RIMS Kokyiroku Bessatsu
B42 (2013), 95-107

On control of Sobolev norms for some semilinear
wave equations with localized data
By

Tristan Roy *

Abstract

The purpose of this paper is to give an overview of the proof of the result obtained in [15].
Consider the semilinear wave equations

Oru — Au= —|ulP~tu
(0.1) u(t=0) =wuo
Ou(t =0) = uy

on R? with 3 < p < 5, data (uo, u1) lying in the H* x H*~! (s < 1) closure of smooth functions
that are compactly supported inside a ball B(O, R). We establish new bounds of the H® norms
of the solution. In order to do that, we perform an analysis in a neighborhood of the cone,
using the finite speed of propagation, an almost conservation law, an almost Shatah-Struwe
estimate [16], and a low-high frequency decomposition [3, 4]. This allows to establish a decay
estimate pointwise-in-time and to estimate the low frequency component of the H® norm of
the solution. Then, in order to estimate the H® norm of the high frequency component of
the position and the H*~! norm of the velocity, we estimate the variation of another almost
conservation law.

§1. Introduction

The global existence of smooth solutions of (0.1) was solved in [7] for the range
3 < p < 5. The critical power (i.e p = 5) was solved in [12] for small data, in [17] for
large and radial data and in [6] for large and general data.
The construction of local solutions with rougher data was studied by many authors.

It is known (see for example [10]) that (0.1) is locally well-posed in H® x H*~! for

§> 8¢ i= % — %. By that we mean that
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e given (ug,u;) € H® x H5~! there exist a time of local existence T; > 0 and a unique
(u, Oyu) lying in a subspace of C([0,T;], H®) x C([0,Tj], H*~!) such that u satisfies
the Duhamel formula for all ¢t € [0, T}], i.e

sin sin (t—t/ D oy ’
w1 u(t) = cos (tD)ug + S24LYy, — g# [|u|p Lt )u(t/)] dt

= \Ijt(u()) ul)

o (ug,u1) — Vy(ug, up) is uniformly continuous in the H® x H*~! topology

Moreover, if s > s., then the time of local existence depends on the size of the initial
data, i.e Ty := T} (||(uo,u1)|| s xms-1) 1. The next stage is to extend the construction
of these solutions for larger times. By iterating the local well-posedness theory, one
can define the maximal interval of existence Iar = (—Thmaz, Imaz). If Tinaz = 00,
then we say that the solution exists globally-in-time. By the local well-posedness the-
ory, the global behavior of H*® solutions of (0.1) is closely related the growth of the
Sobolev norms ||(u(7"), Oyu(T))||gsxgs—1- In particular, if one can find a finite bound
of [[(u(T), 0pu(T))|| grsx gs—1 for all time T, then one can prove that the H® solutions of
(0.1) exist for all time T'. The equation (0.1) satisfies the following energy conservation

law

E(u(t)) =1 [os |0iut, )2 do + § [gs [Vu(t, z)* dz + pﬁ Jgs lu(t, ) [PH da
— E(u(0)).

It is straightforward to see from the conservation of (1.2) that H! solutions of (0.1) exist

(1.2)

for all time. It remains to better understand the global behavior of H* solutions of (0.1)
if s < 1. This question is delicate since there is no known conservation law at these levels
of regularity. It has been studied in [1, 9, 5, 14, 13] (see [11] for higher dimensions). To
our knowledge the best results regarding the optimal index of regularity for which the
solution exists globally in time are the following ones:

e p=3: s> 12 for general data ([14]) and s > & for radial data ([13])

1
. . 26p—3p?—39

ie (ug,u) € H® N LPHE x H5=1 ([9)).

for general data lying in slightly different spaces,

Moreover the H® norm of the high frequency component of the position u and the H*~!
norm of the velocity d;u grow like T~(1=%) in a neighborhood of s = 1. The main
theorem of [15] is the following:

Lwe shall not discuss the case s = s.
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Theorem 1.1.  [15] Let R > 0 and B(O,R) = {z € R®, |z| < R}. Let u be
a solution of (0.1) with data (ug,u1) in the closure of C°(B(O, R)) x C*(B(O, R))
with respect to the H® x H*~! topology, s < 1. If1 > s > %m,
a1 = ay(s,p) > 0 and as := as(s,p) > 0 such that limg_1 a3 < 00, limg_; g =0,

there exist

(1.3) 1(Port(T), su(T)) |2y s S T2 (5)A=5)?
and
(1.4) | Poyu(T)||%- < T2 (L+as(s.p))

In particular the H® norm of the high frequency component of the solution and
the H*~! norm of the velocity grow like TN(I_S)Z, i.e at a slower rate than 7~(1—%).
If we compare our results with [14, 13] regarding the H® norm of the low frequency
component of the solution, it grows more slowly by a factor 77 for some v := v(p) > 0
in a neighborhood of s = 1.

§2. Ideas of Theorem 1.1

First we recall the general framework in which we estimate these Sobolev norms
on an interval [0, T]: the I method. The I method was designed in [4] and is inspired
from the Fourier truncation method, designed in [3]. The steps are the following:

e First Step: we introduce a multiplier Iy defined in the Fourier domain by E\;\f &) =

~

m (%) f(€) with

2.1) m(e) = {1’ AR

1
[gt==>
and N > 1 a parameter to be chosen.

e Second Step: we insert this multiplier into (1.2): this defines a new functional

(2.2)
E(Inu(t)) = 5 Jps [0 Inu(t)]? dz + § [pa |VINu(t)] + o7 fps [Inu(t)|P ! da.

The main interest of introducing this functional is that, unlike the energy conser-
vation law, it is finite in H®. Moreover, as N goes to infinity, the symbol of this
multiplier approaches one so we expect the variation of this functional to be slow
for N > 1.
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e Third Step: we estimate the variation of E(Iyu) on an interval J C [0, 7] small in

some sense by using local estimates such as the Strichartz estimates and an a priori
bound of E(Iyu) on [0,7]. In order to do that, we must first find out how this a
priori bound looks like. It can be proved (see [13] for example) that

(2.3) E(Inu(0)) < N2(=)

Since we aim at proving that E(Iyu) does not vary much, a good candidate for an
a priori bound of E(Iyu) is the following 2:

(2.4) supye o) E(Inu(t)) S N2,

Then we introduce on J the following number Z(J, u)

(2.5) Z(J,u) == supy,cp0,1] Zm,s(J, u)

with

Zm,S(‘L U) *= SUD(g,r)—m—wave adm ||atD_mINu||Lng(J) + ||D1_mINu||Lng(J)

By using the Strichartz estimates and (2.4) one can show that

Z(J,u) < supye y B2 (Inu(t))

(2.6) < NS

We can now estimate the variation of E(/u) on J through the relation

Variation(E(Iyu), J) < w

(2.7) < -9
~ N

We refer to [13, 14, 15] for more details with regard to the definition of m— wave
admissibility pairs and the procedure to estimate the variation of E(Iyu) on J.

e Fourth Step: we iterate the procedure described in the last step over subintervals

J that make a partition of an arbitrarily long-time interval [0, 7]. This allows to
prove that (2.4) holds a posteriori on [0, T].

2We shall prove that this bound holds a posteriori
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e Fifth Step: we estimate the H® norm of the high frequency component of the
position and the H*~! norm of the velocity through the following relation (see for
example [13])

(2.8) (Poru(T), DT g o1 S sUPtego 7y E(Lnvu(?)).

We estimate the H® norm of the low frequency component of the position through
the following relation (see for example [13])

[P<xu(T)[ - S T% supepo.ry |0 Inu(t)|7

2.9
(29) ,STquptE[ 0.T ]E(INu( ).

Next we sketch the ideas of the proof of Theorem 1.1.

It is well-known that the long-time behavior of solutions of semilinear wave equations
with a defocusing power-type nonlinearity is closely related to the Morawetz-type decay
estimate. In the study of the energy-critical wave equation (i.e p = 5) a Morawetz-type
estimate using the scaling multiplier inside the cone Kg([0,7]) defined by

(2.10) Kgr([0,T)):={(t,x) : t € [0,T],t > |x| — R}

was used. This estimate is of the form (see [2])

f|:c|§T—|—R [ul®(T,2) dz S 7R E(u) + X
with X a boundary term depending on the flux Flux (u, 0Kg(]0,T])) defined by

Flux (u 8KR([0 T]) \/_faKR([O ) 2 YVuzx +atu’ + |U| do.

BER
This estimate with general data is a weak decay since it only holds inside the cone and
it depends on boundary terms. But, if we work with compactly supported data inside
the ball B(O, R), then it is much stronger since, by finite speed of propagation, the flux
vanishes. Getting back to (0.1), it is worth trying to establish a decay estimate by using
the same multiplier for these data. One finds that for the range of p that we consider
(i.e 3 <p < 5), one has

(2.11) Sj<rs g WP T, 2) do S S B

The next step is to find the right framework in which we can use this estimate in
rougher spaces, i.e H® x H*"! s < 1. It seems natural to choose data (ug,u;) €
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C>(B(0,R)) x C2°(B(0, R)), where the closure is taken with respect to the H® x H*™1
topology. Then one would like to use this estimate and the /-method in order to estimate
the H?® norms of the solution. By introducing the multiplier I, one aims at proving
an estimate of the form

(2.12) fIwISPH-T [Inu(T, 2)[PT de S % E(Inu(0)) + Error terms,

the error terms coming from the fact that the multiplier Iy does not commute with the
nonlinearity. On then aims at estimating F(Inyu) by using this decay estimate. More
precisely, one would like to prove on larger subintervals J that (2.7) holds, which would
reduce the number of the Js making a partition of [0, 7] and eventually yield a better
estimate of E(Iyu) on [0,T].

But before starting the procedure, one must be careful. Indeed, recall that the decay
estimate (2.11) is useful if we work with data supported in B(O, R). The introduction
of the multiplier Iy kills the localization of the data and consequently the localization
of the solution inside the cone. But, although we cannot perform an analysis inside the
cone, we manage to perform an analysis in a neighborhood of it 3 and outside it by
using finite speed of propagation and a more or less localization of smoothness result:
see Proposition 3.2.

§3. Overview of the proof of Theorem 1.1

For convenience, we shall only discuss the case p = 3. The other cases (i.e 3 <
p < 5) can be treated in a similar fashion. The proof of Theorem 1.1 relies upon some
propositions that we state now.

§3.1. Propositions

The first proposition shows that if u is a solution of (0.1), then we have a partial
decay of the potential term of the mollified energy inside the cone. This decay is partial
since only the first term of the right-hand side of (3.1) shows that there is decay

Proposition 3.1.  Let (a,b) € RT x RT. Let u be a solution of (0.1) on [a,b].
Then

(3.1)
4 at+R 1 |VInu-z+(t+R )0 InutInul?
flm|§b+R’ [ Ivu(b, z)|[* dz S 5 E(Inu(a)) + o) faKR/([a,b]) wwst (RO Lvut Inul®

((t Y RO Inut+ o VInut INu> ] .

(|INu|QINu — IN(|u|2u))
3More precisely the neighborhood of the cone we consider is K g ([0,T]) with R :=R+1

1
torw S (o)
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Proof.  (Sketch)
By defining % in the following fashion
u(t+ R, x):=u(t,z),

and by finite speed of propagation, we may assume, without loss of generality, that
R’ =0in (3.1). Next

e we introduce the scaling multiplier S(f) :=t0;f + x -V f + f introduced by Struwe
[17].

e we apply this scaling multiplier to Inyu; we integrate

R (S(INu)(attINu — ANIyu+ IN(|u|p_1u))) = 0 inside the cone Kpr'—o([a,b]). Two
terms appear: X; and X5 defined by

X1= e oapy ® (STwa) (OuInu — ALy + Iul?xu)

and

X2 = Jiep oy ® (ST (In(Jufu) = |TvulPIyw) ).

Notice that —% is the second term on the right hand side of (3.1). So we just
need to modify the form of X;. We use an argument of Shatah-Struwe [16]. More
precisely we integrate by part X; to get

(3.2) H(b)= H(a) + % faKR/ZO([a,b]) (P +@Q- %) do

with H(t) := f|9:|<t P(u(t,x))dx, P:= P(u) and @ := Q(u) two functions of u: we
refer to [15] for more details. It can be proved that for t € [a, b],

(3.3) H(t) + [,z 2552 do S tE(Ivu(t)),

(3.4) tfiogee B de — [, 5 do < H(p),

and
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—~

3.5)

1 x

3 Jokp_y(aey P+ Q- g do .
|V1Nu'x+tattINu+INu| do — (fl

— [ Inul® (byy) do _fl | [Inul®(a,y) da) )
y|=a

7
V2 JOKgi_o([a,b]) y|=b 2 2

By (3.2), (3.3), (3.4) and (3.5), we see that (3.1) holds.
O

The next proposition shows that if the support of function is localized inside a ball
B(0, Ryp), then its smoothness (measured by the multiplier /) is more or less localized:

Proposition 3.2.  Let (Ro, L, R)) € R? such that Ry > ﬁ, 0< L <N and
RE) — Ry > % Let ¢ > 1. Let f be a smooth function supported on the ball B(O, Ry).
Then *

(3.6) ||INf||Lq(|x|ZRE)) Soo— D%”INfHLq
and
(3.7) IVINFll 22> vy Soo— 7= (N FllL2qei<r) + IV IN fllz2) -

In particular, if R := Ry + 1, then

(3.8) M fllza ~ N Fll Loz < L)

Proof.  (Sketch)
First we decompose f into its low frequency part and its high frequency part, i.e

(3.9) f=P<nf+Psnf.
This seems natural to proceed like this, since
e the left hand side of the estimates (3.6), (3.7) and (3.8) involves the multiplier I

e the symbol of the multiplier Iy behaves differently for amplitudes |{] << N and
amplitudes |{| 2 N

4the notation z Seo- L().%y means that for all m > 0 there exists C :=

C (m, (w0, u1)|l grs o prs—1 ,R) > 0 such that z < Cy™
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Let us say a few words about the proof of (3.6). The proof of (3.7) and (3.8) is an
easy modification of that of (3.6). Plugging (3.9), one has to deal with two terms.
The first involves the low frequency component, i.e X1 := ||P<nfl|re(j2|>R;) and the
second involves the high frequency component, i.e Xo := ||[Psnf| La(z|> Ry)- We shall
only discuss how we deal with X;. In order to take into account the fact that f is
localized, we write f = x g, f. Moreover, since the right-hand side of (3.6) also involve
the multiplier Iy we use again the decomposition (3.9). So we have to estimate X; ; :=

[ P<n(XRro P<n F)llLa(z)>ry) and Xi2 := [[P<n(XRo PN )l La(z|<ry)- Since Pccn is
a an average operator at scale % we expect X; to be small: this can be rigorously
proved by writing P<y as a convolution. In order to deal with X3, we perform a Paley-

Littlewood decomposition Ps.ny = /s n Par, in order to use to its full extent the

N
that the terms that we get after this decomposition are mostly supported in the Fourier

quantitative value of the symbol m (i) at frequency || ~ M. We also use the fact

domain on |§| ~ M (since M > N), which yields very good decays.
O

The second proposition shows that if we have an a priori bound of the mollified
energy E(Iyu) on an interval J(see (3.10)), then we can control Z(J,u) assuming that
J is small in some sense (see (3.11) and (3.12)):

Proposition 3.3.  Let u be a solution of (0.1) on [0,T]. Let J := [a,b] C [0,T].
Let R’ := R+ 1. Assume that

(3.10) sup,e; E(Inu(t)) < N2(=3),

There exists € > 0 small enough such that if

1
and
(3.12) |J|T < eN@s—DF

then (2.6) holds.

Proof.  (Sketch)
In order to prove that (2.6) holds, we use

e local estimates or, more precisely, the Strichartz estimates: see for example [8] for
the statement of these estimates and their proof
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e the a priori estimate (3.10).

e the estimate (3.8)

The kind of estimates we get is roughly speaking

(3.13)
Al SOl DIl NI
Bz (Inu(a)) + ||D1_%INU||L§L;§(J)||U||L;1L;g(J)
B (Iyu(a)) + 1D Iyullzzs ) (1Peantlaga ) + 1Ponul2 e )
E3 (Iyu(a) + D2 Inull papacry (MNul3aps )+ 1 PonvelFags o
< E4 (@) + 10wl s sy (I ~ s o + IPo ol s

-~ 7 (Ja)
< N5 4o (Z%’S(J, u)> T S

where we used (3.10) and (3.11) in the last line °. Therefore (2.6) holds by a continuity
argument.

(]

The last proposition shows that for a large number of mollified energies F(In,u),
the decay of the potential term is total:

Proposition 3.4.  Let u be a solution of (0.1) on [0,T]. Assume that

(3.14) Nys™3 > (T)H.

Let t € [0,T). Then we have

[ Ingu(t, z)|* do < 2= N2U),

(3.15) S =

Jini<rrs

Proof.  (Sketch)

The proof of Proposition 3.4 relies upon Proposition 3.1, Proposition 3.2 and finite
speed of propagation. More precisely, we would like to use (3.1) with @ := 0, b :=T
and N := Ny satisfying (3.14). But, in order to get an estimate that looks like (3.15)
one must make X; and X5 small with X; and X5 defined by

SHere we ignore the + sign in (3.11) for convenience. The estimates we get are in fact more
complicated than (3.13). We refer to [15] for more details
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IVINOu-m—I—(t—I—R/)at INO u+INO ’ulz dO'

L 1
Xy = V2(T+R') faKR/([O,T]) +R

and

X2 =

L G+ RO Inut . VINOquINOu)] .
T+R JK . ((0,1)) :

(lINOUPINou - IN0(|U|2u))

In order to do that, we assume that we have the a priori estimates (3.15) and (2.4)
6. In order to use the full power of the a priori estimate (3.15) we apply the following

procedure

e divide [0,T] into subintervals J; = [j — 1,7 + 1]1<;j<s so that we are localized in
time on each J;

R\ a2(s—1)—

=) N

e divide each J; into subintervals Jj of size ~ ( so that we can

apply Proposition 3.3 on each J;; and estimate the number Z(J; x,u)

Then we iterate over j and k to cover [0,7]: this allows to make X5 small compare
with the natural upper bound of the decay term of (3.1) 7, that is R,LJ;TN(? (=) 14
is much easier to make X; smaller than this upper bound. Indeed, by integrating the
mollified energy identity ® outside the cone Kg/([0,T]), we can bound this integral over

the surface 0K g/ (]0,7]) by the sum of two terms

e the mollified energy outside the ball |z| > R’ at time 0, i.e
Er et (INgu0) = 5 [ipps p 10eInow(0)* dz + 5 [ 15 g [VINu(0) [ da
+1 fIxIZR’ | I, u(0)]* dx

e an error term that appears because I does not commute with the nonlinearity

Error Term = ‘fK;/([O,T]) R (3tIN0u (IN0(|U|2U) - |INOU’|2INOU')) dz‘

By our assumptions regarding the data, by finite speed of propagation and by Propo-
sition 3.2, both terms can be made very small since they involve integrals outside the

region where there is localization of smoothness. We refer to [15] for more details.
O

6 Again we shall prove that these estimates hold a posteriori
"Here we use (2.3)
8i.e the identity that we get after plugging the multiplier I N, into the energy identity
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§3.2. Sketch of the proof of Theorem 1.1

First we estimate ||P<ju(T)| g-. By finite speed of propagation, Proposition 3.2
and Proposition 3.4, we see that °

[P<1w(T)[13rs < v u(T)|7
(3.16) ~ [ I w(T)|
< T1+a2 (573)7

2
L2(B(O,R'+T))

the last inequality coming from the optimization of (3.15), in view of the constraint
(3.14). Hence we proved (1.4).

Next we estimate [[(Ps1u(T), 0iu(T))||gsx gs—1. Notice that we cannot use (2.8) with
N := No. Indeed, recall that sup,cio ) E(In,u(t)) and ||INOU||%§°L§(|$|§R/+75) were
estimated at the same time in the proof of Proposition 3.4. Since the error appearing in
the proof of (3.15) is more difficult to control than that appearing in the proof of (2.4),
one has to choose a parameter Ny very large, which yields a bad estimate of E(In,u).
The idea is to introduce a new almost conservation law

(3.17)
BE(In,u(t)) = 5 fps [0 Inu(®)]? do + 5 [os [VINu(®)]? do + 37 [ [Inu(t)|* do

defined by a new parameter N1 > 1 (to be chosen) and to estimate the variation of this
new almost conservation law through the decay estimate (3.15) on an arbitrarily long
time interval [0, 7. Since we do no longer need to establish again a decay estimate, we
expect to choose a parameter N; << Ny in order to control the error term appearing
in the proof of this new almost conservation law. In order to use the full power of this
decay estimate, we apply again the procedure explained in Subsection 3.1, starting from
“ divide [0,7T] 7 and finishing by “ Z(J;jx,u) 7 9. Consequently we can estimate the
variation of E(In,u) on J; ;. By iterating over j and k, one can control the variation
of E(In,u) on [0,T7] if one chooses
20-5)
Ny~ N> (T)*.

As it is expected, we find N7 << Ny, which justifies all the computations above. Now
using (2.8) with N := Ny, we get (1.3).

References

9Recall that R := R + 1
10it is easy to see that, since N1 << Np, it is enough to prove (3.11) with I := Ing: see [15] for more
details



ON CONTROL OF SOBOLEV NORMS FOR SOME SEMILINEAR WAVE EQUATIONS WITH LOCALIZED DATA 107

[1]
[2]
[3]

[4]

[5]
[6]
[7]

(8]
[9]

[10]
[11]
[12]
[13]

[14]

[15]
[16]

[17]

H.Bahouri and Jean-Yves Chemin, On global well-posedness for defocusing cubic wave
equation, Int. Math. Res. Not. 2006, Art. ID 54873, 12 pp

H. Bahouri and P. Gerard, High frequency approxzimation of solutions to critical nonlinear
wave equations, AJM, Vol 121, Number 1, Feb 1999, pp 131-175

J. Bourgain, New global well-posedness results for non-linear Schrédinger equations, AMS
Publications, 1999

J.Colliander, M.Keel, G.Staffilani, H.Takaoka, T.Tao, Almost conservation laws and global
rough solutions to a nonlinear Schrédinger equation, Math. Res. Letters 9 (2002), pp. 659-
682

I. Gallagher and F. Planchon, On global solutions to a dofocusing semi-linear wave equa-
tion, Revista Mathematica Iberoamericana, 19, 2003, pp. 161-177

M. Grillakis, Regularity and asymptotic behavior of the wave equation with a critical
nonlinearity, Ann of Math 132 (1990), 485-509

Jorgens, K, Das Anfangswertproblem im Grossen fiir ein Klasse nichtlinearer Wellengle-
ichungen, Math. Z., 77 (1961), 295-308

M. Keel and T. Tao, Endpoint Strichartz estimates, Amer. J. Math, 120 (1998), 955-980
C. E. Kenig, G. Ponce and L. Vega, Global well-posedness for semi-linear wave equations,
Communications In Partial Differential Equations, 25 (2000), pp. 1741-1752

H. Lindblad, C. D Sogge, On existence and scattering with minimal regularity for semi-
linear wave equations, J.Func.Anal, 219 (1995), 227-252

C. Miao and B. Zhang, H*®- global well-posedness for semilinear wave equations, J.Math.
Anal. Appl., 283 (2003), 645-666

J. Rauch, The u° Klein-Gordon equation, nonlinear partial differential equations and their
applications, (H. Brezis and J. L Lions, eds), Pitman, Boston, 1982, pp 335-364

T. Roy, Global well-posedness for the radial defocusing cubic wave equation on R® and
for rough data, FJDE, 166, 2007, 1-22

T.Roy, Adapted linear-nonlinear decomposition and global well-posedness for solutions
to the defocusing cubic wave equation on R* Disc. Cont. Dynam. Systems A, Vol 24,
Number 4, 2009, 1307-1323

T. Roy, On control of Sobolev norms for some semilinear wave equations with localized
data, to appear, Journal of Functional Analysis

J. Shatah, M. Struwe, Regularity results for nonlinear wave equations, Annals of Mathe-
matics, 138 (1993), 503-518

M. Struwe, Globally regular solutions to the u® Klein-Gordon equations, Ann. Sci. Norm.
Sup. Pisa, 15 (1988), 495-513



