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Remarks on Strichartz estimates for Schrodinger
equations on manifolds with ends

By

Haruya MIZUTANT

Abstract

We give an account of several recent results [24, 25, 26, 27] on Strichartz estimates for the
time-dependent Schrodinger equation. We consider two models: The first part of the paper is
concerned with Schrodinger operators with variable coefficients and unbounded electromagnetic
potentials on the Euclidean space. In the second part, we consider the Laplace-Beltrami
operator on a class of non-compact manifolds with polynomially growing ends. Under several
assumptions on the coefficients and the potentials at spatial infinity, we show local-in-time
Strichartz estimates outside a large compact set (without the non-trapping condition). We also
prove global-in-space Strichartz estimates under some geometric conditions on the Hamilton
flow generated by the kinetic energy.

§1. Introduction

In this note we give a review of author’s recent progress [24, 25, 26, 27] concerning
the Strichartz estimates for Schrodinger equations with variable coefficients.

Let us start with the general framework. Consider the Schrodinger equation on a
d-dimensional complete Riemannian manifold (M, g):

(1.1) 10w = Hu;  ulj—g = ug € LA(M),

where H = —(1/2)A, + V(x), A, is the Laplace-Beltrami operator associated to the
metric g and V is a real-valued function. For instance, we assume that H is self-adjoint
on L?(M). The solution to (1.1) is given by u(t) = e #Huy € C(R; L?(M)), where

e~ "H ig a unique strongly continuous one parameter unitary group generated by H.
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We are interested in so-called the Strichartz estimates which are of the forms:

(1.2) ||u||L§,L'J(M) < CT||<H>7U0||L2(M)7

where ||F||L;%Lq(M) = ||||F (¢, ')HLq(M)HLp([T,—T]) with 7" > 0, v > 0 and (p, ¢) satisfies

the following admissible condition:

(1.3) pg>2, 2/p=d(1/2—1/q), (d,p,q)# (2,2,00).

It is widely known that Strichartz estimates play an important role in studying nonlinear
Schrodinger equations (see, e.g., [8]). Furthermore, if H has infinitely many positive
eigenvalues 0 < FEy < E; < ---, then such estimates can be applied to obtain LP-
estimates of eigenfunctions:

é(d,
||¢EJ||LP<EJ( p)7 2§p§007

~

where ¢g; is the L?-normalized eigenfunction with the eigenvalue F;. In particular, for
d > 3, the sharp endpoint Strichartz estimate, combined with the Bernstein inequality,
usually implies the sharp L*-estimate (]20, 21]).

To explain the purpose of the paper more precisely, we recall some known results.
Let us first recall well known properties of the free propagator e~#*Ho on R¢, where Hy =
—A/2. The distribution kernel of e =0 is given explicitly by (2mit)~4/2eilz—vI*/(21) anq
the solution u(t) = e~*oy, thus satisfies so-called the dispersive estimate:

(1.4) ||u(t)||L°°(]Rd) N |t|_d/2||u0||L1(Rd)

for any t # 0, which, combined with the unitarity on L2, implies that u enjoys the
sharp global-in-time Strichartz estimates, i.e., (1.2) with 7' = 400 and v = 0, for
any admissible pair (p,q). These estimates immediately imply that, for any ug € L?,
u(t) € Nyeq, L? for a.e. t € R, where Q1 = [2,00], Q2 = [2,00) and Qq = [2,2d/(d—2)]
for d > 3. Roughly speaking, comparing the Sobolev embedding H¥1/2-1/4) — L4
one can recover at most one derivative loss by using Strichartz estimates. Strichartz
estimates for e~ *Ho were first proved by Strichartz [32] for a restricted pair of (p, q)
with p = ¢ = 2(d+2)/d, and have been generalized for (p, q) satisfying (1.3) by [15, 18].
For Schrodinger operators with electromagnetic potentials

H= %(—i@x _ A(@))*+V(z) onRY

short-time dispersive and local-in-time Strichartz estimates have been extended with
potentials decaying at infinity [34] or growing at infinity [14, 35]. In particular, it was

shown by [14, 35] that if V' is of at most quadratic type, A is of at most linear type and all

derivatives of the magnetic field B = dA are of short-range type, then e~y satisfies
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(1.4) for small t # 0. Local-in-time Strichartz estimates are immediate consequences
of this estimate, the L2-boundedness and the TT*-argument due to Ginibre-Velo [15]
(see Keel-Tao [18] for the endpoint estimate). For the case with singular potentials or
with supercritically growing electromagnetic potentials, we refer to [34, 36, 38, 9] and
reference therein. We mention that global-in-time dispersive and Strichartz estimates for
the scattering state P,.(H )u have been also studied under suitable decaying conditions
on potentials and assumptions for the zero energy; see [17, 37, 30, 12, 10] and reference
therein. We also mention that there is no result on sharp global-in-time dispersive
estimates for (generic) magnetic Schrédinger operators, though [13] has recently proved
dispersive estimates for the Aharonov-Bohm effect in R?.

On the other hand, the influence of the geometry (e.g., the global behavior of the
geodesic flow) on the behavior of solutions to linear and nonlinear partial differential
equations has been extensively studied. From this geometric viewpoint, sharp local-in-
time Strichartz estimates for Schrodinger equations with variable coefficients (or, more
generally, on manifolds) have recently been investigated by many authors under several
conditions on the geometry; see, e.g., [31, 6, 28, 16, 4, 3, 7] and reference therein. In
[31], [28], [4], the authors studied the case on the Euclidean space with nontrapping
asymptotically flat metrics. The case on the nontrapping asymptotically conic manifold
was studied by [16]. In [3] the author considered the case of nontrapping asymptotically
hyperbolic manifold. For the trapping case, it was shown in [6] that Strichartz estimates
with a loss of derivative 1/p hold on any compact manifolds without boundaries. They
also proved that the loss 1/p is optimal in the case of M =S¢ d > 3. In [4] and [3],
the authors proved sharp Strichartz estimates, outside a large compact set, without the
nontrapping condition. More recently, it was shown in [7] that sharp Strichartz estimates
still hold for the case with hyperbolic trapped trajectories of sufficiently small fractal
dimension. We mention that there are also several works on global-in-time Strichartz
estimates in the case of long-range perturbations of the flat Laplacian on R? ([5, 33, 23]).

As we have seen, Strichartz estimates are well studied subjects for both of potential
perturbation and variable coefficient cases. We however note that the literature is more
sparse for the mixed case, namely the case with variable coefficients and unbounded
electromagnetic potentials. In Section 2, we give a unified approach to a combination
of these two kinds of results.

In Section 3, we discuss the case on a class of non-compact manifolds with poly-
nomially growing ends, which is regarded as a generalization of results by [16, 4]. In
particular, we show that if the volume density grows polynomially at infinity and is
strictly larger than that of the Euclidean space, then local-in-time Strichartz estimates,
outside a large compact set, hold without the asymptotic convergence condition on
the angular metric. To the best knowledge of the author, this is a first example of
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sharp Strichartz estimates without asymptotic convergence conditions, except for the

one dimensional case.

Schrodinger equations with variable coefficients and unbounded

potentials

§ 2.

In this section we consider Schrodinger operators with variable coefficients and

electromagnetic potentials on R%, d > 1:

1, . ; .
H = 5(~10; — Aj(@)g"" (@) (—idy, — Ax(2)) +V(2z), = €RY,
with the Einstein summation convention. We suppose the following:
Assumption 2.1. ¢k A; V € C®°R%4R). (¢7%);. % is symmetric and uniformly
elliptic: g% (2)€;&, > col€|?, z,& € RY, with some positive constant co. Moreover, there

exists p1 > 0 such that for any a € Z4 := N1 U {0},
102 (g% (z) = 0j0)| < Cal) 1o,
0% A ()| < Co )71,
109V (z)]| < Colz)* 71 2 eRY,

where (z) stands for /1 + |z|?.

Under Assumption 2.1, H is essentially self-adjoint on C$°(R?) (see, e.g., [11]) and

we denote its self-adjoint extension on L?(R?) by the same symbol H.
Let k(z,£) = 1¢7%(2)&;&, be the classical kinetic energy associated to g/%. Consider

the Hamilton flow generated by k, that is the solution to the Hamilton system

(1) = e (@(0). €0 €0 =~ 5 (@, E0)5 (@(0),€00) = (z0,60)

We then impose the following geometric conditions:

Assumption 2.2.

e (Nontrapping condition) For any initial data g, € R with & # 0, |z(t)| — +oo

as t — +oo.
o (Convezity near infinity) There exists f € C*(R?) satisfying f > 1 and f — +oo
as |z| — +oo such that f € L=°(R?) for any |a| > 2 and that

H f(x,€) = ck(z,€)

on {(z,€) € R f(x) > R}, for some constants ¢, R > 0.
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Note that if 9,¢7% = o(Jz|7!) as |z| — +oo, then the convexity condition holds.
In particular, Assumption 2.1 with g > 0 implies the convexity near infinity. For more
example satisfying Assumption 2.2, we refer to [11].

§2.1. Main results

We now state main results in this section. In the sequel, 1 4 denotes the character-
istic function designated by A.

Theorem 2.3 (Subcritical case [25, 26]). (1) Assume that Assumption 2.1 with
i > 0. Then, there exists Ry > 0 such that for any T > 0, p > 2, q < oo, 2/p =
d(1/2 —1/q) and R > Ry, we have

(2.1) ||1{|m|>R}€_itHUO||Lp([_T,T];Lq(]Rd)) < Cr |UO||L2(Rd),

where Cp > 0 may be taken uniformly with respect to R.
(2) Assume that Assumption 2.1 with p > 0. Then, for any T > 0, p > 2, q¢ < o0,
2/p=d(1/2—-1/q) and r > 0, we have

L

(2'2) ||1{|ac|<r}€_itHU0||Lp([_T,T];Lq(Rd)) < CT,T||<H> » U0||L2(Rd)~

Moreover, if we assume in addition that Assumption 2.2, then

(2'3) ||1{|x|<r}€_itHu0||Lp([_T’T];Lq(]Rd)) < CT,THUOHL?(]Rd)'
In particular, combining with (2.1) we obtain global-in-space estimates:
—itH

le U0||Lp([_T,T];Lq(Rd)) < CT,THUOHLZ(Rd),

provided that > 0.

For the general case, we obtain an almost optimal result:

Theorem 2.4 (Critical case [26]).  Let u > 0 and assume that Assumptions 2.1
and 2.2. Then, for anye > 0,7 >0,p>2, ¢g< oo and 2/p=d(1/2—1/q),

||€—itHuO||Lp([_T’T];Lq(Rd)) < Cre |<H)€u0||L2(Rd).

Note that if A =0 and V 2> (a:}z_“ , then H is uniformly elliptic. Then, using
the parametrix of H, we see that |[(H) uo||., = |[(D)*uo||» + ||(x)(2_”)7u0||Lp for
p € (1,00) and v > 0.

There are some remarks.
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Remark 2.5. (1) The estimates of forms (2.1), (2.2) and (2.3) have been proved
by [31, 4] when A =0 and V is of long-range type. Therefore, Theorem 2.3 is regarded
as a generalization of their results for the case with unbounded potential perturbations.
(2) The only restriction for admissible pairs, in comparison to the free case, is to exclude
(p,q) = (4,00) for d =1, which is due to the use of the Littlewood-Paley decomposition.
(3) The missing derivative loss (H)® in Theorem 2.4 is due to the use of the following
local smoothing effect (due to Doi [11]):

() 72 (DY e | a2 ey < (&

It is known that this estimate does not holds when ¢ = 0 even for H = Hy. We
would expect that Theorem 2.3 still holds true for the case with critical electromagnetic

potentials in the following sense:
(2) 71105 4, (@)] + (2) *|07V (@) < Capla) ™,

at least if g7% satisfies the bound in Assumption 2.1 with u > 0. However, this is beyond

our techniques.

§2.2. Strategy of the proof

We here explain the idea of the proof and refer to [25, 26] for the details. The general
strategy is based on microlocal techniques and the Littlewood-Paley theory using the
semiclassical spectral multiplier f(H). We however note that, since our Hamiltonian H
is not bounded below, the Littlewood-Paley estimate using H, which is of the form

@4 lolla Sl + (Zuf 2 2mps,) L fecEm® (o).

seems to be false for ¢ # 2 in general. To overcome this difficulty, we consider a partition
of unity on the phase space R?%: .(z,€) + x(x,£) = 1, where v, is supported in
{(z,£); (x) < ¢|£|} for some € > 0 and satisfies 8;‘851#5 = O((x)_|a|(§)_|ﬁ|). Let p(x, &)
be the full symbol of H (modulo lower order term):

1 .
p(@,€) = 59" (2)(& — 43(2)) (& — Ak()) + V(2).
It is easy to see that the symbol p(x, &) is uniformly elliptic on supp t.:

CTEP < plw, &) < CIEP, (3,€) € supp v,

provided that & > 0 is small enough. Therefore, H is essentially elliptic and hence h?H —
z has a semiclassical parametrix on the range of Op(t.), where Op(¢.) := ¢ (x, D) is the
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standard pseudodifferential operator (PDO for short) with the symbol 1. and h € (0, 1]
is the semiclassical parameter. Combining with the Helffer-Sjostrand formula, namely
f(hPH) = —5= [ 0:f(2)(h*H — z)~'dzdz, where f is an almost analytic extension of f

27mi

(see, e.g., [22]), we can see that if f € C§°(R) and supp f € (0, 0), then Op(¢.) f(h?H)
is a semiclassical pseudodifferential operator (h-PDO) with a symbol supported in

supp ¥/, Nsupp f opp, C {|z| < 1/h, [¢| € I},

with some I € (0,00) modulo some error term whose kernel is rapidly decaying with
respect to h, where py(z,&) := h®p(x,£/h). Using the same argument as that in [6], we
then obtain the Littlewood-Paley estimates on a range of Op(1);):

1/2
||0p('¢a)v|quSqulvllL2+Cq( >, ||0ph(ah)f(h2H)vl|iq> :

h=2-1,j>0

where 2 < q < oo, {f(h?);h =277,j > 0} is a 4-adic partition of unity on [1,00), ay,
is a h-dependent symbol, supported in {|z| < 1/h, [£| € I}, satisfying Qﬁ‘afah(x,{) =
O((x)_|a|(§)_|m) and Opy,(ap) = ap(z, hD) denotes the corresponding h-PDO.

The idea of the proof of Theorem 2.3 (1) then is as follows. In view of the above
Littlewood-Paley type estimates, the proof is reduced to that of Strichartz estimates
for 1¢;1>ry Opy(an)e ™ and Op(xc)e . For 1{,=r)y Opp(arn)e ", we use the
semiclassical Isozaki-Kitada (IK for short) parametrix, which originally comes from
long-range scattering theory with time-independent modifiers. We however note that
because of the unboundedness of potentials with respect to x, it is difficult to construct
directly such approximations. To overcome this difficulty, we introduce a modified
Hamiltonian H due to [38] so that H = H for |z| < L/h and H = K for |z| > 2L/h
for some constant L > 1, where K = — ) ik 0;g7% 0 /2 is the kinetic energy part of H.
Then, H" = h2H can be regarded as a “long-range perturbation” of the semiclassical
free Schrodinger operator HY = h2Hy. Indeed, if we denote the corresponding classical
symbol by pp(z,€) i.e., pp(x,§) = pn(x,§) for |z| < L/h and pp(z,&) = k(z,€) for
|z| > 2L/h, then

10202 (pn(2,€) — 1€2/2)| < Craglz) ™ 1*1e)> P!, he(0,1).

Let aif be symbols supported in {R/2 < |z| < 1/h, || € I, £i - € > 1/2}, respectively,
so that 1y, >ryan = az + a;, , where & = x/|z|. Rescaling t — th, we first construct
the semiclassical IK parametrices for e~H"/h Oph(af)* of the forms

e " 1 Op, (aF)* = J,(SF, b )e HS /1 1, (SE, cE)* + O(hN), 0< £t <1/h,
respectively, where S’f; solve the Eikonal equation associated to py:

pn(x,0:57) = |€[%/2  on a neighborhood of supp a}f,
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bf and cf are supported in a neighborhood of supp a}jf, respectively, and Jh(S,jf, bf)
and J, (S, ¢if) are associated semiclassical Fourier integral operators (h-FIOs):

Tn(Si w)u() = (2xh) " / o (5 V) M, €y dyd.

The method of the construction is similar to as that of Robert [29]. On the other hand,
we can see that if L > 1 is large enough, then the Hamilton flow generated by p; with
initial conditions in supp af cannot escape from {|z| < L/h} for 0 < £t < 1/h, i.e.,

T, (exp tHp, (suppaff)) C{lz| < L/h}, 0<£t<1/h.

Since pp, = pp, for |z| < L/h, we have exptHj, (supp a,j;) = exptHp, (supp af) for
any 0 < £t < 1/h, respectively. We thus can expect (at least formally) that the corre-
sponding two quantum evolutions are approximately equivalent modulo some smoothing
operator. By using the Duhamel formula and the semiclassical IK parametrix, we can
prove the following rigorous justification of this formal consideration:

||(e=HH" /h — ¢=itH" /1) Op, () <CyhM, 0<Et<1/h, M >0,

>‘<||L2—>L2
where H" = h?H. By using such approximations for e "# "/h Oph(af)*, we prove

local-in-time dispersive estimates for Opj,(a;")e " Op, (af)*:

|| Opy, (ai e "™ Opy,(aiy) <Clt|7¥?, 0<h<1, 0<]t| <1.

*
||L1—>L°°

Strichartz estimates then follow from these estimates and the TT*-argument.
The estimates for Op(x.)e " follow from the short-time dispersive estimate:

110D (xe)e ™ Op(xe) |1y poe < Celt|™ 2, 0 < |t] <t. < 1.
To prove this, we first construct the WKB parametrix for e ~## Op(x.)* of the form:
e M Op(x)* = J(V,a) + O (1), |t| <te, v>d/2,

where the phase function ¥ = W(¢, z,&) is a solution to a time-dependent Hamilton-
Jacobi equation associated to p(x,€&) and J(¥,a) is the corresponding Fourier integral
operator. In the construction, the following fact plays an important rule:

1050, p(2,€)| < Cap,  (2,€) € supp =, |+ B > 2.

(Note that if (¢7%);s depends on x then these bounds do not hold without such a
restriction of the phase space.) Using these bounds, we construct the phase function
U(t, x,§) such that

0200 (W(t,,€) — 7€ + p(, )| < Caglt(a)* 7.
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We then can follow a classical argument (due to, e.g., [19]) and construct the FIO
J(¥,a). By the composition formula, Op(x.)J(¥,a) is also a FIO and dispersive esti-
mates for this operator follow from the standard stationary phase method. Finally, using
an Egorov type lemma, we prove that the remainder, Op(x.)(e~** Op(x.)* — J(¥, a)),
has a smooth, uniformly bounded kernel for sufficiently small ¢.

The proof of Theorem 2.3 (2) is based on a standard idea by [31], see also [6, 4].
Strichartz estimates with loss of derivatives (H) /@) follow from semiclassical Strichartz
estimates up to time scales of order h, which can be verified by the standard WKB
method. Moreover, under the nontrapping condition, we will prove that the missing
1/p derivative loss can be recovered by using the local smoothing effect due to Doi [11].

The proof of Theorem 2.4 is based on a slight modification of that of Theorem 2.3
(2). By virtue of the Strichartz estimates for Op(x.)e * and the above Littlewood-
Paley estimates, it suffices to show

| Oph(ah)e_itH90||LP([—T,T];LQ) < Crh™lellps, 0<h <L

To prove this, we first prove semiclassical Strichartz estimates for e~ Op, (az)* up
to time scales of order hR, where R = 7, (inf supp a). The proof is based on a refine-
ment of the standard WKB method for the semiclassical propagator e~ "/h Opy,(an)*.
Combining semiclassical Strichartz estimates with a partition of unity argument with
respect to x, we will obtain the following Strichartz estimate with an inhomogeneous

error term:

|| Opy, (ah)e_itH90| |LP([—T,T];L€!)

< Crllgllgs + Cl[{a) /2 h1/2 e Opy,(an)e™ ol L2 _111.22);

for any € > 0, which, combined with the local smoothing effect, implies the assertion. [

8§ 3. Schrodinger equations on manifolds with ends

In this section we consider the following model. Let (M, g) be a smooth, connected
complete Riemannian manifold of dimension d > 2 such that M is decomposed into
two parts M = M. U M, where M, € M is a d-dimensional relatively compact open
submanifold and M, is diffeomorphic to (0, 00) x S with a (d — 1)-dimensional smooth
closed manifold S. We suppose that there exists Ry; > 1 such that g takes the form

g=dr’+ 7*2"95(7“) on [Rys,00) X S,

where 0 > 1 and gg(r) is a family of smooth Riemannian metrics on S smoothly
depending on r. In local coordinates, gs(r) is of the form gs(r) = gg jx(r,0)d6? do*
using Einstein’s summation convention.
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Let ks € C°([Rpr,00) X T*S;R) be the classical kinetic energy associated to gg(r),
that is the principal symbol of the free Schrodinger operator —%AQS(T) on S associated
to gs(r), which, in local coordinates, is of the form

1 .
ks(r,0,w) := nggk(r, Owjwi, 1€ [Rum,00), (B,w) e TS,

where (gjsk) = (gs,jx) ' For sufficiently large R > Ry, we then impose that

e (Uniform ellipticity) There exists a constant ¢y > 0 such that
(3.1) (¢7%(r,0)) ;1 > cold, (r,0) € [R,+00) x S.

e (Symbol-type estimates of order zero) For any (I, ) € Z¢ := N? U {0}, ggk obeys
(3.2) 10L05 g2 (r,0)| < Ciar™,  (r,0) € [R, +00) X S.

We also consider the following two conditions:

e (Convex near infinity) There exists € > 0 such that

. o’ F
(3.3) (20 — &)gi*(r.0) > gf (r,0), (r,0) € [R,o0) x S.
e (Long-range type condition) There exist a smooth positive (2,0)-tensor (hfgk) .k on
S, independent of r, and a constant p > 0 such that

(34) (9195 (g5 (r,0) = hE'(0))] < Crar ™!, (r,6) € [R, 400) X S.

Remark 3.1.  Let us fit R > Rp; and set 19 = sup;_, ||7°3,l~gjk||Loo((R’oo)xs).
Since ks > colw|* by (3.1), if 79 < 20co then (3.3) holds with ¢ = 20 — 79/co. In
particular, if 0,g'% = o(r=1), r — 400, then (3.3) is satisfied. (3.3) hence is strictly
weaker than the long-range type condition (3.4).

Setting LP(M) = LP(M,G(z)dz) with G(x) = y/det g(x), we consider the time-
dependent Schrodinger equation:

1
(3.5) i0pu = —§Agu + V(x)u;  ulimo = ug € L*(M),
where A, is the Laplace-Beltrami operator associated to g which, in any local coordi-

nates x = (2, ...,2%) € M, has the form

1

e

Dt g™ (@) G @)Dy, (9™ (2)) = (gum(2)) 7.

For the potential V' we impose the long-range type condition:
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Assumption 3.2. V€ C°(M;R) and there exists v > 0 such that
(3.6) 10L05V (1r,0)| < Clar™"7Y,  (r,0) € [Rar, +00) x S.

By the completeness of M and Assumption 3.2, it is well-known that —%Ag +V
is essentially self-adjoint on C§°(M) and we denote its self-adjoint extension on L?(M)
by H. By the Stone theorem, we have a unique unitary propagator e~ on L?(M)
generated by H such that the solution to (3.5) is given by u(t) = ey,

To state the main result, we recall the non-trapping condition. Let

Hw,) = 50" @)6ikm,  (2,6) € T M,

be the classical kinetic energy associated to g and let Hy = O¢ck - 0, — 0,k - O¢ the
corresponding Hamilton vector field. By the completeness of M, for any (z,§) € T*M,
the Hamilton flow exp tHi(x, &), generated by Hy, exists for all ¢ € R. We say that M
is non-trapping if for any (z,€) € T*M \ 0, w(exptHy(z,&)) escapes from any compact
set in M as t — +oo, where 7 : T*M — M is the projection onto the base space.

§3.1. Main results

We now state main results in this section. For the conic case, we obtain Strichartz
estimates under the long-range type condition on the angular kinetic energy:

Theorem 3.3 ([24]). Let 0 = 1. Assume that (3.1), (3.2) and (3.4) and that
Assumption 3.2. Then, there exist a compact set K C M and xx € C5°(M) satisfying
Xk =1 on K such that for any T > 0 and any admissible pair (p,q),

(3.7) 11— XK)e_itHu0||LP([—T,T];L‘1(M)) < CT||U0||L2(M)-

Moreover, if we assume in addition that M is non-trapping then

(3-8) ||e_itHu0||LP([—T,T];LQ(M)) < CT||UO||L2(M)
for any admissible pair (p,q).

When o > 1, the same result holds under the convexity condition which is weaker
than the long-range condition.

Theorem 3.4 ([27]).  Leto > 1. Assume that (3.1), (3.2) and (3.3) and that As-

sumption 3.2. Let xx be as above. Then, (1—xx)e " satisfies local-in-time Strichartz
estimates (3.7) for any admissible pair (p,q). Under the non-trapping condition, global-

in-space estimates (3.8) also hold.



44 HARUYA MIZUTANI

Remark 3.5.  For the asymptotically conic case, (3.7) and (3.8) have been proved
by Hassel-Wunsch-Tao [16] for p > 2, however the method of the proof is considerably
different. In [3], Bouclet proved (3.7) and (3.8) for the case on the asymptotically
hyperbolic manifold, which is a non-compact manifold M as above equipped with the
metric g having the from g = dr® + e*"gs(r), r > Ry, where gs(r) satisfies (3.4). The
present article is motivated by his work and our proof is based on his idea. Theorem 3.4
may be regarded as an interpolation between [16] and [3].

§3.2. Strategy of the proof

We here give the idea of the proof only and refer to [24, 25] for the details. We
only consider the estimate (3.7) for the case when o > 1 (The estimates on compact
sets are verified by a standard argument due to Staffilani-Tataru [31], see also Bouclet-
Tzvetkov [4]). The general strategy is similar to that in the previous section, though
the construction of parametrices is slightly different.

First of all, under conditions (3.1) and (3.2), it has been showed by [1] that the
Littlewood-Paley estimates of forms (2.4) hold for any ¢ € [2,00). Hence, it suffices
to show (3.7) that (1 — xx)f(h2H)e " satisfies Strichartz estimates uniformly in
h € (0,1]. We next embed the solution into the conic manifold as follows. Let v(t) =
() @mD/2 =ity Tt is easy to see that v(t) solves idyv(t) = Huv(t) with the initial
state v(0) = ()7 /2y, € L2(M), where LP(M) = LP(M, (r) """ DG (z)dz) and

= ()@ /2y —otd=0/2,
which is self-adjoint on L2(M). Then, it is sufficient to prove (3.7) that
o(d— N —itH
(3.9 )TIP0 — x) FRRH) e ool o g pipacany < Crllvollzaga-
Assuming for simplicity that S = S?! and V = 0, we set H = —A,/2. The

corresponding kinetic energy is written in the form

1 1
k(r,p,w) = §p2 + §r_2"kg(r,9,w) on T"My, 2 T*R x T*S,

where p (reap. w) is the dual variable of r (reap. 6). Since (r>_a(d_l)G(r, 0) ~1in M,
we can use the standard h-PDO calculus and obtain that the spectral multiplier (near
infinity) (1—xx)f(h2H) can be approximated by a h-PDO, Opy,(a) := a(r,0, hD,, hDy),
modulo some smoothing term, where a € C°°(T* M) satisfies

02850V a(r, 0, p,w)| < Cjaas(r) 7Pl in M,

and is supported in T'(R) = {(r,0,p,w); r > R, 0 € S, k(r,p,w) € I} with some R > 1
and I € (0,00). We then split I" into outgoing (“+”) and incoming (“—") regions

I*(R)={r>R, 0€S8, kel p>+(1/2)V2k}.
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In what follows, we consider the outgoing case only since the proof for the incoming
case is analogous. In the asymptotically FEuclidean case, one can construct a long-
time parametrix of the propagator e—itH" [k Opy,(a™)* as in the previous section, where
H" = h2H ,0<t<h!and a’ is supported in I'". However, this is not the present
case since Jgks does not decay at spatial infinity. To overcome this difficulty, following
the idea by Bouclet [3] we decompose a™ = af + a;r, where a and a;r are supported
in the strongly outgoing and intermediate regions:

Th(R) =TT(R)N{r * ks <e}, TH (R) =TT(R)\T{,(R), 0<e<],

+

stg (1?), we obtain a long-time behavior of the classical system:

respectively. In T’

102,06, 0% 07, (r' (Xo) — ro — tp°)| < 2|t], 194,05, 0% 050 (0"(Xo) — 00)| S e,
10995 0% 0% (0" (Xo) — p°)| + (ro) 1109, 95 9% 0% (w'(Xo) — w°)| < €%,

for t > 0 and Xo = (ro,0p,p°,w°) € T{,(R), where (r', 0", p', ') = exptHy is the
Hamilton flow in T*M.,. We here have used the assumption (3.3) and the fact that
o > 1. When o = 1, (3.3) is not sufficient to obtain these estimates and we need to
assume (3.4). These estimates tell us that the strong outgoing region is invariant under
the Hamilton flow for any t > 0 if € > 0 is sufficiently small. Taking € > 0 small enough
and using a same argument as that in [3], we then can construct the semiclassical IK

parametrix of the form
e Op, (aF)* = Ju(ST, b )2 (ST ) + Oz 7a(hY), 0<t< B

Here Jj,(S*,b)) and Ji,(S*,¢)) are h-FIOs with symbols b}, ¢, € Cp°(T*My,) sup-
ported in a strongly outgoing region and the phase ST solves the Eikonal equation:

k(r,0,0,8",09S") = p?/2 on a neighborhood of supp a; .

Moreover, ST is essentially of the form

d.

n _ 1 [ ks(r+ A, 0,w)
(3.10) S (T,Q,p,w)—rp—l-ﬂw—l—;/o SN

and satisfies 8¥8§‘8ﬁ)8£(5+ —rp—0-w) = O(rt=IolBl(p=20}5)1=181/2) We here note
that these estimates are even worse than that of the both of asymptotically Euclidean
and asymptotically hyperbolic cases. Indeed, 9, ., ® 0,9S™ is not bounded in general
since 83‘8;”54' can be grow linearly as r — +o00, while, in the above two cases, we
see that 9, ® 0r9ST ~ Id. We, however, see that detd, ., ® 0r9ST ~ 1 if <r>_20k5
is small enough and ¢ > 1. Using this non-degeneracy, we can make a change of
variables (p,w) — (p4,wy), where (py,wi) = (p4,ws) (1,0, 10,00, p,w) is the inverse of
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) — fo (00 STYAr + (1 = N)ro, A + (1 — M), p,w)dA. The distribution kernel of
the IK parametrix Jj, (ST, b )ei®h7 /2,7, (ST, ¢ )* then reads

1
(2mh)d

/ eIt BT 0:m0.00.0) A (1,9, 1y, By, p, w)dpduw,

where AT and all of its derivatives are uniformly bounded and

T —To 9—90 1
, p+ , -w—§p+(r,9,r0,00,p,w)2.

<I>+(t,r,9,r0,90,p,w) =

Using the expression (3.10) and estimates (3.1), (3.2) and (3.3), we learn that p? is
essentially of the form p3 = p* + ¢4(r,0, 70,09, w), where

—2otlp dga if £ <0,

ok ik r
q+(7”,9,7"0,90,(ﬂ) - qj (T707T0790)w‘wk7 q (T797T0700) Z
- T r g 27 Idgas if £ > 0.

Then, the stationary phase method shows that Jj, (S, b+)eithdr/ 2Jn (ST, ch)* satisfies
a weighted L' — L estimate

1(r) D2 g (5 b1/ 2 g, (S, ) ) T2 L S min((eh| Y2, R,

—o(d=1)/2,—it]T

from which, combining with the L2 — L2 boundedness of () , we obtain

—o(d— _tH
B11) 1) T2 0pad e ol oy aary < Crllvollze ary-

For the intermediate case, choosing 6 > 0 small enough and splitting the interval

(¢/2,1] into small intervals I5; of size §, [ < 1/8, we decompose T';- (R) as follows:

int

mt U Flnt ﬂ{ Qk) ' —2kas < Iél} - U Fmt ‘”(R)
1<1/6 1<1/6

We also set Q;;t’é’l(R) = Fi—il—lt,(s,l(R) N{R < r < 4R}. Then, we obtain a behavior of the
corresponding classical system:

(3.12) 0% (exp tHip(Xo) — Xo)| < (ro) ¢

if Xo = (ro,00,p°, w®) € TT(R) and 0 < t < (ry). Although we cannot obtain the precise
long-time behavior as in the strongly outgoing case, the following support property
holds: for all 0 < ¢ < 1 and €; > 0, we can find § = d(g,e1) > 0 such that, for
sufficiently large Ry > R > 0,

(3.13) D ga () N exp tH (O 5, (B1)) =0 if ¢ > Raey.

Let us fix € > 0 such that (3.11) holds. Using the dyadic partition of unity {Xg} with
respect to r-variable, we split a;r = a;fl + a;fQ + a;f:,) + .-+, where a Xg . Then, we
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learn by (3.12) that there exists 1 > 0 such that we can construct the standard WKB
type parametrix of ¢ #"/h Oph(a;fj)* for [t| < &127 (see [24]) and hence obtain

—o(d— itH" % \o(d— —
(3.14)  |[(r)" 72 0py (af )M Opy (af ;) () V| < [th| =92,

L1 Lo

for 0 < |t| < 127, uniformly with respect to h and j. On the other hand, splitting

+_ oo+ +,l
af = o ol =) aj;
l l

with supp aj"l C Ffflt’é’l(R), supp ai}l C Q;;t,é,l(Qj) and 0 > 0 depending on ¢, &1, using

the support property (3.13) and the Egorov type lemma, we see that

(3.15) || Opy(a;)e™" /" Opy, (ai) = O(h™), e <t<h, 1<67,

s,z
uniformly in A and j. The estimates (3.14), (3.15), the Sobolev embedding imply
(3.16)  [I{r) =72 Opy (a1 Opy (a7 ()T o S [e0] 7,
for 0 <t < h~!, uniformly in h. We here have used the fact that

Opy,(a;) = Opy(a;;)X; + O((277h)™)

and that > |[X; fll,0 S [|f]lp:, where X;x; = x; and suppX; C {r ~ 27}, The former
follows from the standard off-diagonal decay of h-PDOs. By the T'T*-argument, we
then conclude

—o(d— _itH
[[{r) (=07 Oph(aj)e ZtHUO||Lp([_T,T];Lq(1\4) < CT||UO||E2(M)7

which, combined with (3.11), implies (3.9). O
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