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Explicit formulae for sums of products of Cauchy numbers
including poly-Cauchy numbers

By

Takao KOMATSU*

Abstract

Recently, K. Kamano studied sums of products of Bernoulli numbers including poly-Bernoulli num-
bers. A relation among these sums was given, and an explicit expression of sums of two products was
also given, reduced to the famous Euler’s formula. The concept of poly-Cauchy numbers is given by the
author as a generalization of the classical Cauchy number and an analogue of poly-Bernoulli number. In
this paper, we investigate sums of products of Cauchy numbers including poly-Cauchy numbers in order
to give explicit expressions in any m products.

§1. Introduction

Cauchy numbers of the first kind ¢,, (n = 0,1,2,...) are defined by the integral of the falling
factorial:

1
cn:/ x(x—1)---(x —n+1)dz
0

and the generating function of ¢, is given by

o0 n

T T
In(l+z) Z 0l

n=0

([4, 16]). On the other hand, Bernoulli numbers B,, (n = 0,1,2,...) are defined by the generating

function
o0

T "
er —1 :ZB"E'

n=0

The following identity on sums of two products of Bernoulli numbers is known as Euler’s formula:

n
3 (”) BiBn_i=-nBn_1—(n—1)B, (n>0).
1=0 i
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Many generalizations of Euler’s formula have been studied. For example, a formula of sums
of N products of Bernoulli numbers ([5]) and a formula of sums of N products of Bernoulli
polynomials ([3]) have been considered. Other types of sums of products have been also studied
(e.g. [1, 2, 6, 15, 17, 18]). M. Kaneko ([11]) introduced the poly-Bernoulli numbers B by

L
n:

1 _ p—T
€ n=0
where
o0
Li 2"
ik(2) = )
mk
m=1

is the k-th polylogarithm function. If £k =1, B, = (—1)"B1(L1) is the n-th classical Bernoulli
number. Kamano ([8]) considered the sums of products of Bernoulli numbers including poly-
Bernoulli numbers, S,gf)(n) form>1,k>1,n>0

n k
SBm)y= ( _ )Bil...Bim B,
i1+ tim=n 11y 5tm /) ,
DY 5enns yim, >0 m—1

The following identity holds ([8, Theorem 1]).

Proposition 1.1.  For k € Z and m > 0, we have
- ym- m+ 11 Gk
S | st
1=0

- n(n_1)...(n—m+1)Z{Tln}Bgc_)m+l (n >m);
= 1=0
0 0<n<m-1).

Kamano also gave explicit formulae of Sék)(n) and Sék) (n).
Recently, the author ([12]) introduced poly-Cauchy numbers of the first kind o (n >0,
k> 1) by

1 1
/.../(xlxg...xk)(xlxg...xk—1)~~-(:C1x2...:ck—n—l—l)dmlda:g...d:ck.
0

(k)

The generating function of ¢;,’ is given by

()"
(1.1) Lifx(In(1 4+ z)) Zc il
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where
o
Zm

Llfk(z) = n;) m

is the k-th polylogarithm factorial function, which is also introduced in [12]. When k& = 1,
Cn = 07(1) is the n-th classical Cauchy number. Note that c%k) for k < 0 are also defined by
the generating function (1.1). In [14] the author investigated the sums of products of Cauchy

numbers, including poly-Cauchy numbers, Tk )(n) form>1,k>1,n>0

k o L BQ)
TH) (n) = E (z . >cil Cip1 G-
i1+ Fim=n 1oy tm \q’_/
i1 eeesim >0 m—1

Tr(,f)(n) is an analogue of Kamano’s S#f)(n). When k£ = 1, Tr(,%)(n) was studied by Zhao ([20]).
The following identity holds ([14, Theorem 1]).

Proposition 1.2.  For k € Z and m > 0, we have

m

m_1 |Mm+1
>t [ | b

n—m

S T (omo o) (T30 zm

1=

Ms

l
0 0<n<m-1).

Il
=

The author ([14]) also gave explicit formulae of Ték)(n) and T: ék)(n) Kamano ([8]) mentioned
that explicit formulae of S4 (n) for m > 4 might be obtained but seemed to be complicated to
describe. The author failed to obtain explicit formulae of T (n) as well as SSF) (n) for m > 4 by
Kamano’s original method. Finally, we ([9]) are successful to obtain explicit formulae of S )(n)
for any general m > 2 by a different method. In this paper, we give explicit formulae of T,(,f )(n)

for any integer m > 2.

§ 2. Explicit formulae for Tk )(n)

The generating function of T (n) is given by

m—1
T
_ Lif (In(1 E T(k)
(ln(1+x)> ify(In(1 + )

Put
G (x) := Lifp(In(1 + x)) Zc(k)x
Since

Lify(z) = - 1, Lifg(z) =e* and Lif_1(2) = (2 + 1)e?,
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we have
(2.1) Gi(z) = ﬁ Go(z)=1+z and G_y(z)=(1+z)(In(l+z)+1).
Since
dl oo m-+i
(2.2) xmka(x) = cl(f_)sz (m,l >0, k>1),
i=0 ’
the coefficient of "™ in l
m
is equal to
®) y
n—m > .
(n—m)! (n 2 m);

0 0<n<m-1).

We need the following Lemma ([14, Lemma 1]).
Lemma 2.1.  For an integer k and a positive integer m, we have

my d™ m 1 gm1 m 1 d
({m}dx7”+{m_1}1+xdxm—1+"'+{1}—(1+x)m_1%>Gk(x)

m

B 1 ym—l m+1 -
(14 2)m(In(1 + )™ ;( ) l }G’H( :

In [14] explicit formulae of T. ék)(n) and T. 3(k)(n) were given. By using a different method, it
is possible to express T,(,f )(n) for m = 4,5,.... However, we can say much more as shown in the
next general theorem. In general, we can obtain the following explicit expression of T,(,f )(n) for
any general m > 2.

Theorem 2.2. Forn >0 and k > 0 we have

23)  TOMm) =T (n) + 0T (n - 1),

(24)  TW(n) = mf(—l)’" (") Z (:) %Tﬁlr(n — )

r=0 " 1=0
+ 23T (m—1) It m,k\T)Cp ~ i 5
(n —m + 1)! j1+ie+ - Fim—_1=k+m—2 .7:1 k=0

15025 s Jm—121

(25) TP (n) = mf(—l)’" (") ; (}) s v =)

— r 7
n! Jj1 m—1 i)
e j2 97 1 \m— —j
s Z_ 292398 . (m —1) IZZPm,K(n)cn_K.
Jitiet o +im—_1=k—m+1 j=0 k=0

J1:J25» Jm—1=>0
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m—rk—1)(n—m—rx+t+1)!

P (n) = :O{ m—1 }(m_t_1>( (n—m+ 1)t (k=0,1,...,m—2)

and

2 m-1 (n—m+1)! 1
Pm’m_l(n)zz{m—t—l}(n—2m+t+2)!:(n_m+1) '

Remark.  There are some alternative versions to express T )(n) explicitly. Since for non-
negative integers r and k

(= ax ()eew
([19]) and

D o

J1s 3 dm—120

([4, p.207]), the identities in above Theorem can be also written as

=5 (M) 3 (1) {5,

1=

—1)"n! . . ' J1
+ & E 9—J23~Js (m . 1)_Jm_1
: ji1t+is++im—_1=k+m-—2 =
J1:J25» Im—12>1

X"‘i“ {n—erl] (=1

(m+ k)
19 m) = S (1 (") : (}) 0+ T )

=0
-1 n—m+1 ! o | .
- ((TL—)Tn——Fl?;' Z 2'723]3 .. (m — 1).7m—1

Jitie+ - +im—1=k—m+1 7=0
J1:325--+s Jm—120
_ 1 .
T oy

n—m-+1
|: K

x>
k=0
m—2

=2 Tr)! {]:E}Tﬁlr("_”

r—=
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§2.1. Proof of Theorem 2.2

Lemma 2.3. Forr >0 we have

zr: (r> (-1)" r!

—~\i)itl-y (1-y@2-y)(r+l-y)
Proof. The proof is done by induction on r. See also e.g. [7, (5.41)]. d
Lemma 2.4. Forn >0 and m > 1 we have

1 _m_l_ (1 o [T\ (—1) (=1)™(")m!
1oy - 2= (r);(z)m—y*(1—y>---(m—y>(n+1—y>'

r=

Proof. Put

i (=1)"7! (=1)" () m!
fulm) = 2 (r) C9) +i-y A9 m-yntig)

r=0

When m = 1, it is easy to see that f,(1) =1/(n+1—y). Form > 1

(=)™ ()m! (=™ () (m+1)!
(I-y)(m+l-y) (L-y)(m+l-y)(n+1l-y)
()m ()m!
(I=y)(m—y)n+1-y)

_ (—1)™ (2 )ym! o
—(1—9)"'(m+1—y)(n+1—y) ((n-l—l y) — (m+1)
=0.

fn(m + 1) - fn(m) -

n—m
m-+1

—(m+1—y)>

Hence, for any integer m > 1, f,(m) = 1/(n + 1 — y). Together with Lemma 2.3, the proof is
done. (]

Proposition 2.5. For k >1 and m > 2 we have

m—2 In T r o . Y
(2.6) Gk(x)=2(l+a:)( In(1+ )) Z() ( 1)

ot r! —\i (14 1)k
, ‘ ‘ Jj1 m—1 m
N $ 272370 o (m — 1) 3TN (-1 L N 1} Gj—i(x).
j1+.:.+jm’,_1=k+m_2 7=1 1=0

Proof. We shall prove
m—1 T i n
1 n r\ _(=1)° 1 (=)™ ()
2. — = —-1)" . 11 —
(27) (n+ 1)k (=1) (r) O(i) (i+1)"’+n+1 Z 202 «..mim(n + 1)0

r=0 ji1+-+im <k-—1
J1s--dm 20




EXPLICIT FORMULAE FOR SUMS OF PRODUCTS OF CAUCHY NUMBERS 193

Taking the infinite sum >, y*~! for small y > 0, the left-hand side is equal to 1/(n + 1 — y)
The right-hand side equals

(S () SE ()
Ly =1 ()

JiseesJm 20 I=j1++im
m—1

-2 ()05

Ll ) e

I3 Z >02]2m]m(n+1)]1 ]__y

-2 ()05

l

By Lemma 2.4, the identity (2.7) holds.

By taking the summation > o0 (In(1 + 2))" /n! on both sides of (2.7), we have

> " mll—l—x —lnl—}—x "o\ (=1)
o) $ () S ueachosa) $ ) (o

; k
n=0 ) r=0 a 1)

R e ey

“ e 'm 1 |
e 2 (n+ 15 (n+1)!

J1seees Jm =0

Note that n 4 r is replaced by n and

Lt i (ln(l;w))"
>
Since . .
Gp(z) = 7;) (:& 1 l
and .
S0 |1 ey = com ()

(see e.g. [7, (6.13)]), by replacing m by m — 1, we get the result

Proof of Theorem 2.2. By (2.1) we have

(ﬁ)m 1 Go(z) = (ﬁ)rﬂ_2 Gi(z)+x (ﬁ)m_z Gi(z).
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Hence, the identity (2.3) holds. We shall prove the identity (2.4). The identity (2.5) can be
proven similarly.
Replacing m by m — 1 and k& by j in Lemma 2.1, and multiplying both sides by (1

)m—l m—1

T T , we have

m—1m—1

0
m—2
5 —1 1 gmt?
= (1 m—1,_m—1 m .
(1+2) v {m—t—l} (1—|—:U)td:cm_t_1Gj(x)

o m—1 m—lm_ m—1 1 o) xn

t=0 n=0
m2 m—1 > n! ) x"
— 1 m—t—1 . J
{m—t—l}( +2) Z(n m + 1)! ]
t=0 n=0
m—2 m—t—1 (e’
m—1 m—t—1\ , n! G) "
S () S e
_m—2{ m—1 }m_t_l (m—t—l)i n! G)
- n—r—t
—~ m—t—1 —~ r n:O(n—r—m+1)' n!
m—2 m—1 [e’e)
m—1 m—t—1 n! G) ="
fd == t
S ) iy (=
t=0 k=0 n=0
[e’e] n' m—1 () 2
_ : i) T
- Z (n —m 4+ 1)| m"ﬁ(n)cn—m n'

Thus, by Proposition 2.5 we obtain

m— (0) - e
()3+1k2 mr( (n—T)!

n=r

+(—1)m! (ﬁ)m_l 3 9702370 ... (jm — 1) Im—1

J1+ +Jm 1=k+m—2

x nf(—l)m—l—l [z Tl] Gi(z).

=0

< <
I M""
—_

Comparing the coefficients of 2" /n!, we have the identity (2.4). O

§2.2. Explicit formulae for Tik)(n)

By using a little different method from those in [8] and [14], we may continue to obtain
the explicit expressions of T, ,sf ) (n) for m = 4,5,.... However, as special cases of Theorem 2.2,
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immediately we can get explicit expressions of T,Sf ) (n) for any integer m > 2. Expressions of
Tz(k)(n) and Tég)(n) are already known ([14]). Here are explicit formulae for Tik)(n).

Corollary 2.6. Forn >0 and k > 0 we have

2.9 T{n) =15 (n) + 0T (n - 1),

" 1 111
TP (n) =1} (n) — (1 - 2k>nT(O)( ~D+(5- 55+ 53 ) - VB (- 2)

_ n(n _ 1)(n _ 2) Z 3,&—k—1 i 2V—/.L—l

(2.10) x Z 3)%c) 5 + (3n2 — 150 +19)ct?, + 3(n — 2)c) | + )
_ 1 3k
i () =17 (m) = (1= 2")n (n = 1) + (5 = 2" + S )nln = DT (n - 2)

k—3 u
+n(n—1)(n—2)) 2k # 33 guy
MZO r=0

(2.11) x Z 3)3c\ 7 + (3n2 — 150+ 19)c %) + 3(n — 2)c ) + D).

§3. Poly-Cauchy numbers of the second kind

Similarly to T\ )( ), define Tf,{c)(n) by

~ (K n A A ~(k

10w Y () el mziazo),
i1+ Fim=n 3 M) N — e’
B seens im >0 m—1

~(K)

where ¢y, are poly-Cauchy numbers of the second kind ([12]), defined by

1
égf):/ / (—x129 .. xp)(—2120 ... ) — 1) ... (=129 . .. 2 — n+ 1)dxides . . . da.
0 0

A(F)

The generating function of ¢, is given by

ék(x) := Lifg(— In(1 4 z) Z A(k)‘T

Note that é%k) for k < 0 are also defined by this generating function.
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. m—2 r _ 4\itn—r T 7 I
10w =100+ Y 23 () Z(” )
1=0

TAKAO KOMATSU

§3.1. Explicit formulae for T )(n)

Theorem 3.1. Forn >0 and k > 0 we have

(i 4 1)k r—1 il

=0

+ (—1)m—1n! Z 2772378 —Im=1 i

1=0
m—2 1 r r n—r n—1-—1
T =TPm) + ) (Z>( 1)+ 1)F ( .1 )( 1)'=r
r=1 " =0 1=0
o J1
4l 3 272305 (m — 1)in=1 "
J1tiot s tim 1 =k—m1 J=0

1552505 Jm—120
~A(—7) m—2 n—m-+1
Cn —m—l+1 n+t—m
> —1)yn—m
((n—m—!—l +t:1{ —t—l} Z (=1) ( t—1

Remark.  The identities in above Theorem can be also written as

10 (n) = (1" S D),

=0
m—2 r ; n—r
. . 1 r\ (—=1)" _ n—101-—1 !
T () = 7(0) - 1) B
W =TPm+ 3 2> () a2 sy )y
r=1 =0 =0
(_1)n—m—|—1n! J1 n—m+1

+ (n—m+1)!

Jitie+ - +im—1=k+m—2
J1:3250s JIm—121

ST e

pu=0

(1)

)

&9

m4l—t—1

!

Z 9—j23—Js m—1) —Jm— 1J21 zz: m+)\

) |
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m—2 n—r
~ . k+1 n—1—1 n! .
T(=F) — 7(0) _1)" 0
ORE S SORD NN DI Gy [C3F U
k—m-+1 . n—m-+1
(=1)"™n! k—j .
N 2\)7
+(n—m+1)! = m—1 );) (m+2)
n—m-—A+1
X At fn—m+l (m—1)".
= A A+ u

Proof. Notice that

xm—l B ( T )T ( T )m r—1 1
(1+z)"(In(1 + :15))m_r_1 L+ (1+z)In(1 + ) I+
r oo n
X (0) X
= T -
(tr2) Zmnm’

<o (S (7)) (S

o n (0)
. n—I n+r—1-1 Tm T(l) n
-7 Z (=1) ( r—1 ) !
0

n=0 =
0o n (0)
g (n+r—1-1 T, (1) antr
— —1)" l j—m—r
Sy (N o e
X N—r l o 1 x7l
o n—r—I (0)
=S (M) s
n=0 [=0
Hence, similarly to the identity (2.6), for £ > 1 and m > 2 we have
m—2 r ;
. (In(1 +2)) r\ (—1)
4
B4 Glo) +; (1+a)r! ZO(i)(iJrl)’f
. ' . i1 m— 1 X
+ Z 2_.723_.73...(m_1)_.7m—1 [l_;_l] G 1(33)

1t imo 1 =kbme2 j=1 zzo
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Now, we have

((1 - x)il(l + x))m_l 21(_1)m_l_1 [l TJ Gji(x)
= Tg {mnz;i 1 } (1 +1x)t din:n__t:l Gj()

—n-—m+1I" nl
m—2 oo o)
m—1 t+pu—1 V! () ©
_1)# j hlll
+t:1 {m—t—l}(l;)( ) ( 1 )x>(§(y—m+l)!6”_tm
o
n! "
= 5(9)
;(n—m+1)' " onl

m—2 m— 1 n—m+1 N +t—m—1 ég)-i-l—t—l "
+ =1 T )

By multiplying (z/(1+ z)In(1 + x))m_l on both sides of (3.5) and comparing the coefficients of
x™/n!, we obtain the identity (3.2). The identity (3.3) is similarly proven. The identity (3.1) is
clear. n

For Remark, we can insist that

By putting m = 4 in Theorem 3.1, we get explicit formulae for Tik)(n)



EXPLICIT FORMULAE FOR SUMS OF PRODUCTS OF CAUCHY NUMBERS 199

Corollary 3.2. Forn >0 and k > 0 we have

35) ) = () S

=0
(36) T, (n) =T >—(1—%)< 1)”-15 1)’?.'T§°><z>
=0

—n(n —1)( Z3uk122vulz((a>

+3(=1)" (-3 > (1) T+( ~Y - (n—1-2) (-1 >
=0 =0

(3.7) Ti_k)(n) = Tio)(n) + (1 _ ) )y 1 Z ln' A(O)
F n! .
+ (% — 2k 4 37) (—1)"2 Z(n —1- 1)(-1)%:@“”(1)

+n(n—1)(n—2 Z2k e 323*‘ ”Z(A;—ﬁ

7=0
. Gy
+3(=1)" 3 n = 3)1 ) _(-1)! z+' +(=D)" B n =3 (n—1-2)(-1) z+' )
1=0 ’ =0 ’

§4. Two kinds of poly-Cauchy numbers

Define UM (n) by

k n ~(k
Uk () = E (2_1 ; ) Ciy "t Cin cgm) (m>1,n>0).
i1+ Fim=n g ey bm D
i1yeeyim >0 m—1

Then we obtain the following ([14, Theorem 7]).

Proposition 4.1.  For an integer k and a non-negative integer m, we have

s [t

'—o [+1
m 7l—7nn! A(k’)
= ;;ﬁ(n— —z){l}“rz (n > m);
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Define V, (n) by

k n n N k
Vi (n) = Z (il ; > Ciy " Cipy Em) (m>1,n>0).
i14-+im=n 1y VM) N— e
i1, im >0 m—1

Then we obtain the following ([14, Theorem 10]).

Proposition 4.2.  For an integer k and a non-negative integer m, we have

-, Pyt [ 1] s
> [Hl]vmﬂ ()

§4.1. Explicit formulae for U,(,ff)(n)

We can obtain explicit formulae for U (n). The proof is similar to the case of T )(n) and
is omitted.

Theorem 4.3. Forn >0 and k > 0 we have

@1 UQm)=U (n),

w2 v =3 (") = () g

r=0 =
j -1
(-1 n! —jaa—j B . el
SV L Z 2792370 | (m —1)7Im—1 Pr(n)e”
_ v ’ nen
(n m + 1) G1+do+Aim_1=k+m—2 7j=1 k=0

J1+325-s Im—121

4.3) UCR:n mz_: (T> > (r>(—1)i(z’+1)kU,(,S)_r(n—r)

Z_

| .y , ' .
ey B SR A CE DA DO IO

T d1tietHimo1=k—m+1 §=0 k=0
J15J25 s Jm—120

where Py, x(n) (k=0,1,...,m —2,m — 1) are given as in Theorem 2.2.
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Remark.  The identities in above Theorem can be also written as

m—2

(1" (0
oo =3 (1) 3 (st
( 1)n "l —Jj29—73 _ 1)~ Jm-1 %
+ (n m+1) j1+j2+"‘+;—1=k+m_2 2 3 (m 1) ]zzl

J1:325 3 dm—12>1

T e

K

§4.2. Explicit formulae for Vn(@k)(n)

We can obtain explicit formulae for Vn(zk)(n). The proof is similar to the case of T\ (n) and
is omitted.

Theorem 4.4. Forn >0 and k > 0 we have

(4.4)

(4.5)
m—2 r ; n—r
1 r\ (1)t n—I1—-1 n!
(k) (1) = V() - - IRNAAN O
va (n) va (n) + — rl — (Z) (Z + 1)k < r—1 )( ) I ‘/m—r(l)
. - . jl
+ (_1)m—ln! E 27J237I3 (m _ 1)_]m—1 E
Jitig+ - +im—1=k+tm-2 7j=1

J1:d25 s Jm—121
A(J) m—2 n—m-+1 ~(4)
m—1 n+t—m-—1I0NE&
-1 n—m—I+1 m4l—t—1
(e Bl ) B e () )
(4.6)

Vi) = VP + Y S

rl 4

3
l\')
S
VR
<003
N———
—
=
¥
3
<
+
—
N—
Bl
3
1
3
VRS
S
=
|~
=
—
N———
—~
=
=<
<
e
3
~—
=

+nl > 272305 | (m —1)7m1
J1tdot i —1=k—m+1 j
315325 Jm—120

(— -2 n—m+1 o(—7)
(n—m+1)! « lm—t-1 t—1 '

!
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Remark.  The identities in above Theorem can be also written as

B m—21 r r (_1)2 nn—r n—1-1 n' ©)
EAOREUOED IS (0) 52y > (i [SVEC ARG

—1)r—mtlpy) ) ) . J1
Qe > 27923705 (m — 1) Ity
j=1

©oditiate i1 =ktm—2

n—m-+1 A1 n—m—>A+1
-1 A — 1
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