FINITE-DIMENSIONAL REPRESENTATIONS OF QUANTUM
AFFINE ALGEBRAS

TATSUYA AKASAKA AND MASAKI KASHIWARA

ABSTRACT. We present a conjecture on the irreducibility of the tensor products of
fundamental representations of quantized affine algebras. This conjecture implies
in particular that the irreducibility of the tensor products of fundamental repre-
sentations is completely described by the poles of R-matrices. The conjecture is

proved in the cases of type A(nl) and Cﬁbl).

0. INTRODUCTION

In this paper we study finite-dimensional representations of quantum affine alge-
bras. It is known that any finite-dimensional irreducible representation is isomorphic
to the irreducible subquotient of a tensor product ®,V (w;,),, containing the highest
weight (Drinfeld [7], Chari-Pressley [2]). Here V(w;) is the fundamental represen-
tation corresponding to the fundamental weight w; and a, are spectral parameters.
Moreover {(w;,; a,)}, is uniquely determined up to permutation. This gives a param-
eterization of the isomorphic classes of finite-dimensional irreducible representations.

However it is not known for example what is the character of those irreducible
representations except the complete result for A" ([2]) and some other results due
to Chari-Pressley ([2, 3, 4]). We have even not known when ®V(w;,),, itself is
irreducible.

In this paper we propose a conjecture on the irreducibility of ®,V (w;, )., and prove
this conjecture for A% and C(V.

For z,y € C(q), let us denote z < y if x/y does not have a pole at ¢ = 0. We
denote by u; the highest weight vector of V (w;).

Conjecture 1.

(1) Ifay <---<an,then V(w; e ®---QV(wiy )ay is generated by u;, @ - - Q@ u;
as a U/(g)-module.

(2) Ifay > --- > a, then any non-zero U;(g)-submodule of V(@i ), ® -+ ®
V(@i )ay cONtAINS U @ « -+ @ Uy,

Here U, (g) is the quantum affine algebra without derivation (see §1.1).
This conjecture implies in particular the following consequences.
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Claim 1. If a; < ag, then the normalized R-matrix
Ry (@,y) : V(wi)e @ V(wy)y = V(ws)y @ Vi(wi)e
does not have a pole at (z,y) = (a1, as).
Here R} (x,y) is so normalized that it sends u; ® u; to u; ® u;.
Claim 2. V(@ )a, @ -+ - @ V(wiy )ay 15 irreducible if and only if the R-matriz
B (5,9) V(1) © Vi )y = Vi, )y © Vi, )o

Ty yiu
does not have a pole at (x,y) = (a,,a,) for any 1 <wv, p < N (v # ).

Claim 3. Assume that R;-‘f;u(x,y) has no pole at (z,y) = (ay,a,) for any 1 < p <
v < N. Then the submodule generated by u;, ®- - -Qu;, 1s an irreducible submodule of
V(@iy)ay @+ @V (Wiy )ay- Conversely, any finite-dimensional irreducible integrable
module is obtained in this way.

Claim 4. If M and M' are irreducible finite-dimensional integrable U, (g)-modules,
then M ® M, is an irreducible Uy(g)-module except for finitely many z.

The plan of the paper is as follows. In §1, we fix notations and explain the results
used later. We announce non published results but they can be directly checked for
the AQ) and CM) cases. In §2, we announce the main conjecture and discuss its
consequences. In §3, we reduce the main conjecture to another auxiliary conjecture,
which will be proved in the case Ag) and C',(ll) in §4. In the appendix, we shall calculate
the explicit form of the normalized R-matrices and the universal R-matrices between
fundamental representations of A()) and C().

The authors are grateful to K. Takemura for his helpful comments on this work.

1. NOTATIONS

1.1. Quantized affine algebras. Let (a;;); jer be a generalized Cartan matrix of
affine type. We choose a Q-vector space t of dimension §/+ 1 and simple roots «; € t*
and simple coroots h; € t such that (h;, ;) = a;;. We assume further that o; and
h; are linearly independent. Set Q@ = Y, Za; and QY = >, Zh;. Let § = 3 a;«; be
the smallest positive imaginary root and let ¢ = > a/h; € QY be the center. Set
th, = t*/Q6 and let cl : t* — t} be the projection. We set t* = {\ € t*;{c,\) = 0}
and £ = cl(t*?).
We take a non-degenerate symmetric bilinear form (-,-) on t* such that

2(@2', /\)

(v, o)

(hi, \) = for any 7 € I and \ € t*.

We normalize it by

(1.1) (¢, \y =(6,\) forany \ € t".
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We identify sometimes t and t* by this symmetric form.

Let us take a (weight) lattice P C t* such that o; € P and h; € P* for every i € I.
We assume further that P contains A; satisfying (h;, A;) = d;; and that PNQJ6 = Zé.
We set Py = P/Z6 C t, P® = {\ € P; {(¢,\) = 0} C 9, and PY = cl(P°) C ).
Note that the dual lattice of Q¥ coincides with Py & @;c;Zcl(A;).

Let v be the smallest positive integer such that

(1.2) Y(i,;)/2 € Z for any i € I.

Then the quantized affine algebra U,(g) is the algebra over k = Q(¢'/7) generated
by the symbols e;, fi(i € I) and g(h) (h € v 'P*) satisfying the following defining
relations.

(1) g(h) =1 for h=0.

(2) Q(hl)Q(hg) = Q(h,l + hg) for h,l, h,g € ’)/_IP*.

(3) For any i € I and h € y~' P*,

q(h)esq(h)™t = ¢"2e; and
q(h)fig(h)™ = g meidy,

ti—1t,;

1
(4) [62', fj] = 5”71_1 for ’L,] € I. Here q; = C](ai’ai)/2 and t; = q(%hi).

1 1

(5) (Serre relations) For i # 7,
b

b
S (Dreee ™ = )P LAY = 0.

k=0 k=0
Here b =1 — (h;, ;) and

e = el /K], S = R
Kl = (af — ") /(@i —ai") [kl = [1)s- - [l
We denote by U, (g) the subalgebra of U, (g) generated by e;, f; (i € I) and q(h) (h €
—1V
7 RY).

In this paper we consider only U,(g). A U;(g)-module M is called integrable if M
has the weight decomposition M = @ycp, My where My = {u € M;q(h)u = ¢®Mu},
and if M is U,(g);-locally finite (i.e. dimU,(g);u < oo for every u € M) for every
i € I. Here U,(g); is the subalgebra generated by e;, f; and ;.

We use the coproduct A of U,(g) given by

(1.3) A(g(h)) = q(h)®q(h),
(1.4) Ale)) = @t ' +1®e;,
(1.5) Alf) = [i®1+t® fi,

so that the lower crystal bases behave well under the corresponding tensor products

([12]).
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1.2. Finite-dimensional representations. Let W C Aut(t*) be the Weyl group,
and let [ : W — Z be the length function. Since ¢ is invariant by W, we have the
group homomorphism cly : W — Aut(t}). Let Wy C Aut(t}) be the image of W
by cly. Then W, is a finite group. Let us take iq € I such that W, is generated
by clo(si) (i € Iy = I\ {40}) and that a; = 1. Such an 4 is unique up to Dynkin
diagram automorphism. Hereafter we write 0 instead of 75. We have (ag, ag) = 2.

Let us denote by W, the subgroup of W generated by s; (i € Iy = I\ {0}). Then
W) is isomorphic to W,. The kernel of W — W, is the commutative group {t(£); & €
Qa N QY}. Here Qu = cl(Q) = Yier Zel(ey) and QY = cl(QY) = Yier, Zel(h;) and
t(€) is the automorphism of t* given by

HOM) = A+ (6.0 - (€ 15— & 6 x5

for £ € ¢ such that cl(¢') = €.
The following lemma is well-known.

Lemma 1.1. Let £ € Qu N QY and w € Wy.
(i)  If & is dominant (with respect to Iy), then we have

Wwot(§)) = l(w) + 1(t(E))-

(ii)  If € is regular and dominant, then we have

1(t(&) ow) = U(¢(£)) — Uw).

Let us choose i; such that W, is generated by cly(s;) (i € I\{i1}) and that a;, = 1.
For any z € k \ {0}, let ¢(2) be the automorphism of U,(g) given by

w( (ez) = z%n €,
b(2)(fi)) = 27",

b(2)(q(h)) = q(h).
For a U, (g)-module M, let M, be the U; (g)-module with M as its underlying k-vector
space and with U (g) ¥ U,(g) — End (M) as the action of U;(g). Then M — M,
is a functor satisfying (M ® N), &2 M, ® N,. This definition extends to the case
z € K\ {0} for a field extension K D k.

If M is a finite-dimensional integrable U;(g)-module, then the weights of M are
contained in PJ.

d

2)
2)

1.3. Fundamental representations. We set w; = cl(A; — a/Ag) for i € I5. Then
(:)ic1, forms a basis of PJ. We call w; a fundamental weight (of level 0).

For i € Iy, there exists an irreducible integrable U, (g)-module V (z;) satisfying the
following properties.

(1) The weights of V (w;) are contained in the convex hull of Wyw;.
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(2) dim V(@) e, = 1.
(3) For any p € Wyw; C PJ, we can associate a non-zero vector u,, of weight u
such that

Usip

fi((hi,u))uu if <hiaﬂ> >0,
e iy, if (B, ) < 0.

2

Then V(w;) is unique up to an isomorphism. Moreover V(z;) has a global crystal
base. We call V (w;) a fundamental representation. Then V (w;) has a non-degenerate
symmetric bilinear form (-, -) such that ‘e; = f; and *q(h) = g(h). Hence the duality
is given as follows. Let wgy be the longest element of W;. Then for ¢ € I; there exists
1* € Iy such that

Wix = —WoT;.

(Remark that i — * with 0* = 0 gives a Dynkin diagram automorphism.)
Then the right dual of V(w;) is V(w;+), with the duality morphisms:

(1.6) k— V(wi)p @V (w;) and  V(w;) @ V(wp)p — k

with p* = (—1)® 9 g9 Here p and p are defined by: (hs, p) =1 and (p", ;) = 1
for every i € I. Usually (p,0) = X ,cra) is called the dual Coxeter number and
(pY,0) = Yicr a; the Coxeter number.

Let m; be a positive integer such that

We have m; = (a;, @;)/2 in the case where g is the dual of an untwisted affine algebra,
and m; = 1 in the other cases.
Then for z, 2/ € K*, we have

(1.7) V(wi), 2 V(w;), if and only if 2™ = 2/™:i.
Hence we set
V(ws; 2™) = V(wy), .
The following theorem is announced by Drinfeld ([7]) in Yangian case, and its proof

is given by Chari-Pressley ([3, 4]).

Theorem 1.2. Let K D k be an algebraically closed field and let M be an irreducible
finite-dimensional U, (g) k-module. Then there exist i1,... iy € Iy and 21,...2y €
K\ {0} such that M is isomorphic to a unique irreducible subquotient of V (w;,; z1) ®
- ® V(wiy; 2n) containing the weight Y w;,. Moreover, {(i1;21), ..., (in; 2n)}
18 unique up to permutations.

Definition 1.3. We call V(w;,; 2,) a component of M.
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1.4. Extremal vectors. We say that a crystal B over U,(g) is a reqular crystal if,
for any J % I, B is isomorphic to the crystal associated with an integrable U,(gs)-

module. Here U,(g,) is the subalgebra of U;(g) generated by e;, f; and #; (i € J).
This condition is equivalent to saying that the same assertion holds for any J g 1

with two elements (see [15, Proposition 2.4.4]).
By [14], the Weyl group W acts on any regular crystal. This action S is given by

. FlawtOy 5t (hy wt(b)) > 0
A P (h 17Wt(b))b if <hi,wt(b)> <0.

K3

A vector b of a regular crystal B is called i-extremal if ;b = 0 or f,-sz. We call b
an extremal vector if S, b is i-extremal for any w € W and 7 € [.

Lemma 1.4. For any \, p € t in the same Wy-orbit, we can find iy, ... iy € I
such that

H=Siy - 'sil)‘a

(Pigs Sip_y 8y A) >0 foranyl <k < N.
Proof. 1t is enough to prove the statement above for a regular integral anti-dominant
(with respect to Iy) weight A and the dominant weight © € WA. We may assume

further A € Qu N Q. Let wy be the longest element of Wj.
By Lemma 1.1, we have

L(t(N) = 1t(=A)

= (wo) + 1(t(—A)wo)

= I(wo) + I(wot(A)).
Take a reduced expression wgt(\) = s; --+s;,. Then for 1 < k£ < N we have
L(t(N)si, - -~ si,) = L(t(N)) — k and hence t(\)s;, - - - si,_, o is a negative root. Since it
is equal to s;, - - -85, o — (A, 85, -+ 85, )0 and s;, - - - s;,_, 0y is a positive root, we
conclude

()\, Sip sikflozk) > 0.

On the other hand we have the equality s;, - - $;;, A = wot(A\)A = we in tP. Hence
it is equal to p. O

For a regular crystal B, b € B and ¢ € I, let us denote by €***b the i-highest
weight vector in the i-string containing 7. Namely we have

e.

~max ~&;(b
maxp — geilb)y

Lemma 1.5. Let B be a finite reqular crystal with level 0 (with weight in P3).
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(1) For b € B, there are iy,--- iy € I such that &3 ---€7*b is an extremal
vector.

(2) Any vector in the W-orbit of an extremal vector b of B is written in the form
e - e ™D,

Proof. Let us set F; = {e5®---&1%b;iy,---,4 € I}, F = U;»o F1. Replacing b
with ' € F with maximal (wt(b'), wt(b')), we may assume from the beginning that
(wt(b"), wt(b')) < (wt(b), wt(b)) for any b’ € F. Since (wt(b'), wt(b')) > (wt(b), wt(b)),
we have (wt(d'), wt(b')) = (wt(b), wt(b)) for any b’ € F, and hence any b’ € F is i-
extremal for every ¢ € I. Moreover the weight of &' is in the W-orbit of wt(b). Then
for any weight p of F' and ¢ such that (h;, ) < 0, S;, sends injectively F, to Fj,,.
Hence §(F),) < #(F},,), and Lemma 1.4 asserts that they must be equal. Therefore
Si + F, = F;,, is bijective. This shows that F' is stable by all Ss,. Thus we have (1)
and (2). O

Lemma 1.6. Let By and By be two finite reqular crystals. Let by and by be vectors
i By and By, respectively.

(1) If by and by are extremal vectors and if their weights are in the same Weyl
chamber, then by ® by is extremal.

(2) Conversely if by ® by is extremal, then by and by are extremal vectors and their
weights are in the same Weyl chamber.

Proof. (1) is obvious because S, (b1 ® bg) = Sy,b1 ® S,,be under this condition.

We shall prove (2). Since & ---&0*(by ® by) = €5 ---€1%*b; ® by for some
by, € By, the preceding lemma implies that b; is extremal. Similarly b, is extremal. It
remains to prove that wt(b;) and wt(by) are in the same Weyl chamber. Let us show
first that wt(b; ® by) and wt(by) are in the same Weyl chamber. We may assume
without loss of generality that wt(b; ® by) is dominant (with respect to Ip). Then
€i(by ® by) = 0 for every i € Iy. Hence ¢;b; = 0. Hence wt(b;) is dominant. Hence
wt(b; ® by) and wt(b;) are in the same Weyl chamber. Similarly wt(b; ® by) and
wt(by) are in the same Weyl chamber. Thus wt(b;) and wt(be) are in the same Weyl
chamber. O

Definition 1.7. We say that a finite regular crystal B is simple if B satisfies
(1) There exists A € PJ such that the weights of B are in the convex hull of WgA.

(2) 4(By) = 1.
(3) The weight of any extremal vector is in WyA.

Proposition 1.8. The crystal graph of the fundamental representations is simple.

The proof will be given elsewhere. However we can easily check this for the Al
and C(V cases.

Lemma 1.9. A simple crystal B is connected.
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Proof. In fact, any vector is connected with an extremal vector by Lemma 1.5. [
Lemma 1.10. The tensor product of simple crystals is also simple.
Proof. This immediately follows from Lemma 1.6. [

Proposition 1.11. Let M be a finite-dimensional integrable U,(g)-module with a
crystal base (L, B). Assume the following conditions.

(1.8) B is connected.

(1.9)  There exists a weight A € Py such that dim(M,) = 1.

Then M is irreducible.

Proof. We shall show first that My generates M. Set N = U](g)M) and N =

(LNN)/(gLNN) C L/qgL. Then N is invariant by ¢&; and f;. Hence N contains B,
and Nakayama’s lemma asserts that N = M. By duality, any non-zero submodule of
M contains M,. Therefore M is irreducible. [

Corollary 1.12. A finite-dimensional Ué(g)—module with a simple crystal base s ir-
reducible.

Corollary 1.13. Foriy,... iy € Iy, V(wi,) @ -+ - ® V(wiy ) is irreducible.
We define similarly an extremal vector of an integrable U, (g)-module.

Definition 1.14. Let v be a weight vector of an integrable U, (g)-module. We call v
extremal if the weights of U, (g)v are contained in the convex hull of Wwt(v).

When the weight of v is of level 0 and dominant (with respect to Iy), v is extremal
if and only if wt (U, (g)v) C wt(v)+ ;s Z<ocl(a;). In this case, we call v a dominant
extremal vector.

Since the following proposition is not used in this paper, the proof will be given
elsewhere.

Proposition 1.15. Let v be a weight vector of an integrable U;(g)-module. The
following two conditions are equivalent.

(1) v is an extremal vector.
(2) We can associate a vector v,, of weight wwt(v) to each w € W satisfying the
following properties:
(a) vy =v if w =,
(b) If i € I and w € W satisfy (h;, wwt(v)) > 0, then e;v, = 0 and vy, =
o),

(c) Ifi € I and w € W satisfy (h;,wwt(v)) < 0, then fiv, =0 and v, =
—({hi wwt(v)))
€; Vw

The implication (1)=(2) is obvious.
Let us denote by U (b) the subalgebra of U, (g) generated by ¢; and e; (i € I).
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Proposition 1.16. Let M be a finite-dimensional integrable U;(g)-module. Then
any Uy (b)-submodule of M is a U,(g)-submodule.

Proof. Let N be a U,(b)-submodule. For any pair of weights A and p conjugate by
W, there exist i1, ... ,4 such that my = —(h;,, Si,_, -~ -si,A) > 0and p=s;, - -- 5, A
by Lemma 1.4. Then eZ” ---e; " sends injectively V) to N,. Hence we have dim N, <
dim N,. Thus we obtain dim Ny = dim N,. Then the proposition follows from the
following lemma. O

Lemma 1.17. Let M be a finite-dimensional integrable U,(sly)-module and let N be
a vector subspace of M stable by e and t. If dim Ny = dim Ny for any X (s is the
simple reflection), then N is a Uy(sly)-submodule.

Proof. Any u € N, can be written

u = Z fmy,
with ev,, = 0. Here n ranges over {n € Zs¢;n + (h, A\) > 0}.

Let us prove U,(sly)v, C N by the descending induction on ¢ = (h, A). We have
eu = Y,[1 + ¢+ n]f™ Dy, Hence the induction hypothesis implies U, (sly)v, C N
for n > 0. Hence we may assume that eu = 0, and then ¢ > 0. The surjectivity of
e¢ : N,y — N, implies the existence of w € Ny such that v = e(9w. Then fw =0
and U, (slh)u = U,(sly)w is generated by {e"w;n >0} C N. O

Lemma 1.18. Let M, and M, be finite-dimensional Ué(g)—modules and let v1 and vy
be non-zero weight vectors of My and Msy. If vi ® vy is extremal, then vy and vy are
extremal and their weights are in the same Weyl chamber (in tY).

Proof. We may assume that wt(v; ® vg) is dominant. Then for any P € U'(b), we
have

P(’U1®’U2):U1®PU2+"' .
Hence the weights of Uy (b)v, is contained in wt(vy) + Q_. Since Ug(b)vy = Uy(g)v2
by Prop 1.16, v is an extremal vector with a dominant weight. Similary so is v;. O

2. CONJECTURE

We denote U, C((¢"/™)) by k and U,,5o C[[¢"/"]] by A. Hence k is an algebraically
closed field and A is a local ring. For a, b € k* =k \ {0}, we write a < bif a/b € A.
For i € Iy, let u; denote the dominant extremal vector of V (w;).

Conjecture 1. Let iq,...,% be elements of Iy and aq,... ,a; non-zero elements of

k.
(1) Ifar <--- <a,then V(w; )e ® - @ V(wy)a
as a U/(g)g-module.

is generated by u;; ® --- ® u;,

1
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(2) Ifa; >--- > @, then any non-zero U] (g);-submodule of V (@i, ), ®- - -®@V (i, ) o,
contains u;; @ -« - ® u;,.

Note that (1) and (2) are dual statements and therefore they are equivalent. One
can compare (1) to the case of Verma modules and (2) to the case of the dual of
Verma modules.

Let us discuss several consequences of this conjecture.

For 1,5 € Iy, there is an intertwiner

(2.1) R (2, y) : V(wi)a © V(w))y = V(wj)y @ V(wi)o

We normalize this such that R sends u; ®u; to u;®u;. Then we regard it as a rational
function in (z,y). Since it is homogeneous, its pole locus has the form y/z = constant.
We call it the normalized R-matriz. By Corollary 1.13 such an Rj"(z,y) is unique,

Corollary 2.1. If a; < ag, the normalized R-matrix Rzg’-r(ac, y) does not have a pole
at (z,y) = (a1, az).

Proof. Suppose that R}"(z,y) has a pole at (x,y) = (a1, az). Let R’ be the non-zero
U,(g)-linear map V(w@i)a, ® V(@j)a, — V(w;)a, ® V(wi)a, obtained after cancelling
the poles of R} (z,y). Then R'(u; ®u;) = 0, and hence Im(R') does not have weight
@; + wj. On the other hand, Conjecture 1 (2) implies that Im(R') contains u; ® u,,
which is a contradiction. Hence Ri"(z,y) has no pole at (a1,az). O

Corollary 2.2. Let K be a field extension of k, and i1,...,4; € Iy, ay,...,a; €
K* =K\ {0}.

(1) Assume that R} (x,y) does not have a pole at (z,y) = (ay,a,) for 1 <v <
p < 1. Then V(wi)a ® -+ @ V(wi)e is generated by uy & -+ @ u; as a Uy(g) k-
module.

(2) Assume that R}% (z,y) does not have a pole at (z,y) = (av,a,) for 1 < p <
v < 1. Then any non-zero U, (@) x-submodule of V(w;,)a, ® -+ ® V(wy)q, contains
Uiy ® -+ @ -

Proof. We may assume that K is generated by ai,...,a; over k. Since k is an
algebraically closed field with infinite transcendental dimension over k, there exists
an embedding K < k. Hence we may assume K = k.

Since the proof of (2) is similar, we shall only prove (1). We prove (1) by induction
on the number of pairs (v, p) with v < p and a, £ a,, which we denote by n. If
n = 0, the assertion follows immediately from Conjecture 1. If n > 0, take v such
that a, £ a,41. Hence a,41 < a,. Then Corollary 2.1 implies that R;% . (z,y) does
not have a pole at (z,y) = (ay41,a,). Since R}% = (z,y) does not have a pole at
(z,y) = (ay, a,41) by the assumption,

R ((1,,,, a’I/-I-l) : V(wiu)au ® V(wiu+1)au+1 — V(wiu+l)au+1 ® V(wiu)au

Ty yty+1
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and

Ry (av-i—la GU) : V(wiu+l)au+l ® V(wiu)au — V(wiu)au ® V(wiu+l)au+l

Zl/-‘,-laill
are inverse of each other. Hence we can reduce the original case to the case where v

and v + 1 are exchanged, in which n is smaller than the original one by 1. Hence the
induction proceeds. [

Assume the condition (1) in the preceding Corollary 2.2. Let R be the intertwiner
R: V(wil)m Q& V(wiz)az - V(wiz)ﬂl Q- ® V(wil)m

sending u;, ® - ®u;, to u; ® -+ - @ u;,, obtained as the product of R} (a.,a,) with
1<v<u<Ll

Corollary 2.3. Under the condition (1) in Corollary 2.2, Im(R) is irreducible.

Note that the condition (1) is satisfied if K = k and a; < --- < a;, and hence we
can apply the corollary.

Proof. By Corollary 2.2 (1), Im(R) is generated by the dominant extremal vector
u;, @ -+ Q@uy,. Since any submodule of Im(R) contains the same vector by Corollary
2.2 (2), Im(R) is irreducible. O

In fact, Im(R) is absolutely irreducible. Let us recall that, for a (not necessarily
algebraically closed) field K containing k, a U, (g) x-module M finite-dimensional over
K is called absolutely irreducible if the following equivalent conditions are satisfied.
(1) For some algebraically closed field K’ containing K, K' ® x M is an irreducible
U, () k'-module.

(2) For any algebraically closed field K’ containing K, K' @ M is an irreducible
U, () k-module.

3) M is irreducible and End M) =2 K. We denote by m the maximal ideal
q(g)K
Unso ¢*/"Cllg"/"]] of A.

Corollary 2.4. Fora € kX, y/x = a is a pole of R (x,y) if and only if a € m and
V(w;) ® V(wj), is reducible.

Proof. By Corollary 2.1, if y/x = a is a pole of R}**(x,y), then a € m. By a similar
argument to Corollary 2.1, the irreducibility of V(w;) ® V (w;), implies that y/z = a
is not a pole of R}"(x,y). Now assume that y/x = a € m is not a pole of R} (x,y).
Since R}"(a,1) is well defined, R}"(1,a) is invertible. Hence V(w;) ® V(w;), is
irreducible by Corollary 2.3. O

Corollary 2.5. Let K be an algebraically closed field containing k. If M and M’
are irreducible finite-dimensional integrable Ué(g)K—modules, then M @ M., is an ir-
reducible U, (g) k-module except finitely many z € K.



12 TATSUYA AKASAKA AND MASAKI KASHIWARA

Proof. Let M (resp. M') be the irreducible subquotient of V (w;,)e, @ - - @V (w;,, )y,
(resp. V(@i )a, ® - @ V(@i )a,,) such that B’ (z,y) (resp. Ry (z,y)) does not
have a pole at (z,y) = (ay,a,) (resp. (z,y) = (a,,a,)) for 1 < v < p < m (resp.
1 <v < p<m'). Then Corollary 2.3 implies that M is isomorphic to the image of
the R-matrix

R:V —W,
where V =V (w;, ), ® - @V (@i, )a,, and W =V (w0, )a,, @+ - @V (i, )a, - Similarly
M’ is isomorphic to the image of
R :V' — W',

where V' = V(will)all Q- - V(wi’m,)a’m, and W' = V(wi;n,)a:n, Q- ® V(wi’l)aﬁ' If
z is generic , R}, (z,y) does not have a pole at (z,y) = (ay, 2za;,) and Ry, (z,y)
does not have a pole at (z,y) = (za.,,a,). Hence the R-matrix W @ W] - W, @ W
is an isomorphism. Hence the image of the composition

vev! Eh wew! —~s wlew

is isomorphic to M ® M! and it is irreducible by Corollary 2.3. O

Hence the intertwiner M ® M. — M. ® M is unique up to constant.
We give a conjecture on the poles of the R-matrices.

Conjecture 2. For i, j € Iy, the pole of the normalized R-matrix R}"(z,y) has the
form y/z = +q¢" for n € y7'Z with 0 < n < (6, p) except Df) (where 7 is defined in
(1.2)). In the DY) case the third root of unity appears in the coefficients.

As seen in the appendix, this is true for A( and C(1).
We can also ask if the following statements are true.
(2.2) RY¥*(r,y) has only a simple pole.
(2.3) If (x,y) = (a,b) is a pole of R (x,y), then the kernel of R} (b, a) : V(w;)s ®

V(wi)a = V(wi)a ® V(wj)p is irreducible.
3. REDUCTION OF THE CONJECTURE

In this section we shall prove that Conjecture 1 follows from Conjecture 3 below.
Let m = U, ¢"/"C[[¢*/"]] be the maximal ideal of A.

Conjecture 3. For every i € I, there exist N € N, by,--- by, ¢1,...,cn €
m\{0}, s1,...,5n, t1,... ,tx € Iy, an irreducible finite-dimensional U,(g)z-module
W, and a U (g)z-linear map ¢, : V(@;) ® V(ws,)s, — V(w@y,)e, ® Wy, for p with
1 < p < N, satisfying the following conditions. Define Fy = @¢,_.. V(wi)¢ (recall
that —;- is the lowest weight vector of V/(w;)) and F, = {v € F,,_1]p,(v®u,,) = 0}
for 0 < p < N.
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(2) QOM(F/,L—I ® USM) C V(wtu)cu ® wli'

(3) V(ws,)s, is not isomorphic to V(wy, ),

(4) V(ws,)s, is not a component of W, (see Definition 1.3).

Here u,, and w, are dominant extremal vectors of V(wj, )s, and W, respectively.

Let us show that Conjecture 3 implies Conjecture 1 (2).
For a,...,a, € k*, let P(ay,...,a,) denote the following statement.

P(ai,...,ap): For indeterminates xq,...,x;, any dominant extremal vector of the
Uyg(8)k(a1,... ) -module V(@ )g @ -+ @ V(wj))zy ® V(@i )ay @ -+ @ V(i )a,
is a constant multiple of u;, @ --- Quj;, u;; @ -+ - ® u;,.

Assuming Conjecture 3, we shall prove the following lemma.
Lemma 3.1. If ay,... ,a, € k* satisfy ay > -+ > a,, then P(ay,. .. ,ap,) holds.

Since any non-zero finite-dimensional module contains a dominant extremal vector,
this lemma implies Conjecture 1 (2). We shall prove this lemma by induction on p.
First assume p > 1. Then P(ay,...,a,-1) holds by the hypothesis of induction. Set
K = k(z1,...,7;). Let = be another indeterminate. By the existence of R-matrix,
V(wj)s @ - @ V(wj)a @ V(Wi )ay @ - ® V(wiy 1)a, 1 ® V(wi,), is isomorphic
to V(wjl)zvl - ® V(wjl)wl ® V(wip)w ® V(wil)al ®--® V(wipfl)apfl' Hence
P(ay, ... ,a, 1) implies that a dominant extremal vector of the U,(g)x(s)-module
V(wj)s ® - @ V(w))a, @ V(wiy)ay @ -+ @ V(wiy_)a,os ® V(wi,)s is a constant
multiple of uj;, ® -+ - @ uj, ® us, @ - - - @ u;,. Then it follows that a dominant extremal
vector of U (g) x-module V (@, )z, ® -+ - @ V(@) s, @ V(@iy ) oy @ - @V (Wip_y )ap_y @
V(w,). is a constant multiple of uj ®- - -®u;, @u;, ®- - -@u;, except for finitely many
z € k. This means that P(ai,...,a,_1,2) holds except finitely many z € k. Arguing
by induction on the order of the zero of a,, we may assume from the beginning

(3.1) P(ay,...,ap_1,2) holds for any z € ma, \ {0}.

Let v be a dominant extremal vector of U, (g) k-module V (wj,)e, ® - ®@ V(wj,)e, ®
V(w@i,)a, ® - @V (wy,)a,- We shall prove that v is a constant multiple of u;, ® - - - ®
Ujy @ Uiy &+ & Uy,

We have ¢y : V(@) ® V(wi,-), — k with y = (=1)@)¢») by (1.6). Set
V= V(@) @ - @ V(wj)a, ® V(@iy)ay ® --- @ V(wi,_,)a,_,- Then we have a
morphism

idy ® (¢0)a, : V' @ V(wiy)ap @ V(Wi )apy = V.

Lemma 3.2. We have (idy' ® (¢0)a,)(v ® u;,) = 0.

Proof. Assume that w = (idy» ® (¢0)q,)(v ® ui,*) # 0. Then w is a dominant
extremal vector of V'. Hence w is equal to uj, @ -+ @ uj, @ uj; @ - - @ Uj,_, up to a
constant multiple by P(ay, ... ,ap—1). Therefore Theorem 1.2 implies that V (w;,*)a,y
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is isomorphic to one of V(@;,)ay,-- - V(@j)as V(@ir)ars -+ > V(@ip_1)a,_,- This is
a contradiction since y € ¢gA. O

Since Fy = {w € V(@;,); po(w ® u;,») = 0}, we have v € V' ® (Fp),,. Now we
shall show v € V' ® (F),)q, by induction on . Applying Conjecture 3 with 7 = i, we
have U, (g)-linear maps ¢, : V(w;,) ® V(w@s,)p, — V(wy,)e, ® Wy for 1 < < N
satisfying the conditions (1)—(4) in Conjecture 3. Then this induces a homomorphism

idV’ & ((Pu)ap : V, & V(wip)ap ® V(w3u)apbu - VI ® V(wtu)apcu ® (WN)% -
Suppose that v € V' ® (F,_1)q,, which is the case when p = 1.
Lemma 3.3. We have (idy' ® (¢u)q,)(v ® u,,) = 0.

Proof. The proof is similar to the one of the preceding lemma. Suppose that w =
(idy' ® (¢u)a,)(v ® us,) is not zero. Write w as v" ® w, in virtue of the condition
(2) in Conjecture 3, where v" is a non-zero vector of V' ® V(wy, )a,c,- Since v ® ug,
is extremal, so is v"” ® w,. Hence v"” is a dominant extremal vector by Lemma 1.18.
Since apc,, € may, the property P(as,... ,ap_1,a,c,) holds by (3.1), and hence v" is
a nonzero scalar multiple of uj;, ® -+ - Q@ uj; @ u;; ® - - - ® u;, @ uy,. Then Theorem 1.2
implies that V (@, )a,s, is isomorphic to one of V/(@;, )z, - - -,V (@) as V(@iy)ars - -
V(@i,_1)ap_1s V (@4, )ape, Or to a component of (W,),,. It, however, is not the case
because of the conditions (3), (4) in Conjecture 3 and ayb, € ma,. O

By this we have v € V' ® (F},)q,- Applying this process successively, we obtain v €
V'®(Fn)q,- Hence we have v € V'®u;, by the condition (1) in Conjecture 3. Write v
as v’ ®u;,, where v’ is a nonzero vector of V'. Lemma 1.18 implies that v’ is dominant
and extremal. Therefore v' is a nonzero scalar multiple of u;, ®- - -®@uj; Qu;, ®- - -®@u;,_,
by the induction hypothesis on p. We have deduced the p case from the p — 1 case.

It remains to prove p = 0 case, which follows from the following lemma.

Lemma 3.4. Any dominant extremal vector of the Uy (8)k(g,,... z)-module V(wj, )z, @

- @V (wy, ), is a constant multiple of u;, ® - - - ®uy,. Here xy, ... ,x; are indetermi-
nates.
Proof. 1t is enough to prove the assertion with z; = --- = z; = 1. Let V denote

V(wi,) ®---®V(w;,). By Corollary 1.13, V' is irreducible. Suppose now that V' has
a dominant extremal vector v that is not a constant multiple of u;, ® - - - ® u;,. Then
U,(g)v does not contain u;; ® --- ® u;, since wt(Ug(g)v) C wt(v) + X;eq, Z<ocl(as),
which is a contradiction. [

Thus we have proved

Proposition 3.5. Conjecture 3 implies Conjecture 1.
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4. PROOF OF CONJECTURE 3 FOR A{) anp C(V

In this section, we shall prove the following theorem.

Theorem 4.1. Conjecture 3 holds if g is AQ or C(V.

4.1. A;lzl Case. For the fundamental representations of Ué(g[n), see Appendix B.1.
We identify crystal bases of the fundamental representations with the corresponding
global bases.

Let us prove Conjecture 3.

Since the 1 = n — 1 case can be reduced to the case ¢ = 1 by the Dynkin diagram
automorphism, we assume 1 <7 <n—1. Set N =14 Forl < u < N =1, take
Sp =t ty =141, by = (—q)" " ¢, = —¢, Wy = V(wyu_1)(_g)yi-w+: and define
iy 2 V(@) @ V(wy)(—qi-w+2 — V(@iy1)—q ® W, as the composition (see Lemma
B.1):

V(wi)®(i1,u71)(_q)ifﬂ+2

V(wi) ® V(Tﬂu)(—q)i—thz > V(wi) ® V(wl)(_q)i+1 ® W,
(41) l(pi,l)—q@wp,

V(@is1)—q ® Wy

Then it is easy to check that Conjecture 3 holds with

F, = @ [ N T A T £

p<ay+1<-a;<n

4.2. C{V Case. For the fundamental representations of U,(C{"), see Appendix C.1.
For 1 < i < n, let p; : V(@) @ V(w1)—gitt — V(@is1)—q, be (pi1)—q,- Let
Pn V(wn) @ V(@) (g n+s = V(@Wn-1)—q, be the composition

V(wn) ® V(@1)(~g,)n+s
in1,1®V(w1)(_qS)n+3J/

V(wn—1)—qs®tr
V(@n1)—g0 ® V(@1) (o @ V(1) (—gpymts —omtte20

V(@n-1)-q,-
Here tr is given in (C.1).

Forl1<i<n-—1set N=i Forl<pu<N=4 wesets, =u,t, =1i+]1,
by = (—¢s)" "2, ¢y = —¢; and W, = V(wp—1)(_g,)i-wr1. We define ¢;, : V(w;) ®
V(@y)(—gs)i-n+2 — V(@Wiy1)—q, ® W, as the composition:
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(4.2)

V(wi)‘g’(il,u*1)(_qs)i—u+2\

V(wz) (02 V(wu)(_qs)iﬂwz > V(wz) (024 V(wl)(_qs)i+1 R Wu

lpz@W,‘
V(®@it1)—g, ® W

Note that b,, c, € ¢;A.

For i =n,set N =n. For 1 < pu<n, weset s, =p,t,=n—1,b, = (—q)" *,
¢y = —¢s and W, = V(wyu_1)(—g,)n-n+3. We define ¢, , : V(wn) @ V(w,) (g )n-nte
— V(wit1)—q, ® W), as the composition ;

(4.3)
V{(wn)®(i1,0-1) (_ g yn—
V(wn) X V(wu)(_qs)n—u+4 Lu—1)(—qy) “+4> V(wn) X V(wl)(_qs)n+3 ® W“

o
Vi(wn-1)-q ® Wy

Note that by, c, € ¢, A.
Then we have

Fy={veV(m);pv®G() =0 forl<j<pu}
Then Conjecture 3 easily follows from the following lemma.

Lemma 4.2. Fizx 1 <i<n. Then
(4.4) {veV(m) | plveG() =0 forall<j<i}=kG(,...,1).

Proof. Let E be the left-hand-side of (4.4). Then F is invariant by e, for any k € I.
Let us prove E, = 0 by induction on the weight A # w;. We can easily check the
assertion when A = w; — «y, since V(w;)x = kfiu;. If a weight A of V(w;) is not
w; — a4, then A + o # w; for any k € Iy. Therefore any v € E, satisfies e;v = 0 for
all £ € Iy by the induction hypothesis. This implies v =0. [

APPENDIX A. UNIVERSAL R-MATRIX

In this appendix we shall calculate the normalized and universal R-matrices of
U,(g) for the fundamental representations following a variant of the recipe of Frenkel-

Reshetikhin [8] in the A,(llll and C" cases.
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Let us choose the following universal R-matrix. Let us take a base P, of Uf(g)
and @, of U; (g) dual to each other with respect a suitable coupling between U (g)
and U (g). Then for U;(g)-modules M and N define

(A1) RN (u®v) = g(We)wt(v)) Z Pov®Q,u,

so that Ry gives a Uy (g)-linear homomorphism from M ® N to N® M provided the
infinite sum has a meaning. If M and N are finite-dimensional integrable modules,
then Rﬁ‘f]‘(,z converges in the z-adic topology. The existence of the universal R-matrix
for (M, N) is proved by [6] (see also [18]). For a scalar a, the composition

(RUNYo: My® N, 2 (M ®N), — (N® M), = M, ® N,

is equal to RjpVy , and we sometimes confuse them.

For irreducible U, (g)-modules M and N, let us denote by R} (z) the R matrix
M ® N, - N, ® M normalized by R}y (2)(u ® v) = v @ u for dominant extremal
vectors u (resp. v) of M (resp. N). Let dyn(2) be a denominator of R} (2).
Namely c(z) € k[z,27'] is divisible by dyn(2) if and only if ¢(z)R5%%(2) has no
poles. Then d;n(2) is uniquely determined modulo k[z, z7']*. Here k[z, 27']* is the
set of invertible elements of k[z, 27!]. Hence

(A.2) klz,27'1* = {cz2™n € Z, c€ k\ {0}}.

Since the intertwiner from M ® N, to N, ® M is unique up to a constant multiple
by Corollary 2.5, we can write

(A.3) RyIN(2) = ann (2) Rizy (2).
If A and p are the dominant extremal weight of M and N respectively, we have
(A4) ann(2) € ¢ (1 + zk|[2])).

For i,j € Iy, we denote R!'™(z) = “‘,‘E;i)v(wj)(z), R (2) = RYG)viw;)(2),

4i(2) = v (w)v(wy) (2) and dij(2) = dy(@)v(w;) (2)-
For a finite-dimensional U,(g)-module M, let M* be the left dual of M and *M
the right dual of M. Hence we have

MM —" s k E—— M@ M*
M@*M —2 k k —— *M Q@ M.
We have
(A.5) M*™ = Mq—2(5,p) and "M ¥ Mq2(5,p).
We have

V(w)* 2 V(wpm)p-1 and  *V(w;) = V(wis)pe,
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where p* = (_1)(0,pv)q(6,p)_
Let a 1 @ be the ring automorphism of Uy(g) given by 7= g™, (¢0) = e, (£i) =
fis q(h)~ = q(—h). For a Ué(g)-module M, let M~ be the Ué(g)-module whose

underlying vector space is M with the new action U;(g) — Uj(g) — End (M).
Then (M @ N)” 2 N~ @ M~ and V(w;)” = V(w;). Hence we have

(A6) dﬂ(z) = dij(Z_l)_ mod k[Z, Z_l]x .
The conjecture 2 implies
(A.7) dji(2) = dij(2) modk[z, 271,

Proposition A.1. For irreducible finite-dimensional integrable U, (g)-modules V' and
W, we have

de(Z)
dwy*v(z_l)

Proof. For a U (g)-linear homomorphism ¢ : V @ W, — W, ® V, we shall define
Tr(¢) : W, @*V — *V ® W, as the composition

(A.8) av,w (2)av,w (2) gl

mod k[z, 2™

W,V WV oy oW, 9V Y2V sy oW,V @V

VW, tr *V ® Wz
The correspondence ¢ — Tr(¢) gives an isomorphism
(A.9) Hom(V @ W,, W, ® V) =5 Hom(W, ® *V,*V @ W,).
If we consider them as modules over k[z, 27!], then Hom(V@W,, W,®V) is generated
by dyvw (2) Ri%y (2), and Hom(W,®*V, *V@W,) is generated by dy,v (2 Rjghy (271).
Hence we have
Tr(dyw (2) Ry (2)) = dwyv (27 ) Ry (271) mod k[z, 2 ']*.
) =

1

Then the result follows from Rj%y (2~ (R“?,rw(z))_1 and a well known result

Tr(RYW (2)) = (R (2)) " (see [8]). O

This proposition implies

— dz (Z) _
A.10 aii(2)ap ;(pr2) = —22  modk[z, 2%,
Applying (A.8) with *V instead of V', we have
d*
(A.11) ayw (2)asvw(z) = v (2) mod k[z, z71]*.

dy--y (271)
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Using (A.5) we obtain the ¢-difference equation

avw (2) dyw (2)dwy (2% 271)

avw(g=20r)z) dw,v(z 1) d-v,w(2)

(A.12)

mod k[z, z ']*.

Write
dji(z) = H(z —z,) and d;;i(2) = H(z —Yy).

v v

Then by (A.6), we have
dij(2) = [[(z=7™") and di;(2) = [[(z = %)

Then using (A.4), we can solve the g-difference equation (A.12),
(i) Lo (P02 0*%) o0 (0T 25 9% oo
IL (%02 p*%) oo (P**T0 23 P*?) oo
Here p* = (—1)®*")¢0) and (2; ¢)oo = [1°%,(1 — ¢"2).
We are going to determine d;;(z) and a;;(z) in the AW - and CW) cases.

(A.13) aij(z) = ¢

Remark. We can see easily

(A.14) dy«w+(2) = deyw(2) = dyw(2).
Hence

(A.15) avews(2) = aryow (2) = avw(2),
and

(A.16) di- j+(2) = d; j(2).

(1)

APPENDIX B. A, ’, CASE

(1

We shall review the fundamental representations and R-matrices for A4, .
B.1. Fundamental representations. The root data of g = Asllll are as follows.
I1={0,1,...,n—1}
2 ifi=y
(s 05) = {—(5(i =j+1mod n) — (i =j — 1mod n) otherwise
d=ap+- -+ ay_1,
c=ho+--+hy_1,
(0,p) = (d,p") =n+1.

Here for the statement P, we define §(P) = 1 or —1 according that P is true or false.
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Hence by (1.6) the duality morphisms are given by
kE—— V(wn_i)(,q)nﬂ X V(wz) and V(wz) X V(wn_i)(,q)nﬂ i} k.

By [16], the vectors of the crystal base By of the fundamental representation V (wy)
(1 < k < n) are labeled by the subsets of Z/nZ = {1, ... ,n} with exactly k elements.
For 0 <i<n-—1and K C Z/nZ, we have

otherwise,

6(K) = {((]K\{iJrl})U{z'} ifi+1ecKandi¢K,

; B (K\{i}h)u{i+1} ifie Kandi+1¢ K,
0 otherwise.

In the case of the fundamental representations of U, (sl,), all the weights are ex-
tremal. Therefore we have e;G(b) = G(é:b) and f;G(b) = G(f;b) for every b in the
crystal base. Here G(b) is the corresponding global base. Hence we can and do

identify its crystal bases with the corresponding global bases.
We have

1K = @PUER)~06+1eK) g
We present a lemma that is easily verified by calculation.

Lemma B.1. For j,k > 0 such that j+k < n, there exist following non-zero U, (gln)—
linear homomorphisms.

(1) djn : V(wjan) — V(w)) (g @ V(wk)(—g)-
given by

kM) = Y (—q"U I K.
#I=j 4K =k
M=JUK,JNK=0
Here ¢(J,K) =8{(v,n) € J x K; v > u}.
(2) ik VI(@))(—g)-+ @ V(@k)(—qi —> V(@jsk)
given by

pj,k(J(X) K) =

(=)*PRNJUK) ifJNK=0
if JNK #0.

Here V(wy) and V(w,) are understood to be the trivial representation.
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B.2. R-matrices. We shall recall the result of Date-Okado [5].
Proposition B.2 ([5]). For k,l € I,

min(k,l,n—k,n—1)

(B.1) dy(z) = I (= (=g> ).

v=1
The universal R-matrices can be easily obtained by (A.13) and (B.1).
Proposition B.3 ([5]). For k,l € Iy ={1,... ,n— 1}, we have

minti)k1n (=012 "o ((=0)"" 71 25 ¢*")o
((=9)¥*2; ¢*™)oo ((—0)*"*712; 4"

AppeENDIX C. C{) CASE

akl(z) =q

C.1. Fundamental representations. The Dynkin diagram of C(! is

0 1 2 n—1 n
O — O - O i e e - O P O
—2¢e1 €1 — €9 €9 — €3 €n_1—En 2¢e,,

Here (g;)i=1,.. » is an orthogonal basis of t}{ such that (g;,&;) = 1/2. We have
q ifi=0o0rn
@ = {q1/2 if1<i<n,
§ = ag+2(a+- 0y 1) +ay,
¢c = hy+hi+---+hy,
) = n+l,
(p’,0) = 2n,
wi = Ni—AN=e1+-+¢;.
We set g, = ¢*/2. Hence by (1.6) the duality morphisms are given by
(C.1) k— V(wi)qg(n+1) Q@ V(w;) and V(w;) ® V(wi)ng(nH) 5 k.

We review the crystal base (L, By) of the fundamental representation V(wy) (1 <
k < n) of UJ(C{V). Recall that V (wy) is as a Uy(Cy)-module isomorphic to the k-th
fundamental representation of U,(C,). Hence by [17], By is labeled by

{mdk |mi<---<myp,mye{1,....,n, n,... 1},
i+ (k—j+1)<m if mi=m; (i <)}
where the ordering on {1,... ,n, @,...,1} is defined by
(C.2) I<---<n<m<---<1
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On By, the actions of f, and ¢é; with 0 < ¢ < n are defined as follows. As for ¢ # 0,
write ¢ and ¢+ 1 as +, i+ 1 and ¢ as —, and others as 0. Then first ignore 0 and
next ignore +—. Then f;b is obtained by replacing the leftmost + with — and €;b is
obtained by replacing the rightmost — with +.

Lemma C.1. If b is of the form (1, ay,...,ax—1), then éb = (ai,...,ax-1, 1).
Otherwise €gb = 0. 5 5
If b is of the form (a1, ... ,ax_1, 1), then fob = (1, ai,... ,ax_1). Otherwise fob = 0.

Proof. It is easy to check that By is a regular crystal with this definition of €, and
fo. Set J ={1,2,... ,n—1} C I. Then By decomposes, as a crystal over g; ~ A,_1,
into irreducible components with multiplicity 1. Hence there is a unique way to draw
0-arrows on the crystal By over C,,. [

The following proposition can be checked by a direct calculation.

Proposition C.2. For p,v with u+ v < n, there exist following non-zero Ué(C}ll))—
linear maps:

b V(wu-l—u) — V(wu)(—(h)” ® V(w'/)(—%)_" ’
Puv 2 V(@) (—g0)—» ® V(@) (—gop — V(@pto)-

C.2. Normalized R-matrices. Let us calculate R-matrices between a fundamental
representation and the vector representation of U;(C,(Ll)). First recall that we have
the following decomposition as U,(C,,)-modules;

(C.3) V(@) ® V(w) = V(wy + 1) © V(wk1) & V(wk).

Here V(wy) is understood to be the trivial representation and V(w,41) to be 0.
Therefore the R-matrix Ry (z,y) : V(wk)s @ V(wi)y — V(wi)y ® V(wg), can
be written as R} (2,y) = Py, 14w @ 1 (Y/2)Pey, @ 72(y/2)Pg,_,, where P, is
a Uy(Cy)-linear projection from V(wy) @ V(w;) to V(w) in V(wy) & V(wy) with
W = Wk + W1, Wk+1 O Wg_1.

Let u; and u; (i = 0, 1, 2) be highest-weight vectors in the U,(C,)-modules
V(@) ®V (w1) and V(1) @ V(wy) with highest weights wy +w; (1 = 0), w1 (1=
1), wr_1 (i = 2). Remark that if k£ = n we ignore w1, u1, u} and v (y/x). We set
Q1= fofr - foafufn1 - fev1r and Qo = fof1--- fr—1. Then Qu; is proportional
to ug because its weight is wy, + w,;. Let us first determine v, assuming that £ # n.

The following lemma is by direct calculation and we leave it to the reader. In the
statement G%) means the lower global base (cf. [12, 13]).

Lemma C.3. Let b be an element of V(wy) ® V(w1) which is a tensor product of
two lower global bases of V (wy,) and V (wy) and has the weight wy1. Then Q1b # 0
if and only if b= by := GLW(1,... k)@ GU)(k+1) orb=by:= Gl (2,...  k+
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1) ® G (1). Moreover Qiby = ¢ 'y 'ug and Qiby = x ' ug, where we set uy =
GUow)(1,... k) @ GUew)(1).

Lemma C.4. If we write uy = by + Yy, apb, where b runs over the set of tensor
products of two lower global bases, then ay, = (—qs)*.

Proof. There are relations
A
e(GU(1, i1, k1) @G (6 4+ 1)
A
—q,GY (1, k1) @G () =0 for 1 <i <k
It follows that ap, = (—¢,)F. O

By these lemmas we have Q u; = (¢; 'y~ + (—¢5)f27)ug in V(wg) @ V().
Similarly we obtain the following two lemmas.

Lemma C.5. Let b be an element of V(wy) @ V(wy) which is a tensor product of
two lower global bases of V (w1) and V(wy) and has the weight wy1. Then Q16 # 0
if and only if b = b := Gl (1) @ GL)(2,...  k+1) or b = b, .= GUov)(k +
1) ®@ GUlow)(1,... k). Moreover QiV, = ¢ 'z ul and Q.b, = y~'ul), where we set
uh = G (1) @ Glow(1, ... k).

Lemma C.6. If we write uy = by + Xyry asb, where b runs over the set of tensor
products of two lower global bases, then ay = (—q,)*.

By these lemmas we have in V(w;) ® V(wy)

(C.4) Quuy = (g 'z + (—gs)*y ™ uy.
Therefore we have
T — (_qs)k+1y
C.5 =7
(C:5) T S

Next let us determine 5. For brevity, we assume that k£ # 1 in the following four
lemmas, and G("?) means the lower global base (cf. [13]).

Lemma C.7. Let b be an element of V(wy) ® V(w1) which is a tensor product of
two upper global bases of V(wy) and V(wy) and has the weight wi_1. Then Qb # 0

if and only if b = by := GW)(1,... k) @ G@)(k) or b = by := GW(2,... k, k) ®
GUP)(1). Moreover Qabs = ¢7 'y ug and Qobs = qsx~'[2]1up, where we set ug =
GW)(1,... k) ® GU)(1).

This lemma is by direct calculation and we leave it to the reader.

Lemma C.8. If we write ug = b3 + >y, apb, where b runs over the set of tensor
products of two upper global bases, then ay, = —(—qs)** **1/[2]) 1.
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Proof. There are relations.

e(GUP(1,... k=1, i) ® GW)({)
—¢,G"(1,... k—1,i+1)@G" (i +1)=0 fori=k,...,n—1,

en(GUP(1,... k=1, n) ® G (7)
—?G")(1,... ,k—1, n) ® G")(m)) =0,

(G (1,... k-1, i+1) @G (i +1)
—¢,G (1, k-1, D QG (@6) =0 fori=k,...,n—1,

en1([2]e—1GMP(1,... k-1, n) ® G")(m)
—¢,G)(1,... k-1, n) @ G (7)) = 0,

A

e(GUP(1, .. i+ 1,...  k k) @G (i +1)
A —_
—q¢,GY (1, i,k ) @G (6) =0 fori=1,...,k—2.
It follows that ap, = —(—¢s)*" "' /[2]x-1. O
By these lemmas we have in V(wy) ® V()

(C.6) Qauz = (g; 'y~ " + (—q)*" 22 Yu,.
Similarly we obtain the following two lemmas for V(@) @ V (wy).

Lemma C.9. Let b be an element of V (w1) @V (wy) which is a tensor product of two
upper global bases of V(w1) and V (wy) and has the weight wy_1. Then Qb # 0 if and
only if b =1 := G (1)@ G (2,... k. k) or b=1b, := G (k) @ GMP)(1,... k).
Moreover Quby = q7'z7'[2]1ul and Qub), = y~'ul), where we set u) = G (1) ®
GEP(1,... k).

Lemma C.10. If we write u), = b} + 2 bt, aub, where b run over the set of tensor
products of two upper global bases, then ay, = (—qs)? F2[2)5_1.

By these lemmas we have in V() ® V (wy)
(C.7) Qauy = (q; o™ + (=¢5)" ™y~ (g5 + a5 up.

Therefore up to a multiple of an element of £ we have

_ T — (_qs)2n—k+3y
(C.8) T2 T (g )Ry
It is easy to check that this expression for v, still holds even if £k = 1. So we obtain
the following result.
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Theorem C.11. The normalized R-matriz is given by

( b 1— (_qs)k—e—lzp 1— (_qs)2n—k+3zp
@pytwg T W Wh41 - — (_qS)Zn—k+3 Wk—1
K (2) =4 if1<k<n,
1—(—g5)" "3z .
Poriitw, — = P if k=n.
| k+1twi—1 2 — (_qs)n+3 k-1
Hence we have
(2~ (0" (= — (~q)%) if1<k<n,
C.9 d =d =
(C.9) 1,k(z) k1 (2) {z _ (—qs)"+3 if k=n.

We give the explicit form of R-matrix for the vector representation.
Proposition C.12. For by, by € B(w;) we have

bl ® b2 Zf bl == b27
RnOI‘ 2z b ® b — 1 2 (5(b2<b1) s _ 1 . _
i (2) (b @ bo) (1-g)2 by @by + 222 (= 2)b2®b1 if b1 # ba, by.

z—q; z—q

For1 <a<n we have

1_2 n _sa—|—k1_2 -1 N
R (2)(a®7a) = qsa®a+z(q) 1-g)c )k®k

= qg k=1 (Z - q?)(z - (_QS)2n+2)
e T @) e e (e
D P e ey ) W Ll e ey )

_ (_QS)a—k(l — qg)Z(Z _ 1) _
lgz (z — ¢2)(z — (—g5)*"*?) k®k,

Rr(aen = - ¥ S L e

e DG Ca)™) oo s ) @)

=@ — (~g)) =)z ()
O i Ut A E{ G SN (' E
R ey e L L

The general d;; with 4, j # 1 will be calculated at the end of this section with the
aid of the universal R-matrices.
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C.3. Universal R-matrices. We shall calculate the universal R-matrices. By
(A.13) and (C.9), we have

{k—=1}2n+1—-k}{2n+3+k}{dn+5 — k}
{k+1}{2n+3—-k}{2n+1+k}{4n+3 -k}

Here we employed the notation

(C.11) {m} = ((—a:)"2 6" oo -

Now we shall calculate ay(z) for [ < k. Consider the commutative diagram

(C.10)  aw(z) = a1 (2) = ¢s

V(wk) ® V(@i1) (g 12 @ V(@1) Cgy-tz —— V(m) @ V(my),

(C12)  V(@11)(cay 12 8 V(@) @ V(@) gtz ]
"l
V(@1-1)(=g5)=12 @ V(@1)(_gpy-1. ® V(@) " V(w), ® V(w) .

Here

Y =V(wr) ® (p—1,1)zs V' = (Di—11): @ V(w),

f=RiEY((=4,)7'2) @ V(1) (<qni-12s

9= V(@i1)(—g0)-12 ® Rjii " ((—g5)'"'2) and b = Ri7™(2).
We have

pl—l,l(G(l--- ,l-l)@G(l)) = G(l, ,l),
w1 (2)(G(1,... B)®G(() = GI)ed(d,... k).

Chasing the vector G(1,... ,k)®G(1,...,l—=1)®@G(l) of V(i) @V (@i—1)(—g,)~12 ®
V(@1)(—g,)-1, in the diagram C.12, we obtain the recurrence relation

ar(2) = arg-1((=¢s) ' 2)ara((—gs)" *2).
Solving this, and noticing ax; = a;,, we obtain the following result.
Proposition C.13. For k,l € Iy ={1,... ,n}, we have

wn(z) = grinteo LB = UHZn 2 = k= {20 +2 4 b+ H{dn +4 = |k — 1]}
5 {(k+}{2n+2—k+0{2n+2+k—1}{4n+4—k -1}

Here we used the notation {m} = ((—¢,)™2; ¢:"™) .
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C.4. Denominators of normalized R-matrices. In this subsection we shall prove

Proposition C.14. For 1 < k,l < n, we have

min(k,l,n—k,n—1) . min(k,l) '
(C.13)  du(z) = II (z = (—g,) F1*%) I (z— (—g,)2m2-k-t2y
i=1 i=1

This is already proved in the case [ = 1. The case k = [ = n is proved in [16,
Proposition 4.2.6]. We shall prove this proposition by reduction to those cases. Let
Dy, (%) be the right hand side of (C.13).

By (A.6), we may assume that k& > [. First let us show that dy(z) is a multiple
of Dy(z). In order to see this, by using Corollary 2.4, it is enough to show that
V(wg) ® V(w;), is reducible for any root a of Dy(z). For 1 <i < n —k,l, we have

V(wk) & V(Wl)(_qs)k—l+2i

V(@k)®(ti,1-i) (g k1423
V(Wk) ® V(wi)(_qs)k+i ® V(wl,i)(_qs)k_z.ﬂ'

(Pri)(Cq5)i ®V(@1—) (_ g k14

V(@k) gyt ® V(@1mi) (Lgyyb-ii

Here V(wy) is understood to be the trivial representation. Then one can easily
see that the composition is not zero but uy ® u; is sent to zero. Hence V(wy) ®
V(@) (_q, k142 is reducible. Similarly for 1 < <[, let us consider

V(wg) ® V(wl)(_qs)2n+2—k—l+2i
ik—i,z’®(ii,l—i)(_qs)2n+2—k—l+2il
V(wk_i)(,qs)i ® V(wi)(_qs)ifk X V(Wi)(_qs)2n+2—k+i ® V(WZ_i)(_qs)2n+2—k—l+i
V(wk—i)(_qs)i®tr®v(wl—i)(_qs)2n+2—k—l+z’JV

V(’wk,i)(,qs)i & V(wl,i)(,qs)znﬂ—k—lw

In this case also, the composition is not zero but u;y ® u; is sent to zero. Hence
V(wg) ® V(wl)(,qs)zn-i-z—k—l-i-zi is reducible.
By (A.10), we have

dkl(z)

mod k[z, 271]*.
da((—gs)2 2z 1) [ ]

i (2) am((—gs)"®"z2) =

Hence we obtain

(C.14) dii(2) = Dia(2)hm(2)
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for a polynomial 1y (z) satisfying

(C.15) Yr(2) = Yp((—gs)*"?27")  mod k[z, 271,
Now we shall use the following lemma.

Lemma C.15. Let V', V", V and W be irreducible U;(g)-modules. Assume that
there is a surjective morphism V' @ V" — V. Then

dw,v (2)dw,y (2)aw,y (2) dyr w(2)dyn w(2)av,w(2)
and
dw,v (2)aw,v (2)aw,vr (2) dv,w (2)ayw(2)ays w(z)

are in kz, z71].
Proof. In a commutative diagram
WeV/eV! —s WYV,
R’(z)®Vz”l
VW V) R(z)l
V;,I®R”(Z)JV
VIQVI/@W —— V, W,

if R'(z) and R"(z) do not have poles, then so is R(z). To see the first assertion, it is
enough to apply this to R'(z) = dw,v(2) Ry (2), R"(2) = dw,vn(2) Rjy (2) and

_ dwy (2)dwyr (2)awy (2) pnor ).

R(Z) o dw,v(z)aw,vl(z)aw,vn(z) wV

The second assertion can be proved similarly. O
We shall prove v (2) = 1 mod k[z, 2 ]*.

Case k+1<n. We prove this by the induction on [. If [ = 1, it is already proved.
If [ > 1 then applying the lemma above to V(@j_1)(—¢,)-1 ® V(@1) (g1 = V(m),
we have
dpi—1((=g5)'2) dii((=g5)'""2) arg(2)
dii(2) ari—1((—gs)7'2) ar1((—gs)'"'2)

€ klz,27"].

Since

Dk,l—l((_QS)_lz) dk,l((_qs)l_lz) ak(2)
Dii(2) agi-1((—=¢s)7"'2) ari((—gs)""'2)

VYr—1(2) = 1 implies Y (z) = 1.

1,
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Case k +1 > n We shall first reduce the assertion to the £ = n case. For k < n
consider a surjection

V(wk_,_l)(,qs)—l X V(wl)(_qs)2n+l—k — V(wk)
given by the composition
V(wlﬁ_l)(_qs)A X V(wl)(,qs)znﬁ—k — V(wk) X V(wl)(,qs)—l—k X V(wl)(,qs)mﬂ—k
We have
Diy14((=¢5)2) dia((=¢5)* " "2) ap(2)
Dy(2) ar+1,1((—gs)2) a1i((—gs)*—2"1z)

Hence v, 1,(2) = 1 implies that 1y (2) is a divisor of z — (—g,)***=*=!. Then (C.15)
implies that 1;(2z) = 1. Hence, the descending induction on k reduces the problem
to the £ = n case.

We have

=45 _ (_q$)4n+4_k_l-

Digg—1((=05)"'2) di1((=05)"""2) ara(2)
Di(2) agg-1((—¢s)7"2) ara((—gs)'~"2)
Hence by the similar argument to £+ < n case, ¥ ;-1(z) = 1 implies that 1y (z) is

a divisor of z — (—¢q,)**™? %+, Hence if | # k = n then we can reduce the [ case to
the [ — 1 case. This completes the proof of Proposition C.14.

=y (_QS)2n+2_k+l-
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