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Abstract

In this report we present a conjecture for the fourth order PI equation with a large
parameter to show its importance in the exact WKB analysis. The conjecture is related to
coalescing phenomena of turning points and can be regarded as a nonlinear analogue of Hirose’s
result ([9]) for the Pearcey system. We also discuss some relations between the conjecture and
Dubrovin’s result ([7]) for the KdV equation.

§1. Introduction

The purpose of this report is to show the importance of the fourth order PI equation

4 2
(Pr)2 77_46;77: —10n~2 {2“272 + (2—?)21 + 40u® + 8cu — 8t = 0,
where 77 (> 0) denotes a large parameter and ¢ € C is a constant, in the exact WKB
analysis by presenting a conjecture for (P)s.

Recently Hirose ([8, 9]) studies the exact WKB analysis for a completely integrable
system of linear differential equations with two independent variables and proves that
the Pearcey system, that is, the most degenerate hypergeometric system with two vari-
ables, gives the normal form at a critical point where two turning points coalesce. Our
conjecture can be regarded as a nonlinear analogue of Hirose’s result: As is well-known
(e.g., [18, 19]), higher order Painlevé equations can be extended to completely inte-
grable systems of nonlinear differential equations. For example, (Pp)s is extended to the
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most degenerate Garnier system with two variables. Then the conjecture claims that in
the study of completely integrable systems of nonlinear differential equations (with two
variables) the fourth order PI equation (Pp)s gives the normal form at a critical point
where two nonlinear turning points coalesce. To show the validity of the conjecture we
discuss the transformation between the fourth order PII equation and (P;)s (to be more
precise, between the completely integrable systems of nonlinear equations corresponding
to them) in this report.

On the other hand, Dubrovin ([7]) shows that the fourth order PI equation is a
universal model at a point of gradient catastrophe for a solution of the KdV equation.
In fact, Dubrovin’s result is one of the motivations of our study for the fourth order PI
equation. At the end of this report we also discuss some possible relations between our
conjecture and Dubrovin’s result.

The paper is organized as follows: In Section 2 we briefly review the exact WKB
analysis and then recall Hirose’s result for the Pearcey system in Section 3. The main
claim (conjecture) will be given in Section 4. Section 5 is devoted to the discussion of the
transformation between the fourth order PII equation and the fourth order PI equation.
Finally in Section 6 we discuss relations between our conjecture and Dubrovin’s result.

§2. Brief review of the exact WKB analysis

In this section we briefly review the exact WKB analysis for ordinary differential
equations.

First, let us consider linear ordinary differential equations with a large parameter
n > 0:

d\m d \m—1
_1_ _1_ P —
(2.1) ((n dw) +oai () (77 dx) 4ot am(a:)> b =0.
Equation (2.1) has a formal solution v¢;(x,n) (j = 1,...,m), called a WKB solution, of
the form
(22) vyl =exp(n [ Gla)de) 300 ),
n=0

where (;(x) is a root of the characteristic equation of (2.1):
(2.3) (™ 4 ay ()¢ a(z) = 0.

In the exact WKB analysis we use the Borel resummation technique to endow a WKB
solution with analytic meaning. Several important properties of the Borel sum of a
WKB solution are described in terms of turning points and Stokes curves, which are
defined as follows:
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Definition 2.1. (i) A zero of the discriminant of (2.3) is called a turning point
of (2.1). In particular, a simple zero of the discriminant is called a simple turning point.
When two characteristic roots ¢;(x) and (;(z) merge at a turning point x = a, we say
that © = a is of type (7,7').

(ii) Let « = a be a turning point of type (j,j’). Then a curve defined by

(2.4 tn [ (G0 - G (0) do =0

is called a Stokes curve of type (j, 7).

Note that there exist m(m — 1)/2 types of turning points and Stokes curves for
an m-th order equation. Thus it is not necessary to specify their types for second
order equations, while it is essentially important to specify their types for higher order
equations.

As is discussed in [22], [6], [15], etc., in the case of second order equations a WKB
solution is Borel summable except on Stokes curves and Stokes phenomena for WKB
solutions occur only on Stokes curves. Furthermore, the structure of Stokes phenomena
for WKB solutions on a Stokes curve emanating from a simple turning point is well
understood by using a WKB theoretic transformation to the Airy equation near a
simple turning point. See [20] for the Borel summability of WKB solutions and see
[2], [15, Chapter 2] and [11] for WKB theoretic transformations to the Airy equation
near a simple turning point.

On the other hand, in the case of higher order equations, we encounter a problem
of “new Stokes curves” and “virtual turning points”.

Example 2.2 (BNR equation; cf. [5]).

3

(2.5) ((77”%) + 377—1% + Qix) Y = 0.

Equation (2.5) has turning points at x = £1. After numbering the characteristic roots
suitably, we find that x = —1 is of type (1,2) and x = 1 is of type (2,3). As the types
of these two turning points differ, Stokes curves emanating from them cross. Berk et
al ([5]) pointed out that Stokes phenomena for WKB solutions of (2.5) occur not only
on Stokes curves emanating from the turning points x = £1 but also on a new Stokes
curve (of type (1,3)) passing through the crossing points of Stokes curves. (To be more
precise, Stokes phenomena occur only on a solid portion, not on a broken portion, of a
new Stokes curve.) See Figure 1. Later Aoki et al ([3]) introduced the notion of virtual
turning points through microlocal study of the Borel tranform of (2.5) and interpreted
this new Stokes curve as a Stokes curve emanating from a virtual turning point at x = 0.
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“new Stokes curve”

“yirtual turning point”

Figure 1. Stokes curves and a new Stokes curve of the BNR equation (2.5)

Although it is a troublesome problem to determine the complete structure of new
Stokes curves and virtual turning points for a generic higher order equation, we have
a concrete procedure, which is practically satisfactory, to determine it. For details see
[10] and references cited there.

Next, let us consider nonlinear ordinary differential equations of Painlevé type, that
is, Painlevé equations with a large parameter n > 0:

)
dt?

d\

(Pr) =n’F;(\t) + Gy (A, — t> (J=1L1L,...,VI)

dt’

(where Fj(\,t) and G (), i, t) are some rational functions; for example, F} = 6% + t,
Fi1 = 203 +tA +¢, Gr = Gpp = 0, etc) and their higher order analogues (Pj),, (i.e.,
2m-th order J-th Painlevé equations). In the case of nonlinear equations such as (Py)
there exists a formal power series solution, called a O-parameter solution, of the form

(2.6) A0 ) = A2 @) + 77 A @) + 22 (@) + -

There also exists a formal solution, called an instanton-type solution, with sufficiently
many free parameters for (Py) and (Py),,. Using O-parameter solutions and instanton-
type solutions instead of WKB solutions, we can develop the exact WKB theory for
nonlinear equations of Painlevé type. In particular, turning points and Stokes curves
for (Py)m, are defined as follows:

Definition 2.3.  Let (APj),, be the Fréchet derivative (or the linearized equa-
tion) of (Py),, at a O-parameter solution. Then a turning point and a Stokes curve of
(Pj)m are, by definition, a turning point and a Stokes curve of (APj),,, respectively.
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Although the (generalized) Borel summability of O-parameter solutions and instanton-
type solutions are not in general verified yet, the framework of the exact WKB theory
for (Py) and (Py),, has been constructed in a parallel way to the exact WKB analysis
for linear equations (2.1). See, e.g., [13], [4], [14], [21], [12], [16] and [17]. For exam-
ple, as a nonlinear analogue of the transformation to the Airy equation near a simple
turning point, a formal WKB theoretic transformation to the second order PI equation
(Pr) near a nonlinear simple turning point is constructed in [13], [14], [16] and [17]. The
appearance of a new Stokes curve for higher order Painlevé equations is also confirmed
in [12].

§3. Hirose’s result for the Pearcey system

Recently in [8] and [9], following the pioneering work of Aoki ([1]), Hirose discusses
the exact WKB analysis of a 3 x 3 completely integrable system of linear differential
equations with two independent variables

0

10 = P(2)¥
U (z)9,
Ny

In particular, he studies the Pearcey system, i.e., the most degenerate hypergeometric

(3.1) (P(z), Q(z) : 3 x 3 matrices).

system with two variables:

;

5 0 1 0
nl—VU=Px)V, P= 0 0 1],
8.731
(32) —211'1/4 —332/2 0
' (000
0y e, g=r+ 2" |00
" bz row T 5.

\

which is equivalent to
(3.3)

Note that the restriction of the Pearcey system (3.2) or (3.3) to a complex line zy =
Const. is equivalent to the BNR equation (2.5).
A completely integrable system (3.1) has a WKB solution of the form

(3.4) v = (1 [ ) w0 e0)

n=0



306 YOSHITSUGU TAKEIL

with w; being a closed 1-form defined by
(3.5) wj = Cl,j (x)dxy + Cz,j(x')dxg,

where (; j(x) and (o j(z) are eigenvalues of P(x) and Q(z), respectively. (Note that,
thanks to the complete integrability of (3.1), P(z) and Q(z) commute and hence they
are simultaneously diagonalizable.) In the case of a completely integrable system (3.1)
turning points and Stokes surfaces are defined as follows:

Definition 3.1. (i) A turning point of (3.1) is a common zero of the discriminant
of the characteristic equation of P(x) and that of Q(x), that is, a point where two
different 1-forms w; = (1 j(z)dzr1 + (2 j(x)dxe and wjr = (1 o (x)dz1 + (2,57 (x)dxo merge.
When w; and wj merge at a turning point x = a, we say that z = a is of type (7, j).
(ii) Let « = a be a turning point of type (j,j’). Then a surface defined by

(3.6) Im /3«” (wj —wj) =0
a
is called a Stokes surface of type (7, 7’).
For example, the set of turning points of the Pearcey system (3.2) is given by
(3.7) 277 + 8z3 = 0.

This set of turning points of (3.2) has a cuspidal singularity at the origin and two
turning points with different types coalesce there (cf. Figure 2).

T2

“coalescing point of
turning points”

N\

T

Figure 2. The set of turning points of the Pearcey system (3.2)

As is discussed in [8], a coalescing point of turning points plays an important role
in the exact WKB analysis of completely integrable systems and Hirose proves the
following intriguing result in [9].
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Theorem 3.2 (Hirose [9]).  The Pearcey system (3.2) gives the normal form at
a coalescing point of turning points for a completely integrable system (3.1).

To be more specific, let us assume that coalescence of turning points occurs at
Z = (0,0) for a completely integrable system

o - - .
1 _ ~
=28 = O(3)0.

09

(3.8)

Then under some genericity condition we can find a coordinate transform
(3.9) o(T) = (21(Z1, T2), v2(T1, T2))

and a formal gauge transform of unknown functions
o

(3.10) T(Z,n) = Z n "L (%) (T,(Z) : 3 x 3 matrices)
n=0

near = (0,0) so that the following relation holds:

(3.11) U(&,m) = T(2, )P (x(Z). 1),
where W(z,7) and U(Z,7) are unknown functions of the Pearcey system (3.2) and a
completely integrable system (3.8), respectively.

§4. Main claim (conjecture)

Now a natural question we want to ask in this report is
Question.  What is the nonlinear analogue of Hirose’s result ?
Our answer to this question is the following

Claim (Conjecture) 1.  The fourth order PI equation (Pi)2 gives the normal
form at a coalescing point of nonlinear turning points for a higher order Painlevé equa-
tion.

In what follows we explain some fundamental facts about the fourth order PI equation
to state the above claim in a more specific manner.

It is shown in [19] that the fourth order PI equation (Pr)2 can be obtained by
restricting the most degenerate Garnier system G(9/2;2) of two variables

10 _OHk O OHk oy )

41 _
(4.1) ot o’ o o\
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with the Hamiltonian

= s A8 F (A X)) + (A — M)

4.2 = -
(4.2) M — A AL = A2 |
AMps —Xop? g — e
4.3 Hy=—"——~
AL\
F (- A + 1208 - X))

onto the complex line {t2 = ¢}. As a matter of fact, introducing the symmetric variables

(u1,u2,v1,v2) of (A1, Ag, p1, p2) by

UL = A+ A2, U2 = —A1Ag,

(4.4) O Sl T A — Aafiq
1 )\1 — )\27 2 )\1 — )\2 ’

we find that (4.1) is expressed as

( ou
-1 1
7 _
61:1 U1,
_1% — 2@2,
oty
(4.5) oo L,
ov
n—la_tQ = u‘;’ + duqug — U% + tour + t1,
L 1
( _18u1 2
— = —
oty 3 %
ou 2 1
2 = S (vug —wgve) — 507 Y
(4.6) th 5 ;
: 1
-19%1 = —(u:{’ + 4uqug — v% + touy + t1),
Ot 3
ov 1
n o2 = =2 (uf +ugud — 2ud — wv? + ta(ud - up) + tyua),
\ Oto 3

and that the restriction of (4.1) onto {t3 = ¢} exactly coincides with the fourth order
PI equation (Pr)s for u = uy. Note that the first Hamiltonian H; of (4.1) gives the
Hamiltonian structure for (Pr)s.

For the Garnier system (4.1), or its symmetric form (4.5) and (4.6), there exists a

0-parameter solution

ul? =l (11, t0) = ulY (1, 1)+l () +

MO, (0)

(4.7) 0 ot

' o® = 0O (t1,85) = v k1, 12) + 710
J Yj0\t1, n Ujl(tl7t2)+
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: 0) . (0) . (0) (0 . N
where its top order term (ug ()),ué ()),v§ ()),vé 3), abbreviated to (uq,t9,01,02) in what
follows, satisfies a system of algebraic equations

(4.8) 507 +totiy —t; =0, 3047 +20g +t2 =0, O =10y =0

and its higher order terms (ugol) ,ué?l) ,vi?l),vé?l)) (I > 1) are recursively determined. In
particular, its first component u§°) gives a O-parameter solution of the fourth order PI
equation (Pr)s.

For a system of nonlinear differential equations such as the Garnier system (4.1),
combining Definitions 2.3 and 3.1, we can define a turning point and a Stokes surface
in terms of this O-parameter solution. That is, a turning point and a Stokes surface of
(4.1) are, by definition, a turning point and a Stokes surface of the Fréchet derivative
of (4.1) at a O-parameter solution. Note that the Fréchet derivative is a system of
linear differential equations and consequently its turning point and Stokes surface can
be defined by applying Definition 3.1. Let (AP;)2 denote the Fréchet derivative of (4.1)
at the above O-parameter solution. (It may be an abuse of notation but, we think, there
will be no fear of confusions caused by this.) Then by straightforward computations we

see that the characteristic equation of (AP)s in the t; direction is
(4.9) vi — 206107 + 16 (647 — ti2) = 0.
Hence zeros of the discriminant of (4.9) are given by
602 — dip = 0 (“Ist kind”),
(4.10) .
(1041)" — 16 (643 — d2) = 4 (43 + 4a2) = 0 (“2nd kind”).

(When we consider the Stokes geometry of (4.1), zeros of 643 — @ and those of 43 +
415 have different characters. Thus, to distinguish them, we call a zero of the former
equation and the corresponding turning point of (4.1) “Ist kind” and a zero of the latter
equation and the corresponding turning point of (4.1) “2nd kind”. See [12, Section 2]
for details.) Similarly the characteristic equation of (AP;)s in the ¢y direction is

4 16
(4.11) vy — gl (247 + 3d2) v5 + 8—1a§ (647 —a2) =0
and zeros of its discriminant are given by
a3 (643 — d2) =0 (“lst kind”),
(4.12) 4

op (204 — )" (af +4a2) =0 (“2nd kind”).

Hence the set of turning points of the most degenerate Garnier system (4.1) is explicitly
described by

642 — 1y =0, ie., 135t2+4t3=0 (“1st kind”),

(4.13)
42 + 40y =0, ie., 52+23=0 (“2nd kind”).
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Note that, since the turning points of the fourth order PI equation (Pr), are defined
by the characteristic equation of (AP;)s in the t; direction, they exactly coincide with
those of the most degenerate Garnier system (4.1). Thus we now observe that the set of
turning points of (4.1) or (Pr)2 has a cuspidal singularity at the origin and a coalescing
phenomenon of turning points occurs there. More precisely, two turning points (with
different types) of the 1st kind and those of the 2nd kind simultaneously coalesce at the
origin in this case (cf. Figure 3).

to

“coalescing point of
nonlinear turning points”

N\

3]

274 kind turning point

1%* kind turning point

Figure 3. The set of turning points of the fourth order PI equation (Pr)s

In a manner similar to the case of (Pr)2 a higher order Painlevé equation can be in
general extended to a completely integrable system of nonlinear differential equations
(cf. [18, 19]) and we conjecture that the most degenerate Garnier system (4.1) corre-
sponding to the fourth order PI equation (Pr)2 gives the normal form at a coalescing
point of nonlinear turning points in such a class of systems of nonlinear equations; this
is a more precise statement of our conjecture.

8§5. Toward the proof of the main claim

In this section, to show the validity of our conjecture, we discuss the transformation
between a degenerate Garnier system with two variables corresponding to the fourth
order PII equation and the most degenerate Garnier system (4.1).

Let us consider the following degenerate Garnier system with two variables:

O\, OH, 0 OH, ,
51 1—~J:—~, 1—~J:——~ ,k:1,2
(5.1) T o Uy o, (7 )
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with the Hamiltonian

62 =t A M o
25 - X M- A — Ao
i i 1.
21 /;1 /~L2 — Oz()\l + /\2) + 2t1t2,
1=
5:3) ngM%;QM T O WLl -
' 27 X — A — Ao Al—Xz

LB M = defn Tt i — fio —045\1:\24-152—!-
2 X — X 2 A — A 8!

L;
2 29

where a € C is a complex constant. The restriction of (5.1) onto the complex line
{t2 = ¢} becomes the fourth order PII equation (Pi1)s.

In what follows we assume « # 0. We then find that coalescence of nonlinear
turning points for (5.1) occurs at four points determined by

(5.4) 912 +10a = 0, 135¢2 4 5125 = 0.
In this situation our conjecture can be stated in a specific manner as follows:

Claim (Conjecture) 2.  Let (f1,1) be a point satisfying (5.4), that is, a co-

)

alescing point of nonlinear turning points for (5.1). Then near (t},t %) there exist a

formal coordinate transformation (t1,t2) = (t1(t1,12,n),t2(t1,%2,1)) of the form

(5.5) 1(f1,82,m) 277 "ty (1, T2),

(5.6) 21, 12,m) Z n "o n(th, ),

and a formal transformation of unknown functions
(57) x(.i,{l,fg, Zn ”a: J? tl,tg)
such that the following relations hold:

(5.8) )\go)(tl(fh52,77)7752(51,7?2,77)777) = 3‘/’(5\;0)({1,7?2,77)7{1,{2,77) (J=1,2),

where A;O)(tl,tg, n) and 5\5.0) (t1,t2,m) denote (A\-component of) the 0-parameter solution
(i.e., the formal power series solution) of (4.1) and (5.1), respectively.

In a sense our conjecture can be thought of a generalization of a transformation
to the second order PI equation (P;) near a nonlinear simple turning point developed
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in [13], [14], [16] and [17], and our strategy for the proof of the conjecture follows the
strategy employed in these previous works. That is, to construct the transformations
(5.5)—(5.7), we make full use of the isomonodromic deformation theory for (4.1) and
(5.1) (or (Pr)2 and (Prr)2). Otherwise stated, we use the Lax pairs of linear differential
equations associated to (4.1) and (5.1).

For example, let us first consider the Lax pair for (4.1), which is given as follows:

(. o
— U =AU
n O )
(5.9) 19 y_pw
0
1 U =PRBy0.
\77 Oto 2

Here A = A(x,t1,t2, A\, ) and B, = By(z,t1,t2, A\, 11,m) (k= 1,2) are 2 x 2 matrices
given by

(5.10)
V1T + Vo 2(x% —urz—us)
A=11 ,
5[aj3+u1x2+(t2+u2—|—u%)x—|—(t2u1—|—2u1U2—|—u§’—|—t1—v%)} — (17 4 v2)
0 2
Bi=|1
. —(zx+2uy) 0
2
2
U —(z —uq)
B, — 3 3
2 1 2 2 U1 ’
G (22 +urz+ (to+2ug+uf)] 3

where (u1,us2,v1,v2) are the symmetric variables of (A1, Ao, pt1, o) introduced by (4.4).
Note that the compatibility condition of (5.9) is equivalent to (4.1).

We now substitute a 0-parameter solution (4.7) of (4.5) and (4.6) into the coeffi-
cients A and By, of the Lax pair (5.9). We then find the following

0
Proposition 5.1 ([12, Proposition 2.1.1]).  The first equation 77_18—\1' = AU of
x

the Lax pair (5.9) has two double turning points at z = \; (j = 1,2) and one simple
turning point at r = —2(5\1 + 5\2) (denoted by a in what follows), where j\j denotes the
top order term of a 0-parameter solution of (4.1) corresponding to (4.7).

Furthermore, as is also verified in [12], the Stokes geometry, i.e., turning points and
Stokes surfaces, of the nonlinear system (4.1) has a close relationship with that of its
Lax pair (5.9) to the following effect:
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Proposition 5.2 ([12, Propositions 2.1.4 and 2.1.5]). (i) At a turning point of

the 1st kind (resp., the 2nd kind) of (4.1) two double turning points (resp., one double
turning point and one simple turning point) of the first equation of (5.9) merge.
(ii) If t = (t1,t2) lies on a Stokes surface of (4.1) emanating from a turning point of
the 1st kind (resp., the 2nd kind), two double turning points (resp., one double turning
point and one simple turning point) of the first equation of (5.9) are connected by its
Stokes curve.

Note that a key relation for the proof of Proposition 5.2 is the following integral

relation.

1 [(t2) B B X B ‘

(5.11) 5/(0 0 ((l/ij —Vl’j)dtl +(V;:j —I/Q’j)dtz) :/d (a+ —a )dz (j=1,2),
where ot denote the eigenvalues of the top order term of A and Vljfj (resp., 1/2 .) denote
the characteristic roots of the Fréchet derivative of (4.5) (resp., (4.6)) at a O-parameter
solution (4.7). As a consequence of Proposition 5.2, at a coalescing point of nonlinear

turning points of (4.1) or (P)s2, we can also observe the following

Proposition 5.3. At the coalescing point (t1,t2) = (0,0) of nonlinear turning
points of (P1)z2, the three turning points x = 5\1, =X andz =a of the first equation
of (5.9) merge to one point.

One important point is that these propositions also hold for the Garnier system
(5.1) corresponding to (Pi)2 (cf. [12]). Having this resemblance between the Stokes
geometry of the Lax pair for (P;); and that for (Piy)2 in mind, we now construct a
formal coordinate transformation

(

v =x(3,t1,t2,7) Zn Tn(Z, 11, 12),
(5.12) t1= ti(f1, %2, Zn "ot T2),
ty = to(t1, 12,7 277 "o (T, t2)
\
that transforms the Lax pair associated to (Pry)s2 t (5 9) the Lax pair associated to

(P1)2, in an open set Q) containing three turning points Aj, Ao and @ of (the first equation
of) the Lax pair associated to (Pi)s (cf. Figure 4). Then, in view of the relationship
between the Stokes geometry of the Garnier system (4.1) or (Pr)2 (as well as (5.1) or
(Pi1)2) and that of its underlying Lax pair ensured by Proposition 5.2, we can expect
that the transformation (5.12) thus constructed gives a transformation from (Pi)2 to
(Pr)2 required in our claim (conjecture) 2.
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kil kil

ol
—N
S
Il
8
B
B
2

Lax pair for (Pyp)s2 Lax pair for (P)s

Figure 4. Formal transformation between two Lax pairs

This is our strategy to prove the conjecture. We hope we can provide a complete
proof of the conjecture based on this strategy in our forthcoming paper.

§ 6. Discussion — relation with Dubrovin’s result for the KdV equation

In this final section we discuss some relation between our conjecture and Dubrovin’s
result for the KdV equation.
In [7] Dubrovin showed the following intriguing result: Let

(6.1) u(t,€) = uo(t) + ua(t) + -

be a perturbative solution of the KdV equation

(6.2)

where € (> 0) is a small parameter and « is a constant. The top order term wug(t)
satisfies a first order nonlinear wave equation

8u0 8U0
6.3 — +up——— =0.
(63) ot o Ox
It is well known that a shock wave occurs with a solution of (6.3) since the propagation
speed of a solution ug of (6.3) depends on the modulus |ug| of ug. Let (to,x0) be a
point where a shock occurs with a solution ug of (6.3). (Dubrovin called such a point “a
point of gradient catastrophe”; cf. Figure 5.) Then at a point of gradient catastrophe
Dubrovin showed the following

Theorem 6.1 (Dubrovin [7]).  Under some genericity condition the behavior of
the perturbative solution (6.1) of the KdV equation near a point of gradient catastrophe
is described by a (special) solution of (Pp)a.
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“point of gradient catastrophe

t uo (to, 13)

uo(to, o)

Figure 5. Wave propagation for (6.3) and appearance of gradient catastrophe

Note that the independent variables z and t of the KdV equation correspond to
the independent variable ¢ and the parameter ¢ of (P;)2 (or the independent variables
t1 and to of the most degenerate Garnier system (4.1)), respectively.

Remark. It is also shown in [7] that the above result holds universally for any
Hamiltonian perturbations of the equation
ou ou

(6.4) s + a(u)% = 0.

In view of Theorem 6.1, a natural question arises: Why does (Py)2 appear in the
description of the behavior of solutions of the KdV equation near a point of gradient
catastrophe ¢ This question is one of the motivations of our study on the fourth order
PI equation. Our tentative answer to this question is that some coalescing phenomenon
of nonlinear turning points may be occurring at a point of gradient catastrophe of the
KdV equation and consequently Dubrovin’s result can be deduced from our conjecture.
However, the definition of a turning point is not known yet for the KdV equation and
at the present stage this is still just a guess. We hope this guess will be appropriately
formulated and rigorously verified in some future.

References

[1] Aoki, T.: Toward the exact WKB analysis for holonomic systems, RIMS Kokyuroku, No.
1433, 2005, pp. 1-8 (in Japanese).

[2] Aoki, T., Kawai, T. and Takei, Y.: The Bender-Wu analysis and the Voros theory, Special
Functions, Springer-Verlag, 1991, pp. 1-29.



316

3]

[4]
[5]
[6]
[7]
(8]
[9]

[10]
11]
12]
13]
[14]
[15]
[16]
17]
18]
[19]
[20]

21]

[22]

YOSHITSUGU TAKEIL

: New turning points in the exact WKB analysis for higher-order ordinary differen-
tial equations, Analyse algébrique des perturbations singuliéres. I, Hermann, Paris, 1994,
pp. 69-84.

: WKB analysis of Painlevé transcendents with a large parameter. II, Structure of
Solutions of Differential Equations, World Scientific Publishing, 1996, pp. 1-49.

Berk, H.L., Nevins, W.M. and Roberts, K.V.: New Stokes’ line in WKB theory, J. Math.
Phys., 23(1982), 988-1002.

Delabaere, E. and Pham, F.: Resurgent methods in semi-classical asymptotics, Ann. Inst.
H. Poincaré, 71(1999), 1-94.

Dubrovin, B.: On Hamiltonian perturbations of hyperbolic systems of conservation laws.
IT, Comm. Math. Phys., 267(2006), 117-139.

Hirose, S.: On the Stokes geometry for the Pearcey system and the (1,4) hypergeometric
system, RIMS Kokyiroku Bessatsu, B40(2013), 243-292.

: On a WKB theoretic transformation for a completely integrable system near a
degenerate point where two turning points coalesce, Publ. RIMS, Kyoto Univ., 50(2014),
19-84.

Honda, N.: The geometric structure of a virtual turning point and the model of the Stokes
geometry, RIMS Kokyiuroku Bessatsu, B10(2008), 63—-113.

Kamimoto, S. and Koike, T.: On the Borel summability of WKB theoretic transformation
series, preprint (RIMS-1726), 2011, to appear in RIMS Kokyturoku Bessatsu.

Kawai, T., Koike, T., Nishikawa, Y. and Takei, Y.: On the Stokes geometry of higher-order
Painlevé equations, Astérisque, Vol. 297, 2004, pp. 117-166.

Kawai, T. and Takei, Y.: WKB analysis of Painlevé transcendents with a large parameter.
I, Adv. Math., 118(1996), 1-33.

: WKB analysis of Painlevé transcendents with a large parameter. II1, Adv. Math.,
134(1998), 178-218.

: Algebraic Analysis of Singular Perturbation Theory, Translations of Mathematical
Monographs, Vol. 227, Amer. Math. Soc., 2005.

: WKB analysis of higher order Painlevé equations with a large parameter, Adwv.
Maith., 203(2006), 636—672.

: WKB analysis of higher order Painlevé equations with a large parameter. II,
Publ. RIMS, Kyoto Univ., 47(2011), 153-219.

Koike, T.: On the Hamiltonian structures of the second and the fourth Painlevé hierar-
chies, and the degenerate Garnier systems, RIMS Kokyiroku Bessatsu, B2(2007), 99-127.
On new expressions of the Painlevé hierarchies, RIMS Koékyiroku Bessatsu,
B5(2008), 153-198.

Koike, T. and Schéfke, R.: On the Borel summability of WKB solutions of Schrodinger
equations with polynomial potentials and its application, in preparation.

Takei, Y.: An explicit description of the connection formula for the first Painlevé equation,
Toward the Exact WKB Analysis of Differential Equations, Linear or Non-Linear, Kyoto
Univ. Press, 2000, pp. 271-296.

Voros, A.: The return of the quartic oscillator. The complex WKB method, Ann. Inst. H.
Poincaré, 39(1983), 211-338.




