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Interval exchange maps and their Diophantine conditions

By

Dong Han KiMm*

Abstract

An interval exchange map is a bijection on an interval given by translations on each finite number
of subinterval partitions, which is a generalization of the circle rotation that corresponds the interval
exchange map with 2-subintervals. Many dynamical properties of rotations of circle depend on Diophan-
tine type of the rotation number. Diophantine condition of irrational rotation numbers have several
equivalent arithmetical characterizations by the continued fraction algorithm as well as several equiva-
lent characterizations in terms of the dynamics of the corresponding circle rotations. In this survey, we
introduce the continued fraction algorithm for interval exchange maps and investigate how to generalize
arithmetic and dynamical Diophantine conditions to interval exchange maps.

§1. Introduction

Irrational circle rotations are the prototype of quasiperiodic dynamics and can be generalized
as interval exchange maps. An interval exchange map 7' on an interval I is a bijective map to
itself which is a translation on each finite number of subinterval partition of I. The map T is an
orientation preserving piecewise isometry and preserves the Lebesgue measure. Let d > 2 be the
number of the subintervals on which 7" is a translation. If d = 2, the interval exchange map T’
corresponds the rotation of circle.

By the celebrated theorem by Dirichlet we have that a real number 6 is irrational if and
only if there are infinitely many rationals p/q such that

1
‘H—B‘<—2.
q q

An irrational 6 is called of Roth-type if we cannot replace the denominator of the upper bound
¢® by a bigger exponent ¢>1¢, i.e., for every ¢ > 0 there exists a positive constant C. such that

60— P > 2; for all rationals 1—9.
q q q
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The set of irrational numbers of Roth type has Lebesgue measure 1 and contains all algebraic
irrational numbers. Also it is invariant under the modular group SL(2,7Z).

An irrational @ is called of bounded type or badly approximable if there exists a constant
¢ > 0 such that

‘0 — E‘ > % for all rationals 2.
q q q
The set of irrationals of bounded type has Lebesgue measure 0 and contains all quadratic ir-
rational numbers. An irrational # is of bounded type if and only if its partial quotients ag
(Section 3) of the continued expansion of # are bounded.

Roth type condition for the irrational # can also be given in terms of the dynamics of the
associated rotation Ry : x — x + 6 on T = R/Z. One arises by considering the cohomological
equation associated to the rotation Ry (see, e.g., [26]). Another dynamical characterization of
Diophantine type rotations is obtained by means of the asymptotic scaling laws of first return
times. The Diophantine property of an irrational rotation can also be defined according as how
its orbit is distributed. If the rotation is of Roth type, then for all £ > 0 there is a constant C.
such that the minimum distance between points belonging to a finite segment of an orbit made
of n iterates should be bigger than C.n~(1*¢)_ Similarly, for the rotation of bounded type, there
is a constant ¢ such that the minimum distance between points of n-iterated orbits is bounded
below by Cn~1.

The minimality condition for interval exchange maps corresponds irrationality of the circle
rotation. A typical interval exchange map is minimal[13]. However, minimality condition for the
interval exchange map does not imply unique ergodicity[14, 16]. But still almost every interval
exchange map is uniquely ergodic[28, 32] and weakly mixing[2].

The modular group SL(2,Z) plays an important role for the study of rotation of circle with
renormalization scheme associated to the continued fraction algorithm. It was generalized by
Rauzy and Veech for interval exchange maps by introducing the induced map on appropriated
subintervals[30, 32]. The continued fraction algorithm for interval exchange maps is ergodic on
the parameter space of interval exchange maps with respect to an absolutely continuous invariant
measure with infinite mass.

Zorich considered an acceleration scheme to produce an ergodic finite invariant measure on
the parameter space of the interval exchange maps[37]. For the rotational case (d = 2), Zorich’s
map indeed corresponds the Gauss map which is an acceleration of the Faray map which does
not have an absolutely continuous invariant probability measure.

A further acceleration of the Zorich algorithm was studied in [26] by Marmi, Moussa and
Yoccoz. They considered a more accelerated algorithm which also preserves an ergodic finite
absolutely continues invariant measure in the investigation of the regularity of the solutions of
the cohomological equation associated to interval exchange maps. Both the accelerations by
Zorich and by Marmi-Moussa-Yoccoz are reduced to the Gauss map for d = 2.

In the last ten years, there has been progress in the Diophanitne condition of the i.e.m. (see
also [5, 6, 11, 25]) and the Roth type diophantine condition for the i.e.m. has been studied in
[19, 20, 27].

The Roth type condition for the irrational rotation can be generalized to the interval ex-
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change map in several different ways. We consider arithmetic characterization using the Roth
type growth condition for the Marmi-Moussa-Yoccoz cocycle and the Roth type growth condi-
tion for Zorich cocycle. Uniform return time condition and pointwise return time condition are
defined in terms of the dynamics of the map in phase space instead of its evolution in parameter
space. We also consider Roth type condition for the minimal distance between discontinuities.

For interval exchange maps, bounded condition for the minimal distance between disconti-
nuities was considered to show the unique ergodicity [4, 33]. Let A(T) be the minimum distance
between the discontinuity points of 7" or the end points 0 and 1. If there is a constant ¢ > 0 such
that

A(T™) > % for infinitly many n’s,

then 7' is uniquely ergodic (See also [3]). In [23], the bounded geodesic interval exchange maps
arise from rational polygonal billiards has the full Hausdorff dimension.

The bounded type condition for the irrational rotation can also be generalized to the interval
exchange map in several ways. Arithmetic characterization using the bounded growth condition
for the Marmi-Moussa-Yoccoz cocycle and the bounded condition for Zorich cocycle are consid-
ered. Bounded return time condition is defined in terms of the dynamics of the map in phase
space. In a similar way, we also consider bounded condition for the minimal distance between
discontinuities.

In Section 2 we introduce the basic definitions and properties of the continued fraction
algorithm for the interval exchange map. The generalization of the Diophantine conditions of
Roth type and bounded type to interval exchange maps are discussed in detail in Section 3. We
consider examples of 3-interval exchange maps and two 4-interval exchange maps in Section 4
and Section 5.

§2. Continued fraction algorithms for interval exchange maps

An interval exchange map is determined by the combinatorial data of the permutation and
the length data of subintervals. Let A be a finite set for the name of subintervals. We denote
the combinatorial data by two bijections (7, m) from A onto {1,2,...,d}, which indicate the
order of the subintervals before and after the interval exchange map. The length data, denoted
by (Aa)aca, give the length of the corresponding subintervals.

We set
A=A, T:=1[0,07)
acA
and
Pa = Z /\Ba I, = [pompoz +/\o¢)a I = |_| I,.
e (B)<mi () acA

Then the interval exchange map T associated to the combinatorial data (7, 7,) and the length
data (Aa)aca is a bijective map on I given by

T(x)=z+ Z Ag — Z Ag for z € 1,.

m(B)<mp () e (B)<mi ()
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Figure 1: An interval exchange map

Note that 7" is discontinuous at p, with m(a) > 1.
We will consider only combinatorial data (7, ) which are admissible, in the sense that for
all k=1,2,...,d— 1, we have

VR #E L k).

A picture of 4-interval exchange map (d = 4) is presented in Figure 1. Its permutation data
is given by

which we simply denote by 7 = (42§ ).

An interval exchange map T is said to have the Keane property if there exist no o, 3 € A
and positive integer m such that 7" (p,) = pg and m(5) > 1. An admissible interval exchange
map with rationally independent length data has the Keane property and an interval exchange
map with Keane’s property is minimal[13]. Thus Keane’s property corresponds to the notion of
irrationality for interval exchange maps.

For admissible interval exchange maps with the Keane property we can introduce the gen-
eralization of continued fraction algorithm to interval exchange maps due to the work of Rauzy
[30], Veech [32] and Zorich [37, 38]. We refer to [29, 34, 35, 36, 39] and references therein for the
detailed discussions and proofs.

Let (m¢,m) be an admissible pair. We define two new admissible pairs Ry (7, 7) and
Ry (7, mp) as follows: let oy and ap, be the (distinct) elements of A such that 7y (o) = mp () = d;
one has

Rt(ﬂ’tv ﬂ-b) - (7T{;, 7A.rb)a

Rb(ﬂ’tv ﬂ-b) - (ﬁ’ta 7Tb),



INTERVAL EXCHANGE MAPS AND THEIR DIOPHANTINE CONDITIONS 65

CIGrADLE

Figure 2: Rauzy diagram for d = 2

A(C) C(A)
ACBPF— Tl ABc— * 4BC
B4) C CBA CBA CAB DB (©)
A(B) C(B)

where

) if mp () < mp(a),
7Tb(Oé) = § T Oé) +1 if Wb(at) < 7Tb(04) <d,
Ty Oét)—l-l if « = ay, (Wb(ab) :d);
if Wt(Oé) S Wt(ab),

+1 if Wt(Oéb) < 7Tt(Oé) < d,

Tt Oéb)—l-l ifOé:Oét, (Wt(at):d).

\

The admissible pairs R; and R corresponds to the permutation data of the induced interval
exchange map V(7T') which is defined below (Figure 5).

The Rauzy class of (m,mp) is the set of admissible pairs obtained by saturation of (7, )
under the action of R; and Ry. The Rauzy diagram has for vertices the elements of the Rauzy
class, each vertex (m, mp) being the origin of two arrows joining (7, 7p) to Rye(me, mp), R (7, 7).
For an arrow joining (7, m) to Ry(me, mp) (respectively Ry (me, mp)) the element ay € A (respec-
tively o, € A) is called the winner and the element oy, € A (respectively a; € A) is called the
loser. See Figure 2, 3 and 4 for the Rauzy diagrams of 2, 3 and 4-interval exchange maps. Denote
an arrow of the Rauzy diagram by «(f), where « is the winner and (3 is the loser of the arrow.

We say that T is of top type (respectively bottom type) if one has A\,, > A, (respectively
Aay, > Aa,); we then define a new interval exchange map V(T') by the following data: the

~

admissible pair R (7, mp) and the lengths (Ay)aeca given by

XO(ZAO( ifa?éat,

/A\O(t = Ao, — A, Otherwise
for the top type T'; the admissible pair Ry (7, mp) and the lengths

Mo = Ao if a # a,
Aoy = Aoy — Aa

, otherwise



DonG HaN KM

B(A)< ACDB ABCD DC(D)
DCBA DBAC
A(B) D(‘C’)/
A(C) ABCD D(B)
/ DCBA
C(4) B(D)
ADBC " Jappc - AP D m ABCD [ ABDC
DCAB DCBA DACB DACB
— —
\__J <(B) BC) \_/
B(C) C(B)
Figure 4: Rauzy diagram for d = 4 (first kind)
| |
A B 1 C 1 :.D A 1 B 1 C 1 D :
1 — ! ! —
i :
| |
D C y, B | A D, A C B |
! ! ! ! |
(a) Winner is D (top type)
| |
A 1 B 1 C : D A 1 D 1 B 1 C :
! 1 ! ! ! ! !
| |
| |
D C L B 4 A D C B |
| |
| |

(b) Winner is A (bottom type)

Figure 5: Induced transformations of T’

for the bottom type T

The interval exchange map V(T') is the first return map of 7' on [O,Za ;\a> We also
associate to T the arrow in the Rauzy diagram joining (7, 7p) to Re(me, ) or Ry(m, mp). The
admissible pair Ry (respectively Rp) is the permutation data of the new interval exchange map
V(T) if T' is of top type (respectively bottom type). In Figure 5, we present two possible pictures

of V(T) for the permutation data 7 = (42§ L); the permutation data of V(T) is either

Ri(m) = (HBEL) or Ry(m) = ($ B EG). See also Figure 4.

Iterating this process, we obtain a sequence of interval exchange maps T'(n) = V"*(T), n > 0,
and an infinite path in the Rauzy diagram starting from (7, 7). In fact, a further property of
irrational interval exchange maps (i.e., with the Keane property) is that every letter in A is
taken as a winner infinitely many times in the infinite path (in the Rauzy diagram) associated
to T'. This property is fundamental in order to be able to group together several iterations of V
to obtain the accelerated Zorich continued fraction algorithm introduced in [26].
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For an arrow v with winner « and loser § in the Rauzy diagram, let
By, =1+ Egq,

where I is the identity matrix and Eg, is the elementary matrix with the only nonzero element
at (8, a) which is equal to 1. For a finite path v = (v1,...,7,) in the Rauzy diagram we have a
SL(ZA) matrix with nonnegative entries

B, =B, - B,,.

Let vT'(m,n) = v(m,n) be the path in the Rauzy diagram from 7(m) to w(n) for m < n and
denote
Q(m,n) = B’y(m,n) and Q(n) = Q(O,n)

Let A(n) be the length data of T'(n). Then we have
(2.1) A(m) = A(n)Q(m, n).

Denote A*(n) = > c4 Aa(n).
For an irrational rotation, there are two arrows in the Rauzy diagram (Figure 2). For each
arrow 7, the corresponding matrix B, is either

10
11

For a 2-interval exchange map T' = T'(0), the rotation angle corresponds
the first arrow (0, 1), i.e., Ag(0)/A*(0) < 1/2, then

11
, if B is winner.

, if A is winner, or [

i‘ff ((8)) . If A is winner of

10

[Aa(0),AB(0)] = [Aa(1), Ap(1)] [1 1

] = [Aa(1) + AB(1), AB(1)],
As() _ Aa(0)/3(0)
A*(1) 1= Ag(0)/A*(0)°

If B is winner of the first arrow (0, 1), i.e., Ag(0)/A*(0) > 1/2, then

11

[A4(0), AB(0)] = [Aa(1), Ap(1)] [01

] = [Aa(1),Aa(1) + Ap(1)],

M(l) _ 1=250)/3°0)
A*(1) AB(0)/A*(0)
Aa(l)

In this case, one considers 1) a8 the rotation angel for T'(1). Therefore, we have the Farey

map for the rotation angel x € [0,1) given by
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For an irrational number 0 < # < 1, we have a unique continued fraction expansion;

1
Qz[al,ag,---]:—l, an, € N for all n > 1.
a +——

az + .
Put pp = 0 and gop = 1. Choose p,, and g, for n > 1 such that (p,,q¢,) =1 and

Pn 1
_:[a'laa'Qv"'aan]: 1

n ay +

1
CL2+

We call each a,, the n-th partial quotient and p,, /¢, the n-th principal convergent.
The Farey map acts as

F([ay,a2,---]) =[a1 — 1,a2, -] fora; >1 and F([1,a9,---]) = [ag,as,---].
Therefore, if the rotation angle has the expansion #(OA)B(O) = lay1,az, -] for a 2-interval

exchange map, the infinite path in the Rauzy diagram denoted by the winner of each arrow is

(2.2) AAA---ABBB---BAAA---ABBB---B--- .

(11—1 az as a4

Note that the Farey map does not have absolutely continuous invariant probability measure.
For m <n, T'(n) is the induced map of T'(m) on I(n) = [0, \*(n)); the return time on Ig(n)
to I(n) under the iteration 7'(m) is

Qp(m,n) == Z Qpa(m,n)
and the time spent in I,(m) is Qga(m,n). By (2.1) we have

(2.3) A= As(m)Qpaln) =) As(n)Qs(n).
af B

Moreover, we have

Qa(n)—1 .
[0’ AY) = |_| |_| T"(1a(n))
acA 1=0

Zorich’s accelerated continued fraction algorithm is obtained by considering (V"**)x>o where
(nk) k>0 is the following sequence: ny = 0 and ng41 > ny, is chosen so as to assure that y(ng, ng41)
is the longest path whose arrows have the same winner. The Zorich accelerated algorithm )"*
has an absolutely continuous invariant finite measure on the parameter space of the interval
exchange maps. For the irrational rotation case (d = 2), the Zorich algorithm corresponds the
Gauss map

Glz) = (mod 1),

T
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Note that G(z) = F(x) for x = [a1,az2...] and G(z) has an absolutely continuous invariant
probability measure.

The further acceleration algorithm by Marmi-Moussa-Yoccoz, which was introduced in [26],
is obtained by considering (V"** x>0 where (my)r>0 is defined as follows: my = 0 and mgy; > my,
is the largest integer such that not all letters in A are taken as winner by arrows in y(myg, mg41).

Let
Zorich cocycle Z(k) =Q(0,ng), Z(k,0) = Q(ng,mne),
Marmi-Moussa-Yoccoz cocycle A(k) = Q(0,myg), A(k,l) = Q(mg, my).

For an irrational rotation, the Zorich acceleration and Marmi-Moussa-Yoccoz acceleration
are equivalent.

1 0

CL1—11

Z(1) = AQL) = [ ay, 1 01

s Z(k_l’k):A(k_Lk):[lO] or llak]

and

Z(k) :A(k) _ [%—1 _pk—lpk—ll or [ dk — Pk Pk ] ,
dk — Pk Dk dk—1 — Pk—1 Pk—1

depending on k is odd or even.
The most important virtue of the Marmi-Moussa-Yoccoz cocycle is the following[26, Lemma
1.2.4]: Let r > max(2d — 3,2). Then we have

Aga(k,k+1r) >0 forall o, 5 € A.

The following inequality follows easily from (2.3):

. A*
(2.4) mint A (n) < Tl < max Aq (n),

where the norm of a matrix B is simply the sum of the absolute values of its entries. This is the
norm that we will use for matrices throughout the whole paper. We assume that \* = 1 unless
it is specified.

8§ 3. Diophantine conditions for interval exchange maps

It is well known that n-th principal convergents (p,/qn)nen of the continued fraction ex-
pansion of an irrational § are the best approximations in the sense that |¢,0 — p,,| < |¢0 — p| for
any 1 < ¢ < ¢, and p. Therefore, an irrational  is of Roth-type if for every € > 0 there exists a
positive constant C. such that

lanl| =

5
14¢€ -
an

An irrational 0 is of bounded type if there exists a constant ¢ > 0 such that

C
lanf]l > —.
q

n
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Using the relations (see e.g., [17])

<llgnf| <

and ¢ni1 = Any1qn + qn-1,
Qn+Qn+1 dn+1 i L "

we characterize Diophantine conditions of irrationals by arithmetic conditions for (g, )nen and
(an)nen. Roth type irrationals can also be determined by the growth conditions of (gy)nen: for
all € > 0 there is a constant C. such that

n+1 < CEQ111+E'

This condition is also equivalent to the growth condition of the partial quotients (a,,)nen: for all
€ > 0 there is a constant C. such that

Apt1 < Ce‘]fy

The bounded type irrationals can also be determined by partial quotients (a,)nen: an irrational
0 is of bounded type if and only if (a,)nen are bounded.

Diophantine condition of the irrational rotation can be also characterized by the recurrence
time. An irrational circle rotation 7' is of bounded type if and only if there is a constant ¢ > 0
such that

li{f_l)i(gfn - [nd|| = 117£I_l>loléfn |T"(z) — x| > ¢,

where || - || is the distance to its nearest integer. Roth type condition can be determined by the
asymptotic rate of the return time. Let > 0 and let 7,.(x) be the return time to r-neighborhood
of x

(3.1) 7(z) = min{j > 1: [Tz — | < r}.

Then, for an irrational circle rotation the rotation number is of Roth type if and only if

lim 2087 (@) _ )
r—0+ —logr
The notion of Roth type of an interval exchange map was introduced in [26]: this is a natural
extension of Roth type irrational circle rotations and Roth type interval exchange maps form a
full measure set in the parameter space of interval exchange maps. In [20] it was proved that
for Roth type interval exchange maps the recurrence time has the same scaling behaviour as for

irrational rotations, namely
. log7.(x)
lim ————= =1, a.e. .
r—0+ —logr
If one considers the dynamics in parameter space of interval exchange maps one can introduce

three slightly different Roth type Diophantine conditions:

(R-A) Roth type growth condition for the Marmi-Moussa-Yoccoz cocycle :
For any € > 0 there exists C; > 0 such that for all £ > 1 we have

[A(k, k+ D] < Ce[lAR)[I°
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(R-Z) Roth type growth condition for the Zorich cocycle :
For any € > 0 there exists C. > 0 such that for all £ > 1 we have

1Z(k,k+ )| < CellZ(R)[°.

By the definitions, the Marmi-Moussa-Yoccoz cocycle is always bigger than the Zorich cy-
cocle, thus it follows immediately that Condition (R-A) implies Condition (R-Z).

(R-D) Roth type condition for the minimal distance between discontinuities :
For any £ > 0 there exists C. > 0 such that for all n > 1 we have

If one considers the dynamics of an interval exchange map in phase space then one can
introduce two slightly different Diophantine conditions:

(R-R) Pointwise return time condition :

lim log 7,-(x)

=1 for almost every x.
r—0 —logr

(R-U) Uniform return time condition :

lim log 7,-(x)

=1 uniformly.
r—0 —logr

Here 7,.(z) is the first return time to r-neighborhood of x defined in (3.1).

Here and in what follows the matrix norm denoted by [|Q[| = >_ 5 [Qap|- Clearly, by the
definition, Condition (R-U) implies Condition (R-R).

In the case of circle rotations (interval exchange map with d = 2) the three conditions in
parameter space (namely (R-A), (R-Z) and (R-D)) are equivalent, as well as the two conditions
in phase space ((R-R) and (R-U)). For an irrational rotation, we have

1Z(k k+ 1) =[[Ak k+ D) =ars1 +2,  [|Z(K)]| = [AK)] = ax + qk—

and Condition (R-A) and (R-D) are equivalent to the statement that for any € > 0 there is
a positive constant C. such that a1 < C.qj, which is just the Roth type condition for the
irrational rotation number. In [8] the equivalence for circle rotations between the two sets of
conditions (Roth type in parameter space and the return time characterization) was proved.

In [26], It is shown that almost every interval exchange map satisfies Condition (R-A) with
respect to the Lebesgue measure in the length data, but, there exists an interval exchange map
with Condition (R-A) which is not uniquely ergodic.

The minimal distance Diophantine condition is related to the recurrence condition in the
following sense: If 7.(x) = n, which implies that |T™(z) — x| < r, then we have A(T?") < r. The
uniform recurrence Diophantine condition (R-U) is implied by the Diophantine condition of the
minimal distance between discontinuities (R-D).
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Theorem 3.1 ([20]).  For general interval exchange maps, Condition (R-A) implies Con-
dition (R-R).

Theorem 3.2 ([27], Proposition C.1 and [19], Section 4).  An interval exchange map T
satisfies Condition (R-A) if and only if it also satisfies Condition (R-D).

Theorem 3.3 ([19]).  Let T be a interval exchange map.
(i) If T satisfies Condition (R-D), then so do Condition (R-U),
(ii) If T satisfies Condition (R-U), then so do Condition (R-Z).

The example with Condition (R-U) without Condition (R-D) can be constructed in 3-interval
exchange maps in Section 4. The example with Condition (R-R) without Condition (R-Z) and
the example with Condition (R-Z) without Condition (R-U) are presented in Section 5.

As a similar way with the recurrence time one may consider the hitting time, i.e., starting
from a point, how many iterate 7' to enter the neighborhood of the target point. The hitting
time condition for interval exchange maps was considered in [12, 20].

One can introduce three slightly different Diophantine conditions of bounded type for interval
exchange maps:

(B-A) Bounded condition for the Marmi-Moussa-Yocciz cocycle:

There is M > 0 such that
Ak, k+ 1) < M.

(B-Z) Bounded condition for the Zorich cocycle:

There is M > 0 such that
1Z(k,k+1)]| <M.

(B-D) Bounded condition for the minimal distance between discontinuities:

There is a constant ¢ > 0 such that

A(T") > — for all n.

Sl

(B-U) Bounded recurrence condition:

There is a constant ¢ > 0 such that for all x

liminfn - |T"(z) — x| > c.
n—o0
From the definition it is immediately followed that Condition (B-A) implies Condition (B-
Z). For circle rotations (interval exchange map with d = 2) the three conditions in parameter

space (namely (B-A), (B-Z) and (B-D)) are equivalent, as well as the condition in phase space
(B-U).

Theorem 3.4 ([11], [21]).  An interval exchange map T is of bounded type (B-A) if and
only if T is of bounded type (B-D).
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Theorem 3.5 ([21]). (i) The bounded type condition (B-D) implies Condition (B-U).
(i) The bounded type condition (B-U) implies Condition (B-Z).

The example with Condition (B-U) without Condition (B-D) can be constructed in 3-interval
exchange maps in Section 4. The example with Condition (B-Z) without Condition (B-U) is
presented in Subsection 5.2.

By the ergodicity of the continued fraction algorithm, the set of interval exchange maps
with bounded type condition (B-A) has measure zero with respect to the Lebesgue measure in
length data. However, the set of such a bounded type intervals exchange map has full Hausdorff
dimension.

Kurzweil[24] showed that, if and only if the irrational 0 is of bounded type, then for almost
every s and a monotone decreasing positive function ¢ with > ¥ (n) = oo,

In0 — s|| < ¥(n) for infinitely many n € N
holds. This property for the bounded type irrational is generalized as follows:

Theorem 3.6 ([7], Theorem 17).  If an interval exchange T is of bounded type (B-D),
then for all monotone decreasing v with »_ 1(n) = oo,

N n
> one1 1By (T")

li —
NS N un)

for almost every y.

Since Artin’s work[1], the connection between the geodesic flow and continued fractions has
been studied. See [9] for a general reference. Let H = {z + iy € C|y > 0} be the upper half
plane with the hyperbolic Riemannian metric (u,v) = 1/y? - (u,v). The geodesic flow in the
modular surface SL(2,7Z)\SL(2,R) is bounded if the limit of the geodesic in OH is of bounded
type. See [31] for the detail. For a given length data (\,) and suspension data (7,), we define
the Teichmiiller geodesic flow for ¢t € R

UL\, 1) = (2N, e7/27).

The flow commutes with the basic operation of the continued fraction algorithm. For the detail
refer to [34, 35, 36, 39]. A bounded Teichmiiller geodesic flow, which means all saddle connections
have length at least ¢ > 0, implies Condition (B-D).

8§4. 3-interval exchange maps

Let T' be a 3-interval exchange map with length data (A4, A, Ac). We may assume that
m(A) =1,m(B) =2,m(C) =3 and m(C) = 3, mp(B) =2, mp(A) = 1. Let \* = Aa+Ap+ Ao =
1.

Define an irrational rotation T on I = [0, \* + Ag) by

_ A Ao, if A Ao €1,
(4.1) T(z) = T+ Ap + Ac it x4+ Ap + Ac g
$+)\B+/\c—()\*+)\3), ifl’+)\B+)\0§§I.
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___AB_______(CB ___
C_B< ACB[* AB CB " AB C )E
CB A _ CB AB _ C AB

Figure 6: induced Rauzy diagram for 3-interval exchange map

Then T is a 2-interval exchange map (irrational rotation) with length data ()4, A\a), where
A =Aa+2Ap and A\¢ = Aq+ Ac. Note that 7" is the induced map of T on [0, \*) and T satisfies
the Keane property if and only if the rotation T is irrational.

Let a = % be the rotation angle of T and let aj and py/qi be the partial quotients and
partial convergents of a. The Diophantine condition of T is related to the Diophantine condition

of .

Lemma 4.1 (Denjoy-Koksma inequality (see [10])).  Let T be an irrational rotation by o
with partial quotient denominators qx and f be a real valued function of bounded variation on
the unit interval. Then for any x we have

qr—1

> H(T) - a / fdu

For a sufficiently small r the recurrence time of an irrational rotation to r-neighborhood
should be gi. Choose f(x) = 17(z) as the indicator function on I. Then var(f) = 2. Let 7, be
the first return time of 7. By the Denjoy-Koksma inequality, for a small » > 0, 7,.(z) = g, for

< var(f).

some qy,
A*
For any = € [0, \*) we have
lim M = 1 if and only if lim M = 1.
r—0t —logr r—0t —logr

Theorem 4.2 ([19]). A 3-interval exchange map T satisfies Condition (R-U) (or (R-R))
if and only if o is of Roth type.

By the similar way we have the followings:

Theorem 4.3 ([21]). A 3-interval exchange map T' satisfies Condition (B-U) (or (B-R))
if and only if a is of bounded type.

Now we compare the Rauzy-Veech induction algorithm for 7" and 7. There are 6 arrows in
the Rauzy diagram for a 3-interval exchange map 71" (see Figure 3). Each arrow in the Rauzy
diagram for T corresponds to two arrows of the same loser in the Rauzy diagram for 7 and
remaining 2 arrows of the loser B are not be mapped to any arrows in the Rauzy diagram for T'
(Figure 6).
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For a given 3-interval exchange map 7' define

By the mapping a(A) — C(A), a(C) — A(C) and a(B) ~ ¢, where ¢ is the empty arrow, the
infinite sequence of arrows in the Rauzy diagram for 7' is mapped to the infinite sequence of

arrows in the Rauzy diagram for 7. Denote by Q(m) = B. 1 (0,m) the continued fraction matrix

for T. Then for n > 0
10

_ 100
Ql(n)) = [0 0 1] Q(n) (11| and
01
10 10 10
Alm))=A(n) [11], Am)|01]|, A(n) |10
01 01 01

for =) = (48). (4G%). (AR G). respectively.
Therefore, the size of the Zorich cocycle for T' is about the same with the size of the Zorich
cocycle for T, which is about the same size of the partial quotients of the rotation angle o of T

Theorem 4.4. (i) The 3-interval exchange map T satisfies Condition (R-Z) if and only
if the irrational rotation « is of Roth type.
(ii) The 3-interval exchange map T satisfies Condition (B-Z) if and only if the irrational rotation
a is of bounded type.

We may construct 3-interval exchange maps satisfying Condition (B-U) (thus, (R-U) is
satisfied) but not satisfying Condition (R-A) (thus, (B-A) is not satisfied). Consider a 3-interval
exchange map with Rauzy-Veech induction algorithm in which there is a very long sequence
of A(C)B(A)A(B) followed by a much longer sequence of C(A)B(C)C(B) and so on. Then
the irrational rotation T, which induces T', has the partial quotients a; = 1. Thus, T is of
bounded type, which is followed by the 3-interval exchange map T satisfies (B-U). However, if the
sequences of A(C)B(A)A(B) and C(A)B(C)C(B) are chosen long enough that the corresponding
the Marmi-Moussa-Yoccoz cocycle A(k,k + 1) is about the same size of A(k), then T' does not
satisfy Condition (R-A).

§5. Examples

§5.1. Example with Condition (R-R) without Condition (R-Z)

In this subsection, we discuss an example of 4-interval exchange map which satisfies Condi-
tion (R-R) but not Condition (R-Z).

Let T be a 4-interval exchange map with the permutation data 7(¥) = (£ % B §). Assume

that the length data of 1" is determined by the infinite path in the Rauzy diagram, denoted by
the winner of each arrow (see Figure 4)

)2+1 )22+2 )2’“+k

C*'B(D*A’D)™" B-C*B (D*4°D B---C*B(D*A*D B---.
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Let
k

gk:z(81+621+2+2)’ EOZO’ and Sk:F2k+1.
=1

k
The matrix associated to the path C** B (DQAZ)’D)2 " Bis

Fortiyopyy 0 0 Fort1pop,

Q(gk_l,gk) _ F2k+1_|_2k_|_1 — ]_ ]_ F2k+1 F2k+1—|—2k

Y

Forviioprq — 11 Forsr +1 Forr,op
F2k+1+2k+2 - ]_ ]_ F2k+1 F2k+1+2k+1

where F), is the Fibonacci sequence: F_; = 1,Fy = 0,F,+1 = F,, + F,,—1. Note that F, =
("~ (—9)™"), g = YT

Since
10 0 O
015110
ly, 0 = ,
Qk, Ui + Sk+1) 00 1 0
00 0 1
for large k

QUM < 1Q (L, b + s111) |,

which implies that this interval exchange map T does not satisfy Condition (R-Z).
Since A(lk+1)Q (L, k1) = A(¢x), the length data of T'(¢), A(¢x) is a vector in the simplex
with the vertices

A (Ug1) [Forvz 2435 0,0, Forraop o],

N (Lry1) [Forszpoprs — 1,1, Fortz, Forso pop o],

N (Cey1) [Forvapopis — 1,1, Forra + 1, Fortayop o],
N (Ug1) [Forvzyopia — 1,1, Forva, Forra o1 3]

By the permutation data 7(f) = (é B 8 g) we have

x4+ Ap (k) for x € T4(4y),
T(ék)(x) =48 — ()\A(gk) + )\B(ék)) for x € ID(ﬁk),
x — Ap(lg) for z € Io(lg).

Let T}, be the 2-interval exchange map on [0, Ay (€x)+A5 (e) +AD (k) = [0, N (L +Sps1+1))
with )\A(gk) = /\A(gk) + )\B(ék) and )‘D(gk) = )\D(ékz) Then

TUk)(x) =Tk + sk+1+ 1)(x) =Ti(x) on x € T4(L) U Ip(Ly).

If
z € (Ia(lr) UlIp (L)) \ (U T(&)‘”B(&)) :

=0



INTERVAL EXCHANGE MAPS AND THEIR DIOPHANTINE CONDITIONS 7

then we have
T(l) (x) = Ti(x), for 0 < i < m.

Note that
1

92k+3 +4k+6 "

Az (ly) 1

Mille) +ApUlk) g

Let Ry(z) be the irrational rotation by w on [0, \*(g + sk+1 + 1)). Then for each
z € [0, \* (L + Spy1 + 1))

iIN (L + sp+1+ 1)
92k+3+4k+6 :

Ti(2) - Bi(@)| <

By the Hurwitz theorem of Diophantine approximation we have for each x € [0, \*({ +
Sky1+ 1))
/\*(ﬁk + Sk41 + 1)

|R}C(a:)—a:| > 5

Hence, T' satisfies Condition (R-R):

lim log 7,-(x)

=1 for almost every x.
r—0+t —logr

§5.2. Example with Condition (B-Z) without Condition (R-U)

In this subsection, we discuss an example of 4-interval exchange map satisfying Condition
(B-Z) (thus, Condition (R-Z) is also satisfied) but not Condition (R-U) (thus, (B-U) is not
satisfied).

Let T be the interval exchange map with the permutation data 7(® = (4 & B ¢) and the
infinite path in the Rauzy diagram denoted by the winner of each arrow

2

CB* (D*4°D)” B-CB* (D*A*D)* B---CB* (D*A*D)” B .

Then there is no path of more than 3 arrows of the same winner. Thus, T satisfies Condition
(B-Z).

Let
k

b= (5+6-2)=5k+12- (2" -1), £ =0.

i=1
k
Then y({g_1,4x) is CB? (D2A3D)2 B and

Forv1 Foria Foria Foria
Foryi,7 =1 Fortr +1  Forpr +1  Forna
F2k+1_|_1 -1 F2k+1 +2 F2k+1 +3 F2k+1
Fortri9 — 1 Forrr g + 1 Foera g + 1 Forra gy

QUk—1,lr) =

Y

where F), is the Fibonacci sequence as before. Note T'(¢x + 3) has the same permutation data
k41
with T(¢), ns+3) = (g 2z g) The matrix for the path B (D2A3D)2 B starting from
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Forrzp 00 Fore
Forvay) —110 Forse
Foryay) —111 Forso
Forra o =110 Fory2yy

QUk + 3,lks1) =

Since M(£p11)Q (L + 3, €k11) = Ak +3), the length data \(£; + 3) is a vector in the simplex
with the vertices

/\*(€k+1) [F2k+2+1, 0, O, F2k+2i| B /\*(Ek_l,_l) [F2k+2+1 - 1, 1, O, F2k+2i| 5

/\*(€k+1) [F2k+2+1 - 1, 1, 1, F2k+2] 5 /\*(€k+1) [F2k+2+2 - 1, 1, 0, F2k+2_|_1i| .
Therefore for all x € I (¢x + 3) we have
1Tl +3)(z) — x| = Ap(lk +3) < A" (Lit1).
Put r = Ag(¢x + 3). Then if k > 4, we have for x € Io(x + 3),

log 7,-(x) < log Qo (lx + 3)
—logr —log Ap(4 + 3)

<3
1

log 7,-(x)
—logr

Hence, the asymptotic recurrence rate does not converges to 1 uniformly. This example

does not satisfy Condition (R-U).
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