x)\cong_{k}\hat{v}(t, x) in S.

We remark that the function v(t, x) above for a k ‐summable \hat{v}(t, x) is unique if it

exists. Therefore such a function v(t, x) is called the k ‐sum of \hat{v}(t, x) in d direction.

Under the above preparations, our result is stated as follows.

Theorem 1.1. For a fixed d\in \mathbb{R} , we dene d_{l}=(q/p)d+(\arg a_{ $\nu$}+2 $\pi$\ell)/pv for
\ell=0 , 1, ;pv-1 . Let

(1.11) k=\displaystyle \frac{qv}{pv-1}
and for some  $\epsilon$>0 and r>0,

(1.12) $\Omega$_{x}(p, v) :=\displaystyle \bigcup_{\ell=0}^{p $\nu$-1}S ( dp ,  $\epsilon$ ) \cup B(r) .

We assume that

(1.13)  $\varphi$(x)\displaystyle \in \mathrm{E}\mathrm{x}\mathrm{p}_{x}(\frac{pv}{pv-1}, $\Omega$_{x}(p, v))
Then the formal solution û (t, x) ,

which is given by (1.2), of the Cauchy problem (1.1)
is k ‐summable in a direction d.

§2. Gevrey order of formal solution

We recall our Cauchy problem

(2.1) \left\{\begin{array}{l}
@u (t; x)=\sum_{j=1}^{ $\nu$}a_{j}t^{qj-1}\partial_{x}^{pj}u(t, x) ,\\
u(0, x)= $\varphi$(x) .
\end{array}\right.
Gevrey order of formal solution of Cauchy problem (2.1) is given by the following propo‐

sition.
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Proposition 2.1. Let û (t, x)=\displaystyle \sum_{n=0}^{\infty}u_{n}(x)t^{n}/n! be the formal solution of the

Cauchy problem (2.1). Then we have

(2.2) û (t, x)\in \mathcal{O}[[t]]_{1/k} (k=\displaystyle \frac{qv}{pv-1})
This proposition follows from the results which are proved by many mathematicians

(cf. M. Miyake and Y. Hashimoto [7] and A. Shirai [9] and their references). But we

give the proof, because the notations which are represented here will be employed later.

Proof. The coefficients u(x) of the formal solution satisfy the following recurrence

formula: u_{0}(x)= $\varphi$(x) and for n\geq 0,

(2.3) u_{n+1}(x)=\displaystyle \sum_{j=1}^{ $\nu$}a_{j} [n]_{qj-1}\cdot u_{n-qj+1}^{(pj)}(x) ,

where u_{-n}(x)\equiv 0(n>0) and the notation [n]_{\ell} is defined by

(2.4) [n]_{\ell}=\left\{\begin{array}{ll}
n(n-1)\cdots(n-\ell+1) , & P\geq 1\\
1, & P=0.
\end{array}\right.
From the construction of recurrence formula (2.3), we can put

(2.5) u_{qn}(x)=A(n)$\varphi$^{(pn)}(x) (n\geq 0) ,

and u_{\ell}(x)\equiv 0 for \ell\neq qn(n\geq 0) . Then we obtain the recurrence formula of A(n) : For

n\geq 0,

(2.6) A(n+1)=\displaystyle \sum_{j=1}^{ $\nu$}a_{j} [qn+q-1]_{qj-1}\cdot A(n-j+1) ,

where A(0)=1 and we put A(-\ell)=0 for \ell>0.

We put

(2.7) \displaystyle \hat{f}(t):=\sum_{n\geq 0}A(n)t^{n},
which is the generating function of A(n) . Then we obtain the following Gevrey estimate

of \hat{f}.

Lemma 2.2. Let

(2.8) \displaystyle \tilde{k}=\frac{v}{qv-1}.
Then we have

(2.9) \hat{f}(t)\in \mathbb{C}[[t]]_{1/\tilde{k}}.
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Proposition 2.1 follows from Lemma 2.2 immediately. In fact, we have for some

r>0

\displaystyle \max_{|x|\leq r}|u_{n}(x)|=\max_{|x|\leq r}|A(n/q)$\varphi$^{(pn/q)}(x)|
\displaystyle \leq C_{1}K_{1}^{n} $\Gamma$(1+n/(\tilde{k}q))(\frac{p}{q}n) !

\displaystyle \leq C_{2}K_{2}^{n} $\Gamma$(1+(\frac{1}{\tilde{k}q}+\frac{p}{q})n)
and

\displaystyle \frac{1}{\tilde{k}q}+\frac{p}{q}=\frac{1+\tilde{k}p}{\tilde{k}q}=\frac{qv-1+pv}{qv}=1+\frac{pv-1}{qv}=1+\frac{1}{k},
where A(n/q)=0 if n/q\not\in \mathbb{N}_{0}=\{0 , 1, 2, \} and C_{i} and K_{i} are some positive constants

for i=1
,
2. This implies the desired Gevrey estimate of the formal solution û. \square 

\langle Proof of Lemma 2.  2.\rangle We put  B(n) :=A(n)/n!^{1/\tilde{k}}\Leftrightarrow A(n)=B(n)n!^{1/\tilde{k}} and divide

both hand sides of (2.6) by (n+1)!^{1/\tilde{k}}.

(2.10) B(n+1)=\displaystyle \sum_{j=1}^{ $\nu$}a_{j}\cdot[qn+q-1]_{qj-1}(\frac{(n-j+1)!}{(n+1)!})^{1/\tilde{k}}B(n-j+1) .

Here we put I_{j}(n;q) :=[qn+q-1]_{qj-1}(\displaystyle \frac{(n-j+1)!}{(n+1)!})^{1/\tilde{k}} . Then we have

Lemma 2.3.

(2.11) I_{j}(n;q)\leq q^{qj-1}

By admitting this lemma for a while, we continue the proof of Lemma 2.2.

Now, we consider the following recurrence formula of C(n);C(0)=1 and for n\geq 0,

(2.12) C(n+1)=\displaystyle \sum_{j=1}^{ $\nu$}|a_{j}|q^{qj-1}C(n-j+1) ,

where C(-\ell)=0 if \ell>0 . We see that C(n)\geq|B(n)|=|A(n)|/n!^{1/\tilde{k}} from the

construction of the recurrence formulas. By putting

h(t)=\displaystyle \sum_{n\geq 0}C(n)t^{n},
we get h(t)-1=\displaystyle \sum_{j=1}^{ $\nu$}\{|a_{j}|/q\}(q^{q}t)^{j}h(t) ,

that is

h(t)=\displaystyle \frac{1}{1-\sum_{j=1}^{ $\nu$}\{|a_{j}|/q\}(q^{q}t)^{j}},
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which is convergent in a neighborhood of the origin. Therefore there exist positive
constants C_{3} and K_{3} such that C(n)\leq C_{3}K_{3}^{n} for any n

,
and by using Stirling�s formula

for the Gamma function, we obtain the desired Gevrey estimate for A(n) .

Finally, we prove Lemma 2.3.

\langle Proof of Lemma 2.  3.\rangle When  q=1 and j=1 ,
we have [qn+q-1]_{qj-1}=1 . Therefore

we get

I_{1}(n;1)=(\displaystyle \frac{n!}{(n+1)!})^{1/\tilde{k}}=(\frac{1}{n+1})^{1/\tilde{k}}<1.
In other case, we have

I_{j}(n;q)

=(qn+q-1)(qn+q-2)\displaystyle \cdots(qn+q-(qj-1))(\frac{1}{(n+1)n\cdots(n-j+2)})^{1/\tilde{k}}
=q^{qj-1}(n+1-\displaystyle \frac{1}{q})(n+1-\frac{2}{q})\cdots(n-j+1+\frac{1}{q})(\frac{1}{(n+1)n\cdots(n-j+2)})^{\frac{q $\nu$-1}{ $\nu$}}

=q^{qj-1}\displaystyle \{\frac{(n+1-\frac{1}{q})^{ $\nu$}(n+1-\frac{2}{q})^{ $\nu$}\cdots(n-j+1+\frac{1}{q})^{ $\nu$}}{(n+1)^{q $\nu$-1}n^{q $\nu$-1}\cdots(n-j+2)^{q $\nu$-1}}\}^{1/ $\nu$}
=q^{qj-1}\displaystyle \{\frac{(n+1-\frac{1}{q})^{ $\nu$}(n+1-\frac{2}{q})^{ $\nu$}.\cdots(n+1-\frac{q}{q})^{ $\nu$}}{(n+1)^{q $\nu$-1}n}\}^{1/ $\nu$}

\displaystyle \times\{\frac{(n-\frac{1}{q})^{ $\nu$}(n-.\frac{2}{q})^{ $\nu$}\cdots(n-\frac{q}{q})^{ $\nu$}}{n^{q $\nu$-2}(n-1)^{2}}\}^{1/ $\nu$} \displaystyle \{\frac{(n-1-\frac{1}{q})^{ $\nu$}\cdots.(n-1-\frac{q}{q})^{ $\nu$}}{(n-1)^{q $\nu$-3}(n-2)^{3}}\}^{1/ $\nu$}
. . . \displaystyle \times\{\frac{(n-j+3-\frac{1}{q})^{ $\nu$}\cdots(n-j+2)^{ $\nu$}}{(n-j+1)^{q $\nu$-(j-1)}\cdot(n-j+2)^{j-1}}\}^{1/ $\nu$}

\mathrm{n} \mathrm{j} + 1 +\mathrm{n} \mathrm{j} + 2

(\mathrm{n} \mathrm{j} + 2)
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§3. Summability of formal solution

Let k=qv/(pv-1) . From Proposition 2.1 we see that

u_{B}(s, x):=(\displaystyle \hat{\mathcal{B}}_{k}\hat{u})(s, x)=\sum_{n\geq 0}\frac{u_{n}(x)}{ $\Gamma$(1+n/k)}\frac{s^{n}}{n!}
is convergent in a neighborhood of (s, x)=(0,0) . In order to prove Theorem 1.1, we

use the important lemma for the summability theory (cf. [1], D. Lutz, M. Miyake and

R. Schäfke [5]).

Lemma 3.1. Let k>0, d\in \mathbb{R} and \displaystyle \hat{v}(t, x)=\sum v_{n}(x)t^{n}/n!\in \mathcal{O}[[t]]_{1/k} . Then

the following statements are equivalent:

i) \hat{v}(t, x) \in \mathcal{O}\{t\}_{k,d}.
ii) v_{B}(s, x) \in \mathrm{E}\mathrm{x}\mathrm{p}_{s}(k, S(d,  $\epsilon$)\times B(r)) for some  $\epsilon$>0 and r>0.

For our purpose, we prepare a lemma for the summability of \hat{f}(t) ,
which will be

proved in the next section.

Lemma 3.2. Let \tilde{k}=v/(qv-1) . Then we have \displaystyle \hat{f}(t)=\sum_{n\geq 0}A(n)t^{n}\in \mathbb{C}\{t\}_{\overline{k},d},
where

d\neq e_{l}(\ell=0,1, \cdots, v-1) and e_{\ell}:=-(\arg a_{ $\nu$}+2 $\pi$\ell)/v.

Remark. f_{B}(t)=(\hat{\mathcal{B}}_{\overline{k}}f)(t) has v singular points which are given by

(3.1) $\lambda$_{\ell}=c_{f}a_{ $\nu$}^{-1/ $\nu$}$\omega$_{ $\nu$}^{-l}, P=0, 1, \cdots, v-1,

where c_{f}=(q\tilde{k})^{(1-q $\nu$)/ $\nu$} and $\omega$_{ $\nu$}=e^{2 $\pi$ i/ $\nu$} . Moreover, we have

(3.2) f_{B}(t)\in \mathrm{E}\mathrm{x}\mathrm{p}_{t}(\tilde{k}, S(d, $\epsilon$_{0}

where d\neq e_{l} and $\epsilon$_{0}>0.

Now, we put

(3.3) (M^{w}\displaystyle \hat{f})(t):=\sum_{n\geq 0}A(n)w(n)t^{n}, w(n)=\frac{(pn)!}{(qn)!},
which is called the moment series of \hat{f} with respect to weight function w(n) . Then we

remark that (M^{w}\hat{f}) is a formal power series of Gevrey order 1/k_{*} where

\displaystyle \frac{1}{k_{*}}:=\frac{1}{\tilde{k}}-(q-p)=\frac{qv-1-(q-p)v}{v}=\frac{pv-1}{v}(>0) .

We give the following theorem for the summability of (M^{w}\hat{f})(t) .
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Theorem 3.3. Let k_{*}=v/(pv-1) . Then we have (M^{w}\hat{f})(t)\in \mathbb{C}\{t\}_{k_{*},d} ,
where

d\neq e_{\ell} (\ell=0,1, \cdots; v-1) .

Remark.

(3.4) (M^{w}f)_{B}(t):=(\displaystyle \mathcal{B}_{k_{*}}(M^{w}\hat{f}))(t)=\sum_{n\geq 0}\frac{A(n)}{ $\Gamma$(1+n/k_{*})}\frac{(pn)!}{(qn)!}t^{n}
has v singular points which are given by

(3.5) $\lambda$_{*\ell}=c_{g}a_{ $\nu$}^{-1/ $\nu$}$\omega$_{ $\nu$}^{-l}, P=0, 1, \cdots, v-1,

where c_{g}=q^{1/ $\nu$}p^{-p}k_{*}^{(1-p $\nu$)/ $\nu$} . Moreover, we have

(3.6) (M^{w}f)_{B}(t)\in \mathrm{E}\mathrm{x}\mathrm{p}_{t}(k_{*}, S(d, $\epsilon$_{0})) ,

where d\neq e_{l} and $\epsilon$_{0}>0.

The directions for which some divergent series is not summable are called the

singular directions of the divergent series. From the above facts, we have the following
result for the moment series.

Remark. The set of singular directions of (M^{w}\hat{f}) coincides with the one of \hat{f}.

We give the proof of Theorem 1.1 by using Lemma 3.1 ii) and Theorem 3.3.

Proof. We recall

k=\displaystyle \frac{qv}{pv-1}, k_{*}=\frac{k}{q}=\frac{v}{pv-1}.
Let |s| and |x| be sufficiently small. By Cauchy�s integral formula for u_{B} ,

we have

u_{B}(s, x)=\displaystyle \sum\frac{u_{n}(x)}{ $\Gamma$(1+n/k)}\frac{s^{n}}{n!}=\sum_{n\geq 0}\frac{u_{qn}(x)}{ $\Gamma$(1+qn/k)}\frac{s^{qn}}{(qn)!}
=\displaystyle \sum_{n\geq 0}\frac{A(n)$\varphi$^{(pn)}(x)}{ $\Gamma$(1+n/k_{*})}\frac{s^{qn}}{(qn)!}
=\displaystyle \frac{1}{2 $\pi$ i}\oint_{| $\zeta$|=r_{0}}\frac{ $\varphi$(x+ $\zeta$)}{ $\zeta$}\sum_{n\geq 0}\frac{A(n)}{ $\Gamma$(1+n/k_{*})}\frac{(pn)!}{(qn)!}(\frac{s^{q}}{$\zeta$^{p}})^{n}d $\zeta$
=\displaystyle \frac{1}{2 $\pi$ i}\oint_{| $\zeta$|=r_{0}}\frac{ $\varphi$(x+ $\zeta$)}{ $\zeta$}(M^{w}f)_{B}(\frac{s^{q}}{$\zeta$^{p}})d $\zeta$,

with (|s|^{q}/R_{*})^{1/p}<| $\zeta$|=r_{0}, R_{*}=|$\lambda$_{*\ell}| and $\lambda$_{*l}= constant \times a_{ $\nu$}^{-1/ $\nu$}$\omega$_{ $\nu$}^{-l}.
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We remark that (M^{w}f)_{B}(s^{q}/$\zeta$^{p}) has v singular points in t(=s^{q}/$\zeta$^{p}) plane. There‐

fore we see that (M^{w}f)_{B}(s^{q}/$\zeta$^{p}) has pv singular points in  $\zeta$ plane and the singular

points are given by

(3.7)  $\zeta$_{l,m} :=(\displaystyle \frac{s^{q}}{$\lambda$_{*\ell}})^{1/p}$\omega$_{p}^{m}= constant \times s^{q/p}a_{ $\nu$}^{1/p $\nu$}$\omega$_{ $\nu$}^{p/p}$\omega$_{p}^{m}

for \ell=0 , 1, \cdots

;
 v-1 and m=0 , 1, \cdots

;  p-1 . For n=0 , 1, . . .

; pv-1 ,
we put

$\zeta$_{n}:= constant \times s^{q/p}a_{ $\nu$}^{1/p $\nu$}$\omega$_{p $\nu$}^{n}

and

(3.8) d_{n}:=\displaystyle \arg$\zeta$_{n}=\frac{q}{p}d+\frac{\arg a_{ $\nu$}+2 $\pi$ n}{pv}
for a fixed s with \arg s=d.

We consider the situation that |s| becomes bigger along \arg s=d . In this case, we

spit the path of integral into pv arcs $\gamma$_{n} and pv arcs $\Gamma$_{n}(n=0,1, \cdots,pv-1) ,
where

each $\gamma$_{n} consists of the arc between points of argument d_{n}- $\epsilon$/3 and d_{n}+ $\epsilon$/3 ,
and

each $\Gamma$_{n} consists of the arc between points of argument d_{n}+ $\epsilon$/3 and d_{n+1}- $\epsilon$/3 with

d_{p $\nu$}=d_{0} . Since  $\varphi$(x) is analytic in $\Omega$_{x}(p, v) ,
we may deform $\gamma$_{n} into paths $\gamma$_{n,R_{\mathrm{s}}} along

the ray \arg $\zeta$=d_{n}- $\epsilon$/3 to a point with modulus R_{s}=c|s|^{q/p}+1 ( c is some constant),
then along the circle | $\zeta$|=R_{s} to the ray \arg $\zeta$=d_{n}+ $\epsilon$/3 and back along this ray to

the original circle. So we have

(3.9) u_{B}(s, x)=\displaystyle \sum_{n=0}^{p $\nu$-1}\frac{1}{2 $\pi$ i}\{\int_{$\Gamma$_{n}}+\int_{$\gamma$_{n,R_{\mathrm{S}}}}\}\frac{ $\varphi$(x+ $\zeta$)}{ $\zeta$}(M^{w}f)_{B}(\frac{s^{q}}{$\zeta$^{p}})d $\zeta$.
In this expression, from the assumption that  $\varphi$(x)\in \mathrm{E}\mathrm{x}\mathrm{p}_{x}(pv/pv-1, $\Omega$_{x}(p, v)) and the

fact that (M^{w}f)_{B}(t)\in \mathrm{E}\mathrm{x}\mathrm{p}_{t}(k_{*}, S(d, $\epsilon$_{0})) with d\neq e_{\ell} as in Remark of Theorem 3.3, we

can obtain the property of the analytic continuation and the desired exponential growth
estimate of u_{B}(s, x) in S(d,\tilde{ $\epsilon$})\times B(r) for some \tilde{ $\epsilon$} and r. \square 

§4. Proof of Lemma 3.2 and Theorem 3.3

We shall prove Lemma 3.2 and Theorem 3.3, which are the results of k‐summability
of the formal power series \hat{f} and the moment series M^{w}\hat{f} . For the purpose, we shall

give the results for k‐summability of the formal solution of a linear ordinary differential

equation in subsection 4.1. By applying their results to \hat{f} and the moment series M^{w}\hat{f},
we shall give the proof of Lemma 3.2 and Theorem 3.3 in subsection 4.2.
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§4.1. Summability of formal solution for an ODE

In this subsection, we only give results for k‐summability of the formal solution of

a linear ordinary differential equation. For the proof, see B. L. J. Braaksma [2], [3], S.

\overline{\mathrm{O}} uchi [8] and K. Ichinobe [4].

Let k be positive rational number and let us consider the following polynomials.

P_{0}( $\zeta$)=\displaystyle \sum_{j=0}^{m_{1}}A_{j}$\zeta$^{j}, P_{1}(t,  $\eta$)=\sum_{j=0}^{m_{1}+m_{2}}a_{j}(t)$\eta$^{j},
where m_{1}\in \mathbb{N}=\{1 , 2, \}, m_{2}\in \mathbb{N}_{0}, A_{j},  $\zeta$,  $\eta$\in \mathbb{C} and a_{j}(t)\in \mathcal{O}.

Here we assume that m_{1}k\in \mathbb{N}, A_{0}\neq 0, A_{m_{1}}\neq 0 and if jk\not\in \mathbb{N}_{0} ,
then A_{j}=0 ,

and

O(a_{j})\left\{\begin{array}{ll}
\geq 0, & 0\leq j\leq m_{2}-1,\\
>(j-m_{2})k, & m_{2}\leq j\leq m_{1}+m_{2},
\end{array}\right.
where O(a) denotes the order of zeros of a function a(t) at t=0.

We consider the following linear ordinary differential equation.

(4.1) P_{0}(t^{k}$\delta$_{t})$\delta$_{t}^{m_{2}}y=g(t)+P_{1}(t, $\delta$_{t})y,

where $\delta$_{t}=t(d/dt) is the Euler operator and g(t)\in \mathcal{O}.
Here, we give the definition of the Newton polygon for the equation (4.1) (cf. M.

Miyake and Y. Hashimoto [7] and A. Shirai [9]).
Let L=\displaystyle \sum_{i,j}^{\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}}P_{i,j}t^{i}$\delta$_{t}^{j} be a differential operator. We define a domain \mathrm{N}(i, j) by

\mathrm{N}(i, j):=\{(x, y)\in \mathbb{R}^{2};x\leq j, y\geq i\} for \ell_{i,j}\neq 0,

and \mathrm{N}(i, j) := $\phi$ for \ell_{i,j}=0 . Then the Newton polygon \mathrm{N}(\mathrm{L}) of the operator L is

defined by

\displaystyle \mathrm{N}(L) :=\mathrm{C}\mathrm{h}\{\mathrm{f}\bigcup_{i,j}^{\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}}\mathrm{N}(i, j)\},
where \mathrm{C}\mathrm{h}\{\cdots\} denotes the convex hull of points in \displaystyle \bigcup_{i,j}\mathrm{N}(i, j) . By employing this

definition, we define the Newton polygon for the equation (4.1) by

\mathrm{N}(P_{0}(t^{k}$\delta$_{t})$\delta$_{t}^{m_{2}}-P_{1}(t, $\delta$_{t}))

The above assumptions means

\mathrm{N}(P_{0}(t^{k}$\delta$_{t})$\delta$_{t}^{m_{2}})=\mathrm{N}(P_{0}(t^{k}$\delta$_{t})$\delta$_{t}^{m_{2}}-P_{1}(t, $\delta$_{t})) and \mathrm{N}(P_{0}(t^{k}$\delta$_{t})$\delta$_{t}^{m_{2}})\supset \mathrm{N}(P_{1}(t, $\delta$_{t}

In this sense, P_{0}(t^{k}$\delta$_{t})$\delta$_{t}^{m_{2}} is called the principal operator of the equation (4.1).
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In order to state the result of k‐summability of the formal solution for (4.1), we

define a characteristic equation associated with the principal operator P_{0}(t^{k}$\delta$_{t})$\delta$_{t}^{m_{2}}

(4.2) P_{0}( $\lambda$)=0.

Let $\lambda$_{i} (i=1,2, \ldots; m_{1}) be the roots of (4.2) and we put

(4.3) $\theta$_{i,n}:=\displaystyle \frac{\arg$\lambda$_{i}+2 $\pi$ n}{k},
Then we have

n=0 , 1, . . .

,
k-1.

Theorem 4.1. Let \displaystyle \hat{y}(t)=\sum_{n=0}^{\infty}y_{n}t^{n} be a formal power series solution of (4\cdot 1) .

Then \hat{y}(t)\in \mathbb{C}\{t\}_{k,d} , where

(4.4) d\neq$\theta$_{i,n} (i=1,2, . :. ;m_{1}, n=0,1, \ldots k;-1) .

Corollary 4.2. Let y_{B}(s) :=(\displaystyle \mathcal{B}_{k}\hat{y})(s)=\sum_{n=0}^{\infty}y_{n}s^{n}/ $\Gamma$(1+n/k) . Then y(s)
has m_{1}k singular points in s complex plane at roots of

(4.5) P_{0}(ks^{k})=0,

which is called a singular equation of y_{B}(s) . Moreover, we have

(4.6) y_{B}(s)\in \mathrm{E}\mathrm{x}\mathrm{p}_{s}(k;S(d, $\epsilon$_{0}

for some $\epsilon$_{0}>0 ,
where d\neq$\theta$_{i,n}(i=1,2, . . :; m_{1}, n=0,1, . . :, k-1) .

§4.2. Proof of Lemma 3.2 and Theorem 3.3

\langle Proof of Lemma 3.  2.\rangle In order to prove Lemma 3.2, it is enough to seek the differential

equation which is satisfied by \hat{f} . We recall that the coefficients A(n) satisfy the following
recurrence formula

(4.7) A(n+1)=\displaystyle \sum_{j=1}^{ $\nu$}a_{j} [qn+q-1]_{qj-1}\cdot A(n-j+1) ,

where A(0)=1 and A(-\ell)=0 for \ell>0.

By multiplying both hand sides of (4.7) by t^{n+1} and taking sum of n\geq 0 ,
we get

\displaystyle \hat{f}(t)-1=\sum_{j=1}^{ $\nu$}a_{j}t^{j}\sum[qn +q-1]_{qj-1}A(n-j+1)t^{n-j+1}
=\displaystyle \sum_{j=1}^{ $\nu$}a_{j}t^{j}\sum_{n\geq 0}[qn +qj-1]_{qj-1}A(n)t^{n}
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Here we use the another notation.

[qn+qj-1]_{qj-1}=(qn+qj-1)(qn+qj-2)\cdots(qn+qj-(qj-1))=:(qn+1)_{qj-1},

where the notation (n)_{k} denotes the Pochhammer symbol. We obtain the differential

equation which is satisfied by \hat{f} :

(4.8) \displaystyle \hat{f}(t)-1=\sum_{j=1}^{ $\nu$}a_{j}t^{j}(q$\delta$_{t}+1)_{qj-1}\hat{f}(t) .

From the results in the previous subsection, we notice that the principal operator

of (4.8) is given by

(4.9) P_{0}=a_{ $\nu$}t^{ $\nu$}(q$\delta$_{t})^{q $\nu$-1}-1

and a singular equation of f(t) is given by

(4.10) a_{ $\nu$}t^{ $\nu$}(q\tilde{k})^{q $\nu$-1}-1=0.

Therefore the singular points of f_{B}(t) ,
which are the roots of (4.10), are given by

(4.11) t=$\lambda$_{l}=c_{f}a_{ $\nu$}^{-1/ $\nu$}$\omega$_{ $\nu$}^{-\ell}, P=0, 1, \cdots, v-1,

where c_{f}=(q\tilde{k})^{(1-q $\nu$)/ $\nu$}.
Hence from Theorem 4.1, we obtain that \hat{f} is \tilde{k}‐summable in a direction d

,
where

(4.12) d\displaystyle \neq e_{l}=\arg$\lambda$_{l}=-\frac{\arg a_{ $\nu$}+2 $\pi$ l}{v}, P=0, 1, \cdots, v-1.
\square 

\langle Proof of Theorem 3.  3.\rangle We prove Theorem 3.3 in the similar way to proof of Lemma

3.2. We seek the differential equation for  M^{w}\hat{f}.
We notice

w(n+1)=\displaystyle \frac{(pn+1)_{p}}{(qn+1)_{q}}w(n)=\cdots=\frac{(p(n-j+1)+1)_{pj}}{(q(n-j+1)+1)_{qj}}w(n-j+1) .

By multiplying both hand sides of (4.7) by w(n+1)t^{n+1} and taking sum of n\geq 0 ,
we

get
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(M^{w}\hat{f})(t)-1

=\displaystyle \sum_{j=1}^{ $\nu$}a_{j}t^{j}\sum^{[qn}+q-1]_{qj-1}A(n-j+1)\frac{(p(n-j+1)+1)_{pj}}{(q(n-j+1)+1)_{qj}}w(n-j+1)t^{n-j+1}
=\displaystyle \sum_{j=1}^{ $\nu$}a_{j}t^{j}\sum_{n\geq 0}(qn+1)_{qj-1}\frac{(pn+1)_{pj}}{(qn+1)_{qj}}A(n)w(n)t^{n}
=\displaystyle \frac{1}{q}\sum_{j=1}^{ $\nu$}a_{j}t^{j}\sum_{n\geq 0}\frac{(pn+1)_{pj}}{n+j}A(n)w(n)t^{n}
=\displaystyle \frac{1}{q}\sum a_{j}D_{t}^{-1}t^{j-1}(p$\delta$_{t}+1)_{pj}(M^{w}\hat{f})(t) ,

where D_{t}^{-1}=\displaystyle \int_{0}^{t} . Therefore we have

\displaystyle \frac{d}{dt}(M^{w}\hat{f})(t)=\sum_{j=1}^{ $\nu$}\frac{a_{j}}{q}t^{j-1}(p$\delta$_{t}+1)_{pj}(M^{w}f)(t)
(4.13) \displaystyle \Leftrightarrow$\delta$_{t}(M^{w}\hat{f})(t)=\sum_{j=1}^{ $\nu$}\frac{a_{j}}{q}t^{j}(p$\delta$_{t}+1)_{pj}(M^{w}\hat{f})(t) .

We notice that the principal operator of (4.13) is given by

(4.14) Q_{0}=\displaystyle \frac{a_{ $\nu$}}{q}t^{ $\nu$}(p$\delta$_{t})^{p $\nu$}-$\delta$_{t}=(\frac{p}{q}a_{ $\nu$}t^{ $\nu$}(p$\delta$_{t})^{p $\nu$-1}-1)$\delta$_{t}
and a singular equation of (M^{w}f)(t) is given by

(4.15) \displaystyle \frac{p}{q}a_{ $\nu$}t^{ $\nu$}(pk_{*})^{p $\nu$-1}-1=0.
Therefore the singular points of M^{w}\hat{f}(t) ,

which are the roots of (4.15), are given by

(4.16) t=$\lambda$_{*l}=c_{g}a_{ $\nu$}^{-1/ $\nu$}$\omega$_{ $\nu$}^{-\ell}, P=0, 1, \cdots, v-1,

where c_{g}=q^{1/ $\nu$}p^{-p}k_{*}^{(1-p $\nu$)/ $\nu$} . Hence we obtain that M^{w}\hat{f} is k_{*} ‐summable in a direction

d
,

where d\neq e_{\ell} (\ell=0,1, . ::, v-1) . \square 

Acknowledgement. The author would like to express thanks to the referee for his

comments. According to his advice we add the subsection 4.1, where the results of

k‐summability of the formal solution for a linear ODE are given.



94 Kunio Ichinobe

References

[1] W. Balser, From Divergent Power Series to Analytic Functions, Springer Lecture Notes,
No. 1582, 1994.

[2] B. L. J. Braaksma, Multisummability and Stokes Multipliers of Linear Meromorphic Dif‐

ferential Equations, J. Diffe rential Equations, 92, 4575 (1991).
[3] —, Multisummability of formal power series solutions of nonlinear meromorphic differen‐

tial equations, Ann. Inst. Fourier (Grenoble), 42 (1992), no. 3, 517540.

[4] K. Ichinobe, On a k‐summability of formal solutions of a class of partial differential oper‐

ators with time dependent coefficients, preprint.

[5] D. Lutz, M. Miyake and R. Schäfke, On the Borel summability of divergent solutions of

the heat equation, Nagoya Math. J., 154 (1999), 129.

[6] M. Miyake, A remark on Cauchy‐Kowalwvski�s theorem, Publ. Res. Inst. Math. Sci., 10

(1974/75), no.1, 243255.

[7] M. Miyake and Y. Hashimoto, Newton polygons and Gevrey indices for linear partial
differential operators, Nagoya Math. J., 128 (1992), 1547.

[8] S. \overline{\mathrm{O}} uchi, Multisummability of Formal Solutions of Some Linear Partial Differential Ee‐

quations, J. Differential Equations, 185, 513549 (2002).
[9] A. Shirai, Maillet type theorem for nonlinear partial differential equations and Newton

polygons, J. Math. Soc. Japan, 53 (2001), No. 3, 565587.


