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On the Borel summability of 0-parameter solutions of
nonlinear ordinary differential equations

By

SHINGO KAMIMOTO * and TATSUYA KOIKE **

Abstract

In this paper, we announce our recent results on the Borel summability of 0-parameter
solutions of second order nonlinear ordinary differential equations with a large parameter. 0-
parameter solutions are formal power series solutions with respect to a large parameter, and
we establish their Borel summability for a wide class of equations including Painlevé equations.
We also study the singularity structure of a 1-form w for the Painlevé equations, which plays
an important role in our analysis.

§0. Introduction

The main purpose of this article is to announce the results of [KKo| on the Borel
summability of 0-parameter solutions of second order nonlinear ordinary differential
equations with a large parameter.

The exact WKB analysis was initiated by A. Voros. He discussed WKB analysis
of a Schrodinger equation

d2

(0.1) <@ — n2Q(az)>w(:€,n) =0 (n: alarge parameter)

using the Borel resummation method ([V]). To employ the exact WKB analysis, it
is important to know where the WKB solutions are Borel summable. In [KoS1] and
[KoS2], such a problem was studied by considering a formal solution S(x,n) = nS_1(z)+
So(z) +n~1S1(x) + - -+ of the Riccati equation
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associated with (0.1). (See also [CDK] and [DLS] for the Borel summability of WKB
solutions.)

Following their results we will study in [KKo] the Borel summability of a formal
solution

(0.3) A(t,m) = Xo(t) + 1 Mt) + -
of the second order nonlinear ordinary differential equations of the form

2N LGPt | Ri(t,\ )

(0.4) a2~ QN T Rt N)

where P(t,\), Q(t,\), Ra(t,\) € C[t,A], Ri(t,\,\) € C[t,\,A\] and A = d\/dt, and
P,Q, Ry, Ry satisfy some suitable conditions. Typical examples of the above equation
(0.4) are Painlevé equations with a large parameter studied in [KT]. Therefore, following
the usage in [KT], we call (0.3) a O-parameter solution of (0.4) in what follows. In our
study, a 1-form

(0.5) w = \/ (OrP) (¢ Po(t) 4y

plays a central role when we determine regions in which a 0-parameter solution A(¢,7)
is Borel summable; Indeed, the most important condition of the Borel summability of
A(t,m) at t =t is that there exists a neighborhood V' of ¢y such that all of the integral
curves of Imw = 0 which pass through V run into singular points of w of order less than
or equal to —1.

This report consists of two sections: In §1, we explain core results of [KKo|. In
this report we mainly limit ourselves to the case Ry = 0 in (0.4) to make our arguments
clear. In §2, we study the singularity structure of w for the Painlevé equations, which
is necessary to examine the Borel summability of their 0-parameter solutions.

Acknowledgment.
The authors wish to thank Professor T. Kawai, Professor Y. Takei and their stu-
dents for the valuable discussions with them and their suggestions.

§ 1. O0-parameter solutions and their properties

The main purpose of this section is to give the conditions for the Borel summability
of O-parameter solutions of (0.4). For simplicity, we consider the case where R; = 0,

ie.,

(1.1)
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To begin with, let us construct a 0-parameter solution. By multiplying (1.1) by
Q(t,\), we obtain

d*\

(1.2) —

—Q(t,\) = n*P(t,\).

By substituting (0.3) into (1.2) and comparing both sides degree by degree with respect
to 1, we find that the coefficients of n? give

(1.3) P(t, Mo(t)) = 0.

Therefore we choose Ao(t) as a root of (1.3) and fix it in what follows. Then the lower
order terms A, Ao, --- are recursively and uniquely determined when

(1.4) ONP(t, \o(t)) is not identically 0.

Indeed, by comparing the coefficients of i of (1.2), we find

(1.5) (OaP) (t, Mo (t))As(t) =

Hence we obtain from (1.4) that

(1.6) A1(t) = 0.

Next, by comparing the coefficients of constant terms of 1 in (1.2), we find

d*\o

(1.7) S

Q(t, Xo) = (OrP)(t, Xo)Aa(t).
Therefore Ao(t) is given by

Q(t,)‘O) d2/\0
(O\P) (t, Xo) dt*

(1.8) Aa(t) =

Then, proceeding the discussion, we can inductively confirm that, by comparing the
coefficients of n™" (n =1,2,--+), A\y12(¢) are uniquely determined by Ag(t), - , Ant1(t)
in such a way that

(1.9) N1 () =0 (k=1,2,---).

In this way, we can uniquely determine a O-parameter solution of the form

o

(1.10) Atm) =D 0 Aai(t)
k=0

for each root Ag(t) of (1.3).



194 SHINGO KAMIMOTO AND TATSUYA KOIKE

Remark 1.1.  We immediately find that, if Ao = 0, then Aoy, =0 (k = 2,3,---).
Therefore, in what follows, we assume that \s is not identically 0.

Since we cannot expect that the O-parameter solution (1.10) converges, we consider
its Borel sum

(1.11) Ao(t) + /OOO e Ap(t,y)dy

with respect to 7 (see, e.g., [B]). Here A(t,1) = A(t,1) — \o(t) and
(1.12) Zy% ML

is the Borel transform of A(t,7) with respect to 5, and the path of integration in (1.11)
is the positive real axis as usual.

Our main theorem (Theorem 1.2 below) claims that, under suitable conditions,
the integral in (1.11) is well-defined, i.e., A(t,n) is Borel summable. Therefore our
main concern is to study the analytic properties of A B(t,y) in y-plane. To see how our
assumptions naturally appear, let us see the outline of our argument before stating our
main theorem.

To study the analytic properties of Ap (t,y) we study the Borel transform of (1.2):

0? 0%\ <

(1.13) (@t 2o(1) 5 " ~ (rP) (1. 20(1)) 5.5 ) As (1)

d?*\

= S (04Q( 20)) Wi (1)
k>1
5%
AB
—Z (okQ(, )\O)a s Nk (t,y)
! ot?
k>1
0?
+ Z P(t, \o) )a SN (),

k>2

where - x - is the convolution operator defined by
y
(1.14) AB * Ap :/ Ag(t,y —y)AB(t,y")dy
0
and
—_—

(1.15) B =ABx--%Ap.

We also impose initial conditions which follows from (1.2):

(1.16) Ap(t,0) =0 and 8—(75,0) = \o(t).
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Remark 1.2.  We may regard the left-hand side of (1.13) as the principal part in
the following sense: when we define the weight of /0t and 0/dy by 1 and that of - * -
by —1, then the left-hand side of (1.13) has the weight 2 and the right-hand side has
the weight less than 2.

To simplify left-hand side of (1.13) we employ the Liouville transformation, i.e., a
coordinate transformation (¢,y) — (z,y) defined by

t
(1.17) 2(t) = / w,
to
where ty € C is a fixed point and

OAP(t, Mo(1))

(1.18) Ot (D)

dt.

We assume that w is holomorphic and does not vanish in the region where we consider.
Then, in (z,y)-variable, the left-hand side of (1.13) is rewritten as follows:

0? (dz>—2 d’z 0 0?

(1.19) @P)t20) (g2 + (5) GEas — 5y2) o))

Further, applying a gauge transformation

(1.20) (M) T A5 (t(2),y) = AB(2,),

we find that Ap(z,y) satisfies

0?2 0?
(1.21) (@ - 3 Az y)
= _E)\B(Zay)
1 1 d?\o DL N
_ ~ 22 (98Q(t, M) )N (2, )
(OAP)(t, Ao) A2 dt? k>1 Al

1 dz\2 = A ?Ap -~ .
- (8AP)(t,/\0)(E> kzk_?(a];Q(t’ 20)) (552 + Lhs () * A5 (2,9)

1 1 ME 0?
+m)\—§g(@ (t, Ao))a 2/\ F(2,y),
where

dz\—2d*z 1dX2Y O dz\—2d*z _;d\y 1 d* )
1.22 = — — 42 — — .
(1.22) £ {(dt> a " Az dz}8 +(dt> dt2)\2 dz T Az dz2
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This A B(z,y) also satisfies the initial conditions

~

(1.23) /)\\B(Z,O) =0 and 88/\—;(2,0) =1

To study a solution of (1.21), we use

Proposition 1.1.  Let XB(z,y) satisfy

(1.24) ( o

9.2 @)/\B(z y) = ®(2,y)

and initial conditions
(1.25) A5(2,0)=0 and “22(2,0) = g(2),

where

(1.26) Z FO (N (2,0) +Zf(1) aAB*A F(20)

and m is a positive integer. Assume that

(1.27)  all f(])( ) and g(z) are holomorphic and bounded on E} = {z € C :
Imz| <7}

for a positive constant r. Then XB(z, y) is holomorphic on

(1.28) Ef/2 = {(z,9) €C*: [Imz| < r/2,[Imy| <r/2}
and satisfies the following estimates for positive constants Cy and Cs:
(1.29) A5 (z,9)| < CrexplCalyl].

Indeed, we can rewrite the differential equation to the following integral equation:
R 1 [*TY z4y—y'
(1.30) AB(z,y) = —/ dz' — —/ / (2, y")dz'dy
2 z—y z2—y+y’

and, employing the iteration method, we can show the above proposition. (See [KKo]
for the details.)



ON THE BOREL SUMMABILITY OF 0-PARAMETER SOLUTIONS 197

Now, our task is to examine the conditions for a 0-parameter solution so that we
can apply Proposition 1.1 to it. Our first assumption is

(1.31)  there exists a neighborhood U of ¢ =ty and singular points ¢t = t+ of w of
order smaller than —1 such that the endpoints of a curve I'; are ¢, and ¢_
for each point f in U,

where I'; denotes an integral curve of Imw = 0 that passes through a point #. This con-
dition guarantees that z(t) extends to +o0o along I'; without encountering any singular
point of it. Let U denote Usep T'z- Then we can take r > 0 so that E; C 2(U) and 2(t)
is locally biholomorphic on U.

Our second assumption is
(1.32) U does not contain ¢ = oo in its interior.
(Cf. Remark 1.3 and Remark 1.7.)

Remark 1.3.  When we take s = 1/t as a coordinate variable, (1.1) is rewritten

as follows:

d?\ P(s71 A 1L d\
(1.1) EA_ 2 Pl ) ,1dh

ds? s2Q(s7 1 A) s ds
It does not have the form of (1.1). Therefore, when we restrict our equation to the form
(1.1"), we assume that the discussion is made on C. On the other hand, since P(t,\)
and Q(t,\) are polynomials, we may regard that (1.1”) has the form of (0.4). Hence, as
we will mention in Remark 1.7, when we extend the following discussion to (0.4), we do
not have to pay special attention to the point oo € P!.

By taking the form (1.8) of Ay into account, it suffices to confirm the holomorphy
and the boundedness of the following terms on U:
(0K P) (t, ho) N5 (05Q) (¢, Ao)AS
an
(9xP)(t, \o) Q(, Xo)

(1.33) (k>1).
Indeed, under the assumptions (1.31) and (1.32) (and modifying the gauge transforma-
tion (1.20) if necessary), we may assume that the coefficients of £ are holomorphic and
bounded on U.

To guarantee the holomorphy of all terms in (1.33) on U, we impose the third

assumption:

(1.34)  the discriminant Discp(t) of P(t,A) and the resultant Res p,¢)(t) of P(t, )
and Q(t,\) do not vanish on U.
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Note that the condition (1.34) is violated at finitely many points on U if Discp(t) and
Res(p,g)(t) are not identically equal to 0. However, if the terms (1.33) are holomorphic
there, then Theorem 1.2 below holds even though (1.34) is violated.

To give the last assumption to ensure the boundedness of the terms (1.33), we
prepare some notations. Under the assumption (1.34), by shrinking U if necessary, it
suffices to show the boundedness of them at the singular points ¢+. For simplicity, we
assume that ¢, € C and A\g(f) behaves as

(1.35) Ao(t) = By (t —t1)** +o((t — 1))

with oy € Q and B4 # 0 when ¢ tends to t. Let F(t,\) = F,(t)\"+---+Fy(t) € C[t, A]
be a polynomial and assume that Fy(t) (k=0,1,---,n) behave as

(1.36) Fi(t) = FO(t = )" +o((t — t4)"*)

with F}go) #0and v, € Z>9 ={0,1,2,---}. (When Fj, = 0, we consider that v, = 400.)
Then, we define an index indgfg (F) (relevant to Ag(t)) by
(1.37) ind)" (F) = min {koy + v}

0<k<n
and a polynomial D?()\) by

(1.38) D) =D FVNE
k

where the sum is taken over k that give the minimum in (1.37), i.e., kaj v, = indf\f) (F).
In the same way, we can define an index indi\_0 (F') and a polynomial D}_ (N att=1t_
for

(1.35") Ao(t) =pB-(t—t_)* +o((t—1t_)*).

We note that the constant 3, in (1.35) (resp., S_ in (1.35")) is given by one of the roots
of D3 (A) =0 (resp., D5 (A) = 0).
Our last assumption is

(1.39) D5 p(Bz) # 0 and D (8z) # 0 hold.

This condition (1.39) entails that the order of 9\ P (t, Ao(t)) (resp., Q(t, Xo(t))) at t = t4
coincides with the index indf\i0 (OAP) (resp., indf\i0 (Q)). We also note that the first
condition Dgfp(ﬁi) # 0 is equivalent to that the leading term [ (t — t1)= of Ao(t)
at t =t is different from that of the other roots of P(¢,\) = 0. In this sense, if (1.39)
holds at t = t4, we call t = t1 a nondegenerate singular point. Further, we can derive
the boundedness of the terms (1.33) at ¢ = ¢4 from (1.31) and (1.39).
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Remark 1.4.  When t, = oo, by taking s = t~! as a coordinate variable, we can
define the index indif; (F) and the polynomial D;f (M) in the same manner as above.

Remark 1.5.  If the order of the singular points t = t+ of w is strictly less than
—1, we can modify the condition (1.39). See [KKo] for details.

Now we state our main theorem:

Theorem 1.2.  Let \o(t) be a root of (1.3) and assume that (1.31), (1.32), (1.34)
and (1.39) hold. Then the 0-parameter solution A(t,n) of (1.1) that has Ao(t) as its
initial part is Borel summable on U. More precisely, the Borel transform ;\B(t,y) of
A(t,m) — No(t) satisfies the following estimates on U x {y € C : [Imy| < r} for positive
constants v, Cy and Cs:

(1.40) As(ty)| < Cr(Aa(®)] + 1) exp[Caly]]-

Remark 1.6.  We give a remark here on our results of the Borel summability of
O-parameter solutions in the case when Ry # 0 in (0.4). In this case, \2() is given by

(1.8) Aat) = 2t 20) )(d% Rt Ao,x()))

(OrP)(t, o) \ dt? Ro(t, \o)

In addition to the assumptions of Theorem 1.2, if the following terms (1.41) and (1.42)
are holomorphic and bounded on U, we obtain the same results as Theorem 1.2:

(0% Ra) (t, Xo) A5 Q(t, No)  d®o (95Ra)(t, Ao)Ns~!

1.41 d
. Ra(t, Ao) an (OP)(t, No) dt? Ra(t, o)
for Kk > 0 and

k1 qko : key—1 3% ko
(1.42) Q(t, Ao) (O 95 R1)(t, Ao, Ao) A5 A

(OxP) (1, %) Ra(t, M)
for {ki,ka > 0} \ {k1 = k2 = 0}. (See [KKo] for details.)

Remark 1.7.  In parallel with Remark 1.3, when we take s = 1/t as a coordinate
variable, (0.4) is rewritten as follows:
d*\ 5 P(s71 ) 1dA Ry(s71,\, —s%d)\/ds)

/ — — )—
(04) sz s2Q(s7 1 N) s ds * s*Ro(s71,\)

We may regard that (0.4") has the form of (0.4). Therefore, when the terms correspond-
ing to (1.33), (1.41) and (1.42) for (0.4") are holomorphic and bounded at s = 0, we can
extend Theorem 1.2 to the case where U contains ¢ = oo in its interior.
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§2. Singularity structure of w for the Painlevé equations

In the previous section, we gave a condition which guarantees the Borel summability
of a O-parameter solution of (0.4) (cf. Theorem 1.2 and Remark 1.6). In view of the
assumption (1.31), we lead to the notion of Stokes geometry such as turning points and
Stokes curves.

Definition 2.1. We call ¢t = t3 a turning point of a 0-parameter solution of
(0.4) when the order of a 1-form w defined by (1.18) at ¢t = tg is greater than —1, i.e.,
w behaves as

(2.1) w = { (Co(t —to)” +o((t —t0)"))dt att=to€C

(Cot™ 2+ 0(t™772))dt at t = 0o

with Cy # 0 and v > —1. Especially, when

(2.2) 0,
(2.3) o3P 0,
(2.4) d, P 0,
(2.5) 0

hold for a root By of P(to,3p) = 0, we call t = t; a simple turning point of the
corresponding O-parameter solution. Further, the integral curves of Im w = 0 that
emanate from turning points are called Stokes curves.

Remark 2.1.  In s-variable with s = ¢t~ the behavior (2.1) of w at t = oo is

rewritten as follows:
(2.6) w=(—Cos” +o(s7))ds at s=0.

Remark 2.2.  Our definition of turning points and Stokes curves coincides with
that of [KT| for the Painlevé equations. In general, turning points of the Painlevé
equations except for t = 0 of Pyyp, t = 0 of Py and ¢t = 0, 1, 0o of Pyy are simple turning
points. However, when parameters of the Painlevé equations satisfy some relations,
these simple turning points become “double turning points”. See [T2, Proposition 2.4]
for precise conditions.

It is clear from the definition that the assumption (1.31) does not hold at a point on
Stokes curves. Therefore, Stokes curves play such a role that they become boundaries
of the regions in which the assumption (1.31) is expected to hold (these regions are
called Stokes regions). Integral curves of Imw = 0 are usually studied by numerical
computation and we do not consider it here further.
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Specifying the location of turning points and verifying the other assumptions of
Theorem 1.2 can be done in an algebraic manner. An important step towards them
is to study the singularity structure of a 1-form w defined by (0.5). To illustrate the
analysis of the singularity structure of w, we study the Painlevé equations with a large
parameter introduced by [KT] in the remaining part of this section. As we will see
below, singular points of w for the Painlevé equations of order smaller than —1 satisfy
(1.39) when parameters in the equations are taken generically. Further, we will remark
on the properties of their turning points. (See also [T2].)

Example 2.2 (the first Painlevé equation).  We consider the first Painlevé equa-

tion:

The 1-form wy defined by (1.18) for (Py) is given by

(2.7) wr = /12X(t)dt,

and the roots of Pi(t,\) = 6% +t are AV () = (—1)!\/=1/6 t'/2 (1 = 1,2). Since the
discriminant Discy(t) of Pi(t, \) is

(2.8) Discy(t) = 144,

we find that wy is holomorphic and does not vanish except for t = 0 and oo.

First, we focus on the behavior of wy at t = 0. Obviously, t = 0 is a simple turning
point of A(D(t) (I = 1,2). Then, the index (1.37) for O\ P; relevant to these AV (t) at
t = 0 and the polynomial (1.38) are respectively given by

. 1
(29) 1nd9\<,,)(3>\P1) = 5
and
(2.10) DBy =652 +1=0 (I=1,2).

Since D?D’I(l)(ﬁ) has no multiple root, Dg;(gl(i —1/6) # 0, and hence, the order ”)/él) of
wr for A& (1 =1,2) at t = 0 is given by

1. 1
(2.11) 7 = §md(>)\(l)(a>\PI) =1

Second, let us consider the behavior of wy at t = co. Since A (s) = (—=1)'y/—1/6 s~ /2
with s = ¢!, the index ind$%,) (Oy 1) at t = oo is given by

1
(2.12) indi (hP) = =5 (1=1,2).
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Since wy is represented as

(2.13) wr = —/12X(s)s %ds

in s-variable, we find the order Wélo) of wy for AV (I =1,2) at t = oo is given by

1 9
(2.14) yélo):iindi?,)(aAPI)—Z:—Z (1=1,2).
I=1 2
a) —1/2 —1/2
50 | =16 | /=16
FOl —9/4 —9/4

Table 1. The leading term B of AD(t) and the order %(,Q of wy at t = co.

Remark 2.3.  We find that the above discussion indicates the Borel summability
of O-parameter solutions of (Py) except on the Stokes curves emanating from ¢ = 0,
and hence, we can take the Borel sum of them. On the other hand, as is discussed
in [T1], ¢ = 0 actually behaves as a turning point and O-parameter solutions of (Pi)
are not Borel summable on these Stokes curves. Hence, when we consider the analytic
continuation of the Borel sum of a 0-parameter solution across a Stokes curve, Stokes
phenomena occur, and a so-called “l-parameter solution” appears. We can also show
the generalized Borel summability of it. See [K] for the details. Here, we mention that
a similar kind of formal solutions called “transseries solutions” are studied in [C], which
are the formal exponential series solutions at an irregular singular point of nonlinear
ordinary differential equations. Further, the generalized Borel summability of transseries
solutions is discussed there.

Example 2.3 (the second Painlevé equation).  Next, we consider the second Painlevé
equation
d?\
dt?

We discuss on the singular points of

(215) Wi = vV 6)\2(t) +1 dt

with a root A(t) of P(t,\) = 2A% +t\ + c¢. The discriminant Discyi(¢) of Pyy(t, \) is
given by

(Prr) =27\ +tA + o).

(2.16) Discyy(t) = 8(2t% + 27¢2).
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Therefore, when ¢ # 0, Discyi(t) = 0 has three distinct roots, i.e., t = t; := 367(c?/2)/3
(j = 0,1,2) with § = exp[2mrv/—1/3]. In what follows, we assume that ¢ # 0. We
examine the behavior of the roots of Pii(t,\) = 0 and wyr for the roots at t = ¢;. We
first note that three roots of Pii(t, A\) = 0 behave as )\;l)(t) = ﬁ;l) +o(1) (1=1,2,3) at
t =t;, where {Bj(~l)};°’:1 are the roots of

(2.17) DY@ =28 +t;8+¢c (1=1.2,3).

Since Discri(t;) = 0, two of them coincide. Let 6(1) = 5(2) be such roots. Then,
we immediately find that ¢ = ¢; is a simple turning point of )\g. )( t) (I = 1,2). Since
0[3D§§I’I(1)(BJ(1)) = (S(ﬁ](~l))2 +1t; = 0, the Newton polygon of Pu(t, 5\) = Pr(t, ﬁj(.l) -1-5\) =
223 4 65](1);\2 +(t—t)A+ ﬁ;l)(t —t;) at t =t; is given by Figure 1.

0 1 2 3

Y

Figure 1. Newton Polygon of Pyi(t,\) at t = t;.

Therefore, two of the roots 5\§1)(t) and ;\gz)(t) of Pi(t, \) behave as

N (1
(2.18) M) = B0 (=) +o((t —t))M?) (1=1,2),
where BJ(.Z) are the two distinct roots of
(2.19) DY) =682 +1=0 (1=1,2),
and hence,

- ~ . 1 1 1
(2.20) ind, (05.Pir) = mln{l 502" 5} =5 (=12
Therefore, the order 7( ) of wyp for )\( )( t) (I=1,2) at t =t; is given by

(1=1,2).

(2.21) v = —ind;”g,,)(@;?u) =

1
4
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Remark 2.4.  Since Dg;g:(ﬁj(.l)) = 85D§§I’I(l)(ﬂj(-l)) =0, we find that t =¢; (j =

1,2,3) are degenerate singular points, and hence,
N1
(2.22) 7 > 51][1@13(.1)(6”?311) —0.
J

However, by considering ;\§Z)(t) (I = 1,2) and Py(t,)) instead of /\;l)(t) (Il =1,2) and
Pri(t, \), we can reduce these singular points to nondegenerate ones as above. Then, we

can measure the order ’y(.l) by the index ind?\j(” (85\]511) as (2.21).
i

On the other hand, since 85D§§I’I(3)(ﬁ](~3)) # 0, we find that the other root /\23)(75)
is holomorphic at ¢ = ¢;, and hence, wy for /\§3)(t) is also holomorphic and does not
vanish there.

Now, let us focus on the singular points of wy; at t = co. We find that three roots
of Pr1(t, \) behave as Table 2 below.

I=1 2 3
oW1 ~1/2 ~1/2
G - | V=12 | /=12
A1 —5/2 | —5/2 —5/2

Table 2. The leading term Bl of AY (t) and the order 'yélo) of wyy at t = co.

Table 2 indicates that D‘;;I»(l)(ﬁ) (1 = 1,2,3) has no multiple root. Hence, the order
ordiogo) (OAPr1) of OxPri(t, AY (t)) at t = oo is given by

(2.23) ord % (OxPur) = ind$0y (9xPrr) = min{2al), -1}

Therefore, we find that the order 'yc(,:cl,) of wry for )\g? (t) at t = oo is given by

I, o 5
(2.24) & = 5ind o) (OaPr) —2= —5

On the other hand, the order 7(()? of wy for the other roots is given by

1 5
(2.25) O = S (OaPn) —2=—5  (1=2.3).
Example 2.4 (the third Painlevé equation).  Let us consider the third Painlevé
equation
d?X 1 /d\\2 1d\ c c/ o
P S =1(5) - 2% 4807 [20an? + A2 - 2 0T
(Prnr) az ~a\ar) Tra TN T t A
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In what follows, we assume that cs, ., and ¢o are not equal to 0. Let wip be a
1-form defined by

(2.26) o \/ B(Eext0) + TRE @,

with a root A(t) of Pri(t, A) = 8(2cactA* + 4 A® — )\ — 2¢ot). Since the discriminant
Discyr(t) of Pip(t, A) and the resultant Resyrp(t) of Pip(¢, A) and Quui(t, A) = t\ are
respectively given by

(2.27)
Discrrr(t) = Nicoot ((che)?(€h)? — (27c2 (cp)* + 27(ch ) e — oo (ch)?(ch) o)t

[e.o]
+ T68c2 chochegt* — 40963 cpt®)
and
(2.28) ReSIII(t) = NgCots

with some integers N1 and No, wir may have six singular points {tj}?zl except for
t =0 and oo in general. Indeed, the discriminant of Discyyy(t) is written as

(2.29) N2 ()2 (ch) cb? (coo(ch)? — (cho)?c0) " (oo (€h)? + (cho) o)

with some integer N, and hence, Discyyp(t) has seven distinct roots when it does not van-
ish. Since Discri(t;) =0(j =1,2,---,6), two of the roots ﬁj(.l) and ﬁj(-z) of Pii(tj,3) =0
coincide. Then, we find that ¢ = ¢; are simple turning points and that two of the roots
5\5.1)(1‘,) and 5\5.2)(15) of Pyi(t, \) == Pm(t,ﬁj(.l) + ) behave as

(2.30) A () = BV — )2 + o (t — t;)1/?),

where BJ(.Z) are the two distinct roots of

, 1 ~
(231) D (B) = S03 Pty B3 + 0 Pnlty, V) =0 (1=1,2).

Indeed, 8/2\P1H(tj,ﬁj(.1)) and 8tP111(tj,6J(.1)) do not vanish when co(ch)? — (cy)?co # 0,
and hence, we can read the behavior of ;\gl)(t) (l=1,2) at t =t; from Figure 2.
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Figure 2. Newton Polygon of Pyr(t, \) at t = tj.

Since Resmi(t;) # 0 (j = 1,2,---,6), the order of QHI(t,/\;l)(t)) (1 =1,2,3,4)
at t = t; coincide with indij(ll)(Qm) = 0. Therefore, the order 'yj(.l) of wryr for )\g-l)(t)

(I =1,2) at t =t; is given by

(2.32) ij(.l) = %(indg\j@ (85\?111) — ind?(l) (QIII)) =
On the other hand, we immediately see that the other roots )\;l)(t) (I = 3,4) are holo-
morphic at ¢ = t; and wyr for these roots is also holomorphic and does not vanish there
when coo(c))? + (i )?co # 0. Otherwise, one more multiple root ﬁj(-g)(: 5;4)) appears.
However, applying the same reasoning as above to the pair )\5-3) (t) and )\§~4) (t), we find
that 5\5.1)(15) = A?(t) — 53(.[) behave as (2.30) and 7](1) =1/4 for | = 3 and 4.

Now, we focus on the behavior of wyy at ¢ = 0. We find four roots of Pyp(t, \)
behave at t = 0 as Table 3 below.

I=1 2 3 4
al! 1 0 0 ~1
S | =2co/ch | Vbl | =Vl | —cho/2000
O —1/2 —1/2 ~1

Table 3. The leading term 6(()075“(()” of )\(()l)(t) and the order vél) of wryr at t = 0.

Since Table 3 indicates that the leading terms of these four roots are different, we
immediately see that the orders of 0y P (t, )\él) (t)) and Qi (t, /\(()l) (t)) are simply given
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by

(2.33) ordié” (OxPrm1) = ind(;gn (OxPrr1) = min{1 + Bag), 2046[), 0}
and

(2.34) ordgél) (Qu) = indgél) Q) =1+ a.

Hence, the order ”y(()l) of wyyp for )\;l)(t) (1=1,2,3,4) at t = 0 is given by

0 _ 190 0
2. = —(ind Piyp) —ind :
(2.35) Yo 2(111 NG (OxPir) — in AD (QIII))

Finally, we study the behavior of wy; at ¢ = oo. The behavior of the roots of
Pi(t, \) at t = oo is given in Table 4 below.

=1 2 3 4
o) 0 0 0 0
O | /eofcoo | V=1/c0]c0 | —/c0)co0 | —V—1/c0]Co0
1)
Yoo —2 —2 —2 —2

Table 4. The leading term Bt of AY (t) and the order 'yéé) of wr at t = oco.

Since the leading terms of these four roots are different, we find

(2.36) ord % (OxPur) = indS% (95 Pir) = min{—1 + 3a{), 201, 0},
(2.37) ord iy (Qur) = ind$o) (Qmmr) = —1 + ald
and
L, .
(2.38) 'yélo) = 3 (1nd§o<(>,,c) (OxPrr1) — lndio&) (QIII)) — 2,

where %()lo) (1 =1,2,3,4) are the order of wyy for )\;l)(t) at t = oo.
Example 2.5 (the fourth Painlevé equation). ~ We consider the fourth Painlevé
equation

EA 1 AN 2 o3 s de

In what follows, we assume that ¢y # 0. Let us study the singularity structure of

(2.39) ore \/ 3N3(t) + 6t>\2(tz\ (;2@2 )M
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with a root A(t) of Prv (¢, A\) = (3A* +8tA% +4(t? + 4c1)A? — 16¢p) /4. Since the discrim-
inant Discry () of Pry(t,A) is a polynomial of degree 8 and the resultant Resyy(t) of
Pry(t,A\) and Qrv(t,\) = X are given by Respy (t) = N¢g with some integers N, wry may
have eight singular points {¢; };3-:1 except for t = oo in general. Indeed, the discriminant
of Discry (t) is written as

(2.40) Ncp?(—4c3 + ¢9)® (4¢3 + 3cp)?

with some integer N, and hence, Discry(t) has eight distinct roots when it does not
vanish. Since 9% Py (t;,3;) and 0;Prv(t;, 3;) do not vanish when —4c% + ¢o # 0 for a
multiple root 8 of Prv(t;,3) = 0, we find that these singular points {t; }?:1 are simple
turning points.

Now, we focus on the singular point of wry at ¢ = co. The leading term of the roots
of Prv(t,\) at t = oo is given in Table 5 below.

I—1] 2 3 | 4
D1 1 1 | -1

O 1 2ye | 2@ | —2/3 | —2
WO 3 -3 | =3 |-3

Table 5. The leading term ﬁélo)t_o‘go) of ASQ (t) and the order vélo) of wry at t = oo.

Since the leading terms of these four roots are different, we find

(2.41) ord$% (OnPrv) = ind5%y (OrPrv) = min{3al), =1 +2a{, -2+ all},

(2.42) Ordio&) (le) = indio(o? (le) = ag@,
and hence, we obtain the order 7(()? of wry at t = oo.

Example 2.6 (the fifth Painlevé equation).  Let us consider the fifth Painlevé
equation:

Py DA (L )Ry () O, L)

a2~ \2x " a—1/\dt t/)dt 2 2)
20\ —1)2 1 t A+1
2 2
+77 t—z[(CO—FCOO)—COE—CQm —Clt mjl
In what follows, we assume that ¢, := ¢g + ¢o0, €o, 1 and co are not equal to 0. In
general,

_[OAPy(t,A(1))
(2.43) wy = —Qv(t, )\(t)) dt
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has nine singular points {t;};_; except for ¢ = 0 and co, where

(2.44)
Py (t, A) =2(co 4 coo)N2(A = 1)3 — 2¢5(A — 1)% — 22t A2(A — 1) — 212 X2 (A + 1)
=2C00 A% — 6C0o At + 2(2¢0 + 3coe — ot — 112N
+2(2¢0 — Coo + Cat — c11*)A? — 6 + 2cq,
Qv (t,\) = t>A(A — 1) and A(t) is a root of Py (t,\). Further, we find that {t;}7_, are
simple turning points.

Now, we focus on the singular points at t = 0 and co. We first note that, at t = 0,
Py (t, \) is factorized as

(2.45) Py (0,8) = 2(8 — 1)*((coo + €0)B3* — o).
Since Py (0, 3) has a multiple root § = 1, we consider

(2.46) Py(t,\) =Py (t,1+ )
=200 A° + 4Cso A 4 2(Cop — ot — 1 t2)N3
— 4(cot + 201752)5\2 — 2(cot + 501752)5\ — 4eqt?

instead of Py(t,\). When co # 0, the leading term of the roots of Py (t,\) at t = 0 is
given in Table 6 below.

1=1 2 3 4 5

all) 1 1/2 1/2 0 0
(()l) —2c1/ca | \/C2/Coo | —\/C2/Co0 | =14+ \/C0/Co0 | =1 —\/C0/Cxo

~D ~1 ~3/4 —3/4 ~1 ~1

Table 6. The leading term Bél)tdé” of ;\(()l)(t) and the order 'yél) of wy at t = 0.

()

Then, the order 7, of wy at t = 0 immediately follows from the following relations:

(2.47) ord), (0xPy) = ind%, (95 Pv) = min{4al’, 36", 264", 1 + 6y, 1},
0 0

(2.48) ord} ) (Qv) = ind§) (Qv) = min{2ay’,a’} + 2,

where Qv (t, \) := Qv (t,1+ \).
Finally, we display Table 7 below.
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=1 2 3 4 )
ald 1 1 0 -1 -1
élo) \/Co/Cl —\/Co/Cl -1 \/Cl/éoo _\/Cl/éoo
0
V5 —2 —2 —2 —2 —2

Table 7. The leading term ﬁg)) t—ald of ASQ (t) and the order 'yc(,é) of wy at t = oo.

We can read the order vélo) of wy at t = oo from the Table 7 and the following

relations:

(249)  ord (aPv) = ind% (OPv) = min{4a®,3a®, -2 +2aY, -2 + oW 0},

(2.50) ord/o\og (Qv) = ind/o\o(()? (Qv) = min{22W, oV} — 2.

Example 2.7 (the sixth Painlevé equation).  Finally, we consider the sixth Painlevé

equation:
N 1/1 1 1 d\\2 /1 1 1 \d\
Pv) Gt (@) G w
2)\(/\—1)()\—t)[ N 2+t
2(t—1)2 ANZ(\ —1)2

t t—1 tt—1)
N AN _Ct(/\—t)Q}]

In what follows, we assume that ¢~ := cg + ¢1 + ¢; + ¢o0, Co, ¢1 and ¢; are not equal to

+772{(00 + 1+ ¢4 coo) — Co

0. In general,

O\Py (L, \(t))
(2.51) wy = mdt

has nine singular points {¢; }?‘:1 except for ¢ = 0,1 and oo, where

(2.52) Py1(t, \) =2(co + ¢1 4 ¢t + coo) A2 (A — 12N = 1)% — 2cot (A — 1)% (X — t)?
+2¢1(t — DA2(N — 1) = 24t (t — D)A*(N — 1)?
=26, A0 — 4,0 (1 +1)N°
4+ 2(—c1 + Coo + (—Co + €1 + ¢4 + 4Gt + (= + Eoo)tH)N
4+ 4((co = oo + €1 — €)t + (co — €1 + o — Coo)tH)N3
4+ 2((—co + o)t + (—dco — €1 — ¢ + oo )t? + (—co + 1)t} N2
+ deo(t + 13\ — 2¢t,
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Qvi(t,\) = t2(t—1)2A(A—1)(A—t) and A(t) is a root of Pyi(t,\). Further, we find that
{t; }?:1 are simple turning points. Since we can discuss the singular points ¢ = 1 and
o in a similar manner to ¢t = 0 (e.g., by considering P(f,\) := P(1+#,1+\) at t = 1),
we focus on the singular point at ¢ = 0. Let us see Table 8 below, where {6821_),582”}
(I =1,2,3) respectively are two distinct roots of

(2.53) DRD(B) = 2(—co + c1)B? + deolB — 2co,
(2.54) DEP(B) = 2(—c1 + o0) B+ 2(—co + 1)
and
(2.55) DR (B) = 28508% — 403 + 2(—¢1 + Eno).-
=1 2 3 4 5 | 6
ol 1 [ 1/2 12 0| 0
0 (1) (2) (3) (4) (5) (6)
0 0 0 0 0 0 0
AL -1 | -1 | =3/4| =3/4| -1 | <1

Table 8. The leading term ﬁél)to‘ém of )\(()l)(t) and the order 75” of wyy at t = 0.

Since ﬁ(()l)

hold:

, (()2), (()5) and 586) are not equal to 1, we find that the following relations

(2.56) ord) (9nPyv) = indS, (rPyr) = min{5as’, 40,30, 1+ 208", 1 + a2},
0 (0]

(257) Ord(;\(()w (QVI) = ind(;\él) (QVI) = min{3a(()l), Q(I(()l), 1+ Oé(()l)} + 2.

Then, the order Wél) of wyr at t = 0 immediately follows.
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