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The non-integrability of some system of fifth-order
partial differential equations describing surfaces
containing 6 families of circles

By

KivyooMml KATAOKA * and NOBUKO TAKEUCHI **

Abstract

We prove that a surface germ z = f(x, ) at the origin in R? is a cyclide, if it contains some
six continuous families of circular arcs through every point and it satisfies some conditions on
the third order derivatives of f at the origin. This result was conjectured by Takeuchi in [6]:
A surface in R? is a cyclide if it contains two circles through almost every point.
Our proof is based on the non-integrability of the corresponding system of fifth-order partial
differential equations introduced in [3], and so we do not use any global information on the
surfaces, for example, our result is free from the genus and the closedness of surfaces. The
detailed results with proofs will be published in [4].

A general cyclide (Darboux cyclide [2]) is defined by a quartic equation

3 3 3
(0.1)  ax? 4+ 3 +22)% + 2(23 + 22 + 23) Zﬁiari + Z VijTiTj + 2 251%‘ +e=0
i=1 ij=1 i=1

with real numbers «, 3;,7ij,0;,e. Then a usual torus and a 6-circle Blum cyclide ([1])
correspond to the case a = 1,8, = 0,8, = 0,7;; = —2a;0;j,€ = £? with 0 < £ < a3 =
as, az = —F, and to that with 0 < ¢ < as < ay, —¢ # a3 < ¢, respectively.

We consider a surface germ M : z = f(x,y) at the origin of R, where f is a C%-class
function defined in a neighborhood of z = y = 0 satisfying the following conditions:

(0'2) f(O’O) me((),()) ny(o,()) :f:vy(oao) =0,
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and

Indeed, if the origin is not an umbilical point of a C?-surface M, we can take such a
Euclidean coordinate system z, v, z of R3.
Before stating our main result, we introduce conformal transformations, which have

a great importance in our proof of the main result.

Definition 0.1. A conformal transformation in R? is a finite composition of
translations, rotations, and the inversions = Ay /[y|?> (A > 0) in R3. As a result,
reflections and dilations are conformal transformations. Two surface germs M, M’ at
p € R3 are said to be conformally equivalent to each other if there is a conformal
transformation F' with F(p) = p such that F(M) = M’ as a surface germ.

Remark. A conformal transformation maps a sphere (or (a plane)U{oco}) onto a
sphere or (a plane)U{oo}: As a result, a circle (or (a line)U{oco}) onto a circle or (a
line)U{oo}. Hence the total number of circles and lines passing through a point on a
surface is preserved under a conformal transformation. Further it is well-known that a
general cyclide is transformed into another general cyclide by any conformal transfor-
mation. N. Takeuchi [6] proved that any general cyclide is conformally equivalent to a
cyclide of the following type:

3
(0.4) a(x? + 235+ 23)% + Z Yiix; + €= 0.

We denote by a,b,c,dy, e, the higher order derivatives of f(z,y) and by P(t)
the characteristic polynomial for a surface germ z = f(z,y), which will be given in
Definition 1.1. Then, our main result is the following:

Theorem 0.2.  Let z = f(x,y) be a C°-class function defined in a neighborhood
of x =y = 0 satisfying conditions (0.2), (0.3). Let P(t) be the characteristic polynomial
at the origin for the surface germ M : z = f(z,y). Suppose that P(t) =0 has 6 distinct
non-zero real roots {tx}S_,, and that M includes 6 continuous families of circular arcs
corresponding to {tx}S_,. Then, f is analytic at v = y = 0, and f is completely
determined by the 11 higher order derivatives co,ca,dy,es of f at (0,0). Furthermore,
suppose the following additional conditions

d0:d1:d2:d3:0 at(0,0)

with some generic conditions on cy, ca,€q,€2,e4. Then we obtain that e; = e3 = 0 at
(0,0), and that the surface germ z = f(xz,y) at x = y = 0 is a general cyclide. More
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precisely, M is conformally equivalent to a germ at (0,0,%) of the following 6-circle
Blum cyclide:

(0.5) (22 + y? + 2%)? — 20127 — 2a9y* — 2a32° + a3 = 0,

where a1 > ag > ay > 0, —ag > ay. Further this surface (0.5) has the same character-
istic roots {t;}S_,.

Our plan of this paper is the following: In Section 1, we recall the results in [3]
(and the complete version [4]) with some necessary definitions, P(t), co, c2, dx, e, for M.
Section 2 is devoted to show some explicit calculations for the Blum 6-circle cyclides
and to give a rough sketch of the proof of Theorem 0.2. In particular, the explicit
calculations of T'(x,y) in Proposition 2.4 are the original results in this paper.

§1. The system of fifth-order partial differential equations which
describes surfaces including several continuous families of circles

Definition 1.1.  (The key polynomial Z(T)). Let z = f(x,y) be a C*-class
function defined in a neighborhood of (0,0) € R?. Put the Taylor coefficients of f at
(x,y) as follows:

a:= fz(z,y), b:= fy(z,y),

co = f2a(®,9)/2, c1:= fay(3,y), c2:= fyy(,9)/2,

do = Fraa@.5)/31 dy = Fony (.02,

do = fayy(x,y) /2, d3 = fyyy(x,y)/3!,

€0 = frzaa(,9)/4L, €1 = frpay(,9)/3\, €2 = fouyy(z,y)/2,
€3 = foyyy(@.9) /3, € 1= Fyyyy(@,y)/4.

(

\
We define some polynomials C(T'), D(T), E(T),R(T"),S(T), K(T), W(T) and the key
polynomial Z(T') in T as follows:

(T) :=co+ 1T +c2T?, D(T):=do+diT + doT? + dsT?,

(T) :=eg + 1T + exT? + e3T? + esT?,
R(T) := (b + 1)T? + 2abT + o + 1,

(T) := D(T)R(T) — 2(bT + a)C(T)?,

(T) == R/(T)C(T) - R(T)C'(T),

(T) := bS(T) + C(T)K(T) = 2TC(T)? + (bD(T) — C"(T)C(T))R(T),

where C'(T') = 00C(T), R'(T) = 0rR(T),...etc..

Z(T)=Z(T;z,y) =
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K(T)*(R(T)E(T) — C(T)*) + R(T)K(T)D(T )( (T)R(T)

— 36>+ 1)T'D(T)) + D(T)*R(T)[—ab(2K (T) + TK'(T))

—2(a® + 1) (b + 1)C(T) + ((a* + L)ea + (b + 1)co) R(T)]

+2R(T)C(T)[(bT + a){D(T)K'(T)C(T) + D(T)K (T)C'(T)
D'(T)K(T)C(T)} = bD(T)C(T)K(T)]

+4C(T)*(WT + a){((a® — D)ea + (> 4+ 1)co) (bT + a)
— —aclR’(T) + 2a(co — ) — bey

It is easy to verify that (the degree of Z(T) in T) < 10. Consider a C*-surface germ
M ={z= f(x,y)} at (0,0, f(0,0)). We call

P(t) := Z(t;0,0)/(co(0,0) — ¢2(0,0))

the characteristic polynomial of the surface germ M if conditions (0.2), (0.3) are satisfied.
Since a = b =¢; =0 at (0,0), we have a more simplified form:

[e]

(1.1) P(t) =(2 + 1)D®){26(82 + 1)D' (1) — (5¢2 + 1)D(1)}
+4(8 — &){(E + 1)E(t) — C(8)°),
where g]‘ :=¢,;(0,0), 8’(t) := C(t;0,0), etc.. Moreover, under the additional condition
do(0,0) = d1(0,0) = d(0,0) = ds(0,0) = 0,

we have P(t) = 4(¢y — ¢2)t2Q(t) with a polynomial Q(t) of degree 6, which we call the
reduced characteristic polynomial:

(1.2) Q) := (2 + VE(t) — C(1)*.

Then we can introduce the main theorems of [3], [4]:

Theorem 1.2.  Let z = f(z,y) be a C*-function defined in Us, = {2? + y* <
62} (60 > 0) satisfying (0.2), (0.3). Then we have the following (i), (i), (iii).

(Z) Let tg,so € R. If
(1.3) M N {y =tox + soz}
is a circular arc or a line segment in a neighborhood of the origin, then

Z(t0:0,0) = 0.
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Further, if it is a circular arc, then C(to;0,0) # 0 and under an additional condi-
tion tg # 0 we have

(t2 +1)D(t0;0,0)
2(€0(0,0) — ¢2(0,0))toC(t0; 0,0)

S =

If it is a line segment, then C(tp;0,0) = D(t9;0,0) = E(t9;0,0) = 0.

(1i) Let t(x,y),s(x,y) be real-valued continuous functions defined in a neighborhood of

(iii)

(0,0) such that, for some 6 > 0 and any (zo,y0) € Us, the set

(1.4) M N {y — yo = t(xo,yo)(x — w0) + 8(0, y0)(z — f(o,y0))}

coincides with a circle in a neighborhood of (xo, yo, f(zo,vo)). Assume thatt(0,0) #
0. Consider a continuous function

tx,y) + folz,y)s(z,y)
1- fy(x,y)s(x,y)

defined in a neighborhood of (0,0). Then, T'(x,y), s(x,y), t(x,y) satisfy the follow-
g equations:

(1.5) T(x,y):=

(1.6) Z(T(z,y);z,y) =0,
(1.7) s(z,y) = % o) = TK(T)%@ - aS(T)

Moreover, if t(x,y),s(z,y) are constant on each circular arc (1.4), f is a C°-
function in Us, and Z'(t(0,0);0,0) # 0, then T(z,y) is a Ct-function in a neigh-
borhood of the origin satisfying the following equation:

25(T)

(18) (am + T(QJ, y)ay)T(.’L', y) = m

Conversely, let f(x,y) € C°(Us,), and let T(z,y) be a real-valued C*-function
defined in a neighborhood of (0,0) satisfying T'(0,0) # 0, equations (1.6),(1.8).
Then, t(z,y), s(x,y) defined by (1.7) belong to C1(Us) for a small § > 0, and
satisfy that, for any (xo,yo) € Us, the set

M N0 {y — yo = t(zo, yo)(x — w0) + 8(x0, yo)(z — f(xo,y0))}

coincides with a circle in a neighborhood of (xo, Yo, f (o, Y0)), and that t(x,y), s(x,y)
are constant on this circular arc.
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Though equation (1.8) looks like a first order PDE, this is a fifth-order PDE for
f,y):

5

5\ . 24N (T

J=0

This is because 7' is an analytic function of V f, V2 f, V3 f, V4 f through Z(T) = 0. Here
N(T) is a polynomial in T of degree 14 defined by

5

(1.10)  N(T) := — K(T) ((aﬁ:ray)Z( ) KT T’R Z( )Taa5 Jagf>

J=

—25(T1)Z'(T),

where (0;,4+10,)Z(T) := (0;+710,)Z(T'; x,y) means a differentiation for each coefficient
of Z(T). It is easy to see that the degree of N(T') in T' is at most 14. As we give an
explicit form of N(T') in Proposition 1.3, all the coefficients of N(T") are polynomials of
derivatives a, b, cx, dy, e, of f(z,y) introduced in Definition 1.1.

Proposition 1.3. We have the following expression of polynomial N(T') intro-
duced at (1.10). In particular, the degree of N(T) in T is 14.

N(T) = —5R(T)K(T)*E'(T)[R(T)D(T) — 2(bT + a)C(T)?]
+D(T)’R(T)Bi1(T) + 2D(T)* D' (T)R(T)* B2(T)
— D(T)*R(T)*K(T)[(3dsT + d2) (5R(T) — (b* + 1)T?)
+ (i T + 3do)(b* + 1)] + D(T)?B3(T)
+ 2(bT + a)D(T)D'(T)R(T)C(T) B4(T)
+ 10(bT 4 a)D(T)D"(T)R(T)*K (T)C(T)? 4+ D(T)Bs(T)
—4(bT + a)D'(T)R(T)K(T)C(T)? [5(bT + a)C’(T) + 2bC(T)]
+4(bT + a)C(T)* K (T) [3dOBﬁ(T) +d1 B+ (T) + do Bs(T)
- 3d3TBg(T)} 4 AC(T) Byo(T).

Here, a,b,c.,dy, e, are the higher-order derivatives of f(x,y), and C(T),
c(T),D(T),D(T),D"(T),E(T),E(T),R(T),R(T), K(T),K'(T) are the polynomi-
als in T (or their derivatives in T') with coefficients in polynomials in a,b, ¢y, d,, ex,
which are introduced in Definition 1.1. Further, By(T),..., Bio(T) are the polynomials
in T, a,b,c, given by the following:

Bi(T) := K(T){42(b> + 1)R(T) — 20(a* + b* + 1)}
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— 4es R(T){3abR(T) — 2(a® + b* + 1 — a®b*)T + 2ab(a® + 1)}
+2(b* + D)y R(TY{3R(T) + 4abT + 4a® + 4}
—4(b* + DR(T)R'(T)co
By(T) == —(4(b* + )T + 5ab)K(T —(P*+1)I? +a®> +1)K'(T)
+4(a® +1)(b* + 1)O(T) = 2((a® + 1)ez + (b° + 1)eo) R(T),
B3(T) := K(T)*{ — 4aR(T)C'(T) + 12(b* + 1)(bT + a)TC(T)
+ 8ab(bT +a)C(T) + 12bR(T)C(T) + 2bR(T)(2¢co + e1T) }
+ K(T)K'(T){4abT (bT + a)C(T) — 12(bT + a)R(T)C(T)
+ T R(T)(2co + o1T) + aTR(T)C'(T) }
+ K(T){ — 4a(b®> + 6)R(T)C(T)* — (18(b* + 1)T(bT + a)
+ 16ab(bT + a) — 4b(a® + 1)) R(T)C(T)C'(T)
+8(a® + 1)(b* + 1)(bT + a)C(T)* — 8(bT + a)((a® + 1)c2
+ (b® + 1)co) R(T)C(T) + 4abT (bey — 2ac2)R(T)C(T)
+4a(b? +1)(2¢co + 1 T)R(T)C(T) — 2acy(2¢o + 1 T)R(T)?
— 2bcoC'(T)R(T)? — 12(b* + 1)(bT + a)TR'(T)C(T)?
— 8ab(bT + a)R'(T)C(T)?* — 4(bT + a)R(T)R'(T)C(T)C'(T)
+4bR(T)R'(T)C(T)? — 4(bT + a)R(T)*C’(T)?
— 8¢ (bT + a)R(T)*C(T) + 4bR(T)*C(T)C'(T) }
—2(bT 4 a) K'(T)C(T){2abT R (T)C(T) + 5R (T)R(T)C(T)
+6R(T)*C'(T)} — 4(bT + a) K" (T)R(T)C(T)*(R(T) + abT)
—8(a® + 1)(0* + 1)(bT + a)R'(T)C(T)? + 8(bT + a)((a® + 1)c2
+ (0* + 1)eo) R(T)R'(T)C(T)?
—8(a® + 1)(b* + 1)(bT + a) R(T)C(T)*C'(T),

By(T) :=2(3(b° + 1)T + 5ab) K(T)C(T) + 5R(T)K (T)C'(T)
+2((b* + 1)T? + a* + 1) K'(T)C(T) — 8(a® + 1)(b* + 1)C(T)?
+4R(T)C(T)((a® + 1)ea + ( b2 +1)eo

Bs(T) :=9C(T)*K(T)* + K(T)*C(T)*{
+ 8b(bT + a)C(T) — 8(bT + a)*C'(T)}

—8(bT +a)’K(T)K'(T)C(T)* + K(T)C(T)*{ = 8(bT + a)(bex

— 2aco)R(T)C(T) — 8b(bT + a)R(T)C'(T)C(T) + 86*R(T)C(T)?
— 4b(bT + a)R(T)C(T)C'(T) — 48(bT + a)*C(T) ((a® — 1)c2

+ (b* + 1)co) + 24ac, (bT + a)R'(T)C(T) — 48(bT + a)C(T) (2a(c2

1)
1)

) )
6R' (T)C(T) + 4R(T)C'(T)
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—¢p) — ber) + 12(bT + a)*R(T)C'(T)? — 8b(bT + a)R'(T)C(T)?
+ 8(bT + a)*R/(T)C(T)C'(T) + 16¢5(bT + a)>R(T)C(T)
—8b(bT + a)R(T)C(T)C'(T)}

+8(bT + a)’K'(T)C(T)*{R'(T)C(T) + 3R(T)C'(T)}

+ 8(bT + a)?R(T)C(T)* K" (T)

— 16b(bT + a)R(T)C(T)*((a* — 1)ea + (b + 1)co)

—32(bT +a)*R(T)C(T)*C"(T)((a® — 1)c2 + (b* + 1)co)

+ 16a(bT + a)R(T)R'(T)c, C(T)3C'(T) + 4abR(T)R'(T)c, C(T)*
+8a(b* + 1)(bT + a) R(T)e1 O(T)* — 8bR(T)C(T)* (2a(cz — o)
—bey) — 32(bT + a)R(T)C(T)*C'(T) (2a(c2 — co) — ber),

Bg(T) := —(b* + 1)(bT + a) + 2a,
By(T) := — (b + 1)T'(bT + a) + aR'(T) + 2(aT + b),
Bg(T) := —(a* — 3)(bT + a) + aTR'(T) — 4a — 4(bT + a)R(T),
By(T) := (a® — 1)(bT - a) +2a + 4(bT + a)R(T),
Bio(T) := K(T)*{2bC(T) — 4(bT + a)C’( )}
—2(bT 4 a)C(T)K ( ) "(T) + K(T){aR (T)er C(T)
—4(bT +a)C(T)((a* — 1)ea + (b2 +1)co) — 4a(ca — ¢o)C(T)

4 2bc;C(T) — 2a(bT + a)?ca(2co + 1 T) — 2b(bT + a)?coC’(T)
+ 2ab(bT + a)c1C(T) + a(bT + a)?*c1C'(T)

+ %(bT + a)R(T)er (200 + erT) — 26T + a)(cs — 0)(2¢0 + e T)

+ (0T + a)er C'(T) } + 8b(bT + a)?((a® — 1)ea + (b% + 1)eg) C(T)?
+16(bT + a)*C(T)C"(T)((a® — 1)ca + (b* + 1)co)

—8a(bT + a)*R/(T)c,C(T)C'(T) — 2ab(bT + a) R (T)c1C(T)?
—4a(b® +1)(bT + a)?c1C(T)* + 4b(bT + a)C(T)? (2a(ca — co)
—ber) 4+ 16(bT + a)*C(T)C'(T) (2a(ca — o) — ber).

Theorem 1.4. Let z = f(x,y) be a C°-class function defined in a neighborhood
of the origin satisfying (0.2). Assume that the origin is not an umbilical point of M :=
{z = f(x,y)}. Let P(t) be the characteristic polynomial at the origin. For an integer
¢ (1 < ¢ <10), we suppose that there exist £ mon-zero real numbers {ti}t_, satisfying
P(ty) =0, P'(tp) #0 for each k =1,...,¢, and that M includes ¢ continuous families
of circular arcs associated with {ty}i_,. Let Ty(x,y) be the function T corresponding
to non-zero simple root ty; that is, Ty(0,0) = tx (k =1,...,0). Then f is a solution of
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the following system of fifth-order partial differential equations:

Z(Ti(x,y)) =0, Tr(0,0) = tg,

5 igs-i 24N (Ty,(z,y))
(1.11) Z( )Tk .,y 0y 0 f (x,y) = R(Tk(x,y));(Tk(w,y))3

(1<k<0),

\

where N(T') is defined at (1.10). Further the converse statement also holds in the sense
of (iii) of Theorem 1.2.

Theorem 1.5. Let M : z = f(x,y) be a C°tP-class surface germ at the origin
satisfying condition (0.2), where 0 (0 < 6 < 1) is an exponent for Hélder continuity.
Assume that the origin is not an umbilical point of M. Let P(t) be its characteristic
polynomial at (0,0). Suppose that M contains two continuous families of circles in the
sense of (i1) of Theorem 1.2, where these families correspond to two distinct non-zero
real simple roots t1,ts of P(t) = 0, respectively. Then, f is an analytic function which
is uniquely determined only by the partial derivatives at (0,0) up to Sth-order. More
precisely, such surface-germs are classified by at most 21 real parameters.

§ 2. General cyclides and Theorem 0.2

Before giving a rough sketch of the proof of Theorem 0.2, we introduce some results
on general cyclides.

Proposition 2.1.  Let z = f(x,y) be a C*-function defined in a neighborhood of
the origin satisfying conditions (0.2), (0.3). Assume that M = {z = f(z,y)} coincides
with a general cyclide as a surface germ at the origin. Then we have

2d0d1 — dldQ — d0d3 —2d2d3 + d1d2 + d0d3

(21) €1 = s €3 =
co — C2 Co — C2

at (0,0). Here cy,dy, e, are the derivatives of f(x,y) introduced in Definition 1.1. Con-
versely, if [ satisfies conditions (2.1), then there is a unique germ of a general cyclide
M’ such that the local defining function z = g(x,y) of M’ coincides with z = f(x,y) up
to the fourth-order derivatives at (0,0).

Example 2.2. Let M be a six-circle Blum cyclide

(2.2) (22 +y? + 2%)? — 2a2® — 2by? — 2¢2* + d* = 0,
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such that a,b,c,d are real numbers satisfying a > ¢ > d > 0,b < —d. Then the
characteristic polynomial at (0,0, o Ve + o2 — d?) with o1 = +1,09 = +1 is given
by

- UM (o2 (22 (o 22)

Indeed, since 22 = ¢ — 2% —y? + 01/ — d? +2(a — )22 + 2(b — ¢)y? in a neigh-
borhood of (0,0), we have

(a—c—ol)z>+ (b—c—01)y> ((a—c)x® + (b— c)y?)?
— gor/ 1 _
F=oavet alﬂ( + 2014(c+ o1¥) 40103 (c+ o14)
2
((a—c—0a10)2® + (b—c— o10)y?) 5 9.9
- 8C2(c 1 010)2 Fol® +47)7).

where ¢ = v/¢?2 — d?. Therefore f(x,y) := z(x,y) — o2v/c + 01/ satisfies conditions (0.2),
(0.3), and so we have the following Taylor coefficients at the origin:

o oy (o1(a—c)—1) o o9 (01(b—c) —¥)
0 2wetol 2U\c+ ol
201(a — ¢)*(c+ o1l) + l(a — c — o14)?
863\t ol
201(a—c)(b—c)(c+o1l)+Ll(a—c—o1l)(b—c—ol)
403+\/c + 0163
20’1(b — 6)2(0 + 0'16) + g(b — C— 0'16)2

803+ ol

and all the other coefficients up to the fourth order vanish at the origin. In particular

€)= —09

)

€y = —02 )

€4 = —02 ’

we have the 6 non-zero real roots for P(t) = 0.

The following lemma and Proposition 2.4 are the original results in this paper. For
the readers to check the calculations, we have a Mathematica source file Blumcircles-
parameter in the following website for download:

http://agusta.ms.u-tokyo.ac.jp/microlocal /manycircles.html

Lemma 2.3. Let xg,¥0,20,U1,Us,Us, V1, Vo, V3, A be real constants satisfying
UsVy — Ui V3 # 0. Consider the following curve with parameter t € R U {oo} in R3:

2A(U; + Vit)

(U1 + V1t)2 + (Us + Vat)2 + (Us + Vat)2’
2A(Us + Vat)

V=90t T Vit? + (Vs + Val)2 + (Us + Va2

xr =xg+
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2\ (Us + Vst)
(U1 + V1t)2 + (Us + Vat)2 + (Us + Vat)?'

2 =x9+

Then, this is a circle contained in a plane

UsVo — UV
SR A AT
with center
AUL(VE + V) — V(U Va + UsVs))
(UaVs — UsVi)2 + (UsVy — Uy V)2 + (U Vo — U V)2’
- AMU2(VE + V) = Va(UsVs 4+ Ui V1)) |
(UxVz — UsVa)2 + (UsVy — UL V3)? + (U1 Vo — UsVh)?
MU3(VE + VE) = Va(Uh Vi + Uz Va))
(UzV3 — UsVa)? 4 (UsVy — U1 V3)2 + (U Vo — UaV1 )2

Tr = X9+

Z =29+

and radius

ANVVE+VE+VE
\/(U2V3 — UsVh)? + (UsVy — U1 V3)2 + (U Vo — UsV7)?

Proof. Suppose that this curve is a circle with center (zg+ W1, yo + Wa, 20 + W3)
included in y — yo = a(x — xg) + B(z — z0). Then, since

23: ( 2A(U; + Vjt) - W‘)Q
(Uy + Vit)2 + (Us + Vat)2 + (Us + Vat)? J

j=1
B N =30 + Vi W) + 23: W2
(Ui + Vit)? + (U2 + Vat)? + (Us + Vst)? j=1 g

we have the sufficient conditions:

Vo =aVi +BV3, U= alU; + (Us,

3 3
W2 :OéW1 +5W2, ZV}W] :O’ ZUjo = A\

j=1 j=1
Thus we obtain o« = (U3V2—U2V3)/(U3V1—U1V3), 6 = (U2V1—U1‘/2)/(U3V1—U1‘/3), and
W1, Wa, W3 as in the statement. Further we have radius /W7 + W2 + W2 =R. O

Proposition 2.4.  Let M be the siz-circle Blum cyclide given at (2.2). Then
for each non-zero real root of P(t) = 0, we have a continuous family of circles in a
neighborhood of (0,0, 09 Ve+ o1V 2 — d2) with 01,00 = ®£1. In fact, we have the siz
non-zero real roots:

— —d d
acia ia—{—

+ c—b’ d—1b’ —b—d’
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(i) For the characteristic roots ++/(a — c)/(c — b) withvy = \/(a — ¢)(c — b)(c? — d?)
we have

tl,:l:(a‘:ay) = Tl,:l:(xvy)a Sl,:l:(x’y) = 07

and

—2(a — ¢)(c — b)zy Fvi/c2 — d? +2(a — c)z2 + 2(b — ¢)y?

Ty +(w,y) == (b—c)(c? — d2? +2(a — c)z?)

(ii) For the characteristic roots £+/(a — d)/(d — b) withve = \/2(a — d)(d — b)(c — d)
we have

to 1+ (z,y) = {Q(b —¢)(a—d)zyz F 010202 ( — by® — cz*

+ (2% +y° + 22)(y° + 27)) }/{(d —b)z((d—c)(d+2* +y°
+2%) = 2(a — ¢)2®) F 0100wy (2® + y* + 2° — b)},
so+(m,y) = {(c —d)y((b—d)(d+ 2 +y* + 2°) + 2(a — b)z?)
+ oy09vezz(2? + y? + 2% — c)}/{(d —b)z((d—c)(d+2* + ¢
+ 2%) — 2(a — ¢)2?) F oro2vazy(a® + y* + 2% — b)}
Further, T2,:|:(x’ y) = P2,:l:(x7 y)/QQ (:I’.a y) with
P 1 (z,y) = xy{ — (¢* — d*)(3ab — 2ac — 2bc — (a + b — 4c)d — d?)

+2(a — ¢)( — 2ab + ac + 2bc + (a — 3¢)d + d*)x*

+2(b—¢)( — 2ab+ 2ac + be + (b — 3c)d + d°*)y?

+ o1/ 2 —d2 +2(a — c)a? + 2(b — ¢)y? (2¢*(a + b) — 3abe

+ (ab + ac + be — 4c*)d

(atb—e)d®+d®+2(a—c)b—d)a?+2(b—c)(a— d)yQ)}

+ 0'11)2\/6 —22 —y2 4 o1/ —d% +2(a — c)x? 4+ 2(b — ¢)y>
{01 V2 —d2+2(a—c)x? +2(b—c)y? (¢ — d® + (a — ¢)a?

+(b—c)y?) +e(® —d*+2(a—c)a* +2(b— c)yz)},

Qa(z,y) == —(b—d)(c — d)*(2c + d)(c + d)
+ (b—d)(d —c)(6ac — 7c* + 4(a — c)d + d*) z*
—(b—c)(b—d)(c—d)(3c+ d)y* —2(a — ¢)(b— d)(2a — 3¢ + d)z*
+2(b—¢)( — 2ab+ ac + 2bc + (a — 3¢)d + d*)z*y?
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—o1v/e2 —d2+2(a — )22 +2(b — ¢)y?

x {(b—d)(c—d)(2c—d)(c+d)

+ (b—d)(4ac — 5c* — 2(a — )al-l—al2):152-|—(b—c)(b—al)(c—al)y2
—2(a—c)(b—d)z* —2(b—¢)(a 2y*}.

(iii) For the characteristic roots £+/(a + d)/(—d — b),
setting vs = \/2(a + d)(—=b— d)(c + d) we have a similar expression to (ii) (only

replace d in (ii) by —d). We omit the detailed forms of T5 1 (z,y).

Proof. Take a point
(70,90, 20) € S := {(2% + v* + 2%)? — 2a2?® — 2by? — 2c2* + d* = 0}.

Following Blum’s argument [1], we consider the inversion with center (xg,yo, 20):

27’ 21/ 27
33’2 _|_y/2 + Z/2’ Yo + a:’2 _|_y/2 + Z/2’ 0 + :C'2 +y/2 —I—Z’2

(x,y,2) = (xo +

Putting

ro=y/a§+uyg+25, A=(§—a)/2, B=(§5-0)/2, C=(§-0)/2

we rewrite the equation by (z/,v', 2'):
(Azoz’ + Byoy' + Cz02")r"? + Az’ + By + C2"* + (z02” + yoy’ + 202’ + 1)2 =0.

Then by taking the intersection with a plane Axgx’ + Byoy' + C202’ + k = 0 for some
k € R we reduce the equation to the following system:
(A—Fk)2"? + (B —k)y? + (C — k)2 + (zo2’ + yoy’ + 202" + 1)2 =0,

(2.3)
Azox’ + Byoy' + Czpz' + k = 0.

To get the condition for k, we substitute 2’ for 2/ = —(Axoz’ + Byoy’ + k)/(Czp) in the
first equation. Hence we have a quadratic equation in 2/,

0= A'a:'2+B’a:’y'+C”y'2+D’x'+E'y'+F’ — A'x’2+(B’y’+D’)x’+C’y'2+E’y’+F’,
where

(C22)A" = C?22(A — k) + A%23(C — k) + z523(C — A)* =
(C?*22)B' = 2AB(C — k)xoyo + 2(C — A)(C — B)zoyozs = B”,
(C?22)C" = C*22(B — k) + B*y2(C — k) + 22y2(C — B)?

\./
N
~
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(C%23)D' = 2(C — k)kAxg + 2(C — A)(C — k)xozi =: D",
(C%23)E’ = 2(C — k)kByo + 2(C — B)(C — k)yozs =: E”,
(C22)F' = (C - k)k* 4+ (C — k)?22 = F".

Then the condition for k is that the equation for x’, vy’ splits into a product of two first
order equations in z’,4y’. Therefore the discriminant

(B//y/ + D//)2 _ 4A//(C//y/2 + E//y/ + F//)
— (B//Q _ 4A//0//)y/2 _|_ 2(B//D// _ 2A//E//)y/ _|_ D//2 _ 4A//F//

in 2’ should be the square of some first order polynomial in y’. Hence we get the
following condition for k:

(B//D// . 2A//E//)2 _ (B//2 _ 4A//C//)(D//2 _ 4A//F//) =0
B//2 _ 4A//C// Z 0.

Since the first equation is equivalent to
4AH( _ B//D//E// + A//E//Q + B//2F// T C//(D//2 _ 4A//F//)) — O,
we obtain a sufficient condition:

—B"D"E" 4 A//E//2 + B//QF// + C//(D//Q _ 4A//F//) =0
B//2 _ 4A//0// > ().

Finally we get an equation for k:

0 — _B//D//E// _|_ A//E//2 _|_ B//QF// + C//(D//2 _ 4A//F//)
=4C*z3(k — A)(k — B)(k — C)(k* — k(zd + yg + 25) + Azd + Byg + C=3)

— 4C* A (k— A)(k - B)(k - C) (k _ ng‘d) (k T +d) ,

2

because

ré —d* — 4(Axd + Byl + C23) =1 — d* — 2(r} — a)xd — 2(r2 — b)yd — 2(r2 — ¢)z3
= —ry — d? + 2ax? + 2by2 + 2czi = 0.

Thus k should be either one of the following:
(rg—a)/2, (r5—=b)/2, (r5—0c)/2, (r5—d)/2, (r5+d)/2.
On the other hand, putting G(k) := B"? — 4A”C", we have the inequalities for Vk:

0< G((r(z, —a)/2)=—4(A—- B)(A— C)C’zxgzg (A2 + Byg + ng — A(y% + zg))
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(a—"b)(c—a)(a+d)(a—d),
0<G((r2 —=b)/2) = —4(A — B)(—B + O)C?y2 2} (B2 + Az +Cz2 — B(a? + zg))
(a—b)(b—c)(b+d)(b—d),
0<G((rg —c)/2) = 4(A - C)(—=B + C)0?%25(C* + Az} + By — C(z3 + 7))
(a—c)(b—c)(d—c)(c+d),
0<G((rd —d)/2) = C?*22(d —a)(d — b)(d — ¢)(xf + y2 + 22 + d)?/8
(d—a)(d—"b)(d—c),
0<G((r2 +d)/2) = —C?22(d + a)(d + b)(d + ¢) (2 + y2 + 22 — d)*/8

= —(d+a)(d+Db)(d + c).

Hence for our case a > ¢ >d > 0,—b > d, only k = (r3 —¢)/2,(r3 — d)/2,(r3 + d)/2
give the positive G(k)’s.

Case (i) k = (r — ¢)/2: Setting v; = £+/(a — ¢)(c — b)(c? — d?), we solve equations
(2.3). Then we have

r_ (2(a — ¢)(c = b)zoyo — v1(r§ — )2’
T T (@ - 2 o))

/
z =

(c=b)(d* = +2(c—a)zd) + {(b—c)zo((a — ) (1] — 223) + ac — d?) + viyo(rd — b) }a’
(c = b)zo(c? — d? + 2(a — ¢)x}) '

Therefore in the original coordinates x,y, z we have the following:

N 2B%z37

r =X )

0" B2:207 + B22247 + (By + Bsa')?
—2B1Byz31’

(2.4) Yy="yo+ ——270

B?z21"? + B3z2x'? + (B + Bsa!)?’
—2B1z0(B1 + BQ,ZE/)

T B2222"2 + B3222'2 + (B + Bsa')?’
where
(25)  Bi:i=(b—c)(c® —d®+2(a—c)zj),
(2.6)  Bg:=2(a—c)(=b+c)xoyo — vi(—c+xh +yi + 23),
(2.7)  Bai= viyo(—b+ i+ 4 + 28) + (b — O)zolac — d + (a — ¢)(a3 + 1 — ).

Then, setting A = 20B,, Uy = Uy = 0,U3 = —B1,V; = 20B1,Vo = —2¢Bs, V3 = —Bg,
we can apply Lemma 2.3. Therefore, concerning the plane y —yo = t(x —xo) + s(z — 20)
including the circle we have

_% _ 2(a = ¢)(b = c)zoyo — vi(c — xf — yg — 25)
By (b—c)(c? = d?+2(a —c)zd)

(2.8) t= . s=0.
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Further, in a neighborhood of (0,0, 02V ¢ + 01v/c2 — d2) (01,09 = £1) we obtain

2(a —c)(b— c)zy + o1v1/c? — d? 4+ 2(a — ¢)x2 + 2(b — ¢)y?

(2.9) T(x,y) = t(z,y) = (b—)( — & + 2(a — c)a?) ’

which corresponds to the characteristic root

7(0,0) = —sign(v1) o1v/(a = ¢)/(c = b).

The results corresponding to the characteristic roots are as in the statement. The center
of the circle is

B1B3 B2B3
2.10 = = B = e e =0.
( ) X Zo B%—FB%, ) y0+B%+B%a z
and the radius is
(2.11) B3 + 23(B? + B3)
' B? + B3 '

Case (ii) k = (rZ — d)/2: Setting vo = ++/2(—=b+d)(c — d)(a — d), we solve (2.3).
Hence we get

, 1
YT ol d— 202 — 2 + 2(a — b)2d) + (b— d)z (42 — ¢ + 2(c — a)z3) }

x {2(c — d)yo(bd — d? + 2(a — b)a2 + (b — d)r2) + 2zoyo ((ab — &) (e —d)
+(a—b)(c—d)(22 - y2) + ((a+b)(c+ d) — 2(ab + cd))z§>x'
— vp2g(rs — o)((d+ ra)a’ + 210) },

;. 1
N 2{(d—c)yg (b?> — d?> +2(a — b)ad) + (b — d)z2(d?> — 2 + 2(c — a)zd) }

{ —220{(b—d)(d* — cd — (2a — ¢ — d)af + (d — ) (y5 + 25))
— ((ac—d*)(b—d) + (b—d)(a — ¢)(z§ — 25) + (be — 2bd + dc — 2ac

+ ab + ad)yg) oz’ } + vayo(—b + r§) (2z0 + (d + r§)’) }

Therefore in the original coordinates we have the following:

8C3z'!
4C32"? + (205 + C32')2 + (204 + Csa')?’
401(202 + O3’ )
402513/2 + (202 + C3x! ) (204 + 051")2’
401(204 + C5£E/)
4C32"? + (205 + C32')2 + (2C4 + Csa')?’

(2.12) x=u1x0+

(2.13) Yy =

(2.14) z=2z9+
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where

Cr=—(c—d)(b> —d®+2(a—b)zd)ys — (b — d)(c* — d* + 2(a — ¢)zd) =4,
Cy 1= —vam020(rg — ¢) + (¢ — d)yo (bd — d® +2(a—b)xg + (b—d)rg),
Cy 1= vozo(c — rg)(d + 1§) + 2zoyo{ (c — d)(ab — d*) + (a — b)(c — d)z}
—(a—=b)(c—d)ys + ((a+b)(c+d) —2(ab+cd)) 5},
Cy = vox0yo(rg — b) + (b + d)zo(d* — cd — (2a — ¢ — d)xg + (d — ) (y5 + 23)).
Cs = vayo(—b+ rg)(d + 15) + 22020 { (b — d)(ac — d?)
+ (b(c — 2d) + cd + a(b — 2¢ + d))y5 + (a — ¢)(b — d)(z§ — 25) }-
In the same way as in case (i), putting A = 2C1,U; = 0,Uy = 205, Us = 20y, V) =
2C, Vo = C3,V3 = (5, we get the plane
Y—Yo= %(m—xo)-&g—j(z—zo).

Therefore we obtain t = (C3Cy — C2C5)/(2C1Cy), s = Cy/Cy. Since the numerator of ¢
has the factor 2C';, we have

t ={2(b— c)(a— d)zoyozo + va( — bys — czg + 13 (y5 + 25)) } /Cu
B 2(b — ¢)(a — d)woyozo + va( — byg — ez + r3(yg + 23))
VaToyo(r3 — b) 4+ (=b+ d)zo(d?> — cd — (2a — ¢ — d)a + (d — ¢)(y3 + 23))’
—v22020(rg — ¢) + (¢ — d)yo (bd — d* 4+ 2(a — b)ad + (b — d)r})
vawoyo(rd — b) + (=b+d)20(d* —cd — (2a — c — d)ad + (d — ¢)(y2 + 23))

S =

As for T'(zo,y0) = (t + 522)/(1 — 52y)|(20,40)> W€ can calculate z,,z, by the implicit
function theorem applied to (22 + 3% + 22)? — 2a2? — 2by? — 2cz? + d?> = 0. Hence we
have

x(a— 22 —y? — 2?) y(b—a% —y? — 22)

Zg = , 2y = :
P24 y2 422 —0) Y+ y2 422 —0)

Therefore in a neighborhood of (0,0, o Ve+ oy V2 — d2) (01,00 = £1) we get T'(zo, yo) =
P(z0,90)/Q(20, y0), where
Q(z0,y0) = (d—b)(c — d)*(c+ d)(2c+ d) + (b — d)(d — ¢)(6ac — Tc* + 4(a — ¢)d + d*) x}
—(b—¢)(b—d)(c—d)(3c+d)ys —2(a — c)(b— d)(2a — 3¢ + d)x]
+2(b—¢)( — 2ab+ ac + 2bc + (a — 3¢)d + d*)x3yg
+{ = 0= d)c—d)(c+d)(2e—d)— (b= d)(dac - 5¢* — 2(a — )d + &)

— (b= )b d)lc— )i +2(a— )b~ d)zf + 2(b — ¢)(a — d)adyd |
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X 01\/02 —d?+2(a—c)z3 +2(b— )y}
P(zo,y0) = xoyo{(02 — d?)( = 3ab+ 2ac + 2bc + (a + b — 4c)d + d*) +2(a — ¢)( — 2ab
+ ac+2bc + (a — 3c)d + d*)zf 4+ 2(b — ¢)( — 2ab+ 2ac + be + (b — 3c)d + d°) y]

+ o1 \/02 —d?+2(a—c)z2 +2(b— c)y%( — 3abc + 2ac® + 2bc* + (ab + ac

+bc—4ch)d — (a+b—)d® + d* +2(a — ¢) (b — d)z§ +2(b — ¢)(a — d)yé)}

—|—02v2\/c—x%—y8+01\/c2—d2—|—2(a—c)x§+2(b—c)y§{—c3+cd2

—2(a — ¢)exd — 2(b — c)eyp + oy \/02 —d?4+2(a—c)z3 +2(b—c)yd
X (— A+ d®+ (—a+c)xd + (—b—l—c)y%)}.

In particular, for any signature of d, the characteristic root 7(0,0) is given by

7(0,0) = —o10903sign(va)y/(a — d)/(d — b),

where o3 = sign(vc+ d + 01v/c —d) (hence 03 = —1 for d < 0,07 = —1, and 03 = 1
for other cases). The results corresponding to the characteristic roots are as in the
statement. The center of the circle is

B 2012(0203 + 0405)
(2.15) T =To— 4C3(C3 4+ C2) + (C3Cy — C3C5)2’
C1(Co(4CF 4+ C2) — C3C4C
(2.16) y=1yo+ 21( 22( > )] 2’
4C3(C3 + C3) + (C5Cy — CoCs)
C1(C4(4CF + C32) — C2C3C
(2.17) z2=2zp+ (Ca(a0; + ) 2CoCt)

4C3(C3 4+ C3) + (C5Cy — C2C5)?’

Further the radius is

4CF+C3 + C3
2.1 .
(2.18) |Cl|\/402 C2+ C2) + (C3C; — C2C5)2

Case (iii) k¥ = (r + d)/2: Setting vo = £/2(=b—d)(c + d)(a + d), we solve (2.3).
Easily to see, the results are obtained by exchanging d by —d in the results in case
(ii). O

The following is the key lemma for the calculation in the proof of Theorem 0.2:

Lemma 2.5.  Let Q(t) = > 1_o qit"” be a polynomial in t of degree n(> 0) with
coefficients qg, ..., qn € C (gn # 0). Suppose that Q(t) = 0 has n separate rootsty, ..., t, €
C. Let A(t) be a polynomial in t with complex coefficients, and $i, ..., Sy, be m(> 0)
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different complex numbers such that {sp;p=1,....m}N{t;;5=1,...,n} =0. Then the
solution (go, ..., gn—1) € C" to the system

n—1
A(t) .
(2.19) (t) g = mm——— (G=1,...n)
]{:ZO ! Hp:l(t - SP) t=t;
18 given by
(2.20) Gk =0k + Y By Yk

for k=0,...,n— 1. Here (3, is the residue of A(t)/([['_,(t —sp)) at t = s, given by
A(sp)
Hr;ép(sp - 87") ’

and ay’s are the coefficients of the remainder ZZ;& axth of the division B(t)/Q(t) for
the polynomial

ﬁp =

_ Alt) <« B
B(t) = H;nzl(t — 8p) =1 t— Sp.

Further, the coefficient v, at (2.20) is given by

n—k—1 n—1

Vep = — Z W—i—k—kl(sp)Z/Q(sp) (hence 1/(t; — sp) Z’Ykp , Vi=1,..,n).
=0

A rough sketch of the proof of Theorem 0.2. By Theorem 1.4 we have the
following system of 6 differential equations for f(z,y):

Z(Ty(z,y)) =0, Tk(0,0) = t,
5
5-78 f(x 24N (Ty (2, y))
(221 2 Ty ()eraur y)) R(Tu (. 9) K (Tk(z.5)°
\ (1<k<6)
Since

det (T;(0,0)" 14k =1,...,6) = [ [ (t; — t) #0,
>k

the coefficient matrix (Tj(x,y)k_l;j,k = 1, ...,6) is invertible in a neighborhood of
x =y = 0. Therefore we can rewrite (2.21) as follows:

Z(Tj+1(x’ y)) =0, Tj+1(070) =tjy1,
(2.22) 70 fx,y) = G (Vf, V2 [, V3 [,V T, ., T),
(0<j<5),
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where G (j = 0, ...,5) are analytic functions of Vf,V2f,V3f, V4f Ty,...,Ts. In par-
ticular, we know that f is a C%-class function in a neighborhood of the origin. Hence f
satisfies all the assumptions in Theorem 1.5, and so we obtain the analyticity of f(z,y)
at © = y = 0. On the other hand, it is easy to see that all the Taylor coefficients at
the origin of f(x,y) are determined successively by the Taylor coefficients cg, c2, d, €
at the origin. Thus the proof of the former part of Theorem 0.2 is completed. Now we
suppose the additional conditions

do=dy =dy=d3=0
at (0,0). Since a =b=cy =dy =dy = ds =ds =0 at (0,0), by the explicit forms of
N(T), B1o(T) in Proposition 1.3 we get N(7;0,0) = 0. Hence by equations (2.21) we
obtain
5—7 aj _ .

To get some necessary conditions on the values cg, o, €q, ..., €4 at the origin for a solution
f(x,y), we find sixth-order derivatives of f at the origin by using the differential equa-
tions (2.21). Precisely speaking, we find the following coefficients g;,h; (7 =0,1,...,5)

00 f(x,y)
(5— )

as x,y — 0. Since all the fifth order derivatives of f vanish at the origin, concerning

= gjx + hjy + O(z* + )

a,b,cy,dy, e, we have

a=25r, b=2cy, co=cy, c1=0, c2=c5,
do =4dejx + ely, di =3ejx+ 25y, do =2e5x+ 3ezy, ds = eszr +4eyy,

* J— * — * — * — *
60:60, 61 :61, 62 262, 63263, 64:64.

Here, c;y €]
as z,y — 07. Concerning T'(z,y), noting K(T) = 2T (c§ + c3T?) — 2c3T(T? + 1)
2T (¢ — ¢3), we have

* e mean their values at the origin, and “A = 0” means “A = O(z2? + y?)

4
Z(T) = 4(ct — ¢)*T? ((T2 +1)> T — (T + cg)?’).
=0

J=

Therefore, since Z'(T') # 0, we obtain T;(x,y) = t; (j = 1,...,6). From now on, ¢, e,
mean their values at © = y = 0. By Proposition 1.3 we have the following:

N(T) = 20(co — ¢2)*T? (A1 (T)z + As(T)y),
where

AL(T) = { — (T2 + 1)2E/(T) + 2TC(T)?(2C(T) + co — 02)}



THE NON-INTEGRABILITY OF SOME SYSTEM OF FIFTH-ORDER PARTIAL DIFFERENTIAL EQUATIONS 115

x (4E(T) — TE'(T)) + 4COC(T)2{(T2 +1)E'(T) - 402TC(T)2},
Ao(T) = E’(T){ — (T2 +1)2E/(T) + 2TC(T) (2C(T) + co — cQ)}
+ 4c2TC’(T)2{(T2 +1)E'(T) — 4c2TC(T)2}.
Since we have the equations

N(t;) N(t;)
BR(t;)K(t;)® — 40(co — c2)?t3(t2 + 1)

5
> () (grx + hiy) =
k=

o

for j =1,2,...,6, we get the following equations for g;, h;:

5

5
S () g = y A (t5) 3 (6 . = Ay(t))

k=0 Co — Cg)t]‘ (t? + 1)’ =0 (C() - Cg)tj (t? + 1)

for j =1,2,...,6. On the other hand, since {¢;} are the non-zero real roots of the char-

acteristic polynomial P(t), we have Q(t;) =0 for j = 1,...,6 with Q(¢) = Z?:o qit! =

(t> + 1)E(t) — C(t)3. Therefore we can find (go,-..,9s), (ho, ..., hs) by using Lemma
2.5 and some Mathematica program. Since g; = 9579 f(0,0)/(j!(5 — j)),h; =
27991 £(0,0)/(51(5 — 4)!), we have 5 compatibility conditions:

fi:=0ho—g1 =0 f2:=2h1—g2=0, [f3:=ho—g3=0,

fai=h3—294=0, [f5:=hs—5g5=0.
We put f5 = 2(co — c2)(c — eo)(c3 — es) f;. Then we obtain the following expressions:

f5 = (ch —e0)(3cica — eo — ea)es — 24(ch — eo)(cs — es)eres
— (9¢y — 6cico — Teg + 2e2)(c5 — eq)e?,

¥ = —24(c} — eg)(c3 — eq)eres + (cg — eq)(6cocs — 93 — 2eq + Tey)es

+ (Cg - 84)(30003 — €eg — 64)8%.

In particular we have

0= f5— fi=(c3—eo)(3cicy — bcocs +9c5 — eg + e2 — Tey)es

— (3 — e4)(9cy — 6cica + 3cocs — Teg + ea — eq)es.

Hence if (c§ — eg)(3cica — 6cocs + 9c3 — e + ea — Tey) # 0, we get ez = te; with

f— 4 (C‘;’ — 64)(908 — 66%62 + 30003 — 760 + e — 64)
N (cd —€0)(3ciea — 6cocs +9¢3 — e + ez — Tey)'

and so from f3 = 0 we have

((c8 — co)Bces — 0 — e2)* — 24(c§ — e0) (e} — ea)t
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—(9¢§ — 6ciea — Teg + 2e2)(ch — 64)) e? =0.

Therefore we conclude that, for generic cq, c2,€p,€2,€4, we have e = e3 = 0. On
the other hand, under ¢; = d, = e; = e3 = 0 we can apply Proposition 2.1. Hence
there exists a unique germ M’ of a general cyclide at the origin with the same data
a,b,cy,d,, e, at the origin. Since the characteristic polynomial of M’ at the origin
coincides with P(t), it has the six distinct non-zero characteristic roots t1,...,ts with
C(t;;0,0) # 0 (V). Indeed C(t;;0,0) # 0 follows from the assumptions on M at
(0,0) and (i) of Theorem 1.2. Therefore by Lemma 2.6 we know that M’ includes 6
continuous families of circular arcs corresponding to characteristic roots t1,...,tg, and
it is conformally equivalent to a general cyclide of type (0.4). Hence by the former part
of Theorem 0.2 we conclude that M’ coincides with our surface germ z = f(z,y). This
completes the proof except for the proof of Lemma 2.6, which is given independently of
Theorem 0.2.

Lemma 2.6. Let M = {z = f(z,y)} be a C*-class surface germ at (0,0,0) with
the following Taylor expansion at (0,0):

f(2,y) = cox® + coy® + eox® + eax?®y? + egy* + o((z? + y°)?),

where ¢y, 2, €g, €2, €4 are real coefficients with co — co # 0. We suppose that M is a
general cyclide as a germ at the origin, and that the characteristic polynomial P(t) at
(0,0) of M has 6 distinct non-zero real roots t, ...,te with C(t;;0,0) # 0 (Vj). Then by
some conformal transformation ®, M is transformed into a germ at T = (0,0, *) of the
following 6-circle Blum cyclide:

(2.23) (2% +9* + 2%)? — 2a12% — 2a2y® — 2a32* + aj = 0,

where a; > az > ag > 0, —as > ay4. In particular this surface (2.23) has the same
characteristic roots {tx}%_, at 7, and for every j = 1,...,6 the continuous family of
circular arcs corresponding to t; is transformed by ®~1 into the continuous family of
circular arcs on M corresponding to t;.

Remark.  Takeuchi [6] proved that a general cyclide can be transformed into (0.4)
by a conformal transformation. The arguments there are geometrically very interesting,
but they are not germ-fixing arguments. Indeed, it is not so easy to construct a similar
conformal transformation fixing the reference point.

In October 2011, we found in the internet arXiv (110.2338v1) with title:

A surface containing a line and a circle through each point is a quadric
by Fedor Nilov and Mikhail Skopenkov concerning surfaces including several circular
arcs. They found a surface which is not a cyclide, but includes 2 families of circles:

(a:2+y2+z2)2—4y2z2—4x2=0 — x=\/1—y2+\/1—22,
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where y =Const., z =Const. becomes circles. Further they proved the following:

Theorem 2.7.  Let ® be a smooth closed surface in R3 homeomorphic to either a
sphere or a torus. If through each point of the surface one can draw at least 4 distinct
circles fully contained in the surface (and continuously depending on the point)
then the surface is a cyclide.

They extended Takeuchi’s idea on intersection numbers of fundamental groups and
used a classical theorem on the relationship between cospherical circles and cyclides.
So the proof relies on the global information of the surface. On the other hand their
counter example is not a closed surface, but a surface with singularities. At the same
time, they gave a conjecture (also see [5]):

3 distinct continuous families of circles = cyclides.
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