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Abstract

Let m be an irreducible unitary representation of an exponential solvable Lie
group G. Realizing 7 on L?(G/H, x;) as an induced representation from a unitary
character x; of a subgroup H of G, we are concerned with certain subspaces of
C>-vectors. We describe the subspace S& of vectors with a certain property of
rapidly decreasing at infinity as the space of C"°-vectors of an irreducible unitary
representation of an exponential solvable Lie group F containing G. Furthermore,
the space ASE introduced by Ludwig in [8] is expressed by our space SE€. Here
we shall announce some results in [5], and we shall give brief discussions on fun-

damental examples.

1 Introduction

Let G be an exponential solvable Lie group with Lie algebra g, and 7 be an irreducible
unitary representation of G. By the orbit method, which associates m with a coadjoint
orbit, we realize m as an induced representation from a unitary character of a subgroup
as follows: There exists a linear form | € g* and a real polarization § at [ such that = ~
ind$ x:, where H = exp b is the connected and simply connected subgroup corresponding
to b, and x; is the unitary character of H defined by x;(X) = ¢!X) (X € ).

We give the standard construction of the induced representation 7 = m 5 = ind§x;:
Let K(G/H) be the space of continuous functions f on G with compact support modulo
H such that f(gh) = Age(h)f(g) for all g € G, h € H, where Ag and Ay are the
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modular functions of G and H, respectively, and Ay g(h) = 24’;(%. Then there exists a
positive left invariant linear functional

(L1) f o u(f) = }i J @m0

uniquely up to a constant factor (see [3]). Let C(G/H,x:) be the space of continuous
functions ¢ on G with compact support modulo H such that

$(gh) = xi(h) " Auc(h)*d(g), Vg€ G,h€ H,

and let H, = L*(G/H, ;) be the completion of the space C(G/H,xi) with respect to

the norm
\ 1/2

o= ( o) dioyn(s))

Then we define the action of g € G in H, by
WI,H(Q)tﬁ(x) = ¢(g—1m)’ XS Lz(G/H’ Xl)> 9,7 €G.

Let us briefly recall some well-known facts of the case of nilpotent Lie groups. Suppose
G is nilpotent, and taking a supplementary Malcev basis for b in g, identify G /H with
R*, where k = dim(G/H), and realize 7 on L?(R¥). Then by results of Kirillov [6] and
Corwin-Greenleaf-Penney [4], the actions of the enveloping algebra 1(g) form the algebra
of differential operators on R with polynomial coefficients. Thus the space of C*°vectors
H* coincides with the space of Schwartz functions S(R) on R* as a Fréchet space.

We next observe an example of exponential groups which are not nilpotent, where
the specific descriptions of C*®vectors are different from those of nilpotent groups.

Example 1.1. (az +b group) Let g be a two-dimensional Lie algebra with basis {X,Y}
whose bracket relation is [X,Y] = Y, and let G = expg. Then with the dual basis
{X*,Y*} in g*, the coadjoint orbits of G are described as follows:

O, :={leg I(Y) >0}, O_:={leg I(Y) <0},
{¢xX*}, ¢€R.
Let I, := €Y* (¢ = £1) and b := RY, H := exph. Then b is a polarization at [, and

Te 1= indgx,‘ is an irreducible representation of G. We realize 7. on L*(R) identifying

R with G/H by R > z — exp(zX)H, as follows:

r(exp aX)9(a) = $(a - a)
m(expbY)p(z) = e ¢(z), ¢ € L*(R), a,beR.

Then the actions of g are described by

ar(X)a) =~

T

drn(Y)é(z) = ice”"¢(z).
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It shows that if ¢ is a C®vector, then ¢ decreases rapidly at £ — —oo, but it does not
necessarily decrease so rapidly at £ — +o0o as at z — —oo.

Here we shall announce some results in [5], giving brief discussions on fundamental
examples. For an exponential solvable group G and an irreducible unitary representation
m of G, we construct 7 in L?(G/H,x;) by taking | € g* and a suitable polarization §.
Then we shall define a subspace SE(G,n,l,h) of vectors with some property of rapidly
decreasing at infinity and show that it can be identified with the space of C®vectors of
an irreducible representation of an exponential solvable group F' containing G. Next,
using our S& space, we shall describe the space ASE introduced by Ludwig in [8].

2 The space SE(G,n,l,b)

In the sequel, let G be an exponential solvable Lie group with Lie algebra g. Let n be a
nilpotent ideal of g such that [g,g] C n. For example, we can take the nilradical of g as
n, or we can also take n = [g,g]. Let [ € g* as above, and let

n':={X e g; U([X,n]) = {0}}.
Definition 2.1. (See [9].) We say that a polarization h at [ is adapted to n if it satisfies
(1) and (2).
(1) The subalgebra h N n is a polarization at I|, in n.
(2) ",pnn]jCchnn.

Remark 2.2. (1) Suppose that a polarization b at [ is adapted to n. Then there exists
a polarization ho C n' at {|u such that h = ho + (h N n) and ho = h N n'.

Furthermore, it satisfies the Pukanszky condition

Ad*(H)l =p* +1,
where ht = {f € g% f(h) = {0}}, and thus we obtain a realization of the
irreducible representation corresponding to the orbit Ad*(G)! by ind$ x;.

(2) For any ! and n, there exists a polarization § at ! adapted to n. For example, a
Vergne polarization associated with a refinement of the sequence of ideals {0} C
n C g satisfies the condition (1) and (2) of Definition 2.1 above.

Starting from n, ! and a polarization § at | adapted to n, we realize the irreducible
representation m = m g = ind§x; in L2(R™) (n = dim(G/ H)) as follows.
Let {Ty, -+ ,Tm, Ry, -+ , R,} be a coexponential basis for § in g such that
G =expRT;---expRT,, - NH,
NH =expRR, ---expRR, - H,
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and identify
R™ xR’ ~ (G/NH) x (NH/H) ~G/H
by
R™ x R* 9(t’r) = (tla' oy bmyT1y ,1‘1,)
—E(t,r) == expt;yTy---exptnTnexpriRy - - -expr, R, (modulo H).

Then the left invariant functional (1.1) is described by
W)= [ S, f € KG/H)

(see [7]), and we have L*(G/H,x;) ~ L*(R™*").
Denoting by D;, the algebra of differential operators on R™** with polynomial co-
efficients, we define the space SE(G,n,1,h) as follows:

Definition 2.3. Let SE(G,n,1,b) be the space of vectors ¢ € Hy, , = L*(G/H, x1) such
that

(1) ¢ is a C* function.

(2)
||¢||‘2,,D = / e"“tHID(qS o E)(t,r)|*dtdr < 00, Va € R4,VD € Dy,
Rm+v

where ||t|| denotes a norm on R™.

Let us remark that the space SE(G,n,l,h) is independent of the choice of coexpo-
nential basis.

In [5], we obtained the following result. There exists an exponential solvable Lie
group F containing G, and an irreducible representation mo of F' such that mo|lg ~ 7
and the space SE(G,n,l,h) is naturally identified with the space of C*vectors of mo.
More specifically, we can construct an exponential solvable Lie algebra f which has the
properties (i), (ii) and (iii):

(i) f is described as f = g x a, where a is an abelian ideal of f satisfying
[a,n + b] = {0}.

(ii) dima = 2dim(g/(n+h)) = 2m, and there exist a coexponential basis { Xy, , Xm}
for n+b in g and a basis {A;, -+, Am, By, -+, Bn} of a such that

(X;, Ae] = 6k A, [Xj, Be] = —6je Bk, 1 <5,k <m.
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(iii) For all extension I; € f* of [ € g*, we have that
dim(f(l)) = dim(g(!)) + dim(a),
where f(11) := {X € f; L([X,f]) = {0}}, a(!) == {X € g; U([X,g]) = {0}}. Thus
the subalgebra p := h+ a is a polarization at [; adapted to the nilpotent ideal n+a
of f.
Let F = expf, P = expp, and x;, be the unitary character of F defined by

xi, (exp X) = €1X) for X € p. Then by (iii) above, the induced representation m, p :=
ind$y;, is irreducible and 7, p|g ~ 7. In fact, the intertwining operator

Ry, H"’ll,P = Lz(F/P’ Xu) = %""l,H = Lz(G/H’ Xt)

is defined by
Rh"/) = ¢'G) ¢ € L2(F/PaXh))

and the inverse S, := R,:l is
Sud(gexpY) :i=eMg(g), ¢€L*G/H,x), 9€G, Y €a

It can be seen easily that
Sy, (Sg(Ga LA b)) CHE

y,P"

Now we define another family of seminorms {|| - ||;,,v} on SE(G, 0,1, b):

ol v = lldm, p(U)S1, llm, p» U € ().

Theorem 2.4. ([5]) Let G,n,l,h be as above. Then there exists an exponential solvable
Lie algebra § having the property (i), (ii), (i) above and satisfying the following:
(iv) There exists an extension ly € §* of | such that the family of seminorms {|| - ||;,,u, U €
u(f)} is equivalent to the family of seminorms {|| - ||a,0,a € Ry, D € D,,}; and
thus we have

SE(G,n 1) = Ry (HY

Mo, P/*

Example 2.5. (az + b group) Let g = RX + RY and §h = RY be as in Example 1.1,
and let [ := Y* and n = RY, which is the nilradical of g. Then the polarization b is
obviously adapted to n. We construct m in L%(R) as in Example 1.1. Then a square
integrable smooth function ¢ belongs to SE(G,n,l, ) if and only if

/ el Dg(c)[Pdz < 00, Va € Ry, VD €D,
R

where D, is the algebra of differential operators on R with polynomial coefficients. Ap-
plying Theorem 2.4 above, we have
f=gxa, a=RA4+RB
[X,Al=A, [X,B]=-B, [Y,Al=][Y,B]=0.
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Let lo € f* be an extension of [ such that lo(B) # 0. Then we have
(2'2) S (G n’l l)) R’O( Tl p)

In fact, realizing m, p = indpxi, in L*(F/P,x1,) = Si,(L*(G/P,x1)) =~ L*(R), we have
that f acts by

(2.3) dm, p(X)d(z) = d¢
(2.4) dm, p(Y)é(z) = ze"”qﬂ(m),
(2.5) dmi, p(A)p(z) = tlo(A)e™"d(z),
(2.6) dmy, p(B)¢(z) = tlo(B)e"p(z).

Thus we can directly verify the equality (2.2).

Remark 2.6. In Example 2.5, replacing F' with a subgroup F” of F', we can also identify
the space SE(G, n,1,h) with the space of C*®vectors of an extension of m;. Let o ;= RB,
fi:=gwxda,p :=h+a, F' := expf and P’ := expp’. Then p’ is a polarization at
any extension lj € f* of I and 7y, pri|g ~ m, where my pr = indgxpl. We denote the
intertwining operator by Ry : L*(F'/ P, xi) = L*(G/H, ) as above. Suppose that an
extension & € §* of | satisfies [j(B) # 0. Then we also obtain that

@7) SE(G,m,1,b) = Ry(HS, ,)-

In fact, letting lo € §* be any extension of Iy, we have m, p|m =~ my pr, and using the
descriptions (2.3), (2.4) and (2.6), we obtain the equality (2.7).

Example 2.7. (Heisenberg group) Taking n = [g, g instead of the nilradical, we observe
an example of nilpotent groups. Let g = R-span{X,Y,Z} be the 3-dimensional Lie
algebra whose non-trivial bracket relation is [X,Y] = Z. Let n = [g,9] = RZ, I = Z*
and h = RY +RZ. Then h is a polarization adapted to n. We realize the representation
mg in L*(R) by the coexponential basis {X} for  in g. Then we have

d . .
(2.8) dm p(X)p(x) = ——f, dm g (Y)p(z) = —izd(z), dmu(Z)=1.
We have that a smooth function ¢(z) € L*(R) belongs to SE(G,n,l,h) if and only if
/ el D(z)[?dz < 00, Va €R,, VD €D,
R

Applying Theorem 2.4, we have

f=gxa, a=RA+RB,
[X7A]=Aa [XaB]‘_‘_B’ [YvA]=[Y’B]=[ZaA]=[ZaB]=O'
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Let [y € §* be an extension of [ such that lo(A) # 0 and ly(B) # 0. Then we have
SE(G,n, 1Y) = Ry (M,

m,p/°

In fact, we have

(2.9) dmy,,p(A)¢(z) = ilo(A)e™" (),
(2.10) dmp p(B)d(z) = ilo(B)e*H().

By the actions (2.8), (2.9) and (2.10), we can obtain the conclusion.

3 The space ASE and the space SE*

Let G,n,!,h be as above. As we mentioned in Remark 2.2, we have that h = (h N n') +
(hNn), so we have h C n+n'. We choose a coexponential basis {T},--- ,T,, 51, ,Su}
for h + n in g along with the sequence g D n+n! O n+ b, where v + u = m, so that

G =expRT;---expRT, - N'N
N'N =expRS; ---expRS, - NH.

(Here we write N' := expn'.) In the sequel, we identify
R” x R* x R =~ (G/N'N) x (N'N/NH) x (NH/H) ~ G/H
by

R” x R* x R" 3 (¢,8,7) =(1,-++ ytu, 81, 5 SusT1y*+ 4 Ty)
~ E(t,s,r) = E(t)E(s)E(r) (modulo H),

where

E(t) =expt;T;---expt,T,, E(s)=exps;S;---exps,Sy,
E(r)=expriR---expr,R,, (t,5,r) € R” x R* x R".

For ¢ € SE(G,n,l,b), let &,(t,s,r) be the partial Fourier transform of ¢ in s:

bilt,s,7) = /R (Bt z,1)e™ Nz,

where (z,s) is the standard inner product of R*. Denoting by D;,, the algebra of
differential operators on R” x R* x R” with polynomial coefficients, we define the space
ASE(G,n,l,h) introduced in [8], where this space has been denoted by £S.

Definition 3.1. (See [8].) Let ASE(G, n,l,b) be the space of functions ¢ € L*(G/H, x1)
such that
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(1) ¢ € SE(G,m1,b),
(2)

1Bt 5,25 p = f el D, (2, s, r)Pddsdr < oo,

Ru-l- utv

Y(a,b) € RL, VD € Dy,

Remark 3.2. The space ASE is independent of the choice of coexponential bases. We
write the letter A in front to indicate that the functions ¢ € ASE(G, n,1, ) are analytic
in the direction s. It has been shown in [8] and [1] that for ¢ and % in ASE(G,n,1,b)
there exists a function f € L'(G), more precisely in the subalgebra £5(G) (see [8]) such
that

ﬁl,Hf(ﬁ) = (f) ¢>¢a £e ’Hm,y-

Let P(h) be the set of polarizations h at ! adapted to n and satisfying hnn=hnn.
For ) € P(h), we have indgx, ~ ind§ x;, where H = exph. We denote the intertwining
operator by Iy ; L*(G/H,x)) — L*G/H,x:) (see [2].)

Definition 3.3. We define
Sgoo(G’ n, l, b) = nﬁep(b)Ib»B(Sg(G, n, l’ 6))‘
Then we have the following result:

Theorem 3.4. ([5])
SE=(G,n,1,h) = ASE(G,n,1,b).

Example 3.5. Let g = R-span{X,Y,Z}, u, [, h be as in Example 2.7. Concerning
Theorem 3.4, we have n' = g and a smooth function ¢ € L?(R) belongs to ASE (G,n,1,b)
if and only if

(3.11) / e D(z)'ds < 00, Va€Ry, D EDs,
R

(3.12) / e D(z)]2dz < 00, VaeR,, D €D,
R

where

d(z) = /R €= ¢(s)ds.

Since n = RZ is the center of g, any polarization b at I belongs to P(h). Thus by
Theorem 3.4, we have that the intersection of Iy ;(SE(G,n,1, b)) for all polarizations h
at | consists of analytic functions ¢ satisfying (3.11) and (3.12).
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