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Kernel functions and symbols
of pseudodifferential operators of infinite order
with an apparent parameter

By

Takashi AOKI? Naofumi HONDA™ and Susumu YAMAZAKI**

Abstract

We introduce a new representation of pseudodifferential operators of infinite order (or
holomorphic microlocal operators) and symbol class.

Introduction

In this report, we shall announce our recent results about a complete symbol the-
ory for the sheaf é"ﬁ of pseudodifferential operators in the complex analytic category.
The foundation of the symbol theory of (/7@;1? at the present stage (see [1], [4]) is quite
unsatisfactory. There are the following two issues:

(i) Kamimoto and Kataoka have pointed out in their work [5] that the space of the
kernel functions which comes from standard Cech representation of cohomology
groups is not closed under composition of kernel functions defined by naive inte-
gration employed in [1], [4].

(ii) the relation between the action of operators by integration of kernel functions and
canonical action through cohomological definition was not clarified (see [7], [8]).

For (i), Kamimoto and Kataoka [5], [6] give a possible solution by introducing the notion
of formal kernels. On the other hand, we shall start our study from other point of view;
we use a new isomorphism of cohomology groups (see Proposition 1.2), we establish a
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new symbol theory, and solve (i) and (ii) above. Details in this article will be published
in our forthcoming paper [2].

8§1. Local Cohomology Groups on a Vector Space

We denote by Z, R and C the sets of integers, of real numbers and of complex
numbers respectively. Further set N := {m € Z; m > 1}, N, := NU {0}, and C* :=
{c € C; ¢ # 0}. Let X be a finite dimensional R-vector space. Let a, b, r be real
numbers such that 0 < b—a < 7 and r > 0. We define an open proper sector S C C by

S={neC;a<argn<b,0<|n| <r},

Let (z,m) be coordinates of X x C, and m,: X x C 5 (z,7) = 2 € X the canonical
projection. Let G C X be a closed subset (not necessarily convex) and U C X an
open neighborhood of the origin. In this section we give another representation of local
cohomology groups H, g’ﬂU(U ; F) for a sheaf F on X. For this purpose, we need some
preparations. Let Z be a closed subset in X and ¢: X x [0,1] — X a continuous
deformation mapping which satisfies the following conditions:

(i) p(z,1) =z for any x € X and ¢(z,s) = z for any z € Z and s € [0, 1].
(ii) o(p(x,s),0) = p(z,0) for any s € [0,1] and z € X.

(iii) We set
p(2,8) = [p(z,5) = p(z,0)].

Then pw(a:,s) is a strictly increasing function of s outside Z, i.e. if 5; < s,, we
have p,(z,s,) < p,(x,s,) for any x € X \ Z.

We set, for short
pp() = py(x,1) =|p(z,1) = @(x,0)] = |z — @(x,0)].
Here we remark
Py (. 5)) = lp(x,s) —p(p(x,s),0)] = @z, s) — @(z,0)] = p, (2, s).

Let o > 0 be a positive constant. We define the subsets in X x C by

(z,n) € U x S5 p,(x) < onl},
(p(z,5),m) € X xCsz € G, p,(z) <onl, 0 < s <1}

U:={
G={

Note that @ N (7 is a closed subset in [7
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Example 1.1. Let X = C" D 7 := {z € X; z; = 0}, and we set ¢(z,s) :=

SZy5%9,--.,2 ). Then p _(z,s sz, | and p_(2) = |z|. Let & := (r,7’, 0,0 € R* be a
1> 72 n [ 1 [ 1
4-tuple of positive constants with
(1.1) 0<9<%, 0<o<l1l, 0<r<or.
We set
0
S 1= 8p9/0 =0 € G fargn| < 7, 0 <n| <r},
n
(1.2) Un ::‘ﬂ2{z € X; |Z1| < or, |Zz| < T/}v
1=
d T 9
G, ::ﬁQ{z € X; Jargz | < 5 0, 07|z < |z}
1=

Then we have

U, ={(zn) €U, x S, |5 < elnl},
G, ={(¢(z.9),) €X xC; 2 € G,, p(2) <olnl, 0 < s < 1}
(1.3) zzé{(szl,zw...,zn,n) € X xC; |arg 2| < % -0, Q2|Zi| <z,
|zll olnl, 0< s <1}
= (e € X T |2,] < ol g ] < 5 6. ] < ).

We can have the following:

Proposition 1.2.  Let F be a complex of Abelian sheaves on X. Assume that U

satisfies that sup p@( x) < or. Then there exists the following quasi-isomorphism:
zeU

Rl (U F) = RIg5(Us ) 'F).

§2. Holomorphic Microfunctions with an Apparent Parameter

Let X be an n-dimensional C-vector space with the coordinates z = (2,,..., 2,),
and Y the closed complex submanifold of X defined by {2’ = 0} where z = (2/,2")
with 2’ := (z,...,2,) for some 1 < d < n. In what follows, we denote an object
defined on the space X x C by a symbol with = like ﬁn etc. For any z € C", we set

IE :=1rila<x{|zi|}. Let Oy be the sheaf of holomorphic functions on X, and %lﬂfl y the

sheaf of real holomorphic microfunctions along Y on the conormal bundle 73 X to Y
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(see [9], [11]). Let z; = (0;1,0,...,0) € Ty-X. Let k = (r,7’,0,0) € R* be as in (1.1),
and recall the sets of (1.2) and (1.3) in Example 1.1. By the definition of CK}]% > we have

R - rd
%Y|X,z6‘ = hﬂHGNmUN(Um Ox)-

r—0

Here 0 := (0,0,0,0). We can apply the result in §1 to this case. Assume that U,
is sufficiently small so that the assumption of Proportion 1.2 is satisfied for ¢(z,s) =
(821,29, .-+ 2,). Set T, X xC> (z,m) — z € X. Thus, from the exact sequence

—1 617
we obtain the following distinguished triangle:

> — - 9, - +1
Rl g (U, Ox) — Rl (5 (Ug Oxue) = Rlg g (Ug; Ox o) —

K

T

RFGHOUH(UFJ Ox)
Further we can prove:
Proposition 2.1. Ifk #d, then
Hlﬁn AH(U ; Oxxe) = HICC:NmUm(Um Ox)=0.
Definition 2.2. By Proposition 2.1, we define

a311}|X(F"') = H%Nmﬁm(ﬁn; ﬁXX(C)’
CY x (k) = Ker(d, : Oy (k) = CF x ().
Summing up, we obtain:

Theorem 2.3. There exist isomorphisms

Hg:“nU&(Um Ox) =2 C$|X(K')

| |

%%X,z; —~y lim ng(“)-
k—0

We now consider a Cech representation of C’g (k). We set

3
Vél) ={zeU,; %—0<argzl < TW—I—H},

VD = {z €U, ®lz] > |5} (2<i<d),
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(1) ~ T 3T
V. ={(z,m) e U; 5 0 <argz, < - + 6},

VO = {(zm) €Uz ol > I} (2<i<d).

K

Let P, be the set of all the subset of {1,...,d} and P; C P, consisting of o € P, with
#a = d — 1 (#a denotes the number of elements in «). For a € P, we define

PO AT, @ ._Avd, PE . pled) Z 70,

i€x IS i=1
As each ‘7,_,50‘) (resp. V,_,EO‘)) is pseudoconvex, we have

TVO0y) o D00
STV 6y) ST rP@ 0, )

acPy acPy

HgNmUN(Um Ox) = ; Opu =0} = C§1§|X(K’)'

§3. Cohomological Representation of é";lf with an Apparent Parameter

We inherit the same notation from the previous section. Let (z,w) be coordinates
of X x X. Let A C X x X be the diagonal set. We identify X with A, and

={(z0} = {(z%¢ -0} = TAH(X x X).

Let @@5 denote the sheaf of pseudodifferential operators on the cotangent bundle 7" X

of X. Let 2 be the sheaf of holomorphic n-forms on X, and set py: T%(X x X) >

(z,w;¢,{) — w € X. Then by the definition, (/7@;1? = %”%XxX@pQ_lQX. We fix z; =
p; O

X

(29;¢p) :==(051,0,...,0) € T*X. Let k = (r,7",0,0) € R* be as in (1.1). We set

Up,:=M(zwn) € X xXxC |z <r',mes,, |z —wl|<onl lz—w|<r},
=2
- 3
VX’L ={(z,w,n) € U, ,.; 72r 0 < arg(z; —w,) < %—1—9},
Ve = A{(zwm) €Uy s olz —w| > I} (2<i<n),
n
Us e i= (H(zw0) € X 5 X5 121 < 1, 2y —wy] < or, |2 — w,] < v/},
i=2
G p e = (Y(210) € X x X farg(ey — w))| < 5 =0, &%z, — w] < Jay — )
Z:
3
VA({L ={(z,w) € U % -0 <arg(z; —wy) < 777 + 6},

—_

VA(i,)f% ={(z, w) € Up s Q2|Zi —w;| > [z —wy |} (2<i<n).
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We also set
R AR -1
By (k) = Cx xxx (k) @py 12y .

py Oy

Further set for short:

N (k) =S (V) 00%) € KR (k) == D(VE)L; 007),

a€PY
N% (k) = D LV 00090 € K (k) = {v € (VS5 08390); 8,0 € N (k)1
acPY

Here ﬁ)(cox’@gogc = ﬁXxch_(lg’qz_lQX with ¢,: X x X x C 3 (z,w,n) = w € X, and
g2 X

% )((0;2 is defined in a similar way. Then by Theorem 2.3, we obtain

Heg nUA’N(UA,HSﬁ)((OQ}g) —~— Ex (k)

KR (8)/N% (k) —=— K5 (1) /N (k)

| l

g}ézg = >h$1E§'(F"')

r—0

Ak

Let (z,m) € X x C. Set 3, := %e_ VT 40)/2 and B, = £e‘/j(77+9)/2, and we define,
for a sufficiently small € > 0, the path v,;(z,7;0,0) in C, by

Y (2z:m50,0) :={wy =2 +tpyn; 1L 2t > e} V{w, =z, +Byn e‘/j(“'e)t; 0<t<1}
VA{w, =2z +tBym; e <t < 1},

v, (z,m50) = {w, =z, + (|"’7?| —l—zs)e%mt; 0<t<1l} (2<i<n).

Note that v,(z,7;0,0) joins the two points z; + B,n and z; + 8,1, which depend on
the variables z; and 1 holomorphically. Define the real n-dimensional chain in X made

from these paths by

V(2,15 0,0) ==, (2,m50,0) X Y5(2z,m50) X -+ xv,(2,m0) CX.

Theorem 3.1.  The bi-linear morphism
e Ex (k) %}C§l§|x("3) » Oy x (R)
Y \

() du] & [ule )] — [ 6w utw. ) du)
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is well defined. Here & = (7,7, 9, 0) is a 4-tuple of positive constants satisfying

/
. T ~ 0 . o . 0
0<r<m, O<7°<2, 0<9<4, 0<Q<2sm4.

Moreover,

55,25 %’(51]1}|X,z3 = ligl(E%{}("ﬂ) ® Cy x (k) & ﬁgc$|x(n) = (51H§|X,z;;

r—0 C r—0

.. . . . R R
coincides with the cohomological action of gX’zS on %Y|X»26“

As a corollary of the theorem, we have the result on the composition on E%% (K):

Corollary 3.2.  Let k = (7,7, 0, 5) € R* satisfying
/

~ 0 0
T 0<0<—, 0<§<£sin—,

~ ~/
O0<r<m, O<r<8, 1 5 1

and the corresponding conditions to (1.1). Then there exists the bi-linear morphism

p: B (k) %E_]?E(H) » EX(R)
\)} \)}
[V, (2, w,m) dw] ® [Py(z,w,n) dw] — [(/( %(za,)iﬁ,n) Yy (W0, w, 1) diﬁ) dw]

Moreover the multiplication of the ring 5'5%3 coincides with

EX 5 @68 5 = lm(E% () ® B () % lim B (w) = 65,

r—0 r—0

Remark 3.3.  For any ¢, (2,w,n), ¥y(z,w,n) € liﬂl?g{é(n), we can show

r—0

Wy (2, @,m) Py (W, w, 1) dib € lim K ().
7(z,m30,9) k—0

Further if either ¢, or 1, belongs to lig]\Angé(K,), then

r—0

Wy (2, B, 1) o (@, w, 1) i € limg N ().

~v(z,m;0,8) K—0

However in general, for ¢, (z,w), ¥y(z,w) € liglKg%(n),

r—0

Wy (2,0) o (0, ) dib & lim K (),

v(z,m4;0,0) k—0
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for any fixed n, (see Kamimoto-Kataoka [5], [6]). In order to solve this problem,
Kamimoto-Kataoka [5], [6] introduce a new class of kernel functions. On the other
hand, our starting point is a new representation of cohomology as in §1.

Our parameter 7 controls the convergent radius with respect to z; variable. Note
that

W (zw,m) = [y (2, ) 1y (T, w) dib € lim K (k).
ﬁY(sz/;Q»e) r—0

§4. Symbols and Formal Symbols

For an explicit calculus of operators in é";lf, it is very useful to introduce the notions
of symbols and formal symbols. In this section, we recall definitions of symbols and
formal symbols of &% (see [1], [3], [4]).

Let X := C" and consider T%X ~ X x C" = {(#;¢)}. Let m: T"X — X be a
canonical projection. If V'C T* X is a conic set and d > 0, we set

Vid] :={(2,¢) € V5 [[<I| > d}.
For any open conic subset {2 C T*X and p > 0, we set

0,:= 0 UlG+5c+ ) e 121 <o ) < Al
(z,)eN
Here Cl means the closure. In particular, {2, = Cl1{2. For any d > 0 and p € [0, 1[ , We
set d, := d(1 — p) for short. Let U, V be conic subsets of T°X. Then we write V€U

conic

if V' is generated by a compact subset of U.

Definition 4.1. Let 2 €T"X be an open conic subset.

conic

(1) We call P(z,() a symbol on (2 if there exist d > 0 and p € |0,1[ such that
P(z,¢) € I'(22,[d ]; Op. k), and for any h > 0 there exists C, > 0 such that

1P(2,0) < Cpel¥l ((20) € 2,[d]).

We denote by . (£2) the set of symbols on (2.
(2) We call P(z,() a null-symbol on (2 if there exist d > 0 and p € ]0, 1] such that
P(z,¢) € I'(2,[d ]; Op. ), and there exist C, § > 0 such that

[P(z, Q)| < Ol ((2:¢) € 2,[d,)).

We denote by A4 (£2) the set of null-symbols on (2.

(3) For any 2% € T*X, we set
yzg = 1135”(0) > ,/st = hglJV(Q)
25z 2524

where {2 €T X ranges though open conic neighborhoods of z;.

conic
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Definition 4.2.OO Let ¢ be an indeterminate.
(1) P(t;2,Q) = 2 t"P,(2,¢) € F,(£2) if P(t;2,¢) € I'(£2)]d ]; Op.x)[t] for some
v=0

d>0andpe€ }0, 1 [, and there exists a constant A > 0 satisfying the following: for any
h > 0 there exists a constant ¢, > 0 such that

C, A ! eMiell

P <
| I/(Z7<)| < ||C||V

(v €Ny, (2:¢) € 22,[d]).

(2) P(t;2,0) = > t"P (2,(,n) € 5/’:1([2) is an element of JT/C\I(Q) if there exists a
=0

V=

constant A > 0 satisfying the following: for any h > 0 there exists a constant C; > 0
such that

C, A"m! ehliel

Il

P e0| < (mEN, (5:¢) € 2,[d]).

(3) We set

o~ o~

Fetze = UM T (2) DA e 1= T A (£2).
17 17

—~

We call each element of .7, (f2) (resp. JT/C\I(Q)) a classical formal symbol (resp.
classical formal null-symbol) on (2.

Definition 4.3&) Let ¢ be an indeterminate.

(1) Pt;2,0) = SH°P,(2,0) € Z(2) i P,(2,0) € T(2,[( +1)d,J; Oy ) for some
v=0
d>0andpe€ }O, 1 [, and there exists a constant A € }O, 1[ satisfying the following: for

any h > 0 there exists a constant €, > 0 such that

P, (2,0)| < C A"l (1 e Ny, (2:¢) € 2,[(v+ 1)d,]).

(2) Let P(t;2,¢) = i t"P (2,(¢) € 5/’\((2) Then P(t;z,() is an element of J?(Q)
v=0

if there exists a constant A € }O, 1[ satisfying the following: for any h > 0 there exists
a constant C, > 0 such that

Tg:Py(z,C)‘ < G A (m e N, (2;¢) € 2,[md))]).

(3) For 25 € T* X, we set

oy = lim F(2) D A, =l A (92).
k9] 2

o~ o~

We call each element of .7 (£2) (resp. A (£2)) a formal symbol (resp. formal null-
symbol) on 2. Then we can prove:
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—~

Theorem 4.4 (sce [4]). (1) .#(2) C .Z,(2) C .Z(2) and N (2) C N, (2) C
(2) For any 25 € T*X, the mcluszonsﬂ C 5”1 2 C ,5” andJV C JVI 2 C JV
induce

@@5%0 I_H} KR /‘]\[]R ‘yza‘ /J‘/za* cl 2y / cl, z* 26‘ /‘/T/;

Take any K(z,w)dw = [¢(z,w) dw] € lgl (KX (k /N]R . Then we set

r—0

o(¥)(z,() ::/ U(z, 2 +w) e dw.

¥(0,m430,0)

Here 0 < ny < 1 is fixed. Then ¢ induces an isomorphism (see [1], [4]):

Ex,; = MKy (k) /N (k) 4 7 /A,

r—0

§5. Symbols with an Apparent Parameter

For our new cohomological definition of 5’;1? in §3, we shall develop the symbol
theory as in §4. First, we give the definition of symbols with an apparent parameter.
We inherit the notation from the preceding section. Set for short

(5.1) S:=S

K

1 1
for some 7, 0 € ]0, 5[ (recall (1.2)). In particular we always assume that |n| < Bl for

any n € S. For Z € S, we set m, := m€11Zl|77| > 0.
7
Definition 5.1. We define a set 91(£2; S) as follows: P(z,(,n) € M(£2;S) if
(i) P(2,¢m) € I'(2,[d,] X S; Op. x ) for some d >0 and p € ]0,1],
(ii) there exists § > 0 so that for any Z € S, there exists a constant C', > 0 satisfying

1P(z,¢,m)| < Cpe 10 ((2:¢,m) € 2,[d ] x Z).

Lemma 5.2. If P(z,(,n) € M(£2;S), it follows that 877P(2,C,77) € N2;S).

Proposition 5.3.  Assume that P(z,(,n) € I'(£2,[d | X S; Op.x ) satisfies that
0,P(=.C.) € M(:S).

(1) The following conditions are equivalent:
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(i) there exists a constant v > 0 satisfying the following: for any Z € S there exists
a constant C, > 0 such that

|P(z,¢,m)| < Cpe?™ ((2:¢,m) € 2,[d ] x Z).

(ii) for any h >0 and Z € S there exists constant C, , > 0 such that

1P(z. ¢l < C " ((z:¢,m) € 2,[d,] x 2).

(2) Further assume that P(z,(,n) satisfies the equivalent conditions of (1) (resp.
P(z,¢(,n) € N($2;5)). Then for any ny € S, it follows that P(z,¢,n,) € Z(£2) (resp.
P(z,(,ny) € A (2)) and further P(z,(,n) — P(z,¢,n,) € N($2;5).

Definition 5.4. (1) We define a set &(£2;.5) as follows: P(z,(,n) € 6(£2;59) if
(i) P(2,¢,m) € I'(2,[d)] X S; Op. x ) for some d >0 and p € ]0,1],
(i) 8, P(2,C.n) € N2 9),
(iii) P(z,(,n) satisfies the equivalent conditions of Proposition 5.3 (1).

Note that 91(£2;.5) C &(£2;5) holds by Lemma 5.2.
(2) For 2 € T* X, we set

Here {2 €T* X ranges though open conic neighborhoods of z;, and the inductive limits
conic

with respect to S are taken by r, § — 0 in (5.1).

We call each element of &(£2;5) (resp. N(£2;.5)) a symbol (resp. null-symbol) on
2 with an apparent parameter in S. It is easy to see that &(2;5) is a C-algebra under
the ordinary operations of functions, and 91(£2; S) is a subalgebra. By definition, we
can regard that

Z(02)
N (82)

{P(z,¢,m) € 6(42,5); 0,P(2,¢,n) = 0} C &(£2;5),
S(Q) N2 8) € N2 9).

Hence we have an injective mapping .7 (£2)/ .4 (£2) — &(£2;.5)/M(£2;S). Moreover
Proposition 5.5.  There exists the following isomorphism:

S Q)] N (2) 25 &(2: 8) /M2 9).
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Take any K(z,w,n)dw = [¢(z,w,n) dw] € hﬂE;Ré(K,) We set

K—0
o(¥)(z.Cm) = | U(z,z +wm) el du.
7(0,1m;0,0)
Then we can prove the following theorem:
Theorem 5.6.  The mapping o induces an isomorphism

g_;l?,zg = %Eg{é(ﬁ’) % ng/ng )

r—0

The inverse @ of o is defined as follows: Let z; = (0;1,0,...,0) € T*X, and
P(z,(,n) € 626' By Proposition 5.3, for any sufficiently small n, > 0 we have
P(z,(,n) — P(2,(¢,n,) € ’)Tzs . We develop P(z,(,n,) into the Taylor series with re-

spect to ¢'/¢; = (¢/¢ys---,C,/C):
P(z,Cmy) = zPa<z,<I,n0>(< ) |

aeNg ! G

Definition 5.7. Under the preceding notation, we set

o0

wa(P)(Zawlan) ::/Clpa(27C1vn0)F|a|(C1777) e—w1C1 dCla

where we set (see [10]):

L,(m,n):= 1 "
( rl)!/oe_STSy_ldS (V c N)

Further we define

alw, (P)(z,w, —2,,7)
P = o .
@ (P)(z,w,n) ae%%‘_l (2r v—T)" (0’ — z’)o‘+1n—1

Here we set w' := (w,,...,w,)and 1, ;= (1,...,1).
. . R
We can show that w induces a mapping 628 / ‘ﬁzg — @‘"X,Z(,; and

— - _ 1. R R
woo =1: 628/’)'123 _>626‘/m26" cow=1:8x . = Ex -

§6. Classical Formal Symbols with an Apparent Parameter

In order to describe several operations of 5’;1? (coordinate transformations, products
and formal adjoints) in terms of symbols, we need a notion of classical formal symbols as
in non-parameter case: In this section, we give the definition of classical formal symbols
with an apparent parameter.
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Definition 6.1. Let ¢t be an indeterminate. Then we define the set ’)A'ICI(Q; S) as
[e.°] ~
follows: P(t;z,¢,n) = > t"P, (2,(,n) € N, (§2;5) if

v=0
(i) P(t;2,¢n) € I'(£2,[d)] x S; Op. - c)[t] for some d >0 and p € ]o,1],
(ii) there exists a constant A > 0, and for any Z € S, h > 0, there exists Chz>0
such that
C, A" m! N

ln¢l™

m—1
E_DOPV(z, ¢m| < (meN, (z¢,n) € 2,[d]x Z).

Definition 6.2.  We say that P(¢;2,(,n) = > t"P,(2,(,n) € éd(ﬂ; S) if
v=0

(i) P(t;2,¢,n) € I'(£2,[d)] x S; Op. - c)[t] for some d >0 and p € ]o,1],
ii) there exists a constant A > 0, and for any Z € S, h > 0 there exists C, , > 0
h,Z
such that
C, , A"V ehlicl
[Ingll”

1P, (2,(,m)| < (v €Ny, (2:¢,n) € 2[d | x Z).

(i) 0,P(t;2,¢,n) € Ny(£2;5).

We call each element of & a(£2;S) (resp. ‘ficl(ﬂ; S)) a classical formal symbol (resp.
classical formal null-symbol) on 2 with an apparent parameter in S. We remark that
N, (2;8) C 6,(92;5). For any 2 € T* X, we set

oy = MGy (255) D Ny L. o= lim N (2;.5).

Proposition 6.3.  Let P(t;z,(,n) € éd(ﬂ; S). Then for any ny € S, it follows
that P(tv Zy Ca 770) € ycl(g) and P(t, 2y Cﬂ?) - P(t, Zy <7770) € mcl(Q, S)

We can regard that

—~

F(2) = {P(t;2,¢,n) € &,4(12;8); 0, P(t;2,¢,m) = 0} € &,(5),

N (02) = g (2) NN (25 8) € NG (2; 5).
Hence we have an injective mapping fd(!?)/ﬁ;(ﬂ) — éd((z; S)/‘j\TCl(Q; S). Moreover
Proposition 6.4. 5’;((2)/%;(9) ~ &,(2;5)/M4(2;9).

Theorem 6.5. Let 2&€T*X be any sufficiently small neighborhood of z) €

conic

T*X. Then &(£2;5)/MN(2;S) 24 &,(2;5) /N4 (2 9).
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Sketch of Proof. We may assume z; = (z4;1,0,...,0). For any P(t;2,(,n) =
o o~
Y tYP (z,(,n) € 6_,(42;5), we set

v=0

P(Z,C) = izoéopy(Z?CvnO) ClVFV(CPa“)‘

Here we fix any 7, € S and choose a sufficiently small 0 < a < 1. Then we can show
that P(z,() € .L(£2) C 6(£2;S) and P(t;z,(,n) = P(z,() mod ‘5\1(31(!2; S). O

Definition 6.6. As in the case of &(f2;5), for any P(t;2,(,n) € écl(Q;S) we
set
P(t;z,¢,n): := P(t;2,¢,n) mod N, (2;5) € 6,(£2; 9) /N, (£2; S).

Take R€T*C". Let z = (zy,...,%

conic

nates on a neighborhood of Cln(£2) C X, and (z;(), (w;\) corresponding local co-

) and w = (wy,...,w,) be local coordi-

ordinates on a neighborhood of Cl{2. Let z = ®(w) be the coordinate transforma-
tion. We define Jj(2',2) by the relation &' (') — &~ (2) = J3(2',2)(2 — 2). Then

Tz, 2)\ = t[g—w(z)])\ = (. Let P(t;2,(,n) € @CI(Q; S) with respect to (z;¢). Then
z

[ee]
we set *P(t;w, \,n) = > t"®*P (w,\,n) by
v=0
*P(t;w, A\, ) = "2 Pt 0(w), ¢ + T3 (D(w) + 2/, D(w)A,n)| =0
¢’'=o0
ie.
1
Q*P (w,\,n)= > o 9707 Py (@(w), ¢+ 5 (B(w) + 2, B(w))A, n) =0 -
k+|a|=v - =

Theorem 6.7. (1) &*P(t;w,\,n) defines an element of écl(Q; S) with respect
to (w; \). Moreover if P(t;z,(,n) € ’5\'1(:1((); S), then @*P(t;w,\,n) € ’5\'1(:1((2; S).

(2) 1% s the identity, and if z = ®(w) and w = ¥(v) are complex coordinate
transformations, U*®* = (P¥)* holds.

Definition 6.8. Under the notation above, we define a coordinate transforma-
tion @ associated with @ by

O (LPH)(t;w, N\, ) := D" P(t;w, \,n):.
Theorem 6.9.  For any P(t;2,(,n), Q(t;2,(n) € éd(ﬂ; S), set

2/ =z

Qo P(t;2,¢n) 1= e QU 2, m) P(t 2/, )] -

= "0 0Qt 2, ¢+ ) Pt 24 2/, A )

2/=0 -
¢’/=0
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(1) Qo P(t;2,(,m) € écl(ﬂ; S). Moreover if either P(t;z,(,n) or Q(t;z,(,n) is an
element of ‘ﬁd((); S), it follows that Qo P(t;z,(,n) € ‘5\101(0; S).

(2) Ro(QoP)=(RoQ)oP holds.

(3) Let ®(w) = z be a holomorphic coordinate transformation. Then

&*Q o P*P(t;w, \,n) = P*(Q o P)(t;w, \,n).
Definition 6.10. For any :P(t;2,(,n):, :Q(t;2,(,n). € écl(Q;S)/’j\Tcl(Q;S),
we define the product by:
‘Q(t2,¢,m) TP (6 2,¢,m)t = 1Q o P(t;2,¢,m)
Theorem 6.11.  For any P(t;z,(,n) € éd(ﬂ; S), set
Pt;2,¢n) = OO Pt 2, —(m).

(1) *P(t;2,¢,m) € écl(Q“;S), where Q% = {(2;¢); (z;—¢) € 2}, and "P = P.
Moreover if P(t; z,() € ‘5\101(0; S), it follows that "P(t; z,() € ‘ﬁd(ﬂa; S).
(2)
Qo P)(t;z,¢m) = "P(t; 2,¢) o "Qt; 2,(, ).

(3) For any holomorphic coordinate transformation ®(w) = z, on écl(Q“; S)g) %
X

it follows that

0% .+ Y. 0z
det%@ (‘P)@dw ="(P P)odet%@)dw.

0z
Here det W stands for the Jacobian determinant.
w

Definition 6.12. For any :P(t;z,(,n). € écl(Q;S)/’j\Td(Q;S), we define the
formal adjoint by

‘(CP(t;2,¢,n)k) == Iet<a<’az>P(t;z,—C,77)Z € éd(ﬂa;S)/‘fid(Qa;S).

Theorem 6.13.  Let [(z,w,n) dw], [p(z,w,n)dw] € é"R,zS. Then the following
hold:

(1) 5 23200z Con) 020 (9) (2. Cor) € 6.
(2) 5 - 0800z, C.) 020 ()2, Co) — o (W) 0 0 (@) e G € Ry

(3) o(n(v @ 9) (2,61 = = 2r020(0) (2.6 m) O (). ) € .

This theorem justifies the following formal calculations:

o(u(yp®e))(z ¢ n) = /u(zb@@)(z,wr?, n)et>dz
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= /alZe@_z’<> /w(z,w,n) o(w,z,n) dw

= /d}“e@_z’C> /;b(z, z+w,n) p(z+w,z,n)dw

- / / 2,2+ w,m) e oz 4w, Z,m) TV dZ du

= /dw Y(z, 2 +w,n) e<w’<>/g0(z +w,z,n) e 00dz
= /dw V(2,2 +w,n) el /go(z +w,Z+w,n)e*dz
B /¢(z, z+w,m) e o(p)(z +w, ¢ n) dw

= /¢(z, z +w,n) e ZO; %T 0o (p)(z,¢,n) dw

=3 (/w(z, z+w,7) 6“”’“%? dw) 9o (¢) (2, ¢ )
=5 00 ( [tz ) O dw)or o)z, )

= 3 00 ) D7 () 22 o).

Remark 6.14. Let [¢(z,w,n)dw] € @@;Ifi’ e Then we can also prove the follow-
ing:
(1) We have

P*(t;2,(,m): = Z/ (z —w,z,m) e (WO qut.
7(0,m30,9)

(2) Let z = &(w) be a complex coordinate transformation. Then

DT P(t;w, \n)t = ¥(z,2',n) e(PTHEN =T g,
v(2,m30,0)

§ 7. Formal Symbols with an Apparent Parameter

For the analysis of (/7@;1? by using symbols, it is useful to introduce a wider class
é((); S) than éd((); S). In this section, we introduce this class é((), S); that is, formal
symbols with an apparent parameter.

For U C S and m € N, we set

(02, «U)[md,| == {(2:¢,n) € 2, x Us [[nC|| = md,} C £2,[md,)] xS.
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Definition 7.1. Let ¢ be an indeterminate. Then, we say that P(t;z,(,n) =
> tYP,(z,(,n) is an element of N(2;8) if
v=0
(i) P,(2.¢n) € I((2,*S)[(v+1)d,]; Op. x ) for some d >0 and p € Jo,1],

(ii) there exists a constant A € }0, 1 [, and for any Z € S, h > 0 there exists €, , >0
such that

m—1
pIAC m)] < C, AT (meN, (2:¢,m) € (2, % Z)[md,)).
Definition 7.2. (1) We say that P(t;2,(,n) = f t"P,(z,(,n) is an element of
S(12;9) if =0
(i) P,(2.¢n) € I((2,*S)[(v+1)d,]; Op. x ) for some d >0 and p € Jo,1],

(ii) there exists a constant A € }O, 1 [, and for any Z € S, h > 0, there exists ¢}, , >0
such that

P, (2,¢,m) < Cp z A" (v e Ny, (21¢,m) € (2, % Z)[(v + 1)d,]).
(iii) 8, P(t:2,¢,m) € N(2:S).

We call each element of é(Q;S) (resp. ‘YI(Q,S)) a formal symbol (resp. formal
null-symbol) on (2 with an apparent parameter in S.
We set
6., = liﬂ@)((); S) D N, = lim M(£2;.9).
2,5 S

Q

Proposition 7.3. (1) Let P(t;z,(,n) € é((), S). Then for any n, € S, it
follows that P(t;z,(,n,) € L (§2) and P(t;2,(,n) — P(t;2,(,n,) € N(2;S).
(2) There ezists the following isomorphism:

L)) N (2) ~ &(2;9)/N(2;9).

Theorem 7.4. (1) éd(ﬂ; S) C &(£2;5) and ‘ficl((); S) C N(£2; 9).
. (2) For any z; € T* X, the inclusions 626 C Gcl,za‘ C 626 and ’)Tzs C ‘ﬁd’zg C ’)Tzs
induce

Ex 2 S /'/Vzg; — ycl,zg/'/’/cl,zc’; = L /’/‘{zg
I

| [ [
lim B (k) 2 &, /N, = &

cl,zg
r—0
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Remark 7.5. (1) It is sometimes convenient to deal with formal symbols than
classical formal symbols. However, in Theorem 6.5, any sufficiently small neighborhood
of 25 € T*X we can obtain an isomorphism &(£2;5)/M(£2;S) ~ écl(Q;S)/’j\Tcl(Q;S),
and in Theorem 7.4, we only obtain an isomorphism between stalks at this stage.

(2) We obtain an explicit description of the isomorphism @@5’ g hﬂE}R} (k) as

r—0

follows: We may assume that z; = (2,;1,0,...,0) € T*X. Let P € &_,, and consider

* 9
%0

[ (P)(z,w,n) dw] € hﬂEg{é(n) Then we define

wo,a(P)(Zawl) = /d Pa(Z, <17770) F|a|(<1a Co€la| — w) e MG d¢, ,
ol 0 (P)(z,w))
aeNg_l (271. /1 )n (w/)a+1n_1

wo(P) (2,2 +w) :=

Here ¢y > 1> ¢, > ey > -+ > ¢, — 0 satisfying some conditions (cf. [3], [4]). Then we
can show that [, (P)(z,w) dw] € 55% and

[w(P)(z,w,n) dw] = [wy(P)(z,w) dw] € hﬂEg‘}(n)

r—0

We use the notation of Theorem 6.7. For any P(t;z,(,n) € é((), S), we also set

O*P(t;w, A, n) = "0 P(t;d(w), ¢ + g (P(w) + 2/, B(w))A, n)

z/=0 -
=

Theorem 7.6.  Let P(t:z,(,n) € &(£2; 9).

(1) &*P(t;w,\,n) € é((), S) with respect to coordinate system (w;\). Further if
P(t;z,(,n) € {Y\I(Q, S), it follows that ®*P(t;w,\,n) € ‘3\1(0, S).

(2) 1" is the identity, and for complex coordinate transformations z = ®(w) and
w = W(v), it follow that U*&*P(t;v,&,1m) — () P(t;0,£,1) € N,

Theorem 7.7.  For any P(t;z,(,n), Q(t;z,(,n) € é((), S), set

2=z

Qo P(t;2,¢m) i= O 2Q(t; 2, m) Pt 2, ¢ )| -

= 000 Q(t 2, ¢+ () Pty 2+ 2, ()

z2/=0 -
¢’/=0

(1) Qo P(t;2,(,m) € é(Q;S). Moreover if either P(t;z,(,n) or Q(t;z,(,n) is an
element of ‘5\”((!2, S), it follows that Q o P(t;z,(,n) € ‘3\1(0, S).

(2) Ro(QoP)=(RoQ)oP holds.

(3) Let ®(w) = z be a holomorphic coordinate transformation. Then

O Qo P*P(t;w, \,n) — P*(Qo P)(t;w,\,n) € &(w;A)'
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Theorem 7.8.  For any P(t;z,(,n) € é((), S) set
Pt 2,¢m) i= "% Pt 2,—(m).
(1) *P(t;2,(,m) € é(QG;S) and "P = P. Moreover if P(t;z,(,n) € ’5\'1([2, S), it

follows that *P(t; z,(,n) € M(2% S).

(2) (Qo P)(t;2,¢,m) = P(t; 2,¢,;m) 0 "Q(t; 2, ¢, m). ~
(3) For any holomorphic coordinate transformation ®(w) = z, on &(2%; S)g) %

X

it follows that

[1]

2]

3]

[4]

[5]

[6]

[7]
(8]
[9]
[10]

[11]

0% .4 . 0z
det%@ (‘P)@dw ="(P P)odet%@)dw.
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