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Abstract

This paper studies the monodromy of some class of confluent hypergeometric equations.
By using the convergent semi-formal solution introduced in [1] we will show the concrete formula
of the monodromy for some class of confluent hypergeometric equations.

§1. Introduction

In this note we will study the monodromy of some class of confluent hypergeometric
equations which can be written in a Hamiltonian system. In [1] it was shown that
monodromy in the class of formal power series can be calculated if one uses semi-formal
solutions in expressing monodromy. We will use the convergent semi-formal solutions
defined by first integrals of the Hamiltonian system which are identical to the ones given
in [1]. More precisely, a convergent semi-formal solution is defined in terms of sufficiently
many functionally independent first integrals. There are similarities between our idea
and the so-called KAM theory. The definition of the monodromy via first integrals
enables us to calculate the monodromy in an elementary way. We will give examples
for which one can calculate the monodromy concretely. We hope that our method may
be extended to more general class of equations in a future paper.

This paper is organized as follows. In section 2 we study the convergent semi-formal
solutions. In section 3 we introduce a class of confluent hypergeometric system written
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in a Hamiltonian form. In section 4 we construct functionally independent first integrals
and calculate the monodromy for a certain example.

§2. Semi-formal solution via first integrals

Let n > 2 and ¢ > 1 be integers. Consider the Hamiltonian system

d
=V, H(zq,p), 2L = VM2 qp),

dq
20 741
- dz

(2.1) -

where ¢ = (g2,...,4qn), p = (p2,-..,0n), and where H(z,q,p) is analytic in z € C in
some neighborhood of the origin and entire in (¢, p) € C*~! x C*~1. We note that, by
taking ¢; = 2z as a new unknown function (2.1) is written in an equivalent form for the
Hamiltonian function H, H(q1,q,p1,p) = p14:° + H(q1,q,p)

(2.2) G=Hy, =¢°, pr=—-Hy =—20p137 " —0,H(q1,9,0),
q = VpH = VpH(q17Q7p)a p = _qu = _qu(q17Q7p)'

The solution of (2.1) is given in terms of that of (2.2) by taking ¢ = z as an independent
variable.

Semi-formal solution. We define the semi-formal solution of (2.1) following [1].
Let (9(50) be the set of holomorphic functions on S’O, where go is the universal covering
space of the punctured disk of radius r, Sp = {|z| < r} \ 0 for some r > 0. The
(2n — 2)-vector &(z, c) of formal power series of ¢

(2.3) T(z,¢) = Z Ty(2)c” = Eo(2) + X(2)c+ Z Ty (2)c”

V>0 ] >2

is said to be a semi-formal solution of (2.1) if #, € (O(Sy))?"~2 and (¢(z,¢), p(z,¢)) =
Z(z,c) is the formal power series solution of (2.1). As for the properties of the semi-
formal series (2.3) we refer to [1]. Here X (z) is a (2n—2) square matrix with component
belonging to O(Sp). If X (z) is invertible, then we say that (¢(z,c), p(z, ¢)) is a complete
semi-formal solution. We say that a semi-formal solution is a convergent semi-formal
solution (at the origin) if the following condition holds. For every compact set K in
Sy there exists a neighborhood U such that the formal series converges for ¢; € K and
¢ € U. The semi-formal solution at the general point zy € C is defined similarly.

Monodromy function. We consider (2.1). Let zg be any point in C and let ¢ and
p be semi-formal solutions of (2.1) around zo. We define the monodromy function v(c)
around zo by

(2.4) (¢:9)((z — 20)e*™ + 20, v(c)) = (q,p)(z, ¢),
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where v(c) = (vj(c)). The existence of v(c) is proved in [1]. If we denote the linear
part of v(c) by M~1c, then by considering the linear part of the monodromy relation
we have X ((z — z9)e?™ + z9) = X (2)M. Hence M is the so-called monodromy factor.
In the following we will show that the convergent semi-formal solutions of (2.1) can
be obtained by solving certain system of nonlinear equations given by first integrals.
We consider (2.2). Given functionally independent first integrals H(q1,q,p1,p) and
v = Yi(q,q,p) (5 =1,2,...,2n — 2) of (2.2), where the functional independentness
means that there exists a neighborhood V' of the origin of (¢, p, p1) such that the matrix

(2-5) ! (Vq,p,pl H, vq,p,p1¢j)j¢1,2,...,2n—2

has full rank 2n — 1 on (¢1,p1,¢,p) € So x V. We assume that every coefficient of 1;
expanded in the power series of ¢, p is holomorphic with respect to ¢; on So.
Let the point (q1,0,P1,0,90,P0) and the values ¢jo (j =1,2,...,2n — 2) satisfy that

(2.6) H(q1,0,71,0,90,P0) =0, ¥;(q1,0,90,P0) =¢j0, (1 =1,2,...,2n —2).

For ¢; = ¢ + ¢j0, ¢ = (¢1,...,Con—2) € C?"~2 we consider the system of equations of
p1,q and p
(27) H(q17p17Q7p) = 07 ,ij(qlaq’p) = Cy, (.] - 1727 s 72n - 2)

If (2.7) has a solution, then we denote it by ¢ = q(q1,¢), p = p(q1,¢), p1 = p1(q1,¢). We
see that ¢, p and p; are holomorphic functions of ¢; in Sy and ¢ in some neighborhood
of the origin if we assume (2.5). We have

Theorem 2.1.  Suppose that H(q1,q,p1,p) and ¥; =¥i(q1,9,p) (1 =1,2,...,
2n —2) be functionally independent. Assume (2.6). Then the solution of (2.7) gives the
convergent complete semi-formal solution (q(z,c),p(z,¢)) (1 = z) of (2.1) provided q
or p is not a constant function.

Proof. Define § = (q1,q), p = (p1,p) and write GY) := v;. For the sake of sim-
plicity we write ¢ and p instead of ¢ and p, respectively. By assumption and the implicit
function theorem ¢, p and p; are convergent semi-formal series in some neighborhood of
¢ = c%. In order to show that they are the solution of (2.2) we differentiate (2.7) with
respect to the time variable. Then we have

(2.8) GH, +pH, =0, 4GV +pGY) =0, (j=1,2,...,2n—2),
where ¢ = dg/dt and so on. Because GY) is the first integral it follows that

(2.9) H,GY) —H,GY =0, (j=1,2,...,2n—2).
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By assumption on the functional independentness we see, from (2.8) and (2.9), that the
vectors (¢, p) and (Hp, —H,) are contained in some two dimensional plane II. Note that
these vectors are orthogonal to (Hy, Hp) # 0. If (H,, Hy,) € II, then there exists c(t)
such that ¢ = ¢(t)Hp, p = —c(t)H,. In order to show that the assertion holds in case
(H,, H,) ¢ TI, we note that the orthogonal projection of (H,, H,) to II, (H,, H,) does
not vanish by the assumption on (2.5). By (2.8) we have that ¢H, + pH, = 0. On the
other hand, by (2.9) (H,, —H,) is orthogonal to (H,, H,) — (H,, H,). Since (H,, —H,)
is orthogonal to (Hy, H)), it follows that H,H, — H,H, = 0. Hence we have the same
assertion.

If ||+ |p|* # 0, then c(¢) does not vanish. Because H,, H, € O(

o) do not vanish
similutaneously, we see that ¢(t) € O(Sp). If we introduce s by § = ¢(t), then

(2.10) dg/ds = Hp,, dp/ds=—H,.

We will remove the assumption |§|? + [p|?> # 0. If ¢ and p are not a constant function,
then either ¢ or p does not vanish except for a discrete set because they are analytic
functions. Hence, by continuity we see that ¢ and p satisfy (2.10). We note that the
invertibility of X in (2.3) is verifed because (2.5) has a full rank. If we come back
to the original notation, then by definition and the relation between (2.1) and (2.2)
(q(z,¢),p(z,¢)) (2= q1) is the convergent semi-formal solution of (2.1). O

§ 3. Confluent hypergeometric equation

We consider a class of hypergeometric system introduced by Okubo (cf. [2])

dv
3.1 —-C)—=A
(3.1) (-~ O)F = Ao,
where C' is a diagonal matrix and A is a constant matrix. The system has only regular

singular points on C U {oo}. Set v = (¢, p) € C" and assume that C' and A are block
diagonal matrices

(3.2) C = diag(A1, A1), A = diag(A4;,—"A))

where A; and A; are n — 1 square diagonal and constant matrices, respectively such
that

(33) (Z — Al)Al = Al(Z — Al), Vz € C.
Define

(3.4) H:={(z— A 'p,A1q).
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Then one can write (3.1) in the Hamiltonian form

dq
Y _ g g .
< »(2,4,p), 7 ¢(z,4,p)

We will introduce the irregular singularity by the confluence of singularities. Let
Aj (J = 2,...,n) be the diagonal elements of A;. We assume A; # 0 for all j. Take
nonempty sets J and J’ such that JUJ' = {2,3,...,n} and \; # \; for every i € J and
j € J'. Without loss of generality one may assume J = {2,3,...,n0} for some ng > 2.

(3.5) dp _

We merge all regular singular points z = X\; (j € J’) to the infinity. First, by setting
z=1/C in (3.5) we have

(3.6) e _c — (- A0 g ¢ _c =t Ai(z =)

Subsitute ¢ = e7 15 in (3.6). Replace \, with e\, if v € J and multiply the u-th
row of Ay with e~ if 4 € J’. Then we let ¢ — 0. Define the diagonal matrix 2 by
2 :=diag (A1,...,A,) where A, is given by =\, ' if v € J and (=t —X,) tifp € J,
respectively. Then we obtain

dg d
(3.7) Y gy~ A _772d_§ — P A, 2p.

We will write (3.7) in a Hamiltonian form. Set n = ¢1, and define H by

(3.8) H(q1,p1,9,p) := p1d; — (A(q1)A1q, D).

One can easily see that ¢ = 7723—% and p = 772%. Because —AA1q = H, and —"4,2p =
H,, one easily sees that (3.7) is equivalent to the Hamiltonian system with the Hamil-
tonian function (3.8).

If A;’s are mutually different, then it follows from (3.3) that A; is a diagonal matrix.
Denote the diagonal entries of A; by 7;. Then we have

q;DP4
(3.9) H(q1,p1,9,p) = n1q] +Z Y N 4iPi +Z _J)J\ 1

§4. Calculation of monodromy

In this section we will calculate the monodromy for the Hamiltonian (3.9) via first
integrals. We assume that \;’s are mutually different. First, we construct first integrals
of the Hamiltonian vector field

0 0 qiDi 0
4.1 = —2q1p1 — — I
(4.1) X = 0~ 2P ;J 3 AT o

7 O,y 1L (0 0
+Z (3(1 pjapj>+z>‘2‘(h_)‘j_l (q]a% Yo )

jeJ
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For k =2,...,n we will construct the first integrals in the form gpwy(q1). We see that
wy, satisfies

8 Tk Tk 1 ) .
2
— =+ 55— =0 ifkeJ
(QI o A Aq— )\,;1 W '

8 Tk> .
2
—+—|wp,=0 iHk&.J
(q18q1 A k ¢

(4.2)

Hence we have

(_;@T3>n}fkeJ
(4.3) wi(gn) =4 N7 A

itk & J.

ex
P A1

Next we consider the first integrals w := prug(q1). By (4.1) the equation ygw =0
can be written in the form

d Tk T3 5k 1
4.4 2 _ _ J »J u —0,
(4.4) q; dan EJ: )\? 7 — )‘j_l k(q1)

where 6y, ; is the Kronecker’s delta, namely 65 ; = 1 if £ = j and =0 if otherwise. By

solving the equation we have ug(q1) = ( 4 )_ "tk e J, and = exp( Th ) if

=X, T Xkar
k & J. Hence we have

(4.5) up(q) = we(q))™, k=2,...,n.

By (4.3) and (4.5) we have the first integrals ¢; (j =1,2,...,2n —2)

(4.6) Wi = ¢jr1wjr1(q (j=1,2,...,n—1)
T piensrwiong2(@) Tt (G =nn 41 20 2).

Summing up the above we have

Theorem 4.1.  Assume \; # 0 for all j and that X\;’s are mutually different.
Then the Hamitonian vector field (4.1) has 2n—1 functionally independent first integrals
H and;’s (j=1,2,...,2n —2) given by (4.6).

We will determine monodromy using first integral. We take the convergent non
constant semi-formal solution ¢(q¢1,¢), p(q1,c¢) and p1(q1,c) defined by (2.7). The mon-
odromy function v(c) around zy is defined by (2.4). In view of the argument in section
2, we will study the monodromy around the origin z5 = 0 or around zy = )\,:1 for some
k € J. Note that )\,;1 is a regular singular point of the our equation which remains
unchanged under the confluence procedure.
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First we consider the case zyp = 0. In order to determine the monodromy function
21

v(c), we first note H(q1e*™,p1,q,p) = H(q1,p1,q,p). On the other hand, for 1 < j <

n — 1 we have

(4.7) Vi(q1e*™,q,p) = gjr1wjr1(qe*™) =
B 627rz'7'j+1qj+1wj+l(ql) — cj€2m'7'j+1 ifj +1eJ
gGir1wi+1(q1) = ¢ ifj+1¢&J

If n <j <2n — 2, then we have

(4.8)  ¥i(@1e*™,¢,p) = ¢j—nt2wj—ni2(q1e*™) !

B 6—27TiTj—n+2pj_n+2wj_n+2(ql)_l — Cje—27TiTj—n+2 ifj —n+2¢cJ
pj—n+2wj—n+2(q1)_1 =6 ifj-n+2¢J

We define v(c) = (v;(c)); by

cje?miTit1 if1<j<n-1,j5j+1€J

C; if1<j<n-—-1 57+1¢&¢J
(49) Uj(c): ’ T . . .

cje itz ifn<j<2n—-2, j—n+2€J

¢ ifn<j<2n—2, 5—n+2¢J.

Similarly we define ¥(c) = (9;(c)); by the right-hand side of (4.9) with 741 and 7,42
in (4.9) replaced by —7j4+10k j+1 and —7j_p420k j—n+2, respectively. Here 6y ;11 and
Ok, j—n+2 are Kronecker’s delta.

Let q and p satisfy (2.7) with 1;’s given by (4.6). Then we easily see that

(410) H(Q162ﬂ-i7p17Q7p) = 07 wj(QIQQﬂ-ia Q7p) = 'Uj(C), 1 S ] S 2n — 2.
By the uniqueness of semi-formal solution we obtain q(q1e®™,v(c)) = q(q1,c) and
27

p(q1e“™,v(c)) = p(q1,c). This implies that v(c) is the monodromy function as de-
sired. In the case of other regular singular points we may argue in the same way as in
the case of the origin. Thus we have proved

Theorem 4.2.  Assume \; # 0 for all j and that \;’s are mutually different.
Then the monodromy functions v(c) around the origin and /\,;1 (k € J) correspond-
ing to the semi-formal solution of (2.1) defined by (2.7) are given by (4.9) and v(c),
respectively.
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