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The growth series for pure Artin monoids
of dihedral type

By

Michihiko FuJiir* and Takao SATOH™

Abstract

We study a positive monoid for the pure Artin group of dihedral type I2(k), where the
pure Artin group of dihedral type Pr,(x) is the kernel of the natural projection from the Artin
group of dihedral type to the corresponding Coxeter group. We call this monoid the pure Artin
monoid of dihedral type and denote it by PIJ; (k)" We show that PIJ; ) is naturally embedded in

Pr, (k). Moreover, we give a normal form for an element of PIJr and present an exact rational

2(k)’

function form for the spherical growth series of PI'" with respect to its natural generating

2(k)
set.

§1. Introduction

Let G be a finitely generated group with a finite generating set S. Set S—! :=
{s7!|s € S}. The word length ||g|| of an element g € G is the smallest integer n > 0
for which there exist sq,...,s, € SUS™! such that g = s; - - - 5,,. The spherical growth
series of GG relative to S is the formal power series

Sa.s(t) = ay(G,S) t € Z[[t]],

q=>0

where oy (G, S) :==14{g € G | ||g|| = ¢} for each ¢ > 0.
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The spherical growth series directly describes the distribution of elements in the
group according to length. To determine the spherical growth series of a group relative to
a generating set leads to a deep understanding of a combinatorial structure of the group
with respect to the generating set. It is obvious by the definition that the spherical
growth series strongly depends on a generating set. For many cases, including the
Coxeter groups with the standard generators, the spherical growth series are known to
be rational (see [4], [9], [10], [7], [8], [11], [13], [14], [15] and [28]). In general, however,
even if we can easily compute the spherical growth series for a certain generating set,
it might be quite difficult to determine it for another generating set. For instance, even
though Charney [10] determined the spherical growth series of the Artin group of finite
type for some generating set, it is still an open problem to determine that of it for the
standard Artin generators.

In order to compute the spherical growth series of a group, we have to choose
a unique geodesic representative for each element of the group, and count all of them.
Mairesse and Mathéus [23] have succeeded to do it for the Artin group G,y of dihedral
type with respect to the standard Artin generators. More precisely, they constructed
finite-state automata which recognize a unique geodesic representative of each element
of Gr,(x) over the standard Artin generators, and obtained a concrete rational function
expression of its growth series. We remark that before Mairesse and Mathéus, Sabalka
[25] obtained an exact rational function expression for the case k = 3. For general Artin
groups, however, there are few computations for their growth series with respect to the
standard Artin generators.

In this paper, we consider the kernel of the projection from the Artin group G'r, )
of dihedral type to its Coxeter group @Iz(k). We call it the pure Artin group of dihedral
type, and denote it by Pr,(x). For k = 3, Pr,(3) is isomorphic to the pure braid group
with three strands. To begin with, by using the Reidemeister-Schreier method, we give
the following finite presentation of Pr, () for k > 3:

PIg(k) = <a’17"'7a’k’|a’l"'ak:a’Q"'aka’l:"':akal"'a/k—]_ >7

(see Proposition 2.1). Since all the words in the relations above consist of positive
letters, we can consider a positive monoid
>+

+ . _ _ _
Ploy= (a,...;ax |ar-ap=az--apay = =apay--ap-1)",

associated to the group Pr, ). (The definition of the right-hand side is given in Section
2.) We call P;g (k) the pure Artin monoid of dihedral type. One of the main theorems
of this paper is the following:

Theorem 1.1 (= Theorem 2.9).  The natural monoid homomorphism Pfg k)

Pr, k) 1s injective.
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We prove this theorem by using the structure of the quotient group of Pr,() by
its center, which can be identified with the free group generated by ai,...,ar_1. In
a subsequent paper [17], Fujii gives another proof of Theorem 1 based on a work of
Garside [19]. Theorem 1 implies that all the words containing only the positive letters,
ai,...,ak, are geodesic in the Cayley graph of Pr,) with respect to the generators
ai,...,ax. Hence, the coefficient of the spherical growth series of P;g *) is smaller than
or equal to that of Pr, ) for each degree.

In this paper, we consider an element V := ajas - - - ar in the free monoid over the
set {a,...,ar}. The element V is a pure Artin group analogue of the fundamental
element given for the Artin group (cf. [6]). We also introduce fundamental blocks of
P;g (k)" (The definition of them is given in Section 2.) Let FB™ be the set of all of the
fundamental blocks of P;g (k)" Then, from Theorem 1.1, we provide a normal form of
an element of P;g (k) (see Proposition 2.10). In Section 3, by using the normal form, we
construct deterministic finite-state automata over subsets of FBT U {V} that recognize
a unique geodesic representative for each element of Pfg (k)" These automata lead us to
determine the spherical growth series S(t) of P;g (k) in principle. In fact, in Section 4,
by considering the structure of the automata, we determine the spherical growth series
S(t) exactly as follows.

Theorem 1.2 (= Theorem 4.3).  For k > 3,

1
1 —kt+ (k- 1)tk

S(t)

We remark that in a subsequent paper [17], Fujii obtained a rational function form
of the spherical growth series of Pr, ;) with respect to the generating set {a1,...,ax}.
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§2. Pure Artin groups and monoids of dihedral type

In this section, for each k € Z>3, we define the pure Artin group Py, ) of dihedral
type, and give its finite presentation. Moreover, we introduce the positive monoid P;g *)
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for Pr,(x) in order to investigate the combinatorial group structure of Py, ) with respect
to the finite presentation. In particular, we show that P;g (k) is naturally embedded in
Pr, 1), and give a normal form of each element of P;g (k)"

Let k be an integer greater than two, and Gy, ) the Artin group of dihedral type
I5(k) defined by

GIg(k) = <01, g2 | (0102>k = (0201>k >,
where we define
(oi0)F = 0000050, .

The Cozxeter group of dihedral type is the group presented by
Gruw = (o1, o2 | (0109)F = (0901)*, 02 =02=1).

The group @Iz(k) is isomorphic to the dihedral group of order 2k. If we set o := 0109
and 7 := 09, then we have the following usual presentation:

G ={o. 7|ob == (o1 =1).
There is a natural homomorphism

p:Grm = Grw-

We call its kernel the pure Artin group of dihedral type, and denote it by Pr, ). First,
we give a finite presentation of Pr, ).

Proposition 2.1.  For any k > 3, the group Pr,) has the following finite pre-
sentation:

(2.1) Prg = (a1,...,ax | a1---ar =az2---ara1 =az---ara102 = -+ = QK41 Gk—1 ).

Proof. In order to obtain the required presentation, we use the Reidemeister-Schreier
method. (For details, see Chapter II. 4 in [22] for example.)

Case 1. k=2l and | > 2.
Here, we have

Grw = (o1, 02| (0102)' = (0201)" ).

If we set 0 := 0109 and 7 := 09, we have
l 1_—1
Grw = (o, 7o =707 ),

by the Tietze transformation. Then, by applying the Reidemeister-Schreier method to
a generating set X := {0, 7} for G,(1) and a Schreier transversal

k—1 k—1
T::{l,O’,...,U 7770T7"'7U T}CGI2(k)’
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we obtain finitely many generators and relations of P,y as follows:

e A generating set of Pr, () is given by
I':={(t,z) :=te(tz) |z ec X, tcT, (t,z) #1},

where for any y € G, (1), an element 7 € 7' is defined by p(y) = p(¥). In fact, I" consists
of the following finitely many elements:

a:=o",
(2.2) bo :=1or o b i=olror om0 for 1<i<k—1,

¢i:=0' 7207 for 0<i<k-—1.

e A set of finitely many relations is given by
(2.3) {ot-olre v .t =1|teT},

where ¢(w) is an element in the free group generated by I' that is obtained from w by
rewriting w as a product of a, b; and ¢;. In fact, this set consists of the following finitely

many relations:

(R1) @ bobay—1b2p—2--biy1 =1, biboby 1+ -byo=1, ------ ; bi_1bi—g -+ biby = 1,
(R2): a=bb1---b1, a=0byiby---by, -+ ;@ =by 1by 2 byy1by,
(R3) : bobar_1bar - biyrcicyt =1, biboba 1 -bpyaciiicy - =1, - ,
bi—1bi—2 - bibocy—1c; " = 1,
(R4) : bibi—1---bicoa ‘¢t =1, bygaby---bocra 'y =1, oo ,

—1,-1
boi—1bai—2 - - bip1bic—1a Coi_1 = 1.
Below, we demonstrate how to derive the above relations. First, we consider the relations
oot olre™lrTl o7 =1,

where 0 <i <k —1. If i =0, we have

olro 1=+ | Gl =1 —1 —(+2)  j2-1_ —1 -1 _ 4

1,1 1 -1
= bbbyt by =1
<= bobai—1b21—2 -+ - b1 = 1.

The relation appearing on the last line is equal to the first relation of (R1). Similarly,
for the cases where i = 1,2,...,k — 1, we obtain the rest of (R1) and (R2). Next,
consider the relations

(o't -olro vt e TH =1,
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where 0 <i <k —1. If i =0, we have

ror—lo—@=1) | g2l 1 —(20-2) | gl o1l

—1
<= boba 10212 biy1iccy” = 1.

The relation appearing on the last line is equal to the first relation of (R3). Similarly,
for the cases where i = 1,2,...,k — 1, we obtain the rest of (R3) and (R4).

Using (R1) and (R2), we can transform the relations (R3) and (R4) into

/
(R3)' : ci=co, 141 =01, ------ , C21—1 = Cl—1,

’. _ _ _
(R4)" : aco = qa, acy =cppqa, -+ , acj_1 = Cy_1a,

respectively. Hence, it is seen that Pr,(;) has the generators,

a, bl, ey bl—l; Coy---5Cl—1,
with the relations,
(R4)" : acy = cpa, acy =cra, - , acj_i1 = ¢_14a,
(R5) : aby = bia, aby =bea, ------ , abj_1 =b;_1a,
because we can remove the generators, by, bj41,b142,...,02-1,bp and ¢, cj41,...,¢C21—1,

by using the relations,

the first relation in (R2), and all relations in (R1) and (R3)’.

Finally, if we set
aj :=by, ag:=by, ..., a_1:=b_1, a;:=cy, Q11 :=C1, ..., Q21 = C_1,

and ag; := aQ_ll_laQ_ll_ PREE al_la, then we obtain the desired presentation.

Case 2. k=2l+1and > 1.

If we set 0 := 0109 and 7 := 09, we have

1

Grmw = (o, 7| ot = 7ol ! ).

By an argument similar to Case 1, it is seen that generators of Pr,(;) are given as in
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(2.2) and relations of Py, are written as

(S]-) . Cl_|_1 l+2 l+3 b2l 1b =1, Cl+2 l+3 VR bO bl = 1’ ...... ,
—17—-17— _
Co'by 0y b =1
(S2) : ac, 1b_1b_ .- -b_1 =1, acl_lbglbg bl_+1 ...... ’

ac 1bl+1 42 byt =1,

(S3) : bobarbay 1 biricgt =1, biboba---byiacy P =1, -----
bibi—y -+ biboc; T =1,
borbor—1 - bia eyt = 1.

Cl+2 =1, veee- 7

The relations in (S1) and (S3) are transformed into
(S1): erpr = byobiys - byl gy e = blabyly - b by ,
cor = by byt b b,
(83)": co = bobarbar—1---biy1, c1 = bibobor---biyp, - ,
c; = biby—1 -~ - b1bo,

respectively. Then, by removing the generators, cg, c1, ..., ¢y, with using the relations
(S1)" and (S3)’, we have that Pr,) has the generators,

a’7b07"'7b2l7

with the relations,
a = boibay—1---b1bg = by 10212+ -bobay = -+ = bobay - - - baby.

Finally, if we remove the generator a from the relations above, we obtain the required
presentation. This completes the proof of Proposition 2.1. [

Example 2.2. The pure braid group with three strands, P3, is a geometric
realization of the pure Artin group,

P12(3) = < ay, a2, as | 10203 = 420301 = 430102 )

The generators a;, as and as are themselves braids and are given in terms of the
standard Artin generators of the braid group with three strands, o; and o5, as follows:
a; = 0'%0'%, as = 0'10'%0'1 and as = 0'1_2. NOW, let A12 = a;l = O'%, A13 = asag =
01_10301 = 020%02_1 and Aoz := aza1 = 0'%. Then, we obtain the same presentation of
Plz(k):

P12(3) = < A127 A137 A23 | A12A13A23 = A13A23A12 = A23A12A13 >
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Here, note that {Aj2, A13, A3} is the standard generating set of the pure braid group
with three strands (cf. [3]).

1 i—=1 i+1 42 n

Figure 1. A geometrical braid corresponding to o;

Now, define

At :={ay,...,a},

A= :={a]t, ..., a,;l},

A =ATUA".
For any subsets ¥ C A, X7 C AT and ¥~ C A1, let ¥*, (¥1)* and (X7)* be the free
monoids generated by ¥, £ and X7, respectively. We call an element of ¥ a letter, and
an element of * a word. An element of 7 (resp. X7) is called a positive letter (resp.
negative letter), that of (X7)* (resp. (X7)*) a positive word (resp. negative word). The
length of a word w is the number of letters in w, which is denoted by |w|. The length
of the null word, ¢, is zero. The null word is the identity of each monoid.

We write the canonical monoid homomorphism as 7 : A* — Pp, ). If u and v are
words in A*, then u = v means that 7(u) = m(v), and u = v means that v and v are
identical letter by letter. A word w € 7~ 1(g) is called a representative of g. The length
of a group element ¢ is defined by

lgll :=min{l | g =m(s1---s1), s; € A}.

A word w € A* is geodesic if |w| = ||w(w)||. A word wy ---w,, € A* is called a reduced
word if w; # w,, +11 for all i € {1,...,m — 1}. A geodesic representative is a reduced
word.

For each q € Z>(, we define

ag(Pryi), A7) :=#{g € Prya | llgll = q}

The spherical growth series of Pr,y with respect to the generating set AT is the fol-
lowing formal power series

00
SPIz(k)aA+ (t) = Zaq(PI2(k), A+) 9.
q=0
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It is well-known that the radius of convergence of the growth series of any finitely
generated group is strictly greater than 0. Thus, the growth series SP12 (o) A+ (t) is a
holomorphic function near the origin 0. In a subsequent paper [17], Fujii determined a
rational function expression of S Pry (k) A+ (t) for any k > 3.

Consider a positive word V := ajas---ax € (AT)*. Then, we have
v:al"'akZGQ"'akal :a3...akala2 — ...:akal...ak_l
in Pr,(x)- Then, it is readily seen that the following lemma holds.

Lemma 2.3.

(1) The element V generates the infinite cyclic group Z contained in the center of Pr, ).
In particular, we have
aVE = vElg

foranyae A=ATUA".

(2) The quotient group Pr,x)/Z is the free group Fy_1 generated by (the coset classes

Of) aty ..., Qk—1-

From Lemma 2.3, we see that Z coincides with the center of Pr,(;). Hence, we
have that Z = Z, and see that Pr, () is isomorphic to Z x Fj_; as a group. From this
aspect, the group structure of Pr, () is quite simple. In this paper, however, we consider
the generating set {ay,...,ar} of Pr,() and investigate the growth series of Py, () with
respect to this generating set.

The pure Artin monoid of dihedral type is the monoid presented by

+ - _ _ —
Pr gy = (ay,...,ar | a1 --ay=az- -ara; =+ =aray---ax_1 )",

where the right-hand side is the quotient of the free monoid (A™)* by an equivalence
relation on (A1)* defined as follows:

(i) Two positive words w,w’ € (AT)* are elementarily equivalent if there are positive
words u,v € (AT)* and indices i,j € {1,...,k} such that w = u(a; - - -agay - a;—1)v
and ' =wu(a;---agar - a;—1)v.

(ii) Two positive words w,w’ € (A™)* are equivalent if there is a sequence wg,wy, - - ,w
for some [ € Z>( such that w; is elementarily equivalent to wsyq for s =0,--- , 1 —1,
and wyp = w, w; = W'.

Let 7" be the canonical monoid homomorphism from (A™)* to Pfg (- If w and v are
words in (AT)*, then v = v means that 7+ (u) = 71 (v). There is a natural monoid
homomorphism P;g k) Pr, (k). Below, we show that this map is injective. To begin
with, we show the following;:
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Proposition 2.4.  Fach element of Pfg(k) has a unique representative of the fol-
lowing type:

(2.4) V1A v2ay? - Up Gy Uppr (a1 - ag)™ € (AT,

Let ¢ be the natural projection from Pr, ) to Pr,k)/Z (= Fr—1 = (a1, ...,ar_1)).
For an element ¢ € {a7", ..., ai!, }*, we denote by red(€) the reduced word expression for
¢ within F,_q. Let 0 : P;g k) F._1 be the composition of the natural homomorphisms:

0 : Pl—’z_(k) — Plz(k) i) PIz(kJ)/Z =F, 1= <CL1, .. .,ak_1>.
We prepare the following three lemmas.

Lemma 2.5. For each 1 < j < n, consider the image of a subword vjazj vjt1 of
(2.4) by the map O ox™:

O(r" (vjay vj41)) = red(vs(ay Ly - ay ay ') v41) € Foy
appearing in (a,;il ---aytayt)® that cannot

disappear when we take the reduced expression of the word vj(a,;il . --a;lal_l)ejvjﬂ

Then, there exists a certain letter a*

within Fi_q.

Proof of Lemma 2.5. Tf all letters in (a; ', ---a; a;')% are canceled for some j, then
by the uniqueness of the reduced word expression, we have the following three cases:

(i) v; = vjaiaz--- a1 for some v € (AT \ {ax})*,
(i) vjy1 = araz---ap_1vj,, for some v, € (AT \ {ar})*,

(iii) e;j = 1 and v; = véaiai+1 S Qk—1, Vjp1 = G102 - -ai_lvg-ﬂ for some vé-,vé-H €
(A*\ {ax})*.

In each case, the condition (iv) given in Proposition 2.4 is not satisfied. Thus, we obtain
a contradiction. [J

Lemma 2.6.  Consider the image of the word (2.4) by the map 0 o™ :

(2.5)
ved(vy (a5 ar ) s vg(apty - cag ) o (et ey ).
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Suppose that there exists a letter a; L appearing in (a,;il Ce Qg lal_l)ei that is canceled
when we take the reduced expression of the word (2.5). Then, the letter a; s canceled
with a letter a; coming from the words vj or vjyi.

Proof of Lemma 2.6. Assume that for some j € {1,...,n}, there exists a letter ai_l

appearing in (a,;_l 1Ay 1a1_1)ej such that it is canceled with a letter a; coming from
v;, where [ # j,7 4+ 1. There are the following two cases: | > j+ 2 and [ < j — 1.
Now, consider the case [ > j 4+ 2. Among such indices I, we choose the smallest one, [.
Then, it is readily seen that all letters in (a, !, - - a5 'ay ')®+! are canceled in the reduce
expression of the word (2.5). Since [ is smallest, all letters in (a;',---ay'a;!)%+ are
canceled with letters coming from v;11 or vj 2. This, however, contradicts with Lemma,
2.5. Similarly, we obtain a contradiction in the case where [ < 57 — 1. [J

Lemma 2.7.  Consider the image of the word (2.4) by the map om™ as in lemma
2.6. Then, for any 1 < j < n, there exists a letter a ! appearing in (a,;il e az_lal_l)ej
that does not disappear when we take the reduced expression of the word (2.5) within
Fy_q.

Proof of Lemma 2.7. Assume that for some 1 < j < n, all letters in (a,;il e a;lal_l)ei
are canceled. Then, by Lemma 2.6, all letters in (a; ', ---a; 'a;')% must be canceled
within v;(a; ', - a5 'ay )% vj41. This contradicts with Lemma 2.5. O

Now, it is ready to prove Proposition 2.4. It is easily seen that for any element
v e P;g(k), v has a representative as in (2.4), since V belongs to the center of P;g(k).
Hence, it is sufficient to show the uniqueness of the expression. Take any two elements

of (AT)*,

— e e En m
V=103 v2a;° - Upay  Upyr (a1 - ag)

and

/ / /
e e e
W= w1 waa,? - WGy Wy 1 (ay - ag)™

’

of type (2.4), and assume that v = w. First, consider their images by 6 o 7. Then we

have

1

/v]-(a']:—]_ e a;lal_l)‘al/UQ e ,Un(a'];—l]_ e a2_1

al_l)en Un+1
= wi(a,ty - ay ) A wy - wp(ag ey e ) wn

in Fj,_1. Then, from Lemma 2.7, we see that n = n’ by taking the reduced expressions
of both sides. Hence,

U1 (a[];_]'l Ce az_lal_l)el’UQ Ce ,Un(a];—ll N a’2_1a]__1)envn+l

1 —1

(2.6) _ o _ _
= wl(ak—ll ) lal l)ellw2 i 'wn(ak—l Qg Oy 1)e;”UrH—l-

Step 1. Consider the subwords v; and w;. Then, we will show that v; = w;. Since vy
does not contain a positive word u satisfying u = V, v; takes one of the following types:
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(i) The last letter of vy is not ax_1,

(i) v1 = viaj,aj,41---ar—1 for some 2 < j; < k — 1 such that the last letter of v} is

not a;, 1.

Assume that v; is of type (ii). Then, we have

vi(agly - -aytar ) oo (agty - ay tar ) o

~1 —1, -1 —1 —1ve;—1 —1 —1_—1ve,
Gi—1 0o Oy (@ 1 -ay ay ) ve-wp(ag_; - -ay ay ) Ung1.

= via

We claim that the letter aj_ll_l standing on the right neighbor of v} is not canceled in
the reduced expression of the word. In fact, if this aj_ll_l is canceled in the reduced
expression, then it is canceled with a;, —; coming from vy by Lemma 2.6. This implies
that ve = (a1as -+ ag—1)* tajas - - - aj, 10} for some positive word vj. This, however,
contradicts with the condition (iv) given in Proposition 2.4. Therefore, the negative
letter, aj_ll_l, is the leftmost negative letter in the left-hand side of (2.6). Similarly, by
observing the right-hand side of (2.6), we have that if w; is also of the form (ii), that
is, w1 = wiaj,aj,+1---ar—1 for some wj such that the last word of w] is not aj,_1,

then the leftmost negative letter in the right-hand side of (2.6) is also a ;"

j,—1- Hence, we

obtain v} = w). Therefore, we have v; = w;.

If vy is of type (i), so is wy. Then the leftmost negative letters of both sides of (2.6)
are a,;il. Hence, we also obtain v; = wy.
Step 2. We will show that e; = ¢). By Step 1, we have
1a1_1)envn+1
1a1_1)e” Wn+1

(a]:_ll e a/2_1a/1_1)61/02 e /vn(a']:—l]_ e a2_

= (al;—ll . 0,2_10,1_1)6/1'11)2 Ce wn(al:_ll Ce a2_

in Fy,_;. First, assume e; > ¢}. Then, we have

(apty - -ag ey ) g o a0y ey ) o g

1 1 1

2.7 _ 1 - oy
&7 = walag>, - ay fay 1)6/2 wn(agZy o cragay 1)e;‘wnﬂ

in Fy_1. Then, from Lemma 2.7, by observing the negative letters in both sides of (2.7),
we have n = n — 1. This is a contradiction. Hence, we have e; < €. Similarly, we
obtain e; > €. Therefore, we have e; = €.

By repeating Step 1 and Step 2, we can show that v; = w; and e; = ¢ for any
1 <i <n. Since v = w, we have

m

(al...ak) :(al...ak)m/ EPIQ(k)'

Since V generates the infinite cyclic subgroup of Py, ), we obtain m = m’. Hence, we
conclude that v = w. This completes the proof of Proposition 2.4. [J
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Lemma 2.8. The monoid homomorphism 0 : Pfg(k) — Pruy/Z = Fr_1 is
1njective.

Proof of Lemma 2.8. For elements v, w € Pfg (k)? take representatives v’ and w’ as in
(2.4), respectively. Assume that § o 7+ (v') = 6 o 71 (w’). Then, by the argument given
in the proof of Proposition 2.4, we obtain v = w. This shows that 6 is injective. [J

As a corollary, we have the following:
Theorem 2.9.  The natural monoid homomorphism P;g k) Pr, ) s injective.

In the following, we consider P;g () tO be a submonoid of Py, ) through this em-
bedding, identifying the null word & with the identity of Pr,x). Then, we have the
following commutative diagram:

(AT)y*c A~
=
P+

k) © Pra(k)-

Now, in order to give a standard representative for each element of PIt (k) let us
introduce the concept of fundamental blocks. A fundamental block is a positive word in
(AT)* with length smaller than k that appears as a subword in representatives of (V).
There are k(k — 1) fundamental blocks. We list all of them below:

lengthk —1:ay---ar_1, ag---ag, ag---aray, ..., QpGy - Gp_2

lengthk —2:a1---ax_o, Gz - ax_1, A3 Ak, Q4+ AxA1, ..., QxQ1 """ Af_3
length 2 fa1ao, 203, ..., Ak_10k, Qa1

length 1 tay, ag, ..., Qg

Next, we give several definitions concerning the fundamental blocks. Set
FB" := {u € (A")* | p is a fundamental block }.
For any I € {0,...,k — 1}, set

FB} :={u € FBY | |u[ = I},
FBL, = {u € FB" ||y < I}.

For any p=a;---aga1---a; € FB™, define

L(p) :=a;, R(w) = aj.
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For any p = a;---agai---a; € FB™, we call aj+1 the letter subsequent to pu. When
W = a;---ag, we call a; the letter subsequent to . The letter subsequent to u is
denoted by N ().

Let g be an element of P;g (k)" We can choose the following representative £ € (A™)*
of g as in Proposition 2.4:

£ =010, 02057 -+ U@y Upg - ve.

Moreover, we can represent vlazl vgazz ~~~vnaznvn+1 as a product of elements of FB™
uniquely as follows.

n — +
V1A V2a? - Up G U1 = - i € (FBT)Y,

where N (1) # L(pj41) for 1 < j < m — 1. Hence, combining this observation and
Proposition 2.4, we obtain

Proposition 2.10 (Normal form).  Foranyg € P;g(k), there exist unique iy - -+ by €
(FBT)* and d € Zso such that & := py--- i, - V¢ is a representative of g, and

N(p13) # L(ji) for 1< <m—1,

We call € = piq - i - V¢ the normal form of g, and py - - - jtr, the non-V part of
the normal form. From Theorem 2.9 and Lemma 2.3, we can show that every positive
word is geodesic (see [17]). Hence for each element g € P;g (k) the normal form of g is
a geodesic representative of g.

§3. Automata for geodesic representatives of Pfg (k)

In this section, we construct deterministic finite-state automata over subsets of
FB™ U {V} that recognize the normal forms of elements of PIt (k)" (Refer to [20] for a
general reference on automata.)

Let ¥ be a subset of FBT U{V}, and 3" the free monoid generated by 3. Here we
naturally consider " as a subset of A*. For any g € P;g (k) take the normal form & of
g as in Proposition 2.10. Set

max{|u;| | 1 <j<m}iftd=0,
Pos(g)::{k el }ifd>0

Then, we have 0 < Pos(§) < k.

Define T';, to be the set of all the normal forms ¢ of elements g € P;',,, such that

I2(k)
Pos(€¢) = k. Namely,

I‘kiz{SE(FB—i_U{V})* £Eu1~~~um.vd, ul,...,umEFB+U{€}, }

d>1, and N(p;) # L(pje1) for 1 <Vj<m—1
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Similarly, for any 0 < P < k — 1, define

E=p1 - fim, f1,---s i € FBT U{e},
Ip:=4¢e (FBL,)® :
P {5 (FB<p) N(pj) # L{pj11) for 1 <75 <m —1, and Pos(§) = P}
and
(3.1) ' =TI,u U I'p (disjoint union).

0<P<k—1

Since every element of PIt (k) has a unique geodesic representative in I', the restriction

of 7™ to I is a bijective map to Pg(k).

We now proceed to construct automata that recognize all words in T'.

[Case 1. (P = k.)] It is clear that every word of the set I'jy is recognized by the
deterministic finite-state automaton Ay over FB™ U {V} defined by

(i) States: {¢} UFBT U{V};
Initial state: {e}; Accept state: {V};
(ii) Transitions:
(ii-1) Yo € FBT U{V}, e -5 v,
(ii-2) Yu,"v € FBT, u 5 v
if N(u) # L(v),
(ii-3) Yu € FBT U{V}, u — V.

[Case 2. (0 < P <k —1.)] It is also readily seen that every word of the set U r,
0<p<P
is recognized by the deterministic finite-state automaton A<p over FBJ<r p defined by

(i) States: {e} U FBJSFP;
Initial state: {¢}; Accept states: {e} UFBZp;
(ii) Transitions: -
(ii-1) v € FBIp, € —> v,

(ii-2) Yu,"v € FBLp, u > v

if N(u) # L(v).

Example 3.1. (Case k = 3) Set a := aj, b := as and ¢ := az. Then, the
fundamental blocks are the followings:

a, b, ¢, ab, be, ca.

The automaton A<, is depicted as in Figure 2.
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Figure 2. The automaton A<, for the case k = 3.

8§4. The spherical growth series of P;g (k)

In this section, under the identification of PIt ) with U T'p, by considering
0<P<k
the structure of the automata constructed in Section 3, we give a rational function

expression of the spherical growth series S(t) of P;g (k) with respect to the standard
generators ai, ..., ag.

For each 0 < P <k, let
Sp(t) = t{¢eTp | [¢ =g}t
g=0

be the spherical growth series for I'p. Then, from (3.1), we have

(4.1) Sty =8t + >, Sp().

0<P<k—1

In order to simplify the presentation of the growth series, for each n € Z>, we use
the following notations:

T, :=t+t>+---+t" for n>1,
T02=0.

First, we consider the case where 0 < P <k — 1.



THE GROWTH SERIES FOR PURE ARTIN MONOIDS 127

Proposition 4.1.  For each 0 < P < k — 1, we have

1+ 7T
2 Sl =1= (k—llj)Tp'

0<p<P

Proof. Take P € {0,...,k—1}. For any q € Z>, set
By(P) = {éEul---um SR
0<p<P

‘ & :normal form, u; € FB+, €] = Q}a

and set
Bq(P) :=1By(P).
Then,
Y Splt) =D B(P) ¢,
0<p<P q=0

Next, we calculate 3,(P). Clearly,

(4.2) Bo(P) = 1.

Lemma 4.2.  We have the following recursive formula:
(4.3) Bq(P) = (k= D){Bg—1(P) + -+ + Bg—p(P)},
forq>P+1.

Proof of Lemma 4.2. By following the automaton A<p, we see that for each I €
{1,..., P} and each vy ---vy_1 € By_1(P), there are k — 1 choices of vy, from FB;r
such that vy - vpm_1 - vy € By(P) by (ii-2) in A<p. Thus, we obtain the recursive
formula (4.3). This completes the proof of Lemma 4.2. O

On the other hand, for 1 < ¢ < P, we have
(1.4) Bo(P) = k.
Thus, by the recursive formula (4.3) with (4.2) and (4.4), we can see

Z Sp(t)> x{Il—(k—1)t++ -+t =14+t +t2 4+ +t".
0<p<P

Hence,

I+t4+t2+-- 1P 1+Tp
Z Sp(t) = 1—

0<p<p (k—1D(t+82+--+tP)  1—(k—1)Tp’
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for each ¢ in a sufficiently small neighborhood of the origin 0. This completes the proof

of Proposition 4.1. [J

Finally, we consider the case where P = k and the spherical growth series S(¢) of
P -
2

Theorem 4.3.  Let Dy(t) be the polynomial defined by
Di(t):=1—kt+ (k—D)tF = (1 —t){1 — (k — )T}, }.

Then, we have

tk:
Sk(t) = Dr(l)’
and )
Sty= > Sp(t)= RO
0<P<k

Proof. Every words in the set P;g k) = U I' p is recognized by the automata A<y
0<P<k
and Aj. Thus, its spherical growth series S(¢) has a rational function expression. Then,

put

where F'(t),G(t) are polynomials in ¢.

By the case P = k — 1 in Proposition 4.1, we have

B 1+ Tk
(4.5) > St = TGO
0<p<k-1

This is the growth series for the maximal subset of P;g *) whose elements contain no
word u satisfying u = V.
On the other hand, by observing the normal form of an element of PIt (k) it is seen

that the series

Y #{ee Pl | 1€l =a} 17"
q=0

is the spherical growth series for I'y. Thus,

Sk(t) = S(t) x th = %tk.

Hence, with (4.5), we have

Gt) G(t) _ Z S)(1) = 1 _1 +Th1

Fi) F@) =~ DTes

0<p<k—1
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By solving this equality for G(t)/F(t), we obtain

_ GO _ L
SO=F0 "1 —O{L = =D+ 2+ D)

T 1kt (k- DtF

Also, we have

G(1) ko t
F@)  1—kt+ (k- tF

Sk (t) =

This completes the proof of Theorem 4.3. [
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