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The number of spectral bands for discrete Laplacians
on crystal lattices

By
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Abstract

While a monolayer in graphite, graphene, is the hexagonal lattice, a synthesized hy-
drogenated graphene, “graphane”, can be considered as the deformed hexagonal lattice by a
graph-operation. It is known that the physical properties of these carbon based materials are
different. For example, while grahene is a semi-metal, “graphane” turns out to be an insulator.
Here we consider such a change of electronic structure mainly depends on a change of geomet-
rical structure, so we focus a difference/similarity of graph-spectra by some graph-operation.
In this talk, we introduce some graph-operations and show how the spectra change under these
operations.
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LOFRLITHS. FEE, B(G) OFBICH LT 280 OHII ARG SETELRS
HETEE%E AG) THL, $EEART ¢ € AG) IS LT, e DA, &EEZZH
Zhole) & tle) T, &blle DDA e THY. Z2TF/I7 G OES z IZx LT,
A (G)={e€ AG);o(e) =z} LB &, m(z) = #A4,(Q) ITVDDLTER v O “WH”
b, STV(G) LoB#ZEmE LT
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EEDDLE, Te BEIY —Ag 1T 2(V(Q)) IZBWTEBICERMEAEZETHY, Tg B
LN —Ag O P-AXT MVEREZNEI Spec(Tg) B I Spec(—Ag) TET &,
Spec(Tg) C [-1,1] BED Spec(—Ag) C [0,2] THDHZ &ITT<HRTED. ZZ T,
FEARA ﬂﬁﬁ? 77 GIX “BIRZ 7 7REAMBNCHERVIREND D" IZIRET D, LV
EREIZI

MRTE ~ B ~) RETERROERERER ST 7 G137 7 7RMEHR T 28D,
(V)T XG EBHIZERAL (2) M =T\G ZHERT 77 5%,

ZORED FTIE, Gt ELEHEL LCT 28>, AR 77 M OBERERIWH
BT T7ELRLND. FNCEST, T BWRHEOL X, G IX M OFEHEET 7 7
RN, &BICT =H(M,Z) DEEE, Gz M OBKXABEES S 7 LFTh,
M® LR HHD. AHRWES T 7I2BWTE, Wbwwd “Bloch analysis” 73
T&E 5729 ([3, 4, 5]), MPWVERNSIEHE DA ZMO TS, FIZIE, BKFAH#H]
WBET T 7 DAY PAREBIZELTE, BIFO 2528 Tk, fiE T1ARS b+
JLIERME (Full Spectral Property, FSP)J , %&(Z EHIEDIEHFEM (No Eigenvalue
Property, NEP)] (295D TH S :

Theorem 2.1 ([4]). G =M»® ZHRIT77 M OMKAHWEES 77 &35, =
DEEMMBENZT 7, b LT “I-HF7 2 bHOFERT T 772513, Spec(—Ag) =
[0,2], L7eh>T Spec(Te) =[—1,1], MWRILT 5.
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Theorem 2.2 ([3]). G = M™»® 2HRIT7 M OBKAMEERS 77 LT 5.
ZDEE M D LT BFEEORBIX, Spec(—Ag) BLO Spec(Tg) TitExtEfE A~
7 MV DBNBIe L. & ICEAEIZFE LRV,

ERBEERICIE, WSO I 7HER TORENAVLONTWADOTHE L TEXL.
FT 1797 GMWEA ThhH L, REPERAIZLLTETHD, 2EVEED
zeV(@)IZHLTm)=d, LWHZEEEWRL, —EfEd ZH/RL T “d-1ER) &
WoZEbdhb, IHI, TO—EMEdBMEE, FEoLx, FhENT T ) BER,
FER L\WH. —JF, ARZ T T M O Tk-KF F) 21X, “V(F)=V(M) L7225 M
DT T 7 (M OEWE Y7 F7) FC, F)NEIERA 725 50%05. [TEAIME)
EHEELT - 4 L IF 2-/FZ2FF>] EWVWOHEIIWE I WoT, 77
THEROERNER L AW, FRROBREELHER ELTUTEETTCBII. X
B, 12877 7) LIk, HRESZ 2 OII0% L THEENOTERIF L4 SEFD A 72
WEIIZTED T T T7ThHAS.

Corollary 2.3 ([3,4]). G=M™»® 2HRIT77 M OWMKFHEEES 77 LT 5.
ZolE M MPRBERZZT, b LT FER2EI ST ebif, Spec(—Ag) =0,2]
WAL L, S BIT Spec(—Ag) [ZIXEABEIZFFE LRV,

Corollary 2.3 {3 M 238Z TERIZ T 7] THRILT 5 & (HEEIADT) FHRL T
D NEEME CIEEEMIC OB EMIC AR STV, 723 Theorem 2.1 (2B LTI,
M OERIEZI L THT ITIEBID RONSRNT2D, MR IRWT T 7 OREIZE L
THNLT A2 EDREIFE I TS, —JF Theorem 2.2 1285 7757 M 3 “2-[K+7
BEOT DO & LT, Corollary 2.3 (28T 7= ERM: 2 AV 72 & 28 B
WCHELTHY, EEMRARBICHR-oTND. WE IDEDEBRRICIRE & T
HROTDHN, 2T M OFEAMENT EEBICKS], 2FY M ICEAENSFET
L6, PR TETCLE Y. bHAAT T 7HRIZIB W T “LHF” 2550 T 7 DHED
BEEAT T, SRS TODD, WS EINRENBEMI/>TLEI LONREZN. =
NHEOEEND, Z 2 TREHOFEMCIEMMA TS, TARS MLERE) & BEHEDFE
FEM ICEODLIHEL LV Z D TFEEBRRTROHIIEDL Z LT 5.

Conjecture 2.4 ([4]). “2EFE" DEEOARY 77 M T LT, £DOMBKF
BB 77 M® 1ZARY MLFEREEE S : D%V Spec(—Ag) =[0,2] & L< I
ET&H DM Spec(Tg) = [—1,1] DL 3.

Conjecture 2.5 ([3]). EEOARERY T 7 M T LT, £OMKAIHEHE S
77 M® FEREEHLTHEGERA Y M OBNPLRD.
§3. €& vs. #BHK: ELTARI ML

BB L AR - FEROENTL, Wb DN FEERICEW T, 284 (Conduction
band) & & FH# (Valence band) DOIZ ZEilH (Band gap) DA EIZ L > TRHIESH
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TW5  ZHER 2N D% T8 (metal)] , BBV SODOERIFNH L b D& [HE
{& (semiconductor)] , “RVV ZEfH1H L D% [HEHFE (insulator)] . Z :’C“&iflﬁi’;ép
R EMEFEOKRAZET, BHHEOHLLOEE L O T A LT Licd 5.

Hox 1382 < bIEME LB ERE 2 L L T, 777@ﬁozmakw%LTAE
EHERAEEXBIL LD LT HRAEITH. ZOWIEX % Figure 1 IZHBIT 5 -

Metal vs. Insulator

“nononn -

— Conduction band %
Fermi energy 1 10 D : — 0 (Band gap ?)
— Valence band ?
J Uil Uo |,

Spec(-Ag)  Metal Insulator Spec(Ts)

Figure 1. &J& vs. #fZA (FEK)

DFED, GW2E T T T ThDHEEIL, Spec(—Ag) 1L 1IZBAL T, Spec(Tg) 130
WL TENENAHTH D Z L5, “Fermi energy” 1IZ< BRIZ (BRLWEZ A
TIEHDLD) ZNE 1, 0 1L SHE, TNUENAXRT MVERIZASTWDLR D T4
B, Ao T Tk SMRT 25221235, 728 Figure 1 TIlEBEB 60
IZFE L7z £ 912, Fermi energy AT, EHL 6N pEE TELLON MEFHF Th
LINIRIZ LW Z EZT 5. —F, GMW2ET T 7 Thvne XL, —#IZ Spec(—Ag)

1 \2BT 2 5B (FMECldd 553 Spec(Tg) @ 0 (BT 2 tFRiE) IXPRFES VT, 72
XX G VAR T T M ORIMEE 7 7 7 Thd L Z1X, 0 € Spec(—Ag) THDHN
2 & Spec(—Ag) £70b. vz “Fermi energy” % £ ZIZERET D DN RO
OGN TIZRW. 7272, RALDO “hR7 (ZHTeH72A9, LI THlE, EbhiIZENn
TH Spec(—Ag) DE—XRENLE> TV 8RB ThAH, LWVITFLEZIADTE
H D78 Figure 1 @ZEZ’PE 2%B LB Ofb\f_f_%f_b\

ANV NEERICE L CIIEEMRE b OFEmOIFER, &V ) BMTIEREAR Tidd 5
HLOD, 7T 7E LTHNAKT THD graphene NEBOMEE %2 H, —5 T, graphene
DOHD “QHEHFER” oW X< KRB FITKBRFZA45 L7z L9 “graphane” 73
PEROMWEE DD k% TNENDANY MAEEZ B L TRALNLHREEIZR> T
LD TH%. Figure 2 I2F1) % graphene G & graphane GV T8 H 5% 2 1"“57 VAZS
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Graphene vs. Graphane | _ >

finite graph E fix(lilt)e graph (1)
M=T"\G « M =T\ C fundamental
' @ tundamenta \ somain
G I

graphane = Hex. + P;

graphene = Hexagonal lattice

Figure 2. 75 7 & LT graphene G & graphane G,

BN, FTNENL IV LR EMZTEHL. graphene GIX 77774 FNOE—ETH
D, @8 (7272 L semi-metal) & LTOWHEL SO (cf. [1,2,7]): /T 7L LTUIRLH
LNT-AAKTFOEEEZ LD, DXICKFD M OWMKAMYEE S 7 712> TnDd., —
77, graphene G DKFIFF (WOITFTER) ITKFLME (WHIXTERZHE) LIzb D
78 graphane GV LT, $EEE LToEEZ L (of. [1,2,7): 797 & LTIEX
Ho MO OBKTEE S 7 7128 Cnd. WiE & bICHBERENT 2° ThoH. =
DL ERAEFTHD graphene G IZB LTI

Spec(=Ag) = [0,2],  Spec(Te) = [-1,1]

720, BB L7z X 912, —Ag @ Fermi energy ThH D “1” (T @ Fermi energy T
L)) EELOT BB EWVWoTHRWEAY. 128, —Ag ® Fermi energy Th 5
“IZBWTE, REEERIOMEN 01272>TWT, 2 TH-XETIEH L, BEA
H @ Fermi energy O & ZATIL “E” BR->TWNWHZ EEMFRLTEL. & T—FHT
graphane G(M) [ZB8 L Ti&

Spec(—Aqmy) =1[0,3/4] U [5/4,2], Spec(Tga)) =[-1,-1/4]U[1/4,1].

720, AR L7z X 912, —Ag @ Fermi energy ThH D “1” (Tg @ Fermi energy Th
5“0 ) ZBFERVDOT HEZE] LWVoTHRWEAD,

bLHAHAINELE TN RERR ] ISR 2 ZGRERET L5580 VIR 0WN, D
<Eh, AT MAPE—XENLRLRNAEFR, FERICENEN L ETOER A
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FHETLERICE ST, AT MUR2OOKMIZEIND, EWH) &R, EENOM
BAE~DBERL L LB S TND 2 EITRNIEN. LEER->T IR NEG) 2B LN
b, TTTOEBIZED AT MRy ROEDOEZEFEBEE LT, WibiE graphene 7
5 graphane ~OEEDO—f(b% 7 E 2R OEH TR T 5.

§4. S T7DEMETHE

7T TDEGIZE DT 7T AERFES L EHBIERRD AT A OZEBIZ DN
T, WAWARFBEEBH O TS (cf. [4, 6]) 23, ZZ TIEF-22BHEOEIC L
DAY FIVOBARHEFFRME [T OWTRITT 5.

[/ 1) n-MRT 57 S,(G). 7797 GIizxtL T, TOXERDEREI n+1 D
NAZEENZT (=FEEEIC n HOEARZEWVWTHS LT BobH 7T 7% n
DT T 7 S (G) LIRS

G S,(G)
Figure 3. G & ZD n-M53 277 7 S,(G) (n = 3).

Theorem 4.1 (T. Shirai and Yu. H, 2010+). AR 77 M OFEEES 7 7
G (72720 rank T > 2) 12X L, Sp(G) 2 G D n-Min 777345, ZokE

Spec(Ts, (a)) = U fe(Spec(Ta)) U {Ak}
k=0
L N EBEAETH L. B, ZOBEAEEL ankT =1 0L 3EHALY. 2
Z T fi I% the (n+1)-th C’hebyshev polynomial Chy,11(x) = cos((n+ 1) arccos(z)) @ i
RIS D branch TH Y, I HIT N X Chy(x) D 1O OERERD.

T, I 1) 1233 % Theorem 4.1 O L 5 72815 (L ICEAEOHE) IZBT 5
PRI, AN OBRED L ZAEZ D Z ENTERV. 2D L X ICEHE
DFFEARIZL Db DO THD. o “I-Mn 7 777 1%, 17 = VB AR half-filled
Hubbard #81| & L THIRESNAZEHHHLDT, T2& 20X TEE 1] 1T “BofEMmET
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2B IR =8~ DB O — L, 728 EERBEREZBIT CTHIWE AT
B, Bk TOEEIIALND LOD, 7 URMME & TEE A OfEfR) & OBED
FESTOSETERVWIRTIEERLIRATIZRDTE T TOHAS. —FH, RO X 2]
%, BB CREEILE G U7z X 912, graphene 75 graphane ~DEBOEFHI—HAL,
LEETOZLDOTHD.

[ZH# 2] n-Graphane G, 757 G2 LT, FOHKESICES n D82 %
attach SETEGND VT 7% “n-Graphane” G & LS.

Figure 4. G & #® n-Graphane G(").

Theorem 4.2 (Yu. H, 2010+). AR J-FERIZ T 7 M OFBYEES 7 7 G 1t
L, GM™ % G ® “n-Graphane” £+5. D& x

Spec(Tgm) = | ge(Spec(Ta)).
k=0

7272 g X RO F(d,n;x) OFREEDE branch TH 5 :

Chn_l(x)>

F(d,n;x) = E ((d—l— 1)x — Ch (@)

d
Z 2T Chy(x) 1 n-th Chebyshev polynomial.

WEEL L BI, FERAOSEL 725 DIL, BEBZHRREDS AIHHRE TH 572012 Bloch T AMT
2562 8E ([4,5]), M7 7 7ICBITFAEES n OANLEHEN 5 Chebyshev polynomial
Thsb.

o5 G 1BV T Spec(Ty) = [=1,1], b U< IEFMETIES B2 Spec(—Ag) = [0,2]
DEINZAXRT PAPFRINTVD L X, ([3,4] TOFEENZ AL “Full Spectral
Property” Zff> & %) %, EFRIZFE L7 Theorems 4.1, 4.2 X0

o B 1] ICEALERIZK L TIE, A7 MLX vy FII3s4AEd, HEEAED « 5
7212 S
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o [EW 2] ICLDERIIX LT, A7 MUE n+1 OKBIZHEIESND A, #Hiiz
7R EEEDOFRAETRN

EWVISFERATLND. 2O e, ER 1) J ‘@R’ & “@R” ICEBTLL0 ;
5T 2) 13 “@&J&” & “FEA (0 &80 b LA “@R” (0 MEE) (TEB ST
D60, LIFFELLTRILLELENTETHA I ).

§5. BbHYIZ

[NV FEER) 2 RIS, AT ARV RORERIEITE S 77 7 OERS, EA
EOEEEZHIE CX 57T 7OEFRERI L2, WE D toy model DRELIIB D720,
LIV z, BEMEEZBEL T, 2877 7 ThAHFHEEE Y 7 7 O Fermi energy TOIRHE
BEWBOZEEZFE T T 7 ORM L WBAMFE TR T2 L WO, BXW, 2827
T T TCIRWAHMETE T T 7 DAY SISO BAMAE L TE L) ICBbhs.
—5C, HEBEGEORN, EEELFFOV T 7 ORBMPVFHET T2 L, kN6 D}
RAOEEMEIZLHE Y TTNDHDT, BEL 72> T 5 Conjecture 2.4 & Conjecture 2.5
DFERFRFROINIRA L0 Litzu.
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