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Higher Fitting ideals of Iwasawa modules and Euler
systems

By

Tatsuya OHSHITA*

§1. Introduction and main results

§1.1. Introduction

Iwasawa main conjecture (in a context of general Galois representations) is a prob-
lem on Iwasawa theory which attempts to describe the characteristic ideals of certain
“arithmetic” Iwasawa modules related to Selmer groups by using “analytic” ideal re-
lated to p-adic L-functions (if exist). However, characteristic ideals are not enough to
determine the pseudo-isomorphism classes of Iwasawa modules completely. The higher
Fitting ideals have more detailed information on Iwasawa modules. For instance, the
higher Fitting ideals determine the pseudo-isomorphism class and the least cardinality
of generators of finitely generated torsion Iwasawa modules (cf. Appendix A).

In [Ku], Kurihara studied the higher Fitting ideals of the minus-part of the Iwasawa
module of ideal class groups associated with the cyclotomic Z,-extension of a CM-field
K satisfying certain conditions, and obtained a refinement of the minus-part of the
Iwasawa main conjecture for totally real number fields. More precisely, he constructed
an ascending filtration {©;};cz., of Iwasawa algebra called the higher Stickelberger
ideals, which are defined by analytic objects arising from p-adic L-functions, and he
proved that the higher Fitting ideals coincide with the higher Stickelberger ideals (cf.
[Ku] Theorem 1.1). Note that the keys of Kurihara’s result are the minus part of
Iwasawa main conjecture for totally real number fields and the Euler system of “Gauss
sum type” arising from Stickelberger elements.
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The higher Fitting ideals of the plus-part of the Iwasawa modules of ideal class
groups (in the case when K is abelian over Q) are studied in [Oh2]. In the article [Oh2],
by using the Euler system of circular units, we constructed the ascending filtration
{€i}iezs, of the Iwasawa algebra, which are analogues of Kurihara’s higher Stickelberger
ideals, and proved that €; give “upper bounds” and “lower bounds” of the higher Fitting
ideals of the plus-part of the Iwasawa module in certains senses. In particular, under
certain assumptions, the results in [Oh2] imply that the filtration {Q:i}iezzo determines
the pseudo-isomorphism class of the plus-part of the Iwasawa module, so they can be
regarded as a refinement of the plus-part of the Iwasawa main conjecture over Q. (For
details, see [Oh2] Theorem 1.1 and Remark 1.3 in this article.) Though the results
in [Oh2] do not give complete descriptions of the higher Fitting ideals, they can be
regarded as analogues of Kurihara’s results for the plus-part.

This article is an announcement of the author’s recent results, which is a general-
ization of results in [Oh2] for general p-adic Galois representations with a Rubin-type
Euler system. Under certain assumptions, for a given Euler system c of a lattice T" of a
p-adic Galois representation, we constructed the ideals €;(c) of Iwasawa algebra, which
are analogues of Kurihara’s higher Stickelberger ideals. Then, we proved that the ideals
¢;(c) give “upper bounds” and “lower bounds” of the higher Fitting ideals of a certain
Iwasawa module X (7T) arising from the lattice 7. In particular, under the assumption
of the “Iwasawa main conjecture” for the pair (T, c), the ideals €;(c) determine the
pseudo-isomorphism class of X (7). See Theorem 1.3 and Corollary 1.4 for the precise
statements of our main results, and see §2.2 for the construction of the ideal &€;(c). Our
results also can be regarded as analogues of Kurihara’s results in [Ku| and a refinement
of “Iwasawa main conjectures” for Rubin type Euler systems.

§1.2. Notation

Let K be a field, and fix a separable closure K of K. Then, we put Gx =
Gal(K/K). TFor a topological abelian group M with a continuous Gg-action, let
H*(K,M) = H*(Gg, M) be the continuous Galois cohomology group.

Let ¢ be a prime number. We denote by Wg, the Weil group of Q¢, and by
Iy, = Gy the inertia subgroup of W, .

In this paper, an algebraic number field K is a finite extension of QQ in this fixed
algebraic closure Q. We denote the ring of integers K by Og. For any positive integer
n, let p, := p,,(Q) be the group of n-th roots of unity in Q.

Fix an embedding Q < C, and let ¢ € Gg be the complex conjugation correspond-
ing to this embedding. For any abelian group M with action of Gg, we denote by M~
the subgroup of M consisting of all elements on which ¢ acts via —1.

Let R be a commutative ring, and M an R-module. For any a € R, let M[a] be
the R-submodule of M consisting of all a-torsion elements. We denote the ideal of R
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consisting of all annihilators of M by Anng(M).
Let G be a group, and M an abelian group with an action of G. Then, we denote
by M& the maximal subgroup of M fixed by the action of G.

§1.3. Main results

Fix an odd prime number p. Let Q. /Q be the cyclotomic Z,-extension. For any
m € Z>o, let Q,, be the unique intermediate field of Q. /Q satisfying [Q,, : Q] = p™.
We put T' := Gal(Qo/Q), and define a compact local algebra A by

A = Z,[[T)] = 1n Z, [Gal(Q, /Q).

Let ¥ be a finite set of places of Q containing {p, oo}, and T" a free Z,-module of
finite rank d with a continuous action of Gg := Gal(Q/Q) unramified outside ¥. We
denote the action of Gg on T' by

pr: Go — Autg, (T') ~ GL4(Z,).

We regard T as an étale pro-p sheaf on SpecQOg,, 5, where Og,, s is the ring of Y-integers
of Q. We put A:=T®gz, Qp/Zy,, and A* := Hom(T', p1pe ). In this article, we assume
the following conditions.

(C1) The representation A[p| of Gg_, over I, is absolutely irreducible.

(C2) There exists an element 7 € Gy, ) such that T'/(7 —1)T is a free Z,-module
of rank one.

(C3) The F,|Gg.. ]-module A[p] is not isomorphic to A*[p].

(C4) If the rank of A is one, then Gg__ does not act on A[p| via the trivial character
1 or Teichmiiller character w.

(C5) Let Q = Q(u,°, A) be the maximal subfield of Q fixed by the action of
ker (GQ(upoo) — Aut(4)).
Then, we have
H'(Q/Qu, A) = H'(2/Qux, A") = 0.
(C6) The torsion Z,-module HY, (Qoo ®g Qp, A*) is divisible.
(C7) Let £ € ¥\ {p,o0} be any element. Let
(re: Wo, — GLa(Qp), Ne)

be the Weil-Deligne representation corresponding to (T'®z, Qp, pTlW@e ). Then,
the following holds.
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(i) The prime number p does not divide #r¢(lg,) = [Le¢ : Q}"].
(i) The Z,-module H}

cont (GL,, T') is torsion free.

We can prove the following lemma which gives a sufficient condition for the condi-
tion (ii) of (C7).

Lemma 1.1. Let £ € X\ {p,00} be any element. We let (rg, Ng) and Ly be as
in (C7). Fix a topological generator g, of the tame inertia group Ize of Ly. Suppose
that the Zp-module the Zy-module T'/(g¢ — 1)T is torsion free. Then, the Z,-module
Hl

cont (LL,, 1) is torsion free.

Definition 1.2.  Let j: SpecQOg,, » < SpecOg,, [1/p] be the inclusion. We put

HY(T) : = lim H},(Og,, [1/p). 4.T).
foc(T) L= I&HH&(QW ®Q QP7]*T)

Then, we define
X(T) = ker (H*(T) — Hj, (1)) .

loc

We denote the maximal pseudo-null A-submodule of X (T") by Xg, (7).

We write X := X (T') and Xg, := Xg,(T) for simplicity. Note that X is a A-module
which is isomorphic to the Pontrjagin dual of the “fine Selmer group” Ss., (Qu, A*) in the
sense of [Ru] Definition 2.3.1. It is well-known that X is a finitely generated A-module.
In this article, we study the higher Fitting ideals of the A-module X’ := X /X5, under
the assumption of the existence of an Euler system for 7' satisfying the “non-vanishing
condition” (NV) explained below.

In order to mention Euler systems, we need to introduce some abelian extension
fields of Q. For each prime number ¢ not contained in ¥, we denotes by Q(¢) by the
maximal subfield of Q(u,) whose extension degree over Q is a p-power. Let N (X) be
the set of all positive integers decomposed into square free products of prime numbers
not contained in ¥. Here, we promise 1 € N (X). Let n € N(X) be any element, and
assume that n has a prime factorization n = []/_; ¢;. Then, we define the composite
field

Qm(n) = Qm@(gl) e Q(gr)

for any m > 0.
In this paper, we assume that there exists an Euler system

c:={en(n) € H'(@n(n), 1)}, 50 nens)

in the sense of [Ru] Remark 2.1.4 satisfying the following “non-vanishing condition”:
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(NV) The element c(1) := (¢n(1)),,50 € H(T) is not A-torsion.

We define the ideal Ind(c) of A by
Ind(c) := {¢ (c(1)) | ¢ € Homy (Hl(j*T),A)} ,

and denote by pInd(c) the minimal principal ideal of A containing Ind(c). By usual
Euler system arguments, the assumption (NV) implies that X is a torsion A-module,
and we have

(1.1) charp (X) D plnd(c),

where chary (X) is the characteristic ideal of the A-module X. (See Theorem 2.3.2 and
Theorem 2.3.3 in [Ru].) We define the ideal I,(c) of A by

I (c):={ae€A|a-chary(X) C ¢(c(1)) A}
for any homomorphism ¢ € Homp (Hl (4T, A), and put
I(c) := U I,(c).
pEHomp (H(5.T),A)

(Note that I(c) is an ideal of A.) By the definition of I(c) and (1.1), we have
(1.2) Ind(c) = I(c) - charp (X).

Under the assumption (NV), we sometimes consider the following condition (MC), which
is “Iwasawa main conjecture” for (7, c).

(MC) The characteristic ideal of the A-module X coincides with Ind(c), that is, we
have
charp (X) = pInd(c).

Note that if H!(j,T) is generically rank one over A, namely we have
dimFrac(A) Hl (]*T) XA Frac(A) = 1,

and if the condition (MC) holds, then I(c) = A.

In order to state our main theorem, it is convenient to introduce the following
notation. Let I and J be ideals of A. We write I < J if there exists a height two ideal
A of A (called an “error factor”) satisfying AI C J. Note that for two ideals I and J
of A, we have I < J if and only if TA, C JA, for all prime ideals p of height one, where
we denote the localization of A at p by A,. We write [ ~ J if I < J and J < I. The
relation ~ is an equivalence relation on ideals of A.
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A key idea of our results lies in the definition of the ideals €;(c) of A, which are
analogues of Kurihara’s higher Stickelberger ideals. We define such ideals in §2 by using
Kolyvagin derivatives of the Euler system c. Roughly speaking, first, we define the
ideals €; ,,, y(c) of the group ring Ry, n = Z/p"[Gal(Q,,/Q)] generated by images of
certain Kolyvagin derivatives K, n(n;c) by all R, n-homomorphisms

HY(Qp, T/pNT) — Ron v,

then we define €;(c) by taking the projective limit of them. (For details, see Definition
2.5 and Definition 2.7). The following theorem is the main results of this article.

Theorem 1.3 ([Oh3]). Let T and c be as above. FEspecially, we assume the
hypotheses (C1)—(C7) and (NV). Then, the following holds.

1. For any i € Z>¢, we have

Annp (Xg,)I(c) - Fitta (X)) C &(c).

2. Assume that T~ is a free Z,-module of rank one. Then, for any i € Z>q, we have

¢;(c) < Fitta ;(X).

Idea of proof. The first assertion of Theorem 1.3 for ¢ = 0 follows from the com-
parison between Ind(c) and €y(c).

The projective dimension of the A-module X’ is one since X’ has no non-trivial
pseudo-null A-submodule. So, we have a free resolution

(1.3) 0— A" L5 A" X —0

for some positive integer r. We apply (a modified version of) “Kurihara’s Euler system
arguments” to the exact sequence (1.3): we approximate minors of the square matrix
corresponding to the A-linear map f by using Kolyvagin derivatives. (Strictly speaking,
we cannot apply Kurihara’s Euler system arguments in [Ku| directly to our framework
since the “fine Selmer group” Sz, (Qp,, A*) may have infinite order in general, and since
we do not have a free Zy-module as “Div(Oq,,) ®zZ,". But after certain modifications,
Kurihara’s arguments work in our situation.) Then, we obtain the first assertion for
i > 0. Note that the hypothesis (C3) and the equality (1.2) play essential roles in
Kurihara’s Euler system arguments.

The key of the second assertion is the comparison between €;(c) and the theory of
Kolyvagin systems, which is established by Mazur and Rubin ([MR]). O

By theorem 1.3, we immediately obtain the following corollaries.
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Corollary 1.4.  Assume that T and c satisfy hypotheses (C1)—-(C7), (NV) and
(MC). We also assume that T~ is a free Z,-module of rank one. Then, we have

FittA’i(X) ~ Q:Z(C)

for any i € Zg. In other words, the ascending filtration {€;(c)};cz.  of A determines
the pseudo-isomorphism class of X.

Remark (circular units).  Let K/Q be an abelian extension satisfying p 1 [K : Q]
and unramified at p. We put A := Gal(KQ(y,)/Q), and fix an even character y €
Hom(A, Z;) satisfying x|c,, # 1. We define a Z,[Gg]-module T}, by

T :=Zy(1) @ x "

For any m € Zx>q, let A,, , be the x-part of the p-Sylow subgroup of the ideal class group
of KQ(ptpm+1), and define a A-module X, by X, := l'&nAm,X. Then, we have a natural
isomorphism X, ~ X (T} ) of A-modules. Note that Z,(1)®x ! satisfies (C1)-(C6), and
we have an Euler system ¢ of “circular units” for Z,(1) ® x ! satisfying (NV) and
(MC). So we can apply Theorem 1.3 to the pair (T, c¢), and obtain Fitty ;(Xy) ~
¢;(cy¢) and

AnnA(XX’ﬁn) . FittA,i(X;() - (’:i(C;yc)

for any ¢ > 0. This is the result we obtained in Theorem 1.1 in [Oh2]. Moreover, in this
case, we can prove the following statements:

e The least cardinality of generators of the A-module X, is 7 if and only if we have

€r1(cY€) # A and €, (cP¢) = A.

e If the A-module X is pseudo-null, then we have
Fitta 0(Xy) = Annp (X, ) = €o(c}¥°).

For details of such results on circular units, see [Oh2]. Note that we also treat an
arbitrary non-trivial character x € Hom(A,@;< ) in [Oh2].

Remark (elliptic units).  For the Iwasawa modules of ideal class groups associated
with (not necessary cyclotomic) Z,-extensions of a certain abelian extension field of an
imaginary quadratic field and Euler systems of elliptic units, we have similar results to
the first and second assertions of Theorem 1.3. For details, see [Ohl] Theorem 1.1.

§2. Construction of the ideal ¢;(c)

In this section, we construct the filtration {€;} of A. Here, we use similar notations
to that in §1. In particular, we let T and ¢ be as in Theorem 1.3. For a while, we fix
integers m and N satisfying N > m > 0.
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§2.1. Kolyvagin derivatives

First, we recall the notion of Kolyvagin derivatives briefly. We define a set Py (3; 1)
of prime numbers by

(¢, £=1modp", and T/(pNT + (Fr, — 1)T) is
a free Z,/p" Z,-module of rank one ’

Pn(Z;T) := {€

where Fr, € G is an arithmetic Frobenius element at ¢. Then, we put

Ny (% T) := {ﬁﬂz

For simplicity, we write Py := Py(2;T) and Ny := Nn(;T). We define H,, :=
Gal (Q(n)/Q) for any n € Ny. If n is decomposed as n = [[;_, ¢;, where {1,... ¢, are
distinct prime numbers, then we have natural isomorphisms

TEZ>07 E’LEPN(E7T) (i:]'?"‘?T) U{l}
and £; # ¢; if i £ j '

Gal(@m(n)/(@m) ~ Hn ~ Hel X o0 X HZT
for any integer m > 0. We identify these groups by the above natural isomorphisms.

Definition 2.1. For / € Py, we define

0—2
Dy = koj € Z[Hy).
k=1

Let n = [[;_, ¢; € Ny, where ¢; € Py for each i. Then, we define

D, = f[Dgi € Z[H,).

i=1
Lemma 2.2 ([Ru] Lemma 4.4.2).  For any n € Ny, the image of Dypcy(n) in
HY(Q,n(n), T/pNT) is fived by the action of H,.
Note that the assumptions (C1) and (C4) imply that
H°(Qun(n), T/p"T) = H*(Qun, T/p"T) = 0

for any n € My. So, by Hochschild—Serre spectral sequence, we have a natural isomor-
phism
HY(Qun, T/p™T) = H (Qu(n), T/p"T)"".

Definition 2.3. Let n be any element of Ny. We denote by kp, n(n;c) the
unique element of H'(Q,,,T/pNT) whose image in H'(Q,,(n),T/pNT) coincides with
that of D,¢,,(n). The cohomology class k., n(n;c) is called Kolyvagin derivative.
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§2.2. Construction of the ideal ¢;(c)

Here, let us construct the ideal €;(c) of A. Recall that we put

Ry N = Zp|Gal(Qy,/Q)].

First, we construct an ascending filtration {&; m n(c)}iczs, of R n. As in [Kul, we
need the notion of well-ordered integers.

Definition 2.4. Let n € Ny. We call n well-ordered if n has a factorization
n = [[;_, ; with ¢; € Py such that £;;1 splits in Q,, (,uH;:l ej)/@ for any i satisfying
1 <4 < r—1. In other words, n is well-ordered if and only if n has a factorization
n = [1i_, ¢; such that

liv1 =1 (mod pV Héj)
j=1

for i = 1,...,7 — 1. We denote by NY° the set of all elements in Ny which are
well-ordered.

Let n € NY-° with the decomposition n = [];_, ¢;, where ¢; € Py for each i. We
put €(n) := r. Namely, €(n) is the number of prime divisors of n. We define the ideal
N (n) of Ry N by

Co v (5€) := { f (km.v (n50)) | f € Homp,,  (H'(Qun, T/p"T), R, n) } -

Definition 2.5.  Let i be a non-negative integer. Then, we denote by &; ., n(c)
the ideal of R,, n generated by (J,, €, n(n;c) where n runs through all elements of
NY-© satisfying e(n) < i.

Now vary m and N, and let us construct the ideal €;(c) of A. As in [Ohl] Claim
4.4, the following lemma holds.

Lemma 2.6. Let my, mo, N1 and Ny be positive integers satisfying mo > mq
and Ny > Ny. Take any element n € Nn,. Then, For any Ry, n,-homomorphism

fo: HY(Quy, T/pN2T) — Ry N,

there exists an R,, n,-homomorphism

fl: Hl(@mnT/leT) — Rm1,N1,

which makes the diagram

f
H! (sz ’ T/pN2 T) é Rmz,Nz

NFpy /Fm,y l i

f
Hl(le,T/leT) - Rm1,N1
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commute, where the left vertical arrow N Fry/Fom, U8 the corestriction map, and the right
one 18 the natural projection.

Let mq, mo, N1, Ny and n be as above, and assume N; > m; for each i = 1, 2. Then,
Lemma 2.6 and the “norm compatibility” of the Euler system c imply that the image
of €, N,(c) in Ry, N, is contained in €,,, n,(c). We obtain the projective system of
the natural homomorphisms

{@i,mz,]\@(c) — Qi,mh]\ﬁ (C) | Ny > Ny > m; and Ny > mg > ml.}
We define €;(c) as follows.

Definition 2.7. Let i be a non-negative integer. Then ideal €;(c) of A =
@Rm, ~ is defined by the projective limit

¢i(c) == lIm &; N ().

8§ Appendix A. Higher Fitting ideals

In this appendix, we recall the definition and some basic properties of higher Fitting
ideals.

Definition Appendix A.1. Let R be a commutative ring, and M be a finitely

presented R-module. Let
R L rm M —0

be an exact sequence of R-modules. For each ¢ > 0, we define the ¢-th Fitting ideal
Fittr (M) to be the ideal of R generated by all (n — i) x (n — 4) minors of the matrix
corresponding to f. Note that when 0 < i < n and m < n — i (resp. i > n), we define
Fittr (M) := 0 (resp. Fittr (M) := R). Definition of these ideals depends only on M,
and does not depend on the choice of the above exact sequence. We have the ascending
filtration

Remark. Let R be a commutative ring, S a commutative R-algebra, and M a
finitely presented R-module, Then, by the definition of the higher Fitting ideals and the
right exactness of tensor products, we have

Fitts (M ®r S) = Fittg ,(M)S
for any ¢ > 0.

Remark.  Let R be a commutative ring, and M a finitely presented R-module. If
we have Fittp ;(M) # R, then the least cardinality of generators of M is greater than
1+ 1. Note that when R is a local ring or a PID, the least cardinality of generators of
M is i + 1 if and only if Fittg ;(M) # R and Fittg ;41 (M) = R.
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Remark.  Here we assume R = A. Let M and N be A-modules. We say that
M is pseudo-null if the order of M is finite. We write M ~y; N if there exists a
homomorphism M — N whose kernel and cokernel are both pseudo-null. We call M
is pseudo-isomorphic to N. Note the relation ~y, ;. is an equivalence relation on finitely
generated torsion A-modules. In particular, if we assume

M~ ;. @ A/ fil\,
i=1

where {f;}I"_, is a sequence of non-zero elements of A satisfying f; | fit+1, then we have

Fitta ; (M) ~ (l};[lfk>A (if i <n)
A (if i > n)

for any non-negative integer i (cf. [Ku] Lemma 8.2). This implies that the pseudo-
isomorphism class of M is determined by the higher Fitting ideals {Fitts ;(M)}i>o.
Note that the characteristic ideal charp (M) is an ideal of A defined by

chary (M) = (H fk> A.
k=1

So, the characteristic ideal charp(M) is the minimal principal ideal of A containing
FittA’o(M )
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