ON LEVEL ZERO REPRESENTATIONS OF
QUANTIZED AFFINE ALGEBRAS

MASAKI KASHIWARA

ABSTRACT. We study the properties of level zero modules over
quantized affine algebras. The proof of the conjecture on the cyclic-
ity of tensor products by Akasaka and the present author is given.
Several properties of modules generated by extremal vectors are
proved. The weights of a module generated by an extremal vector
are contained in the convex hull of the Weyl group orbit of the
extremal weight. The universal extremal weight module with level
zero fundamental weight as an extremal weight is irreducible, and
isomorphic to the affinization of an irreducible finite-dimensional
module.
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1. INTRODUCTION

In this paper, we study the level zero representations of quantum
affine algebras. This paper is divided into three parts, on extremal
weight modules, on the conjecture in [1] on the cyclicity of the tensor
products of fundamental representations, and on the global basis of the
Fock space.

In [12], as a generalization of highest weight vectors, the notion of
extremal weight vectors is introduced, and it is shown that the uni-
versal module generated by an extremal weight vector has favorable
properties: this has a crystal base, a global basis, etc. The main pur-
pose of the first part (§ 2—§ 5) is to study such modules in the affine
case and to prove the following two properties.

(a) If a module is generated by an extremal vector with weight A,
then all the weights of this module are contained in the convex
hull of the Weyl group orbit of A.

(b) Any module generated by an extremal vector with a level zero
fundamental weight w; is irreducible, and isomorphic to the
affinization of an irreducible finite-dimensional module W (w;)
(see Theorem 5.17 and Proposition 5.16 for an exact statement).
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In the second part, we shall prove the following theorem !, which is
conjectured in [1] and proved in the case of A and CV.
Theorem. Ifa,/a,+1 has no pole at g =0 (v =1,...,m — 1), then
W(wiy)a, ® - @ W(wi,,)a,, is generated by the tensor product of the
extremal vectors.

Gm

In the course of the proof, one uses the global basis on the tensor
products of the affinizations of W(w;,), especially the fact that the
transformation matrix between the global basis of the tensor products
and the tensor products of global bases is triangular.

Among the consequences of this theorem (see § 9), we mention here
the following one. Under the conditions of the theorem above, there is
a unique homomorphism up to a constant multiple

W(wil)al ® U ® W(wim)am — W(wlm)am ® U ® W(wil)alﬁ

and its image is an irreducible U;(g)-module. This phenomenon is
analogous to the morphism from the Verma module to the dual Verma
module. Conversely, combining with a result of Drinfeld ([4]), any
irreducible integrable U (g)-module is isomorphic to the image for some
{(i1,a1), -, (4m, am)}. Moreover, {(i1,a1),. .., (im, am)} is unique up
to a permutation.

In the third part (§ 12), we prove the existence of the global basis
on the Fock space.

The plan of the paper is as follows. In § 2 —§ 4, we review some of
the known results of crystal bases. Then, in § 5, we give a proof of (a)
and (b).

In § 6, we prove a sufficient condition for a module to admit a global
basis: very roughly speaking, it is enough to have a global basis in
the extremal weight spaces. In § 7, we review the universal R-matrix
and the universal conjugation operator. After introducing the notion
of good modules (rudely speaking, a module with a global basis), we
shall prove in § 9 the above theorem in the framework of good modules

After preparations in § 10-§ 11 on the combinatorial R-matrix and
the energy function, we shall prove in § 12 the properties of good mod-
ules which are postulated for the existence of the wedge products and
the Fock space in [13]. Finally, we shall show that the Fock space ad-

mits a global basis. In the case of the vector representation of g = AS),

the global basis of the corresponding Fock space is already constructed
by B. Leclerc and J.-Y. Thibon [14] (see also [15, 21]).

M. Varagnolo-E. Vasserot (Standard modules of quantum affine algebras,
math.QA /0006084) prove the same conjecture in the simply-laced case by a dif-
ferent method.
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In the last section, we present conjectures on the structure of V().

Acknowledgements. 'The author would like to thank Anne Schilling
who kindly provided a proof of the formula (6.2).

2. REVIEW ON CRYSTAL BASES

In this section, we shall review very briefly the quantized universal
enveloping algebra and crystal bases. We refer the reader to [8, 9, 12].

2.1. Quantized universal enveloping algebras. We shall define
the quantized universal enveloping algebra U,(g). Assume that we are
given the following data.

P : a free Z-module (called a weight lattice)

I : an index set (for simple roots)

a; € P for i € I (called a simple root)

h; € P* = Homg(P,Z) (called a simple coroot)

(-,-): Px P — Q a bilinear symmetric form.

We shall denote by (-, -): P* x P — Z the canonical pairing.
The data above are assumed to satisfy the following axioms.

(2.1) (v, 05) >0 forany i€,
2(0&1', )\) .

(2.2) (hi, \) = for any i € I and \ € P,
(0, ;)

(2.3) (as,0) <0 forany 4, j € I with ¢ # j.

Let us choose a positive integer d such that (a;, «;)/2 € Zd! for
any 72 € I. Now let ¢ be an indeterminate and set

(2.4) K = Q(g,) where g, = ¢'/<.

Definition 2.1. The quantized universal enveloping algebra U, (g) is the
algebra over K generated by the symbols e;, f; (i € I) and ¢(h) (h €
d~!'P*) with the following defining relations.

(1) g(h) =1 for h=0.

(2) q(hl)Q(hg) = Q(hl + hQ) for hl, h2 € d—lP*_

(3) g(h)eiq(h)~" = g™ e; and g(h)f;q(h)~" = g~ f; for any
i€land he d—lfl*.

(4) [ei, [5] = 64 tl: — qifl for i, j € I. Here ¢; = ¢*»*)/?2 and t; =

1 Yy

q( —(aiéai) hi).
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(5) (Serre relation) For i # 7,

b

Z( 1)* e e] Z b_k) = 0.

b
k=0 k=0
Here b =1 — (h;, ;) and

e =eb/kl,  fP = [k
kli=(F —a"/(a—¢"), [K!=[1]; k-

Sometimes we need an algebraically closed field containing K, for
example

(2.5) K =Jc((q"m)),

and to consider U,(g) as an algebra over K.

We denote by U,(g)q the subalgebra of U,(g) over Q[g,*!] generated
by the e{™’s, the f™’s (i € I) and ¢" (h € d~1P*).

Let us denote by W the Weyl group, the subgroup of GL(P) gener-
ated by the simple reflections s;: s;(\) = A — (h;, N .

Let A C Q = ), Zo; be the set of roots. Let A* = ANQ be the set
of positive and negative roots, respectively. Here Q1 = )", Z>o0y.
Let A™ be the set of real roots. AF = Ay N A™,

2.2. Crystals. We shall not review the notion of crystals, but refer
the reader to [8, 9, 12]. We say that a crystal B over U,(g) is a regular
crystal if, for any JCI such that {a;;i € J} is of finite-dimensional
type, B is, as a crystal over U,(gs), isomorphic to the crystal bases
associated with an integrable U,(g;)-module. Here U,(g,) is the sub-
algebra of U,(g) generated by e;, f; (j € J) and ¢" (h € d'P*). By
[12], the Weyl group W acts on any regular crystal. This action S is
given by

. f<h“wt(b)>b if <hZ,Wt(b)) >0,
T & Oy it (b, wi(b)) < 0.

7

Let us denote by Uz (g) (resp. Uj(g)) the subalgebra of U,(g) gen-
erated by the fi’s (resp. by the e;’s). Then U, (g) has a crystal base
denoted by B(oo) ([9]). The unique weight vector of B(oco) with weight
0 is denoted by u.. Similarly US(g) has a crystal base denoted by
B(—o0), and the unique weight vector of B(—o0) with weight 0 is
denoted by u_q
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Let ¢ be the ring automorphism of U,(g) that sends g5, e;, fi and
q(h) to gs, fi, e; and g(—h). It gives a bijection B(oo) ~ B(—00) by
which wueo, &, fi, £ i, Wt corresponds t0 U_q, fi, &, Vi, €5, —Wt.

Let us denote by U,(g) the modified quantized universal envelop-
ing algebra @ cpU,(g)ax (see [12]). Then U,(g) has a crystal base

B(U,(g))- As a crystal, B(U,(g)) is regular and isomorphic to

|_| B(oo) @ Ty ® B(—00).

Here, T), is the crystal consisting of a single element ¢, with &;(¢)) =
@i(ty) = —oo and wt(ty) = .

Let * be the anti-involution of U,(g) that sends ¢(h) to ¢(—h), and
gs, €i, fi to themselves. The involution * of U,(g) induces an involu-
tion * on B(oco), B(—00), B(U,(g)). Then & = % 0 é; o *, etc. give

another crystal structure on B(oo), B(—o0), B(U,(g)). We call it the
star crystal structure. In the case of B(U,(g)), these two crystal struc-
tures are compatible, and B(U,(g)) may be considered as a crystal
over g@g. Hence, for example, S*, the Weyl group action on B(U,(g))
with respect to the star crystal structure is a crystal automorphism of
B(U,(g)) with respect to the original crystal structure. In particular,
the two Weyl group actions S,, and S, commute with each other.

The formulas concerning with B(U,(g)) are given in Appendix B.
Note that we have always

(2.6) ei(b) + ¢; (b) = €l (b) + i(b) > 0 for any b € B(o0).

2.3. Schubert decomposition of crystal bases. For w € W with a
reduced expression s;, - - - s;,, we define the subset B,,(00) of B(co) by

(2.7) Buy(00) = {1+ [*us;ay,. .., a0 € Lso}.

Then B, (o0) does not depend on the choice of a reduced expression.
We refer the reader to [11] on the details of B,,(c0) and its relationship
with the Demazure module.

We have ([11])

(1) By(00)* = By-1(00).

i) If w’ < w, then B,y 00) C By(c0).

) If s;w < w, then f;B,(00) C By(c0).
iv) €;B,(00) C B,(oc0) LU {0}.

) If both b and f;b belong to B, (o), then all f¥b (k > 0) belong
to By (00).
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Here < is the Bruhat order. Set

Bu(00) = By(00)\( | Buw/(oo

w!' <w

P. Littelmann ([16]) showed

= |_| By (c0)

weW
We have
(2.8) B, (00)* = By-1(00).
(2.9) If sjw < w, then emax B, (00) C B,y (0),

C Bsw
fiBu(00) C Buy(00)-
In particular, &;(b) > 0 for any b € B, (00).

Here, we use the notation €;"**b = ész(b)b

2.4. Global bases. Let A C K be the subring of K consisting of ratio-
nal functions in ¢, without pole at ¢; = 0. Let — be the automorphism
of K sending ¢s to ¢;*. Set Kg := Q[gs,qs *]. Let V be a vector
space over K, Ly an A-submodule of V', Ly, an A- submodule, and Vg
a Kg-submodule. Set F := Ly N Lo N Vg.

Definition 2.2 ([9]). We say that (Lo, Leo, V) is balanced if each of
Ly, Ly and Vg generates V as a K vector space, and if the following
equivalent conditions are satisfied.

(i) E — Ly/qsLg is an isomorphism.

(ii) F — Ly /qs Lo is an isomorphism.

(iii) (Lo N Vg) & (g5~ Lo N Vg) — Vo is an isomorphism.

(iv) A®gE — Ly, AQQE — Le, Kg®gFE — Vgand K®qE — V
are isomorphisms.

Let — be the ring automorphism of U,(g) sending ¢, ¢", e;, f; to
qs_la q_ha €, fz

Let U,(g)g be the Kg-subalgebra of U, (g) generated by €™, f{™ and

1 (h e P,

Let M be a U,(g)-module. Let — be an involution of M satisfying
(au)” = au for any a € Uy(g) and u € M. We call in this paper
such an involution a bar involution. Let (L, B) be a crystal base of an
integrable U,(g)-module M.

Let Mg be a U,(g)g-submodule of M such that

(2.10) (Mq)™ = Mg, and (u — 1) € (¢s — 1) Mg for every u € Mg.
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Definition 2.3. If (L, L, Mg) is balanced, we say that M has a global
basis.

In such a case, let G: L/q,L =% E := LN LN Mg be the inverse
of E =5 L/q;L. Then {G(b);b € B} forms a basis of M. We call
this basis a (lower) global basis. The global basis enjoys the following
properties ([9, 10]):

(i) G(b) = G(b) for any b € B.

(ii) For any n € Zso, {G(b);ei(b) > n} is a basis of the Kg-

submodule 32 . £ My,

(iii) for any i € I and b € B, we have

[GO) = L+ &OLG(fb) + ) FyGY).

Here the sum ranges over &' € B such that £;(0') > 1+ £;(b).
The coefficient Fy, belongs to s, —eilb )Q[qs].
Similarly for e;G(b).

3. EXTREMAL WEIGHT MODULES

3.1. Extremal vectors. Let M be an integrable U,(g)-module. A
vector u € M of weight A € P is called extremal (see [1, 12]), if we can
find vectors {uy }wew satisfying the following properties:

(3.1) Uy = u for w = e,
(3.2) if (h;, wA) > 0, then e;u,, = 0 and fz-(<hi’m>)uw = Ug,ups
(3.3) if (h;,wA) <0, then fiu,, = 0 and e§7<hi’W)‘>)uw = Uy
Hence if such {u,} exists, then it is unique and u,, has weight wA. We
denote u,, by S,u.

Similarly, for a vector b of a regular crystal B with weight A\, we

say that b is an extremal vector if it satisfies the following similar
conditions: we can find vectors {by }yew such that

(3.4) by =0 forw=e,
(3.5) if (h;,wA) > 0 then &b, = 0 and f""" b, =b,.,,
(3.6) if (h;,wA) < 0 then fivu, =0 and & ""“Vb, =b,.,.

Then b,, must be S,b.

For A € P, let us denote by V() the U,(g)-module generated by
uy with the defining relation that wu, is an extremal vector of weight
A. This is in fact infinitely many linear relations on u,. We proved in
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[12] 2 that V() has a global crystal base (L()\), B())). Moreover the
crystal B(A) is isomorphic to the subcrystal of B(oo) ® ) @ B(—00)
consisting of vectors b such that b* is an extremal vector of weight —A\.
We denote by the same letter u, the element of B(\) corresponding to
uy € V(A). Then uy € B(A) corresponds t0 U ® ) @ U_ 0.

Note that, for b ® ¢y ® by € B(o0) ® t\ ® B(—00) belonging to B(\),
one has
(3.7) ef(b1) < max((hs, A),0) and ¢} (be) < max(—(h;, \),0)

) for any 7 € I.

For any w € W, uy — S,-1Uyy gives an isomorphism of U,(g)-
modules:

V) 25V (w)).

Similarly, letting Sy be the Weyl group action on B(U,(g)) with re-
spect to the star crystal structure and regarding B (A) as a subcrystal

of B(U,(g)), Si: B(U,(g)) = B(U,(g)) induces an isomorphism of
crystals
S B(\) =5 B(w)).
For a dominant weight A\, V() is an irreducible highest weight mod-
ule of highest weight A, and V(—\) is an irreducible lowest weight
module of lowest weight —A\.

3.2. Dominant weights.
Definition 3.1. For a weight A € P and w € W, we say that \ is w-
dominant (resp. w-regular) if (8,A) > 0 (resp. (B,A) # 0) for any
pe A Nnw tA™. If A is w-dominant and w-regular, we say that A is
regularly w-dominant.

If w=s;,---s; is a reduced expression, then we have

AN w AT = {8y, -5y, 0u, ;1 < k< 4.
Hence ) is w-dominant (resp. w-regular) if and only if

<hik’ Sig_q """ 81'1)‘) >0
(resp. (hg, si,_, -+ sy, A) # 0).

Conversely one has the following lemma.

(3.8)

Lemma 3.2. Foriq,...,1u € I, and a weight \, assume that
(Pigs Sip_1Sip_y = Sy Ay >0 fork=1,...,1.
Then w = s;, ---8;, s a reduced expression.

2In [12], it is denoted by V™a()\), because I thought there would be a natural
U,(g)-module whose crystal base is the connected component of B(\).
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Proof. By the induction on [, we may assume that s;_,---s;, is a
reduced expression. If [(w) < [, then there exists £ with 1 <k <[ -1
such that s;_, ---s;,,,(hy) = —hs,. Hence

<hila Sil,l e Sil)\> = _<h/zk7 Sikflsikfl Tt Sil )\> < 07
which is a contradiction. Q.E.D.

This lemma implies the following lemma.

Lemma 3.3. Let wy, wo € W and let A\ be an integral weight. If
A s reqularly wo-dominant and wo is reqularly wy-dominant, then
L(wywy) = L(wy) + l(we) and X is regularly wiwy-dominant. Here
L: W — Z is the length function.

Proposition 3.4. Let A € P and by € By, (00), by € By,(—00). If
b:=b @ty ® by belongs to B()), then one has:

(i) A is regularly wi-dominant and —X\ is regqularly we-dominant,
(ii) Llurwyh) = L(wy) + £(wy),
(iii) One has
Sun(01 @ ®b2) € By y-1(00) @ tuyr ® -,
S (01 @ ®b2) € Uoo ® tuya ® By, ,,—1(—00).

More generally if w; = w'w” with ¢(wy) = £(w') + £(w"), then
S,;Zu(bl ® t)\ ® b2) E Ew’(oo) ® twll)\ ® Bw2w11—1 (—OO)

Proof. Assume w;s; < wy. Then ¢ := &f(by) > 0 by (2.9). Hence

(hi, A\) > ¢> 0 by (3.7). We have é™*b; € By, (00).
(3.9) V=S (b1 @ty ®by) = (ED)) @ ty,\ ® (65PN <hy).

Hence, A is regularly w;-dominant by the induction on the length of
wy. The other statement in (i) is similarly proved.
(ii) follows from (i) and the preceding lemma.

In (3.9), & hi-N=¢hy belongs to By,s, (—00), since (ii) implies wys; >
wsy. Repeating this, we obtain (iii). Q.E.D.

4. AFFINE QUANTUM ALGEBRAS

In the sequel we assume that g is affine.
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4.1. Affine root systems. Althogh the materials in this subsection
are more or less classical, we shall review the affine algebras in order
to fix the notations.

Let g be an affine Lie algebra, and let t be its Cartan subalgebra
(assuming that they are defined over Q). Let I be the index set of
simple roots and let a; € t* be the simple roots and h; € t the simple
coroots (i € I). We choose a Cartan subalgebra t such that {o;}icr
and {h;};cr are linearly independent and dim t = rankg+ 1. Let us set
the root lattice and coroot lattice by

Q=®Zo; Ct and Q' =@®Zh;Ct
Set Q+ =+, Zsoa; and QY = £, Zxoh;. Let 6 € Q4 be a unique

element satisfying {\ € @ ;(h;, A\) = 0 for every i} = Z4. Similarly we
define ¢ € QY by {h € Q" ;(h, ;) = 0 for every i} = Zc. We write

(4.1) § = Z a;o; and c¢= Za;’hi.

We take a W-invariant non-degenerate symmetric bilinear form (-, -)
on t* normalized by

(4.2) (0,A) = {c,\) for any X € t*.

Then this symmetric form has the signature (dimt — 1,1). We some-
times identify t and t* by this symmetric form. By this identification,
0 and ¢ correspond to each other.
We have
(aia Oéz)

Note that (a4, @;)/2 takes the values 1, 2, 3, 1/2, 1/3. Hence we have
for each 7

i O 2
(0, ) €Z or
2 (Olz', OZZ')

If g is untwisted, then 2/(«;, ;) is an integer.

Let us set £ = t*/QJ and let cl: t* — ¢, be the canonical projection.

We have

(4.4) € Z.

to =~ (Qhi)".
iel
Set t% = {\ € t*;{c,\) = 0} and ) = cl(t*") C t;,. Then t has a
positive-definite symmetric form induced by the one of t*.
Lemma 4.1. For any a € Q,

c: {Aet;(\A) =a and (N, 6) #0} — ¢\ £
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is bijective.
Proof. Let A € t* such that (),0) # 0.

Setting p = A+ zd for z € Q, we have (p, ) = (A + 20, A + 2d) =
(A, A) + 2x(A,0). Hence X\ + zd has square length a if and only if
z=(a—(\A)/2(\0). Q.E.D.

As a corollary we have

Proposition 4.2. t* endowed with an invariant symmetric form as
above, simple roots and coroots, is unique up to a canonical isomor-
phism.

Proof. For example, take p € t* such that (h;, p) = 1 for any ¢ and
(p,p) = 0. The preceding lemma guarantees its existence and its
uniqueness. The «;’s and p form a basis of t*. Q.E.D.

In particular, for any Dynkin diagram isomorphism ¢ (i.e. a bijec-
tion ¢: I — I such that (h,q), a,j)) = (hi,;)), there exists a unique
isomorphism of t* that sends «; to o,y and leaves the symmetric form
invariant.

Let A C t* be the root system of g, and A™ the set of real roots:
A™ = A\Z. For g € ¢ with (38, 8) # 0, we set 8¥ = 23/(53, ). Then
AV = {pY;8 € A™} U (Zc\ {0}) C tis the root system for the dual
Lie algebra of g. We set A* = AN Q..

Let us denote by A the image of A™ by cl. Then A, is a finite
subset of £, and (Aq, ) is a (not necessarily reduced) root system.
We call an element of A, a classical root.

Let O(t*) be the orthogonal group of t* with respect to the invariant
symmetric form. Let O(t*)s be the isotropy subgroup of §, i.e. O(t*); =
{g € O(t*) ;96 = d}. Then there are canonical group homomorphisms

cl: O(t")s — GL(£)) and cly: O(t")s — O(tY).

The homomorphism cl: O(t*); — GL(t)) is injective.

For § € A™, let sz be the corresponding reflection A — A — (58Y, A) 3.
Let W be the Weyl group, i.e. the subgroup of GL(t*) generated by the
sg’s. Since W C O(t*)s, there are group homomorphisms W — GL(t})
and W — O().

Let us denote by W, the image of W — O(t). Then W is the
Weyl group of the root system (A, ).

For £ € t*°, we set

(4.5) TO) = A+ (6 A)E — (6,5 — (5’25)

Then T belongs to O(t*)s, and T’ depends only on cl(§). For & € 20, let
us define £(£,) € O(t"), as the right-hand side of (4.5) with £ € cl7*(€,)).

(6, \)6.
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Then,

(4.6) t: P — Ker (cloz O(t*)s — GL(t:l())) is a group isomorphism.
We have

(A7) got(€)og™ =t(cl(g)(€)) for g € O); and € € €.
For 5 € t* such that (5, 3) # 0, let us denote by sz the reflection

sp(A) = A= (BY, N)B.
Then we have for 8 € Y such that (3, 8) # 0,
(4.8) Sp—asSp = t(ap) .

There exists 79 such that
(4.9) W, is generated by {s;;i # io}-

If g is not isomorphic to A%), such an %y is unique up to a Dynkin

diagram automorphism and (o, o) = 2, a;, = a;, = 1. In the case of
Agi), there are two choices of 4y, two extremal nodes, and (ay,, o) =1
or 4, and accordingly a;, =2 or 1, a;) =1 or 2.

For o € A™ or a € Ay, we set

(o, @)

)7

and ¢; = ¢,,. Then we have, for any o € A™

Co = max(1,

(4.10) {ne€Z;a+nd € A} =Zc,.
We set
(4.11) Qa = cl(Q), Q1 =cl(QY), Q =QuNQY.

VvV __ \Y
Here Q¥ =) cawe Za'.
We have an exact sequence

(4.12) 1 — Q L w 2 wy — 1.
For any o € A™, let & be the element in Q N Qsocl(a) with the
smallest length. We set
A={a;a €A™}
Then A is a reduced root system, and @ is the root lattice of A.

Remark 4.3. Any affine Lie algebra is either untwisted or the dual of
an untwisted affine algebra or Agl)

(i) If g is untwisted, then @ =Q4 C Qa, A= cl(AV™), a = aV.
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(ii) INf g is the dual of an untwisted algebra, then @ =Qa C QY
A =cl(A™), &= a.
(iii) If g = AY, then Q = Qq = QY, A = cl(A™) = cl(AV™). For
any o € A™, one has
- cl(a) if (o, ) # 4,
o =
c(a)/2  if (o, ) = 4.
Note that (a —§)/2 € A™ if (o, ) = 4.
If g # AQn,
Proposition 4.4. For £ € @,

1(t(€)) = Z(ﬂm/cﬂ— S 1B es =D (8Y,6)4

BEAq /HEACI ﬂEA

then & = ¢ V.

Here a; = max(a,0).
Proof. For B € Ay, let us denote by 3’ the unique element of A* such

that cl(8') = B and f'—nd ¢ AT for any n > 0. Note that (3, &) € csZ.
We have

) AT AY = {ye Aty — (1,65 € AT,
and [(¢(£)) is the number of elements in this set. By setting v =
B’ 4+ ncgd, it is isomorphic to
{(B,n) € Ag x Z:;n >0 and §' + (ncﬂ - (5,5))5 A}
={(B,n) € Aa xZ;0 <n < (B,§)/cs}-
Since (3,&)/cs is an integer, we have

1(t(©)) = Y ((B,€)/cs)+-

BEACI
The other equalities easily follow. Q.E.D.

Corollary 4.5. For € € @ and w € W,
1(t(wé)) = Lt (€)).
We choose a weight lattice P C t* satisfying
(413 { o; € P and h; € P* for any i € 1.
For every i € I, there exists A; € P such that (hj, A;) = 0.
We set
(4.14) P* = {\ € P;{c,\) = 0}, P4 = cl(P) C £, and P = cl(P").
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We have

Po = ®ier(Zh:)*.
Lemma 4.6. For A\ € P° and u € @, the following two conditions are
equivalent.

(i) A and p are in the same Weyl chamber (i.e. for any a € A™,
(cl(e), ) > 0 implies (o, A) > 0).
(ii) A is t(u)-dominant.
Proof. For a € A™, let us take o/ € (a+ ZJ) N AT such that cl(a/) =
cl(a) and o/ —nd ¢ AT for any n € Z~g. Then for « =o' +nd € A*,

a€e ATNHp) AT S t(p)a=a— (a,p)d
=+ (n—(a,p)d € A
S 0<n<(a,p)-

(i)=(ii) Now assume a =o'+ nd € AT Nt(p) *A". Then 0 < n <
(v, 1), and (i) implies (o, A) >0
(ii)=(i) Assume (a, ) > 0. Then takingn =0, o/ € ATNt(u) A,
and hence (o, A) = (/, ) > 0. Q.E.D.

The following lemma is similarly proved.
Lemma 4.7. For A € P° and u € @, the following two conditions are
equivalent.

(i) For any a € Aq, (o, p) > 0 implies (o, \) > 0,

(il) A is regularly t(u)-dominant.

Let us choose iy € I as in (4.9), and let W, be the subgroup of W
generated by {s;;i € I\ {io}}. Then W is a semidirect product of Wy
and Q.

Lemma 4.8. Let & € é and w € Wy. If € s reqularly w-dominant
then

1(t(€)) = 1t w™) + I(w).

Proof. We shall prove the assertion by the induction on [(w). Write
w = s;w with w > w' and i # ig. Then I(¢(€)) = I(t(E)w'™") +
I(w'). Hence it is enough to show t(&)w'™t > t(£)w'™Ls;, or equivalently
t(&)w''a; € A~. We have

tEw' "y = w' oy — (W'E, )6,

Since (w'€, a;) > 0, the coefficient of oy, in #(£)w''a; is negative, and
hence ¢(&)w'~ta; is a negative root. Q.E.D.
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4.2. Affinization. Let P and P, be as in (4.13). We denote by U,(g)
the quantized universal enveloping algebra with P as a weight lattice.
We denote by Ug(g) the quantized universal enveloping algebra with
P as a weight lattice. Hence U,(g) is a subalgebra of U,(g) generated
by the e;’s, the f;’s and ¢" (h € d*(Py)*). When we talk about an
integrable U, (g)-module (resp. U;(g)-module), the weight of its element
belongs to P (resp. Py).

Let M be a U;(g)-module with the weight decomposition M =
®rep, M. We define a Uy(g)-module M,z with a weight decompo-
sition Mag = @xep(Mag)s by

(Mag)x = Magy)-

The action of e; and f; are defined in an obvious way, so that the
canonical homomorphism cl: Myg — M is U, (g)-linear. We define
the U,(g)-linear automorphism z of M,z with weight § by (Mag)y =
Mapy = Maos) == (Mag) avs-

Let us choose 0 € I satisfying

(4.15) W, is generated by {s;;i # 0}, and and ay = 1.
Recall that 6 = ), a;o;. When g = A? 0 is the longest simple root.

2n >

Choose a section s: Py — P of cl: P — P, such that s(cl(«;)) = o
for any i € I\ {0}. Then M is embedded into Mg by s as a vector
space. We have an isomorphism of U, (g)-modules

(4.16) Mg ~ K[z, 27']® M.

Here, e; € U}(g) and f; € U;(g) act on the right hand side by 2% ® e;
and z7% @ f;.

Similarly, for a crystal with weights in P, we can define its affiniza-
tion B,g by

(4.17) B.g = |_| Ba)-
AEP

If an integrable U;(g)-module M has a crystal base (L, B), then its
affinization M,q has a crystal base (Lag, Bag)-
For a € K, we define the U;(g)-module M, by

(418) Ma = Maﬂ/(z - a)Maﬂ.

4.3. Simple crystals. In [1], we defined the notion of simple crystals
and studied their properties.

Definition 4.9. We say that a finite regular crystal B (with weights in
PY) is a simple crystal if B satisfies
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(1) There exists A € P3 such that the weight of any extremal vector
of B is contained in WyA\.

(2) £8(By) = 1.
Simple crystals have the following properties (loc. cit.).
Lemma 4.10. A simple crystal B is connected.
Lemma 4.11. The tensor product of simple crystals is also simple.

Proposition 4.12. A finite-dimensional integrable Ué(g)—module with
a stmple crystal base is irreducible.

5. AFFINE EXTREMAL WEIGHT MODULES

5.1. Extremal vectors—affine case. We prove now one of the main
results of this paper. In the sequel we employ the notations

erh = &', fmaxh = f#Ch, and similarly for €™ and f™.

Theorem 5.1. For any A € PP, the weight of any extremal vector of
B()) is contained in cl”'cl(W).
Proof. We regard B()) as a subcrystal of B(co) ® ¢y ® B(—o0) C
B(U,(g))-

We shall show that cl(wt(b)) and —cl(wt(b*)) are in the same W-
orbit whenever b and b* are extremal vectors.

For any by ® t) ® by, we have

frax(hy @ty ®@by) = b, @ty ® f™b, for some b.

(For the action of f™ etc. on B(U,(g)), see Appendix B.) Hence,
any extremal vector b € B()\) has the form b ®t) @ u_, after applying
the fimax’s.

Hence, we may further assume the following conditions on b:

(5.1) b has the form b ® t) ® U_q,

for any vector of the form b} ®t,®u_q in {S,,S5b;w, w' €
(5.2) W}, the length of wt(d}) is greater than or equal to the
length of wt(b;).

Here, the length of ), m;«; is by the definition ), [m;|.
Take i € I. We write \; = (h;, A\) and wt;(b;) = (h;, wt(by)) for
brevity.
Note that we have €} (b)) < max()\;,0).
We shall show wt;(b;) > 0 for every i in several steps.
(1) The case A; < 0 and A; + wt;(by) < 0.
Since b; ® 1) ® u_ is a lowest weight vector in the i-string, one has
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©i(b) = max(yp;(b1) + A;,0) = 0, and hence ¢;(b;) + A; < 0. Simi-
larly, €(b) = 0 because b* is a highest weight vector in the i-string.
Therefore, one has

SISi(h ®tyQu_w) = fz.*—/\i(éimaxbl Rty ® éi—%(bl)—Aiu_oo)
= (fi*%(bl)éimaxbl) ® ton ® Uco.

The last equality follows from S}S;(b) = ( fi*’“éima"bl) ® ts;n ® U_o for
some k.
Hence, the minimality of b; gives

0 S QOZ(b1) — Si(bl) = Wti(bl).

(2) The case A; > 0 and A; + wt;(by) < 0.
We shall show that this case cannot occur. In this case, as in (i),

i(b1) + A <0.
On the other hand, ¢} (b ® ) Q@u_o) = max(ef(b1) — A;, 0) = 0 implies
er(b) < .
Hence we obtain (the first inequality by (2.6))
0 < &7(b1) + @i(b1) = (&7 (b1) — i) + (i(b1) + Ai) <0,
which implies ] (b1) = A; and ;(b1) = —A;. Then we have
e (b @ty ®U o) = (E5™D1) ® ts;n @ U_oo-

Hence, the minimality of wt(b;) implies €f(b;) = 0, and this contradicts
8? (bl) = )\ > 0.

(3) The case \; > 0 and \; + wt;(by) >0
In this case, one has ¢;(b ) = pi(b) =0,
which implies ¢;(b) — (\; ( 1)

S’LSz* (bl Rty ® Uf—oo) — fi% (é:ma.xbl ® ts L ® é)\l (bl)u—oo)
(ﬁw;(b)é:maxbl) ® tsi/\ ® U_oy

Hence we have ¢} (by) > €7(by), or equivalently wt;(b;) > 0.

(4) The case \; < 0 and \; + wt;(b1) > 0.
We have immediately wt;(b;) > 0.

and hence ;(b) = \; + wt;(by),
) = ¢} (b1) > 0. Hence we have

In all the cases we have wt;(b;) > 0. Since wt(b;) is of level 0, one
has 0 = (¢, wt(b1)) = >, a/wt;(b1), which implies that wt;(b;) = 0 for
every i, or equivalently cl(wt(b;)) = 0. Q.E.D.

Corollary 5.2. For any A € P, the weight of any vector in B(\) is
contained in the convex hull of W A.
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Proof. In the positive level case (i.e. (¢, A) > 0), A being conjugate
to a dominant weight and B(\) is isomorphic to the crystal base of
an irreducible highest weight module. In this case, the assertion is
well-known. Similarly for negative level case.

Assume that the level of A is zero. Note that all vector in B())
can be reached at an extremal vector after applying €;"** and fimax by
[12]. Hence the assertion follows from the preceding theorem. Note
that cl 'cl(W)) is contained in the convex hull of W\ provided that
cl(A) # 0. Q.E.D.

The following theorem is an immediate consequence of the preceding
corollary.
Theorem 5.3. Let M be an integrable U, (g)-module and u a vector in
M of weight A € P,;. Then the following conditions are equivalent.

(i) u is an extremal vector.

(ii) The weights of Uy(g)u are contained in the conver hull of W A.

(iii) Uy(g)su =0 for any B € Aq such that (3,) > 0.

In particular, for any A € P, V() is isomorphic to the U,(g)-module
generated by a weight vector u of weight A\ with (iii) in the above
corollary and the following integrability condition as defining relations:

FIHEAY = 0 (Bg, A) > 0 and e; "My = 0/ (b, A) < 0.
5.2. Fundamental representations. Let us take 0¥ € I such that
(5.3) W is generated by {s;;i # 0¥}, and and ajv = 1.

Recall that ¢ = ). a/h;. When g = Agi), 0Y is the shortest simple
root. We set Iopv =T\ {0v}. For i € Iyv, we set

’wiZAi—a,;/AOVEPO.

Hence we have P) = ®;¢s,, Zcl(w;). We say that A € P is a basic
weight if cl(X) is We-conjugate to some cl(w;) (i € Ipv). Note that this
notion does not depend on the choice of 0V.

Proposition 5.4. Assume that A =}, @; for some subset J of Iyv.
Then one has:

(i) any extremal vector of B()\) is in the W-orbit of uy,
(ii) B(A) is connected.
Proof. (ii) follows from (i) because any vector is connected with ex-
tremal vector.
Let us prove (i). We use arguments similar to the proof of Theo-
rem 5.1. Let us take an extremal vector b € B(\). Among the vectors
in S,,S;,b with the form b; ® t, ® u_, we take one such that wt(b;)
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has the smallest length. Then the proof in Theorem 5.1 shows that
cl(wt(by)) = 0. Hence, one has

ﬁsj(bl)é;ﬁmax(bl) ® tsm ® U_oo if M > 0,

SZ'STK b t - = £
i ( 1 ® U ®u ) {fi*si(h)éimax(bl) R tsili R U_oo if Hi <0.

In the both cases, the length of b; remains unchanged after applying
SiS;. Therefore, applying S,y-1S,_,, we can assume w’ = 1 and p = .
For i € I\ J, we have \; < 0, which implies €} (b;) = 0. If i € J, then
Ai = 1 and hence €}(b1) (< A;) must be 0 or 1. On the other hand, we
have
Sib ®th @ u o) = &b @t @
If €f(by) = 1, then this contradicts the minimality of wt(b;). Hence
ef(by) = 0 for every i € J.
Thus we have €} (b;) = 0 for every ¢ € I and hence b; = uy. Thus
we obtain uy = S,,b. Q.E.D.

U oo

The following theorem is a particular case of the preceding proposi-
tion.

Theorem 5.5. If A € P is a basic weight, then any extremal vector of
B() is in the W-orbit of .

We shall now study further properties of B()) for a basic weight A.
Lemma 5.6. Let A be a basic weight. Then {w € W;w\ = A} is
generated by {sg; € AY, (B,A) =0}.

Proof. We may assume A = A; — a}/AOv for some j € Iyv. Since the
similar statement holds for (W, t), it is enough to show that #(£) is
contained in the subgroup G generated by {sz;5 € A¥, (8,) = 0},
provided that & € @ and (§,A) = 0. We have s,5_5ss = t(aB) by
(4.8). In particular, one has t(cgf") € G whenever § € A™ satisfies
(B,A) = 0.

(1) The case where g # Agl) It is enough to show that {£ € @; (&N =
0} is generated by {cs8"; 8 € Aq, (8,A) = 0}. In this case, @ has a
basis {c;a; ;i € Ipv}. Hence {£ € @;(5, A) = 0} is generated by
{cia) ;i € Ipv \ {j}}-

(2) The case where g = Agl) In this case, Q = Q = ®@ie1,y L. Hence
{€ € Q;(&)) = 0} has a basis {& ;i € Iov \ {j}}. Hence, the result
follows from

—a;Sa; if (a, ;) = 2,
T
S(6-ai)/25a;  if (4, ) = 4.
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Note that (0 — «;)/2 is a real root in the last case. Q.E.D.

Lemma 5.7. For any B € A™ and any A € P such that sg\ = X, we
have Ss;(too @ th ® U_oo) = Uoo @ Tr @ U_co.

Proof. Set ay = Us ®@ ty ® U_o. We assume 3 € AT. We shall prove
the assertion by the induction on the length of 5. If g is a simple
root, it is obvious. Otherwise, we can write 5 = s;7 for a positive real
root v whose length is less than that of 5. We have S;, = 5;5;,5;. Set
p = s;A. Then s,p = p and hence we have S, a, = a, by the induction
hypothesis. Since S;S;a\ = a, or equivalently S;a) = S/ a,, we have

Sspan = S;iSs, Siax = SiSs,S; ay = 5;S; ay = ax.

v~

Q.E.D.

Lemma 5.6 and Lemma 5.7 imply the following proposition.
Proposition 5.8. Let )\ be a basic weight.

(i) Ifw € W satisfies wA = A, then Syuy = uy and Siuy = u,.

(il) For p € WA, the isomorphism S: B(A\) == B(u) does not

depend on w € W such that pp = wA.

Here we regard B(\) and B(p) as subcrystals of B(U,(g)).
Remark 5.9. For a general A\ € P, it is not true that the extremal
weights of B(\) belong to W . For example in A = 2(A; — Ay) in the
Agl)—case fofiuy is an extremal vector with weight A — ¢.
Remark 5.10. It is not true in general wA = A\ implies S, u) = u). For
example in the case of g = Agl), and A = A; + Ay — 2Aq, set wy =
t(a1) = 1808281 and we = t(ag) = 51505182 Then wi A = wod = A — 6,
but Sy, ux # Sw,Un.
Conjecture 5.11. For any A € P, S,uy = uy if and only if w € W is in
the subgroup generated by {sg; 5 is a real root such that (5, ) = 0}.

Theorem 5.5 and Proposition 5.8 immediately imply the following
result.

Proposition 5.12. Assume that ) is a basic weight.

(1) BA)x = {ua}-

(il) B(A) is connected.
Proof. Let b € B(\),. Then Theorem 5.5 implies b = S, uy for some
w € W with w\ = A, and Proposition 5.8 implies S,u) = uy. Q.E.D.

In order to show the finite multiplicity theorem for B(w;), we shall
need the following result.
Lemma 5.13. Assume X = cl(A;, — a), Ao) for some iy € Iov and p €
WaA. If w € W satisfies l(w) > Wy and p is regularly w-dominant,
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then there exist w', w" € W such that w = w'vw”, l(w) = l(w') + [(w")
and A = w" p.

Proof. Let w = s;, ---s;, be areduced expression of w. Since | > §W,
there exists 0 < j < k < Isuch that cl(s;, - --s;;) = cl(s;, - - - 8;,). Hence
Sij1 m 8i, = t(§) for some & € Q\ {0}. Replacing y1 with Sigyr """ Sighly
we reduce the lemma to the following sublemma. Q.E.D.

Sublemma 5.14. If £ € @ \ {0} and p € Wyl is regularly t(§)-
dominant, then there erists wy € W such that A = wyp and [(t(§)) =
[(t(E)wT) + U(wy).
Proof. Let us take w € Woyv := (s;;4 € Ipv) such that = w and X is
regularly w-dominant. By Lemma 4.7, for 8 € Ay, (5,£) > 0 implies
(B,1) > 0. Hence (8, w™&) > 0 implies (8,A) > 0. In particular,
(B,A) = 0 (resp. (B,A) > 0) implies (8, w *¢) = 0 (resp. (B, w &) >
0). For i € Ipv \ {11}, (o, w™'€) = 0 because (aj, A\) = 0. Moreover
(ci,, w™t€) > 0 because (a;,, A) > 0. Hence we have w™'& = ¢ for ¢ >
0. Hence w—!¢ is regularly w-dominant. Corollary 4.5 and Lemma, 4.8
imply that

(t(&) = Ut(w ') = Ut(w "Ew ) + Uw) = l(w) + U(w "t(¢)).
Then the sublemma follows by setting w; = w™'¢(£). Q.E.D.
Proposition 5.15. Let A € P be a basic weight. Then for every & € P,
B(\)¢ is a finite set.
Proof. Forw € W and p € W, we define a subset A, (1) of B(U,(g))
by

Aw(p) = {b® t, ® u_co € B(u);b € Bu(o0)},

and then set Ay, = | | ,cyp5 Aw(p). Note that A, (p) is a finite set. One

has
B C S (A ).
w,w1EW
We shall first show
(5.4) B()) C U Sz (Ay).
w1 €W,
weW with L(w)<N
Here N := {Wy.
For b:=b; ®t, ® u_o in A,, we shall show
be U Sz (Aw)
w1 EW,

w'eW with {(w')<N

by the induction on ¢(w).
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Proposition 3.4 implies that u is regularly w-dominant. We may
assume ¢(w) > N. By Lemma 5.13, there exists w; = w'w” such that
l(w) =1(w") +l(w"), w # 1 and X := w"p satisfies cl(\) = cl()).

By Proposition 3.4, one has

Sin(b1 @ty @u_o) = b @ty @b

with b € By(00) and by € B,u-1(—00). Take i € I such that w's; <
w'. Then A\ > 0 implies ¢ = 4;. Hence c¢:= ¢} (b)) < A, = 1. One has
(5.5) S, @ty @ by) = (E™,) @ tyn @ ENb.
If ¢ = 1, then X\; — ¢ = 0. Take x € W such that b, € B,(—00).
Then z < w" ', since by € Byu-1(—00). Since &b, € By, (00),
Proposition 3.4 implies

S*((#maxbl) ®tsn @ blz) € Bw’5i$_1 (OO) ® tzsix ® U—oo-
Since £(w's;z ') < £(w), the induction proceeds.

Next assume ¢ = 0. Then \; < 0for j € I'\{7;} implies €} (b}) = 0 for
every j € I. Hence b}, = us. This contradicts w' # 1 and b}, € B, (c0).
Thus we have proved (5.4).

For € W, set
C(u) = U Au(p)-
weEW with (w)<N
Taking w € W such that y = w, we set
C(p) = Sp1C(p) € B(N),
By Proposition 5.8, C(x) does not depend on the choice of w. We have
(i) C(u) is a finite set,
(ii) there is a finite subset F' of @) independent of y such that
Wt(C(p)) C p+ F.
Hence, for any £ € P,
Nec U Cwe= U Clwe
PEWA PEWAN(E—F)

is a finite set. Q.E.D.

We have thus obtained the following properties of V().
Proposition 5.16. Let A € P° be a basic weight.
(i) Wt(V (X)) is contained in the intersection of A + Q and the
convex hull of W A.
(i) dimV(A), =1 for any p € WA.
(iii) dimV(X), < oo for any p € P.
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(iv) WE(VN))N(A+Z6) Cc WA
v) V(A) is an irreducible U,(g)-module.

) Any non-zero integrable U,(g)-module generated by an extremal
weight vector of weight X\ is isomorphic to V().

Moreover V() has a global base.

For any p € WA, let us denote by u, the unique global basis in
V(A)u. Since u, is an extremal vector with weight p, we have the
U,(g)-linear homomorphism V() — V/(A) that sends u, € V(u) to
uy, € V(A). This homomorphism is in fact an isomorphism.

Set A = w;. One has

(5.6) {n € Z;w; + né € Ww;} = Zd;,

where d; = (w;, &;). Note that d; = max(1, (o4, ;)/2) € Z except the
case d; =1 when g = Agl) and q; is the longest root. Hence one has

@ V(@) = @ V(@) r+na;-

pecl~el(w;) nez

We have a U,(g)-linear isomorphism V(w; + d;0) = V(w;). Since
there is a U; (g)-linear isomorphism V (w;) %V (w; + d;6) that sends
Ug; 1O Ug, 4,6, We obtain a U, (g)-linear automorphism 2; of V(w;) of
weight d;0, which sends ug, t0 Ug, 14,6

Let us define the U (g)-module W (w;) by

The following result is now obvious.

Theorem 5.17. (i) W (w;) is a finite-dimensional irreducible in-
tegrable U, (g)-module.
(ii) W(w;) has a global basis with a simple crystal.
(iii) For any p € Wt(V (w;)),

W(wi)cl(u) >~ V(wz)u

v) The weight of any extremal vector of W (w;) belongs to Wel(w;).

) Wt(W(w;)) is the intersection of cl(w;) + Qa and the conver

hull of Wel(w;).

(vii) K[zz-l/di] Okl V(wi) = W(w;)ag. Here the action of zz-l/d" on
the left hand side corresponds to the action of z on the right
hand side defined in § 4.2.

(viii) V(w;) is isomorphic to the submodule K[2%,z7%] @ W (w;) of
W (w;)ar as a Uy(g)-module. Here we identify W (w;)ar with
Kz, 2 | @ W(w;) as in (4.16).
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(ix) Any irreducible finite-dimensional integrable U, (g)-module with
cl(w;) as an extremal weight is isomorphic to W (w;), for some

a € K\ {0}.
Proof. The irreducibility of W (w;) follows for example by Proposi-
tion 4.12, and the other assertions are now obvious. Q.E.D.

We call W (w;) a fundamental representation (of level 0).

6. EXISTENCE OF GLOBAL BASES

6.1. Regularized modified operators. For n € Z and 7 € I, let us
define the operator F;(™

(6.1) F™ = 5" (I ePay ).

k>0,—n

Here
k-1
ar(ti) = (1) [ - g t™).
v=0

Then it acts on any integrable U,(g)-module M. Moreover it acts

also on any U,(g)g-submodule Mg. In this sense, F{™ has no pole
except ¢ = 0, co. Let (L, B) be a crystal base of M. Then we have

the following result, which says that E(”) has no pole at ¢ = 0 and
coincides with f* at ¢ = 0.

Proposition 6.1. We have ﬁ’i(")L C L, and the action of ﬁ’i(") on
L/qsL coincides with fI'.

Proof. In order to prove this, it is sufficient to prove the following
statement. For any weight vector u € M with e;u = 0 and m € Zx,,
we have

E (n) f(m)u —c f.(m+n)u

K3 2

for some ¢ € K := Q(g;) regular at g, = 0 and ¢(0) = 1. Set t;u = glu.
Then we can assume

[>n+m.
We have
ar(t) fu = ar (@) £,
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Hence
P =3 ap(gm ™) £ Pe® £
k>0
T v
k i

— l2m n+m [—m+k (m+n)

a Za |:m_k:|i|: k ifi v
Here,

o=

is the g-binomial coefficient. Hence it is enough to show that

+m] [l—m+k
A= —2m) |7 1+ ¢Z[q.
Za |:m_k:|i|: k LE e [q]

This follows immediately from the following formula, whose proof due
to Anne Schilling is given in Appendix A.

m Fei—2 12) 1 _ qn—|—2(j 1) m 1 . qn—|—2]
—Zm—n
(6.2) A= E q; | | [ ! —
k=0 j=1 — Y% j=1 +7 g
Q.E.D.

6.2. Existence theorem. We shall use the notations and terminolo-
gies in § 2.4. Let M be an integrable U,(g)-module, — a bar involution
of M, and (L, B) a crystal base of M. Let Mg be a U,(g)g-submodule
of M such that (Mg)~ = Mg. Set E := LN LN M.

Theorem 6.2. Let S be a subset of P. We assume the following con-
ditions:

(i) {(§,€);€ € Wt(M)} is bounded from above.

(il)) u—a € (gs — 1)Myg for any u € My.

(iii) Mg generates M as a vector space over K.

(iv) For any & € P\ S, (Lg, Le, (Mg)e) is balanced.

(v) Any extremal weight (i.e. the weight of an extremal vector) of

B isin P\ S.
(vi) ¢sLNLNMg=0.
Then we have
(a) (L,L, Mg) is balanced.
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(b) For any n, we have

M= @ Qa,)G0) and M= P Qla,)G ).

ei(b)>n pi(b)>n

(c) Mqg= dep\s Uy(8)o(Mg)e and M = dep\s Uq(g) M.

The rest of this section is devoted to the proof of this theorem.
Lemma 6.3. The action of — on E 1is the identity.
Proof. For u € E, we have (u—a)/(1 —¢,”") € ¢,LNLN Mg = 0.
Q.E.D.

By (vi), the homomorphism E — L/gsL is injective. Let us denote
by B’ the intersection of B and the image of this homomorphism. To see
(a), it is enough to show that B = B'. For b € B', let us denote by G(b)
the element E such that b = G(b) mod ¢;L. Note that G(b)~ = G(b) by
Lemma 6.3. We shall prove the following statements by the descending
induction on (&, &):

(6.3) B¢ = By, or equivalently, (Lg, L, (Mg)e) is balanced,

(64) G(b) - fz(sl(b))G(é;naxb) € Zsi(b/)>5i(b) Q[QSaQS_l]G(b,) for
any be Bg,

Y Qg NG0) = X £ (Mo)esma
(6.5) bEBe,£i(b)>n -
for any n > max(0, —(h;, £)).
as well as the similar statements replacing f; with e;.
If (&,&) is big enough, those statements are trivially satisfied by (i).

Now assuming (6.3)—(6.5) for £ such that (£, &) > a, let us prove them
for £ with (§,€) = a.

Lemma 6.4. Leti € I. Set k = max(0,—(h;,§)).
(a) Iféer®>pe B, then b€ B' and

GO) - fFGEr 0 e Y Qlas, a5 IGY).
b’eBé
£; (b’)>€i (b)

In particular, any b € Be with €,(b) > k is contained in B'.
(b) > Qlgs,qs']G(b) = > m>n fi(m)(MQ)§+mai for any n > k.

bEB;
ei(b)>n

The stmilar statements hold after exchanging e; and f;.
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Proof. Let us prove the lemma by the descending induction on n (in
the case (a), n means ¢;(b), and hence n > k). If n is big enough, they
are true by the hypothesis (i) in Theorem 6.2. Let us prove (a). Set
by = e*b. Then u = N-(")G(bl) satisfies b = u mod g,L and

u—/f €Y Zlgs a1 EMGB) € D 1T (Mo)erman

m>0 m>n

The induction hypothesis (b) implies that the last space is contained

in

> Qlgs, a7 1G ).

YeB;

g;(b')>n
Hence we can write u — fl-(n)G (b1) = Y cyG(b') where V' ranges over
Y € B’ with (b)) > n and ¢y € Qlgs,qs ']. Hence we can write
cy — Ty = iy — ¢, with ¢}, € ¢sQlgs]. Then v :=u -3, ¢, G(') =
fz-(")G(bl) + >y (cv — ¢y )G (V') satisfies ¥ = v and hence it belongs to E.
Moreover one has b = v mod ¢, L. Hence b belongs to B’, and G(b) = v.

To complete the proof of (a), it is enough to remark €***b € B’ when
gi(b) > k, because (wt(e**(b)), wt(e**(b))) > (wt((b), wt(b)).

Let us prove (b). The left hand side is contained in the right hand
side by (a) and the induction hypothesis on n. Let us show the opposite
inclusion. Set n = £ + na; with n > k. Then we have (n,n) > (&, §),
and (6.5) holds for 7. Hence we have

(MQ)U C Z Q[QS: qs 1 + Z f MQ n+maoy

£i(b)=0,be By, m>0

which implies

M)y < Y Qlas G0 + Y F M

£i(b)=0,be B, m>n

C Y Qg MG + Y Qs g G ().
€;(b)=0 gi(b)>n
be B, beB;

The desired inclusion follows from (a).
Q.E.D.

Lemma 6.5. B, C B'.

Proof. Let b € Be. By the hypothesis (v), there exists X;--- Xb
whose weight is outside S, where X, is " or fimax. Hence by the
induction on [ we may assume that é*b or f™} is contained in B’.
Then the preceding lemma implies b € B'. Q.E.D.
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The properties (6.3) and (6.4) are now obvious, and (6.5) easily fol-
lows from Lemma 6.4 and Lemma6.5.

Thus the induction proceeds, and we complete the proof of (a), (b)
in Theorem 6.2.

Finally let us prove (c). Set M' = > p\ sUs(g)Me and Mg =
> eer\s Ug(8)o(Mg)e. Set L' = LN M'. Then L' is invariant by é; and
f;. By the hypothesis (v), any vector in B is connected with a vector
whose weight is outside S. Hence B is contained in L'/q,L' C L/q,L.
This shows that (L', B) is a crystal base of M’, and L'/q,L' = L/q,L.
Thus we can apply Theorem 6.2 to M'. Hence we obtain L'NL'N Mg =
LN LN Mg, and My = Ko ® (L' N L' N Mg) = Mg. This completes
the proof of Theorem 6.2.

7. UNIVERSAL R-MATRIX

In this section, we shall review the universal R-matrix introduced by
Drinfeld and the universal bar involution introduced by Lusztig.
Although we mainly use the following coproduct A in this article

Al") =qd"®¢"

(7.1) Ale)) =e;®t;'+1®e¢;
A(f;) =fi®l1+to fi

we shall introduce another coproduct A = (—® —) o Ao —
Al") =¢"®¢"

Alf) =fi®ol+t'® fi
Let M, (v = 1,2) be a U,(g)-module with weight decomposition.
Let us denote by M; ® M, the tensor product of M; and M, with the
U,(g)-module structure induced by A, and M;®M, the U,(g)-module
induced by A.
Then there is an isomorphism

q_("'): M@My; — My @ M,
given by
q*(',') (2®y) = q*(Wt(w),Wt(y)) YR .
Let us define the ring U, (g)®U, (g) by
(7.3) U (0)®U, (0) =P [[ U (@r@U, (9)u)-
£EQ E=2+u

The counits U, (g) — K and U, (g) — K induces ¢: U (g)®U, (g) —
K. Modifying Drinfeld’s construction ([3]) of a universal R-matrix,
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Lusztig has shown that there exists a unique intertwiner 2 € U/ (g)®U; (g)
satisfying the following properties:

Eo0A(a) = A(a) o = for any a € U,(g),
normalized by €(Z) = 1. Then it satisfies
(7.4)

(11|

@)

(1]

(1]

(11|

O
set

=1.
We introduce the completion of the tensor products as follows. We
Fouy(MBMs) = [ (Mi)asqy ® (M),
TEQ+
FoouMi@M) = [ (M)apy ® (Ma)usy,
v€Q+\{0}
and then

rection:

M®My = Fo(Mi@My) C [ (M1)x® (My),.
A\UEP AUEP

Sometimes we use another completion M;®M, in the opposite di-

F(A,u)(Mlé)M?) = H (Mi)a—y ® (Ma2) 4+
r7€EQ+
and then

MléMQ = Z F()\,M)(Mlé)Mz) C H (Ml),\® (Mg)u.
MUEP

AUEP
They have a structure of a U,(g)-module by A and containing M; ®
M, as a U,(g)-submodule.

We denote by M;® M, the same vector space M, &M, with the action
submodule.

of U,(g) induced by A. Then M;®M, contains M,®M, as a U,(g)-
We have an isomorphism

qi(. ) . M1®M2 = MgéMl.
The operator = induces an isomorphism

M, @My 22 M@ M,.



QUANTIZED AFFINE ALGEBRAS 31

Then = sends Fiy ) (Mi®M,) to Fiy ) (M;@Ms,), and
The homomorphism induced by =
My ® My = Fip uy (Mi®Ma) [ Fs iy (M ® M)
— F()\,u)(MléMZ)/F;(A,u)(Ml@MZ) ~ My ® My,
is equal to the identity.

The intertwiner R™V: M,QM, — MzéMl, called the universal R-
matrix, is given by by

(7.5)

. —~ = -~ —(-,) ~
(7.6) R™Y: M, @My — Mi®@My +—— Mo@M,.

It is an isomorphism.
Assume that M; and M, have a bar involution. Then (7.4) implies
that i R
CuniV: M1®M2 i) M1®M2 i} M1®M2
is a bar involution on M;®M, as observed by G. Lusztig ([17]). We
call it the universal bar involution.

8. GOOD MODULES

Let us take a finite-dimensional integrable U,(g)-module M. We
consider the following conditions on M:

(8.1) M has a bar involution,

(8.2) M has a crystal base (L(M), B(M)),
(8.3) M has a global base,

(8.4) B(M) is a simple crystal.

In this paper, we say that a U;(g)-module M is a good U,(g)-module
if M satisfies the above conditions. The level zero fundamental rep-
resentations W (w;) is a good U,(g)-module. A good U,(g)-module is
always irreducible (Proposition 4.12).

Let M; and M; be good U, (g)-modules. Then we have

(M)u®(Mo)ar = Kllz1/22]] @ ((Mr)ar ® (Mo)as )

Klz1/2]
(M)ar®(M)an = Kllo1/22]] @ ((Ma)ar @ (Mi)ar )-
Klz1/2]
Here z, is the U; (g)-linear automorphism of weight ¢ on (M, ).g intro-
duced in § 4.2.

Lemma 8.1. K(21/22) @[z ((Ml)aff ® (Mg)aff) is an irreducible

module over K(z1/2) @Kz /2 Ug(8)[25, 25 )-
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Proof. Since M; ® M, has a simple crystal base by Lemma 4.11, it is
irreducible by Proposition 4.12. Then the lemma follows from the fact
that the specialization of (M ).q® (M) at the special point 21 /2, = 1
is irreducible. Q.E.D.

By the result of the previous section, we have the bar involution
"V (Ml)aﬁ®(M2)aﬂ — (Ml)aff@(Mz)aff-

It commutes with z; and z9. Let u, be the extremal vector with dom-
inant weight A\, of M, (v = 1,2), and set u = u; ® us. Then we have
((Ml)aﬁ’®(M2)aﬁ')/\l+)\2 = K((z1/22))u. Hence, by (7.5), we have

(8.5) "V (u) = (21 /z)u or equivalently Z(u) = ¢(z1/22)u
for some ¢(z1/22) € K|[z1/20]] with ¢(0) = 1. We define

O (M) 0 ®(My)ag — (M) ar @ (Mo)asr
by "™ = ¢"V o ¢(z;/2,) L. Then it satisfies

"™ (u) = u.

Lemma 8.2. c¢"°™ is a unique endomorphism of (M aff@)(Mg)aﬂr sat-

1

isfying ™™ (u; ® ug) = w1 @ ug and "™ (av) = Egn"rm(v) for any
a € Uy(9)((21/22))[z3 ], v € (M1)ar®(Mo)ar.
Proof. Tt is enough to show that a U,(g)[z", z']-linear homomor-
phism

fr(Mi)ag ® (Ma)agr = (M1)ag®(Ms)an
vanishes if f(u1 ® up) = 0. By Lemma 8.1, K(21/22) @[z /2] (M1)at @
(My) g is an irreducible module over K (21/20)[25"] ® U,(g). Hence the
assertion follows. Q.E.D.

Hence, ¢"*™ defines a bar involution on (Ml)aﬂ@)(Mz)aff, which we
call the normalized bar involution. In particular we have

o(2)e(z) =1.

In the sequel, we use the normalized bar involution to define a global
basis.
The universal R-matrix:

Runiv: (Ml)aﬂ®(M2)aﬁ' — (Mg)aﬂé(Ml)aff

sends u; ® up to ¢~ (2/29)uy ® uy with the same function ¢
given in (8.5). Hence setting R*™ = q*1:A2) (2 /2,) "L RV we have
an intertwiner

R™™: (M))ag®(Ma)ag — (M2)ag®(M1)as
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that sends u; ® us to us @ u;. We call R*™™ the normalized R-matriz.
Both R-matrices commute with z; and z,.
By (7.6) and (7.5), we have, for any v, € (M, )as,

(86) Rnorm(vl ® UQ) = q<)\1,/\2)7<Wt(’l}1),wt(’uz))v ® o
mod H M2 aff wt(v2)—¢& 029 ((Ml)aff)wt(vl)+§-
£eQ+\{0}

We have also

R™™: (My)ag @ (M2)ag  — K(21/22) ®Kl21/20] ((MQ)aff b2 (Ml)aff)
— (MZ)affé(Ml)aﬂ-

We shall generalize these observations to the case of tensor products
of several modules. Let M, (v = 1,...,m) be a good U/(g)-modules
with a crystal base (L,,B,). Let (M,).s be its affinization. Then
(M,)as has a crystal base ((Ly)as, (By)ag). Let A, € P be a dominant
extremal weight of (M, )., and u,, the extremal global basis with weight
A,. We denote the canonical automorphism (M,).¢ of weight § by z,.

Then

M := ®m (Mu)aff = (Ml)aff K (Mm)aﬂ

has a structure of K[z, ..., z-']-module. Set
(87) M = (Ml)aff Q- (Mm)aff:
(8.8) Mg = (Mig)ag ® -+ ® (Mmq)as,

and let (L(M),B(M)) be the tensor product of the crystal bases of
the (M, )aq’s. We set

M= K[[z1/2, ..., 2m1/7m]] ® ™ (M, )as.

K[z1/22,-32m—1/%m]

We set also
L(M) = A[[zl/zg,...,zm,l/zm]]A[/ ® / }®,’,”:1(L,,)aff,
Mg = Qlz1/2,. .., 2m-1/2m]]| ® Q1 (M,)aq)-

Q21 /22, s2Zm—1/2m]

Similarly to the case of the tensor product of two modules, we can
define the universal bar involution of M by

Cuniv:(_®...®—)o H Eija

1<i<j<m
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where =;; is the operator Z acting on the i-th and j-th components of

the tensor product. Normalizing c"™V, we obtain the normalized bar

involution ¢"™ on M. It satisfies, by setting v = 11 ® + + + @ Uy,
Cnorm(u) = u.

Moreover it satisfies for v, € (M,)as

(89) ™M ® - QUp) =TI Q- ® Ty

mod H Ml aff wt(v1)+&1 Q- ((Mm)aff)wt(vm)+§m-
£1a 7£m

Here the product ranges over &,...,&, € Q with > " &, = 0 and
b6, €Q\{0} (u=1,...,m—1).

Since c"™ is expressed by a triangular matrix, the well-known ar-
gument of triangular matrices implies the following result.

Lemma 8.3. (i) ¢,L(M)(c™™L(M)) N Mg = 0.
(il) For any b =b; ® ---b,, € B(M), there exists a unique G(b) €

L(M) such that (G (b)) = G(b) and b = G(b) mod q,L(M).
(iii) Moreover G(b) has the form

G)=Gb1) @+ ®G(bm) + > ¢y, G) ® -+ @ G(B],).
Here the infinite sum ranges over by ® --- ® b, € B(M) such

that Z wt(b)) = i wt(b,) and ,i:l(Wt(bL)_Wt(bV)) € Q. \{0}
(u= 1 —1). Moreover cy,.... € q;Q[qs].

Later we shall see that this infinite sum is in fact a finite sum.
Set

N =U,(9)[zF, ..., 2 u.

Then N is a submodule of M stable by the bar involution ¢"°™. Set
A=>" A, Then we have

Naizs = @®nezNagns = (01 (Mo)ar) y 15
= ®L”:1((M,,)aﬁ))w+m =K. 25 (u @ - @ u).
Hence one has
(8.10) N, = M, for any pp € WA+ Z6.
Define
L(N) = L(M)NN,
MyN N,
B(N) = B(M).

&
I
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Then L(N)/qsL(N) C L(M)/qsL(M).

Lemma 8.4. B(N) is a basis of L(N)/qsL(N), and (L(N), B(N)) is
a crystal base of N.

Proof. Since B(N) is a basis of L(M)/qsL(M), it is enough to show

that B(N) is contained in L(N)/gsL(N). Since every vector in B(N) is
connected with an extremal vector with weight in A\+ZJ, and extremal

vectors with such a weight is u up to the action of zi*, ..., zi!, we
obtain the desired result. Q.E.D.

Setting S = Wt(M) \ (WA + Z6), we can apply Theorem 6.2 to
N. The hypotheses in the theorem are satisfied by Lemma 8.3 and
Lemma 8.4, and we obtain the following theorem.

Theorem 8.5. (i) (L(NV),c™™L(N), Ng) is balanced. Hence N
has a global base.
(11) NQ = Uq(g)Q[Zl, . zm]u
Furthermore, Lemma 8.3 implies the following proposition.
Proposition 8.6. For any b, € B((M,).s) (v =1,...m), we have

G(b1® ®bm) = G(b1)® - ®G(bm)+ > ey, G(B)) @ - RG(B],).

Here the sum ranges over (by,...,b,.) € [I'_, B((M,)as) such that
Do wt(by) = 3L wi(by) and 32, (wi(b,) — wi(b,)) € @4\ {0}

(p=1,...,m—1). Moreover cy,..y € qsQlgs], and cy,...y vanishes

m

except for finitely many (b%,---,b.,).
By specializing at z, = 1, we obtain the following proposition.

Proposition 8.7. The tensor product of good U,(g)-modules is also a
good U, (g)-module.

9. MAIN THEOREM

The following theorem is conjectured in [1] in the special case when
all the M, are fundamental representations. Note that, as seen by the
proof, the theorem holds even if we consider U,(g) as an algebra over
the algebraically closed field K := 5~ C((¢*/™)), and a, as elements of

n>0
K, and replace A with the subring 4 := Y C[[¢"/*]] of K.
n>0
Theorem 9.1. (i) Let M, (v =1,...,m) be good U,(g)-modules.
Let a, € K. Assume that a,/a,.1 € A forv=1,....,m— 1.
Then (M), @ (M3)g, ® - Q (Mp)a,, is generated by u; @ -+ - &

Uy, .-

am
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(ii) Assume that (M,)* (v =1,...,m) is a good U,(g)-module, and
ayi1/a, € A forv=1,...,m—1. Then any non-zero submodule
of (M1)g; ® (Ms)a, ® - -+ ® (Mp,)a,, contains u; @ -+ & Up,.

Proof. Since (ii) is the dual statement of (i), it is enough to prove (i).

Let us embed the crystal B, of M, into (B,).s as in (4.16). Let
Y (Mi)ag @+ ® (Mp)asr = (Mi)g, @+ ® (Mp)a,, be the canonical
projection. Then ¥(G(b1) ® -+ ® G(by)) (b, € B,) forms a basis of
(M1)a, ® (M3)g, ® -+ ® (Mp)a,,- Since P(G(by @ --- ® by,)) are in
Ug(9)(u1 ® -++ ® up), it is enough to show that they also generate
(M1)g, @ (M3)g, ® -+ - ® (My,)a,, as a vector space.

By Proposition 8.6, we can write

Ghi® - Qby)=G(b1)®- @G (bn)

Here, the summation ranges over the set of (b},...,b,) € [, By
and (ki,...,kn) € Z™ such that Y "  k, =0and k1 +---+k, >0
(v=1,...,m). Moreover we have cl,f,lllz,: € ¢:Q[qs]-

On the other hand, we have
D(G(0) @ - - © G2 1,))
= (a* -+ ap ) (G)) @ -+~ ® G(Hf,))
= (ar1/a2)" (az/az)" ™ (G(b) ® --- @ G(If,)) € L,

where L = B, cpu,) A(G(b) ® -+ @ G(by))-
Hence we have

B(Gl1@ @ b)) =(Gb) @ & Glbn)) modg,L.

Then Nakayama’s lemma implies that {@D(G(bl R - ® bm)) b, €
B(M,)} generates (M1)s, ® -+ ® (Mp)a,, - Q.E.D.

We can apply the theorem above to the fundamental representations.
Theorem 9.2. Let a, € K, and i, € Ipv (v=1,...,m).
(i) Assume a,/a,41 € A forv=1,...,m —1. Then W(w;,)q, ®
W(@iy)a ® -+ - @ W (@, )a,, 15 generated by g, @@ Ug, -
(ii) Assume a,41/a, € A forv=1,...,m — 1. Then any non-zero
submodule of W (wi,)a, @ W(wi,)a, ® - - - @ W(wi,, )a,, contains
uwil ® PP ® uwim'

am

Since these theorem hold even if we replace K and A with K and ;1\,
they imply the following consequences as shown in [1].
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Proposition 9.3. Assume that M; is a good U (g)-module with dom-
inant extremal vector u;. The normalized R-matriz

Ry (2, y): (Mi)e ® (Mj)y — (Mj)y @ (Mi)x

does not have a pole at x/y = a € A.

Here R}9™(z,y) is the intertwiner (M;), ® (Mj)y — (M;)y ® (M;)s
so normalized that it sends u; ® u; to u; ® u;.

Let 14(2,y) be the denominator of R{?™(x,y). Then one has

(9.1) Yij(x,y) € 1+ Alz/ylgsz/y-

For the sake of simplicity, we assume that M; as well as its dual M7
is a good U,(g)-module, and let u; be a dominant extremal vector of
M.

Proposition 9.4. (i) The extremal vector uy ® - - - ® u,, generates
(M1)a, ® -+ ® (Mp)a,, if and only if R}™(x,y) has no pole at
z/y =aifa; for any 1 < j <i<m.

(ii) Any non-zero submodule (Mi)g, ® - -+ @ (Mp,)a,, contains u; ®
- ® Um, if and only if R}5™(z,y) has no pole at x/y = a;/a;
forany 1 <i<j<m.

(iii) (M1)a, ® -+ ® (Mp)a,, is irreducible if and only if R}S™ (x,y)
does not have a pole at x/y = a;/a; for any 1 < i,j < m
(¢ # J)-

Proposition 9.5. If M and M’ are irreducible finite-dimensional in-
tegrable U,(g)-modules, then M ® M is an irreducible U,(g)-module
except for finitely many z.

10. COMBINATORIAL R-MATRICES

Let M, and M, be two good U,(g)-modules. Let u, be the extremal
vector of M, with dominant weight (v = 1, 2).

Let 1(z1/22) be the denominator of the normalized R-matrix, nor-
malized by ¢ € K|z1/2,] with ¢(0) = 1. Then, by (9.1), we have

(10.1) P(z) € 1+ gszA[z].
We have an intertwiner
W(z1/22) R™™: (M1)agt @ (M2)ast — (M2)ast ® (M1)asr-

We shall first prove the follwoing proposition.
Proposition 10.1.

Y(21/20) R™™ (L(Ml)aff ® L(MQ)aﬂ) C L(M3)ag @ L(M)ag-
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Proof. Set M = (M)ag ® (Mg)aﬂ, and let L be the smallest crystal
lattice of M containing A[z!, 25| (u; ® uy). Then L is contained in
L(M). Since every vector in B(M) is connected with some 27" u; ® 25 ug,
L/q;L — L(M)/qsL(M) is surjective. Hence by the following well-
known lemma, there exists g such that

g €1+ q, Al 2" and gL(M) C L.

Lemma 10.2. Let R be a commutative ring, a € R and F a finitely
generated R-module. If F' = aF, then there exists b € 1 +aR such that
bF = 0.

Let us define M’ and L' in the similar way as M and L by exchanging
M; and M,. The operator T = (z1/z9)R™™: M — M' commutes
with &, fi, z1, z2, and it satisfies T'(u; ® us) € L(M') by (10.1). Hence
we have

TL C L(M').
Taking g as above, we obtain
gT(L(M)) CTL C L(M").

Since L(M') is a free A[z{", 25']-module of finite rank, the proposition
follows from the following lemma. Q.E.D.

Lemma 10.3. Let F be a free Alzf', 25 -module, and g an element
in 14 qA[2F, 25, If u € K®F satisfies gu € F', then u belongs to
F.

Since the proof is elementary, we do not give its proof.
As a corollary of Proposition 10.1 and (10.1), we obtain

Corollary 10.4.
Rnorm(L((Mﬂaff@(Mz)aﬂ)) C L((M2)ag®L(Mi)ag).
Conjecture 10.5.
¥(21/22) (Mi)agr ® (Ma)ag) C Ug(g)lz1, 25 1 (ur ® ug).
Set

N = UQ(g)[ziﬂa Z;:l](ul Y Ug) C (Ml)aff X (MQ)aff,
N' = U9z, 25 (w2 ® u1) C (Ma)ag ® (M)as:-
Then R"™ gives an isomorphism

Rorm: N o2y N,
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In § 8, we saw that N (resp. N') has a crystal base (L(N), B(Mi)ag ®
B(Ms)as) (resp. (L(N'), B(Ms)ag @ B(Mi)ag)). Hence R™™ induces
an isomorphism:

R™: B(M))ag @ B(My)ag =2 B(My)ag ® B(M))ag
We have

RCOmb(Zbl R b2) = (]_ X Z)RCOmb(bl ® 62)’
cmomb(b1 R sz) — (Z ® 1)Rcomb(b1 ® bg)

Hence we have a commutative diagram:

Rcomb

B(M,).g @ B(M)ag —— B(My)ag @ B(M,)ag
(10.2) | |

~

Hence one obtains the following proposition.

Proposition 10.6. If B, and B, are a crystal base of a good U, (g)-
module, then B;1 ® By >~ By ® B;.

By Corollary 10.4, we have
(10.3) R™™(G(by ® by)) = G(R™ (by ® by)).
Setting R™P(b; ® by) = b, @ b}, with b, b, € B(M,).q, we define
S(by ® by) = wt (b)) — wt(by) = wt(by) — wt(by) € Q.

By (8.6), we have S(b; ® bs) € Q4 := Y _,.; Z>o;. On the other hand,
we have S(z101 ® by) = S(b1 ® z9b2) = S(b; ® by), and hence it induces
a map:
(10.4) S: B(M;) ® B(My) = Q..

This map S is characterized by the following properties (note that
B(M;) ® B(Ms;) is connected):

S(ﬁ-(lh ® b)) R

(S(by @ by) + a;  if fi(by ® by) = (fib1) @ bo and
filby @ b)) = (f 5) ®

=051 ®b) — 1ffz(b1®52)—b1®( 2)

iy @ B) = by ® (fib)),

(S (b1 ® bo) otherwise.

(10.6)




40 M. KASHIWARA

11. ENERGY FUNCTION

In this section, we assume that M is good, and we investigate the
properties of M,z®2. In this case, we have

(11.1) REO™ — 76 ¢ Moo @ Mug — Mug® Mg
Here 1: Myg®@M,g — M,g®@M,g is given by
[(’U ® ’Ul) = q()‘a)‘)_(Wt(’U)aWt(v’))F ® .

Indeed, R™™ and 7o c¢™™ are U,(g)-linear homomorphisms sending
u®u toitself, 2®1to 1®z and 1 ® 2 to z® 1. Such a homomorphism
is unique.

Similarly the identity being a unique automorphism of B(M)
(10.2) implies that there exists a unique map H: B(M),g®* — Z such
that

®2
)

]%comb(b1 Q b2) _ (Z—H(b1®b2)b1) ® (ZH(b1®b2)b2).

Hence, one has

We call H the energy function. We have H((zb) ® by) = H(by ®
(271by)) = H(by ® by) + 1. It is easy to see that

B(M)aff®2 = I—lnEZH_l(n)
is the decomposition of B(M)%? into the minimal regular subcrystals
invariant by z ® z (cf. [6]).
Embedding B(M) into B(M).s as in (4.16), the energy function

restricted on B(M)®? is also characterized by the following two prop-
erties:

H(v®wv) =0 for any extremal vector v of B(M),

(H(b, ® b,) if i # 0 and f;(by ® by) # 0,
Hbi®b)+1 ifi=0 and

H(fi(b1 ®by)) = filby ® by) = (fib1) ® by #0,
H(b;®by)—1 ifi=0and
( filby ® by) = by ® (fiba) # 0.

Set
N =U,(9)[z®2)*,201+1®z](u®u) C M3,
N' =Ker(R™™ —1: M3 - K(2® 27") Qxpe:1) M ).

Then we have N C N’ C M. Define L(N) = L(M,)®* N N and
similarly for L(N'). Then one has L(N)/q;L(N) C L(N')/qsL(N') C
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L(M3)/qsL(ME). Set
By(MZ?) := {b, ® by € B(M,g)®* H (b, ® by) = 0}.
Then
{(z"®1)b;n € Zxo, b € Bo(ME)}U{(1®2")b;n € Zso, b € Bo(Mi%)}

is a basis of L(M%?)/qsL(M&?).
Let us define the subset B’ of L(M%?)/q,L(M%?) by

B = {(Zn QX1+ 5(77, §£ 0)(1 &® Zn))b, n € ZZO’ be Bo(Mng)}
Here, for a statement P, we define 6(P) by

5(P) = 1 %fP ?S true,
0 if P is false.

Then B’ is linearly independent.

Lemma 11.1. We have B' C L(N)/qsL(N). Moreover, (L(N),B')
and (L(N"), B') are a crystal base of N and N', respectively.

Proof. Tt is enough to show that B’ C L(N)/q;L(N) and B' is a basis
of L(N")/q;L(N"). Since By(M2%?) is a minimal subcrystal invariant
by 2z ® z, we have By(M%’) C L(N)/q,L(N). Since L(N)/q,L(N) is
invariant by 2" ® 1 + 1 ® 2", we have B’ C L(N)/g;L(N). It remains
to prove that B’ generates L(N')/qsL(N').

Since R™™ =1 on N, we have R*™ =1 on L(N')/qsL(N'), and
hence L(N')/qsL(N') C F := {v € (L(Mag)/qsL(Ma.g))®?; R™™(v) =
v}

Since the action of R™™ on (L(Mag)/qsL(Mag))®2 = QPBMan)®? jg
given by R®°™ we can see easily that B’ is a basis of F. Q.E.D.

Proposition 11.2. N = N’ and it has a global basis {G(b);b € B'}.
Proof. We shall apply Theorem 6.2 for N and N'. Set

Noi=Uy(g)al(z® 2)*, 201+ 1@ | (u@u) C M,

and similarly for Nj. Set S = Wt(ME) \ (W(2)) + Z6). For & =
2wA+nd (w € W, n € Z), setting H = @,y ,=n K (2" @21+ 21 ®@2")ul3,
we have H C Ng C N; C H. Hence Ny = N = H, and the condition
(iv) in Theorem 6.2 is satisfied for N and N'. The condition (v) follows
from the fact that the weight of any extremal vector of B(M,g)®? is in
W (2\) + Zo. Hence all the conditions in Theorem 6.2 are satisfied for
N and N’, and both N and N’ have a global basis. These two global
bases coincide, and hence N = N'. Q.E.D.
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Corollary 11.3. If by, by € B(M)a.g satisfy H (b ® by) =0, then
G(b1 ®bs) € Ug(g)ol(2®2)*, 2@ 1+ 1® 2] (u ® u).
Moreover, denoting by Ny the vector subspace generated by {G(b; ® bs) ;

H(by ® by) = 0}, one has
U (9)0l(z®2)*,201+102](u®@u) =Qz® 1+ 1 2] ®g No,
Mur® = Q= ®1,1® 27| @qesa1] No = Q=™ @ 1] ®@g Mo.

12. FOCK SPACE

12.1. Some properties of good modules. In [13]|, we defined the
wedge spaces and the Fock spaces for a finite-dimensional integrable
U;(g)-module V. In that paper, we assumed several conditions on V.
In this section, we shall show that all those conditions are satisfied
whenever V' is a good module with a perfect crystal base. In [13],
we employed the reversed coproduct. Adapting the notations to ours,
those conditions read as follows. We set N :=U,(g)[(2 ® 2)*",z® 1 +
1® 2](u ®u) C (Vag)®? with an extremal vector u of V' of weight \.
(G) V is good. Let (L, B) be the crystal base of V.
(P) B is a perfect crystal.
(L) Let s: @ — Z be the additive function such that s(«;) = 1, and
£: B.g — Z be the function defined by £(b) = s(wt(b) — wt(u)).
Then one has

(D) ¥ € 1+ gs2A[z]. Here 9(x/y) is the denominator of the nor-
malized R-matrix R™™: V, @V, =V, ® V.

(R) For every pair (b1, be) in Bag with H(b; ® by) = 0, there exists
Chy p, € N of the form

Chipy = G(b1) ® G(ba) — D ay, 1, G(b) ® G(b)).
B, b

Here the sum ranges over (b}, b)) € B2 such that
H(b, ® by) >0,
(1) < £(B) < €(b),
£(b1) < £(b3) < £(b2),

and the coefficients ay, 4y belong to Q[g,, s~ ].

Theorem 12.1 ([13]). We assume (G), (L), (D) and (R). Then the

wedge space /\ Vog has a basis {G(b1)A---ANG(bp)}, where (by,. .., by)
ranges over (Bys)™ with H(bj ® bj41) >0 (j =1,...,m—1).
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For the other consequences and the Fock space, see § 12.2, § 12.3
and [13].

In this section we shall prove the following theorem.
Theorem 12.2. Assume that V' is a good U,(g)-module. Then all the
properties above except (P) are satisfied.

In fact, we shall prove here a little bit stronger results. In the sequel,
we assume that V' is a good U, (g)-module. The property (D) has al-
ready been proved in (10.1). The following lemma immediately implies

(L).

Lemma 12.3. [f H(b1 X bg) S O, then Wt(bg) - Wt(bl) € Q+.

PT‘OOf. By (104), we have S(b1 ®bg) = Wt(bg) —Wt(bl)+H(b1®b2)5 €

Q.. Hence if H(b; ® bg) <0, then wt(by) — wt(hy) € Q. Q.E.D.
In order to prove the remaining property (R), we shall prove the

following result on global bases.

Proposition 12.4. Assume H(b; ® by) = 0. Write

(12.1) Glhi®b)= > ayuGH)) @ G0).

bll,bgeB(M)aﬂ"
Then we have

by ,by = 1:

— (AN —(wtd] ,wtbh) ——
Qpl, bt = 4 Qg b,

If ay, p, # 0, then
wi(B)) € (wi(b) + Q1) 1 (wi(bs) — Q4 ),

wt (b)) € (wt(bl) n Q+) N (Wt(bg) _ Q+>.

Moreover wt(b)) = wt(by) implies (b,0,) = (b1,b2), and wt(b}) =
wt(by) implies (b, bh) = (ba, by)
Proof. We have seen wt(b)) € wt(b) + Q4+, wt(bh) € wt(by) — Q.
and wt(b}) = wt(by) implies (b7, b,) = (b1, by).

Since RnormG(bl ®b2) = G(b1 ®b2), and CnormG(bl ®b2) = G(b1 ®b2),
we have IG(b; ® by) = G(by ® by) by (11.1). Hence we have

G (b, ® by) = Z q(/\,)\)_(Wtb'l,Wtblz)—ab,l,bgG(b;) ® G(b),
b’l,bIQEB(M)aﬁ‘

which gives ay, y = q(’\”\)’(Wtbll’Wtblz)abfl +,- Hence we obtain the remain-
ing assertions. Q.E.D.

Conjecture 12.5. Conjecturally, we have H (b} ® by) > 0 if ay y # 0.
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Let us set

1,(b) = {V' € Bagswi(t') — wt(b) € Q4 \ {0}} U {0},
I.(b) = {¥' € Bag;wt(b) — wt(b) € Q1 \ {0}} L {b}.

The following lemma immediately implies (R).

Lemma 12.6. For every pair (by, be) in Bag, there exists Cy p, € N of
the form

Chipy = G(b1) ® G(ba) — D ay, 1, G(b) ® G(b)).

v, b,

Here the sum ranges over (b, b)) € B2z such that H(b} @ bh) > 0 and
by, by € I (b1) N I_(bs), and the coefficients ay y belong to Qgs, qs ']

Proof. We shall prove this by the induction on £(bs) — ¢(b;). Note
that the assertion is trivial when H(b; ® by) > 0. We may assume
H(by ® by) < 0. Then (L) implies £(bg) — £(b1) > 0.

Set n := —H(b; ® by). Then H(2"b; ® by) = 0. Hence G(2"b; @ bs) €
N. By Proposition 12.4, we can write

G(2"by ® by) = 2"G(b1) ® G(ba) + Y _ ay, ,G(b}) ® G(b))
b b,

where the sum ranges over (b},0,) with b},0, € I, (2"b1) N I_(by) and
b} # z"b;. In particular, one has £(z™b}) > £(b1). Then,

Z7"®1+6(n>0)1Q2")G(2"b @ bs)
=G(b)® G(bg) - (5(n > 0)G(2"b1) ® G(27"bs)
+ ) ay (G ") @ G(bY) + 6(n > 0)G (b)) ® G(z b))

(b)) €l

belongs to Ng = N N (M%)o. Hence, modulo Ng, G(b;) ® G(by) is a
linear combination of G(2"b;) ® G(27"b2) (n > 0), G(27"b}) @ G(b})
and G(b)) ® G(z7"b}).

When n > 0, we have £(z7"by) — £(2"b1) < £(bg) — £(b1), and the
induction hypothesis implies that G(z"b;) ® G(z ™bs) is, modulo Ng,
a linear combination of G(bY) @ G(b%) with H(b] ® b)) > 0 and bY, bl €
I+(an1) N I_(Z_nbg) C I_|_(b1) N I_(bg)

Similarly, we have £(by) — £(z7"b}) < £(bg) — £(by). Hence, modulo
Ng, G(z7™)) @ G(b,) is a linear combination of G(b]) ® G(bj) with
H] @ by) > 0 and by, € I (27"b)) NI_(by) C I (by) NI_(bg).

Finally, since £(z7"by) — £(b}) < £(by) — €(27"by) < £(be) — £(by),
the induction hypothesis implies that G(b}) ® G(z7"b,) modulo Ng
is a linear combination of G(b]) ® G(by) with H(b! ® by) > 0 and
by, by € I.(b)) NI_(27"by) C I (b1) N I_(b). Q.E.D.
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12.2. Wedge spaces. Let us recall the construction of the wedge space
in [13]. Let V be a good U,(g)-module with an extremal global basis
u. Let us set

(122) N = G@le)* :el+1eusn)c vV,
m—2
j=0

The wedge space \™ Vag is defined by

K Vag = VE™ /N,

For vy,..., v, € Vug, let v; A--- Av, denote the image of 11 ® - - - @ vy,
by the projection V3™ — A" Vag. Let L(A™ Vag) C A™ Vag be the
image of L(VE™). For b=b, ® - -+ ® by, € B(VE™), we set

GPe(B) = G(b) A~ A G(bm).

For b € B(V,E™), let G(b) be the global basis of V5™ and G"(b) be
its image in A" Vog. We set

B(\ Vag) = {01 ® --- ® by, € B(VF™);
Hb,®by41)>0forv=1,...,m—1}.

Then in [13], the following properties are proved
(i) {GP™e(b);b € B(N" Vag)} is a basis of L(\™ Vag).
(ii) Identifying B(A™ Vag) with a subset of L(A™ Vag)/qsL(\™ Vagr)
by GP"¢ (L(A™ Vag), B(A™ Vag)) is a crystal base of A™ Vag.

On the other hand, the following proposition follows from Proposi-
tion 8.6.

Proposition 12.7. For b, € B(VS™) and by € B(V3™), one has the
VQfZ)f(m1+m2)
a

equality in
G(by ®by) = G(b) ® G(ba) + Y ey, G (b)) ® G(bh).

bl ,bl,

Here the sum ranges over (by,by) € B(VE™) x B(VE™) such that
wt (b)) — wt(by) = wt(be) — wt(bh) € Q4 \ {0}, and the coefficients
satisfy cy, p € ¢sQ[gs].
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Set
By(VE™) ={b;®--®b,, € B(VE"); H(b, ® b,11) =0
forv=1,...,m—1},
Ny= P EG@).
beBo(VE™)

The similar arguments as in Proposition 11.2 and Corollary 11.3
show the following proposition.

Proposition 12.8.
(Uy(e) ® Q2. .o, 25 1™ ) u®™

= Q[zfﬂ, e zil]sym ® NSI.

Q[(Zl ...Zm)dzl]

Here z, is the automorphism of V3™ induced by the action of z on the

v-th factor, and Q[zE',. o, ZEN™ s the ring of symmetric Laurent
polynomials.
In particular, for any Laurent polynomial f(z1,...,2m) symmetric

in (zy, zu11) for some v,
f(z1, ..oy 2m) N2 C Ny

Since N,, is a Q2! ..., z21]¥™-module, A™ Vag has a structure of
aQzi, ..., 22" module. We denote by B, the operator on A™ V,g
given by > 2. Then the B,’s commute with one another.

Lemma 12.9. For any b € B(VE™), one has either GM(b) = 0 or
G"(b) = £G" (V') for some b’ € B(N™ Vagr).

Proof. Set b= 2%b; ® -+ ® 2°by,, with H(b, ® b,11) = 0. Then we
have by Proposition 12.8

G(b) = :tG(zaa(Ubl R v ® Zlo(m) bm)

for any permutation 0. Hence we may assume that (aq,...,,a,) is a
decreasing sequence. If there is v such that a, = a,4; then G(b) €
N, by the preceding proposition. Otherwise b belongs to B(A\™ Vag).

Q.E.D.

12.3. Global basis of the Fock space. The purpose of this subsec-
tion is to define the global basis of the Fock space.

Let us now assume that V' is a good U, (g)-module with perfect crys-
tal base (L, B) of level £. Let us recall that a simple crystal B is called
perfect of level ¢ if it satisfies the following conditions.

(P1) Any b € B satisfies {c,e(b)) = (¢, (b)) > ¢. Here ¢(b) =
> €i(b)cl(A;) € Py and ¢(b) = D, ¢i(b)cl(A;) € Pa.
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(P2) Set Pc(le) ={X € Py;{c,\) =L and (h;,; \) > 0 for every i}, the
set of dominant weights of level £, and B, = {b € B;{(c,e(b)) =
£}. Then the two maps

€: Bpin — Pc(le) and ¢: Bpin — Pc(le)
are bijective.

For example, the vector representation of A is a good U (g)-module
with a perfect crystal base of level 1. Let (Bag)min be the inverse image
of Bmin by the map B,z — B. Let us take a sequence {b,}ncz in
(Baft)min Such that

¢(b,) =€(b,—1) and H(b, ® b,_1) = 1.

n

Such a sequence is called a ground state. Take a sequence {\,}necz in
P such that
An = A1+ wt(b,) and cl(N,) = (b)) = e(b,_,)-

n

In [13], the Fock spaces F, (r € Z) are constructed, and they satisfy
the following properties.

(F1) ¥, is an integrable U,(g)-module.

(F2) Wt(F,) C A\ +Q-.

(F3) There exist U, (g)-linear endomorphisms B,, (n € Z \ {0}) of
F, with weight nd satisfying the boson commutation relations
[Bn, Bin| = 0_ may, for some a, € K \ {0}.

(F4) There exists a U,(g)-linear map - A -: F. @ A" Vag = From
such that (u Av) Av' = uA (vAY) foru € F.yv e N Vag and
v e /\m, Vagr.

(F5) Bp(uAv)=(Byu) ANv+uA (z"v) for n € Z\ {0}, u € F, and
v € Vag.

(F6) There is a non-zero vector vac, € F, of weight A, (F,)\, =
Kvac,. Moreover one has vac, 11 A G(b°) = vac,.

(F7) {u e F,;Byu=0 for any n > 0 and e;u = 0 for any i}

= K var,.

(F8) Let K[B_1,B_s,...] = K[By;n # 01/(X,,50 K[Bn;n # 0]1Bn)
be the Fock space of the boson algebra. Then K[B_1, B_,,...|®
V(Ar) =2 F, as a K[By;n # 0] ® Uy(g)-module. Here 1 ® uy,
corresponds to vac,.

(F9) Let B(F,) be the set of sequences {b, }»>, satisfying

H(b,41 ® b,) > 0 for any n > r,
b, = b, for n >>r.
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For b = {b, }>, € B(F,), set GP""(b) = vac, AG(bp—1) A--- A
G(b,) for n >> r. Then {GP"¢(b) ;b € B(F,)} is a basis of F,.
(F10) Set L(F,) = U vac, A L(A""" Vag). Then (L(F,), B(F,)) is a

n>r

crystal base of F,. Here B(F,) is identified with a subset of
L(F.)/qsL(F;) by GP"e.
(F11) fPFvac, = vac,41 A G(FFb2).

Now we shall show that the Fock space JF, has a global basis.

First let us define a bar involution ¢ on F, such that
(12.4) c(vac,) = vac,,
(12.5) [Bp, c] = 0 for any n > 0.
By (F8), there exists a unique bar involution on F, satisfying the con-
ditions above. Note that ¢ o B_, o ¢ = a,a, 'B_, for n > 0, since
(B, a, 'B_,] = 1 implies a,, ' B_,, is c-invariant.

We set

(Fr)o = Z vac,, A /\ (Vatt) -
m>r
Lemma 12.10. Let b :=b; ® - - - ® b, be an element of Bfﬂm.
(a) If H(by ®by) <0, then vac, AG"(b) = vac, A GP"(b) = 0 hold
mn Fr_m.
(b) vac,41 A GMNb? ® b) = vac, A GM(b).
Proof. (a) We have

G(b) =) ey yG(b) ® G(Y),

where the sum ranges over b, € B,g and b’ € B,g®™~ Y such that
wt (b)) —wt(by) € Q4. Since H(b; ® by) < 0, we have £(b;_;) < £(by) <
£(b}) by Lemma 4.2.2 in [13]. Since Wt(F,_1) C A\—1 + Q- by (F2),
one has vac, AG (b)) = 0. Hence we obtain vac, AG"(b) = 0. The proof
of vac, A GP"¢(b) = 0 is similar.

(b) The proof is similar. One has

G(by @b) =G(b)) @ G(b) + > _ ey wG () ® G(V),

where the sum ranges over by € B,g and b’ € B,g®™ such that wt(bf) —
wt(b?) € Q4+ \ {0}. Then by the same reasoning on the weight of
Wt(F,), we have vac, 1 A G(b)) = 0. Q.E.D.

By the lemma above, for b = {b,},>, € B(F;),
G(b) :=vac, AG (b1 @ ---®b,)
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does not depend on m such that b; = b7 for j > m.
Lemma 12.11. {G(b);b € B(F,)} is a basis of the A-module L(F,).
Proof. Since b = G(b) modg;L(F,), {G(b);b € B(F,)} is linearly
independent. Hence it is enough to show that it generates L(F,).

Let b= (b,...,bn) € B(A\™ Vag). For any integer N, we can write

Gpure(b) — Z ab:G/\(b') + Z Cqupure(b"),
bl b”
Here V' ranges over B(V,5™) and 0" = b ® - - - @b/, ranges over B(V.E™)
with £(bY) > N. Taking £(by,,,_,) as N, one has vac,,;,AGP"*(b") = 0.
Hence one has
vacyr A GPUe(b) = Z ayvac, . A G"(V).
YeB(VE™)

Now it is enough to apply Lemma 12.9 and Lemma 12.10. Q.E.D.

Theorem 12.12. {G(b) ;b € B(F,)} is a global basis of F,.

Proof. It remains to prove that the G(b)’s are invariant by the bar
involution c. Let E be the vector space over Q generated by {G(b) ;b €
B(F,)}. Then vac, i, A G*(b) is contained in E for any b € B(V.G")
by Lemma 12.9 and Lemma 12.10. We define the involution ¢’ of F,
by

¢'(v) = v for any v € E and
¢'(av) =ac'(v) for any v € F, and a € K.

We shall show that ¢’ = c¢. In order to see this, it is enough to show
the following properties:

(12.6) c'(vac,) = vac,,
(12.7) ¢ commutes with B, if n > 0,
(12.8) ¢'(av) = ac'(v) for any v € F, and a € U,(g).

The property (12.6) is obvious.

Let us first show that ¢’ commutes with B, (n > 0). This follows
from the fact that B,(vac,;m A G*(b)) = vac,im A B,G"(b) holds for
b€ B(A™ Vag), and the fact that B,G"(b) belongs to E.

Let us show (12.8). We have evidently ¢" o ¢’ = ¢’ o ¢7" for every
h € P*.

The conjugation ¢’ commutes with e;, because, for b € B(F,), e;G(b)
belongs to Q[gs + ¢, ® E.

Finally, let us show that ¢’ commutes with f;. To see this, we shall
prove f;c'(v) = ¢'(fiv) for any weight vector v € F, by the induction
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on wt(v). For any j € I, one has, by using the commutativity of ¢’ and
€i

ej(fic'(v) = ¢'(fiv))
t— 7! t— !
—7)c'(v) — ' ((fieg + 0i——)v)

= (fiej + 0y

= fz'C'(er) - Cl(fiejv)'

Since this vanishes by the induction hypothesis, fic'(v) — ¢/(fiv) is a
highest weight vector. Similarly it is annihilated by all the B,,’s (n > 0).
Since the weight of fic'(v) — ¢'(f;v) is not A, it must vanish by (F7).
Thus we obtain (12.8). Q.E.D.

Remark 12.13. In the case when g = A and V is the vector rep-
resentation, the global basis of the Fock space was introduced by B.
Leclerc and J.-Y. Thibon ([14, 15]). D. Uglov ([20]) generalized this
to the case when g = AV & AY and V is the tensor product of the
vector representations. The connection of global bases of Fock space
and Kazhdan-Lusztig polynomials are also studied by M. Varagnolo—E.
Vasserot ([21]) and O. Schiffmann ([19]).

13. CONJECTURAL STRUCTURE OF V/(})

In this section, we shall present conjectures that clarify the structure
of V()) and its crystal base B()\) for A € P%. The paper by Beck,
Chari and Pressley ([2]) should help to solve them. These conjectures
are closely related with those of G. Lusztig ([18]).

Let A be a dominant integral weight of level 0. We write A =
Y e 1gy Mi@i- Then the module ®;ey,, V (m;w;) contains the extremal
vector ? Um,w; Whose weight is A. Here we can take any ordering of

1€lgv
Ipv to define the tensor product. Hence we have a U,(g)-linear mor-
phism
Dy: V(A) = ®ieryy V(mimi)
sending uy t0 @ Up,w,-
i€lyy

Conjecture 13.1. (i) &, is a monomorphism.

(11) (I);l (®i610VL(miwi)) = L()\)

(iii) By ®,, we have an isomorphism of crystals

B(\) = Q) B(miwm;).

iEIOV
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Next we shall consider the case when A is a multiple of a fundamental
weight. There is a morphism of U,(g)-modules

Uit V(mw;) = V(w)®"

sending Umw,; to uE™. Let z; be the U/(g)-linear automorphism of
V(w;) of weight d;d introduced in § 5.2, and let z, (v = 1,...,m)
be the operator of V(w;)®™ obtained by the action of z; on the v-th
factor. It is again a U, (g)-linear automorphism of V' (ww;)®™ of weight
d;0. Let Bo(mw;) be the connected component of B(mw;) containing
Umw;, and let By(V (w;)®™) be the connected component of B(zw;)®™
containing uZ™.

Conjecture 13.2. (i) W¥,,; is a monomorphism.

(i) W LL(V ()" = Limem,)

(iii) Bo(mw;) = By(V (w;)®™) by ¥, ;. Moreover the global basis
G(b) with b € By(mw;) is sent to the corresponding global basis
of Uy(g)ul™ C W (w;)s" constructed in Theorem 8.5.

(iv) Let S be the set of Schur Laurent polynomialsin zy,. .., z,, i.e.
the set of characters of GL(m) ((z1,-..,2m) being the compo-
nents of the diagonal matrices). Then {G(b);b € B(mw;)} is
by U, sent to {aG(b); b € By(V (w;)®™),a € S}.

Note that, for a, o' € S and b, ¥’ € By(V(w;)®™), a G(
holds if and only if o' = (21---25)"a and b = (21 --- 2p,)
r € Z. ~
These conjectures imply the following conjecture on U,(g) analogous
to Peter-Weyl theorem. For A € P, let By()) be the connected compo-
nent of B(\) containing u,. Note that if (¢, \) # 0, then By(A\) = B()).
We consider | |, p Bo(A) x B(—A) as a crystal over g @ g. The Weyl
group W acts on | |,.p Bo(A) x B(=A) by S x Sy Bo(A) x B(—=A) —

= d G(I)

for some

)
Tbl

Conjecture 13.3. (|_|A6P By(M) x B(—A)) /W =% B(U,(g)) as a crystal
over g X g.

Here the usual crystal structure on B(U,(g)) corresponds to the one

of By(A) and the star crystal structure on B(U,(g)) corresponds to the
one of B(—\). The isomorphism sends uy ® b € By(\) x B(—A) to

b* € B(U,(9))-
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APPENDIX A

In this appendix, we shall give a proof of (6.2) due to Anne Schilling.
Let us define

n—1

(@)n = (@;9)n = [ [(1 - ag).

1=0

Then in terms of (a; q),, the ¢g-binomial in this paper is given as

[m} _ qn(n_m) (q2§ q2)m
n % (q2; q2)n(q2; qz)mfn

Hence replacing n — 2n and ¢ — ¢*/? in (6.2), it reads as follows:

Lemma A.l.

_1\k 4 Sk(k+1—2m)—nm (¢")k(@)2n+m (@) e—m-+k
(A1) 3 (D' @ @k On@)

m

k

_ = k({—m—n+1) (qn)k(qn+l)m—k
=L @k (@D

Proof. Using [5, 1.10]

D= @m e (5-me
( )m—k (ql_m/a)k( a) q ’

the equation (A.1) may be rewritten in hypergeometric notation as

o (q2n+1)m o qu, qn, qéfm—}—l g
@m ° ¢+i,0
_ @ g [470, emoonn
(D)m g™’

However, this formula readily follows from [5, II1.7] with the replace-
ments

n—m —m—2n+1

n—-m, b—>q", c—>q , 2 —q

Q.E.D.
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APPENDIX B. FORMULAS FOR THE CRYSTAL B(U,(g)))

In this table, b € B(c0), by € B(—o0), A € P, b = b ® t) ® by,
Ai = (hi, A) and wt;(b1) = (hi, wt(b1)).

b =07 ® tx—wi(by)—wt(bs) ® 5,

(b) = max(ei(by), €5(b2) — Ai — wt;(b1)),

(b) = max(i;(b1) + A + wt;(ba), @i(b2)),
wt*(b) = wt(b*) = —\;,

(b) = max(ef(by), @i (b2) + \i),

(b) =max(gf (b)) — N, @i (b2)),

A { Eib1 @ty ® by if ©;(b1) > gi(ba) — \;,
: b ® by ® &by if i(br) < £5(bs) — M
fb = { fibi @t @by if gi(b1) > ei(ba) — Ai,
Z i@t ® fiby  if pi(by) < eilba) — A,

o — Eb1 @ty @be  if el (by) >
Tl b ®ty o, ®EDy ifel(h) <
~ o fz*bl X t)\_{_ai (024 bg if e (bl) > ;k(bg) + /\1 ,
bl ® t)\—l—ai &® .]gz*bQ if g; (bl) S ;k(
ENh = e bh Q1) ® €Dy
where ¢ = max(g;(by) — ;(b1) — A\;, 0),
fimaxb — ][N.icbl Rty ® f'imaxb2
where ¢ = max(@;(b1) — &;(b2) + A, 0),
( é;‘maxbl ® t)\—(go; (b2)+Ai)os & é:¢2(b2)_sz(bl)+)\ib2
g*maxp, 4 if E;'k (bl) - (p:(bQ) - )‘Z < Oa
(A =
[ 'éj;maxbl ® tA*&‘Z (bl)ai ® b2
if €7 (b1) — ¢} (b2) — X > 0,
f*s (b1)=j (b2)— 161 ®t)‘+( - (B1) i) ® fi*maxb2
. if 2 (by) — i (by) — A > 0,
fi*maxb — < 1 *‘::nag( 1) (pz( 2) =
b1 ® t)\-HP (b2)a ® f b
\ if €7 (b1) — ¢j(b2) — X < 0.

Assume now b = by ® t) ® U_q. If b is extremal,

o) — ﬁwti(b1)+/\¢b1 Rty ® U_s if 8,([))
1 Enah, @ 1y @ & PNy if gy(b) =

\

0,
0.
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If b* is extremal,

oy ] @ tn®u if ex(b) = 0,
U @M @t @ M i pf(B) = 0.
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