RIMS

Perfect Crystals of Quantum affine Lie algebras

Seok-Jin Kangf, Masaki Kashiwara®, Kailash C. Misral®,
Tetsuji Miwa*, Toshiki Nakashima* and Atsushi Nakayashiki*
fDepartment of Mathematics,

North Carolina State University,

Raleigh, NC 27695-8205, U.S.A
* Research Institute for Mathematical Sciences,

Kyoto University, Kyoto 606, Japan
i The Graduate School of Science and Technology,
Kobe University, Rokkodai, Kobe 657, Japan

0. Introduction

In 1985, while studying the solutions of the quantum Yang-Baxter equation,
Drinfeld [D1] and Jimbo [J1] independently have discovered a fundamental algebraic
object known as quantized universal enveloping algebra or quantum group U,(g)
associated with a symmetrizable Kac-Moody Lie algebra g which may be thought
of as a ¢g-analogue or g-deformation of the universal enveloping algebra of g. The
quantized universal enveloping algebra has a Hopf algebra structure and thus allows
the tensor product structure on their representations. The quantized universal
enveloping algebra associated with an affine Lie algebra is also known as a quenium
affine Lie algebra. In BL] (also see [R]), it has been shown that for generic ¢ (i.e.,
¢ 1s not a root of unity) the integrable representations of a Kac-Moody Lie algebra
can be deformed consistently to those of the corresponding quantized universal
enveloping algebra. In particular, the internal structure of the integrable highest
weight representations of an affine Lie algebra is essentially the same as that of the
corresponding quantum affine Lie algebra. However, working in the larger context
of a quantum affine Lie algebra often it becomes easier to extract more informations
about the representations of the corresponding affine Lie algebra by using the power
of abstraction in representation theory.

The eminent role of the quantized universal enveloping algebras in two di-
mensional solvable lattice models is widely known. The R-matrices, which are the
intertwiners of tensor product representations, give the Boltzmann weights of the
lattice models with commuting transfer matrices ([J2]). The quantum parameter ¢
corresponds to temperature in the lattice model. In particular, ¢ = 0 corresponds to
the absolute temperature zero in the lattice model. So one can expect that the quan-
tized universal enveloping algebra has a simpler structure in that case. Motivated
by this, Kashiwara introduced the notion of crystal base and proved the existence
and uniqueness of this base for all integrable representation of U,(g), where g is any
symmetrizable Kac-Moody Lie algebra ([K1-K4]).

We first recall the basic concepts of crystal base theory. A crystal is a set

B endowed with the maps &, f; : Bu {0} — BU {0} (i € I) which satisfy (i)
&0 = f;0 = 0, (il) for any b and i, there is n > 0 such that &b = b =0, (i)
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for b’ € Band i€ I, b = f;b if and only if b = &b’. A crystal may be regarded
as a colored (by {) oriented graph (also known as crystal graph) by defining arrows
for b,b € B, b—b' if and only if b’ = f;b. For an element b of a crystal B, we
set &;(b) = max{n > 0| &b € B} and ¢;(b) = max{n > 0| f7'b € B}. Let Pbea
weight lattice. A crystal B is called a P-weighted crystal if it has a decomposition
B = UjxepBy such that & By C Bago, U{0}, fiBa C Ba-ay {0}, and for any i € I
and b € B, the equality ¢;(b) — ;(b) = (hi, A) holds.

Let B; and Bs be two crystals. A morphism ¢ : By — By of crystals is defined

to be a map ¢ from By to Ba that commutes with the action of & and f;. Here we
understand ¢(0) = 0. Then the crystals and their morphisms form a category. For
two crystals By and Bj, we define their tensor product as follows. The underlying
set is B; X Ba. We write by ® by for (b1, bs). We understand b ® 0 = 0 ® by = 0.

The actions of & and f, are given by

Fi(by ®ba) = Fiby ® by if 03(b1) > €:(b2)
=0 ® flbg if (pi(bl) < Ei(bg)
&i(by ® ba) = &b1 ® by if pi(b1) > &i(b2)
= by @ &by if i(b1) < &i(ba).

Then B; @ B is a crystal and the category of crystals is endowed with the structure
of tensor category. If both By and B» are P-weighted crystals, then so is B ® Ba.

Let M be an integrable U,(g)-module. Then we have M = D, p Mx, with
dimM,, < co. For each i € I, any weight vector u € M, can be written uniquely
asu=y, fz.(n)u,,, where un € Mayna; Nkere; and n ranges over integers such that

n >0 and < h;,A > +n > 0. Define the endomorphisms &; and ﬁ by
iu = Zfi(n—-l)un’ f,u _ Zfi(n+l)u"'

Let A be the subring of Q(¢) consisting of f € Q(g) that is regular at ¢ = 0.
A crystal lattice L of an integrable U,(g)-module M is a free A-submodule of

M such that M = Q(q) ®a L, L = @xepLr where Ly = L N My, and &L C L,
fiL C L. A crystal base of the integrable U, (g)-module M is a pair (L, B) such
that (i) L is a crystal lattice of M, (ii) B is a Q-base of L/qL, (iil) B = UxepBa
where By = BN (Lx/qLy), (iv) &B C Bu{0}, fiB C BU{0}, and (v) for b, € B,
Y = f'ib if and only if b = &’ for i € I. We sometimes replace the condition (i)
by : Bps = B' U(—B') where B is a Q-base of L/qL. We call (L, Bps) a crystal
pseudo-base and Bps/{+£1} the associated crystal of (L, Bps).

Let P+ be a set of dominant integral weights and V(A) be an irreducible
integrable highest weight U, (g)-module with highest weight A € Pt and highest
weight vector va. Define L(A) to be the smallest A-module containing vs and stable
under fi’s. Set B(A) = {b € L(A)/qL(A)] b = fi, fi, -~ fi,va mod gL(A)}\ {0}
Then the pair (L(A), B(A)) is a crystal base for V(A) ([K2]). A crystal is called a
erystal with highest weight if it is isomorphic to B(A) for some A € Pt

The theory of crystal base provides a remarkably powerful combinatorial tool
to study the internal structure of the integrable highest weight representations of
symmetrizable Kac-Moody Lie algebras. In [MM], using the Fock space represen-
tations of Uq(s;l(n)), Misra and Miwa gave an explicit description of the crystal

base for the level one representations of the quantum affine Lie algebra Uq(gl(n)) in
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terms of certain infinite Young diagrams which are parametrized by certain paths
that arise naturally in solvable lattice models. In [JMMO], this result was gener-
alized to integrable highest weight representations of arbitrary level for U,(sl(n)).
In [KN], Kashiwara and Nakashima gave an explicit combinatorial description of
crystal bases of finite dimensional irreducible representations of U,(g), where g is a
finite dimensional classical simple Lie algebras of 4, B, C, D type.

Recently, we have developed the theory of affine crystals which has enabled
us to study the integrable highest weight representations of arbitrary level for any
quantum affine Lie algebra U, (g) ((KMN?]). We briefly summarize the main results
of [KMN?]. From now on we will assume g to be an indecomposable affine Lie
algebra over Q generated by {e;, fi| 7 € I} (I = {0,1,---,n}) and the Cartan
subalgebra t. Note that dimt = n+ 2 and g has a one-dimensional center spanned
by the canonical central element c. Recall that {og] i € I} C t* denotes the set
of simple roots, and {h;] ¢ € I} C t the set of simple coroots. Also P (resp. Q)
denotes the weight (resp. root) lattice. Let 6 € @ be the generator of null roots
gsee [Kac]). Set tu = @ierQhi C t and £} = (@:e1Qh; C t)*. Let ¢l : t* — t}

enote the canonical morphism. We have an exact sequence: )

0~ Qb — t* — t; — 0.

Then dimt?, = n+ 1 and {\ € t})| AM(¢) = 0} = 7,y Qcl(a;). Note that 6 —ap €
S 1 Zoy. We define amap af @ £]; — t” satisfying: cloaf = idand afocl(oy) = o
for i # 0. Observe that for ¢ € I the fundamental weight A; € af(t;) C t” and the
weight lattice P =3, ., ZA; + 26 C t*. Weset Py = cl(P) = ) iy Zel(As) C £
We call an element of P.; a classical weight and an element of P an affine weight.
Note that af ocl(A;) = A;. Recall that the quantum affine Lie algebra Uy(g) is a
Q(q)-algebra generated by {e;, fi| i € I}U{¢"|h € t}. Let U;(g) be a Q(q)-algebra
generated by {e;, fi] i € I} U{¢"|h € to}. Then U;(g) is also a quantized universal
enveloping algebra with P,; as the weight lattice. A Py-weighted crystal is called a
classical crysial and a P-weighted crystal is called an affine crystal.

Let B be a classical crystal. For b € B, we set e(b) = ) &;(b)A; and ¢(b) =
S wi(b)A;. Note that wi(b) = cl(w(b) — e(b)). A Z-valued function # on B @ B
is called an energy function on B if for any : € [ and b ® I/ € B ® B such that
g(b® ') # 0 we have

HEG V) = Hbob) ifiso,
=HbV)+1 ifi =0 and @g(b) > eo(b'),
=HO®V)~1 ifi =0 and ©o(d) < o(b').

For a subset J of I, we denote by U, (g;) the Q(q)-algebra generated by {ex, fr| k €

JYU{¢" h € ta}. We call a classical crystal virtual if for any 4,j € I, regarded
as an {i,j}-crystal, B is a disjoint union of the crystals of finite-dimensional inte-

grable U, (gy; j3)-modules. Let Mod/ (g, P.i) be the category of finite dimensional
U‘; (g)-modules which have weight decompositions with weights in Py. Let B be

an associated crystal of a crystal pseudo-base of an object of Modf(g, P.i). Then
(c,e(b)) = (c, (b)) for any element b € B. Set P} = Y ZA; and (P})i = {)\ €
Pj] Mec) = 1} for I € Z. A classical crystal B is a perfect crystal of level I if B
satisfies:

(i) B ® B is connected.

(i) There exists Ag € Py such that wt(B) C Ao + Zi¢0 Z<oo; and #(By,) = 1.
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(iii) There is an object of Mod/ (g, P) with a crystal pseudo-base of which B is an
- associated crystal.

(iv) For any b € B, we have (c,s(b)) > L.

(v) The maps ¢ and ¢ from B; = {b] (¢, (b)) = I} to (P}): are bijective.

Let B(A) be the crystal with dominant integral highest weight A and denote
by ua the highest weight element of B(A). Let B be a perfect crystal of level [ with
an energy function H,and let A € (P} be a dominant integral weight of level 1.
In [KMN?], we proved the following isomorphism of classical crystals

B(A) ® B = B(A + wit(bo)),

where b is the unique element in B such that e(bp) = A.

For A € (PI), let b(A) be the unique element of B such that w(b(A)) =
A. Then by the above isomorphism, we have an isomorphism of classical crystals
B(A) = B(e(b(A))) ® B. We define the sequence (bx)r>1 and (Ar)r>1 inductively
as follows: let by = b(A), Ay = €(b(A)). For k > 2, define by = b(Ag—1), A = e(br).
Then by repeating the above procedure, we obtain an isomorphism of classical
crystals

Pr - B(A) = B(\) ® B®F

given by up +— ux, @b ®- - - ®by. Moreover, it can be shown that for any b € B(A),
there exists k > 0 such that 1 (b) € uy, ® B®*. The sequence (by,b2,---) is called
the ground-state path of weight A. A A-path in B is, by definition, a sequence
p = (p(n))n>1 in B such that p(n) = b, for all n > 0. Let P(A, B) denote the set
of A- paths. Then we have the following realization of the crystal B (A) as the set
P(A, B) of A-paths :

B(AZ is isomorphic to P(A, B) by B(A) 3 b+— p € P(A, B) where yi(b) =
up, @ p(k) ® - @ p(1) for k> 0.
The weight of a path p = (p(n))n>1 in B is given by the following formula:

wi(p) = A+ Y (af (wip(k)) — af (wtby))

k=1

- (Z E(H(p(k +1) © p(k)) — H(bisr ® bm) 5

Hence we have

CllV(,A) ot Z diInV(A)ue“ - Z: 8wt(p).

nEL” PpEP(A,B)

The one point functions are the basic macroscopic quantities that describe the
multi-phase structure of a given lattice model of statistical mechanics. For the 2
dimensional solvable lattice models, a method of computing the one point functions
is known as the corner transfer matriz method ([B]), which reduces the 2 dimensional
statistical sums of the one point functions to the 1 dimensional statistical sums
over certain paths ([ABF]). To apply Baxter’s corner transfer matrix method, it
is required that the second inversion relations hold. Suppose that a U,(a)-module

V has a crystal pseudo-base and its associated crystal B is perfect of level . In
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[KMN?], we showed that the second inversion relations hold for V. Thus for a € Py
-and A € (Pu1)41, the one point function P(a|A) can be written in the form

_ G

Plals) = 22,

where

G(a) = q—‘l(p,/\-df(ﬂ)) Z q‘l(ﬂ.é)w(P),
" pEP(A,B)(a)

k k
P(A, B)(a) = {(p(k))$2, € P(A, B)|a+ Z wtp(i) =y wtb; for k> 0},

=1

w(p) =Y k(H(p(k+1) ® p(k)) — H(Bps1 ® b)),

k=1
Z=3" G(a).

a€Py

Here (by)g2, is the ground state path of weight A. Let V(A) be the irreducible
highest weight module over U,(g) with highest weight A. Using the realization of

the crystal base B(A) as the set P(A, B) of A-paths, we obtain the closed expression
of the one point function P(a|A) in terms of string functions for U,(g):

3o dimV (A)y, —isq =40 2e=10)

P(a]A) = ! ,
(e ZAEM(V(A))dlmV(A)“q-‘i(p,u)

where A; = A — af(a).

As we have seen so far, the perfect crystals play a crucial role in realizing
the crystal bases of integrable irreducible representations of quantum affine Lie
algebras and in computing the one point functions of vertex models. In this paper,
we undertake an extensive study of perfect crystals for quantum affine Lie algebras.
Let U,(g) be a quantum affine Lie algebra of type AQ), Br(,l), Cr(,l), D,(tl), Agi),
Agi)ﬁl, or Dfit)_l, For a given level I, we construct a finite dimensional irreducible
representation V; of Uy(g) with a crystal pseudo-base such that its associated crystal
is perfect of level I. The main idea of the construction can be explained as follows.

We first start with a suitable crystal B for Uq(91\{0)) whose internal structure is
explicitly described in [IKN]. We define the 0-arrows in such a way that B becomes
a virtual crystal for Uj(g), and prove in a purely combinatorial way that B is a
perfect crystal of level {.

On the other hand, let V' be a certain finite dimensional module over Uqg(8n\{0})
with a crystal base which is characterized by a polarization on V. Let us denote by
By the associated crystal. The explicit description of By is given in [KN]. We define
the actions of eg, fo, and ¢"® on V to make it an irreducible module for Uq(9),
and verify that the polarization on V for Uq(8r\{0}) is also a polarization for Uy(9)-
The action of fy induces the O-arrows on B; extending it to a crystal for U,;(g).

We show that B is a perfect crystal of level 1. Using the global base ([K4]), we
compute the R-matrix for V explicitly, and by the fusion construction, we obtain

a certain finite dimensional submodule V; of V®* for Uq(g). The polarization on V
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for U, (g) induces a polarization on V;. Our results on polarization show that V; has
a crystal pseudo-base and that its associated crystal is isomorphic to B as crystals
for U,(g;) for some subsets J of I. Now we prove that these 1somorphisms can be
uniquely extended to that of crystals for Uy(g), and thus conclude that V; has a
crystal pseudo-base whose associated crystal is perfect of level {. The fundamental
resul(gsgon polarization and fusion construction used here are developed in Sections
2 and 3.

We illustrate our construction for the case of Uq(C'gl)) of level 2. Let Uy(g)

be the quantum affine Lie algebra of type Cgl), and let T = {0,1,2} be the index
set of simple roots for Uy(g). We start with the crystal B = B(2Az) of the finite
dimensional irreducible representation V(2A2) with highest weight 2A, for Uy(Ca).
The crystal graph structure of B is given in [KN].

Figure 1

We define the 0-arrows on B as shown in the following picture.

Figure 2

Then it is easy to verify that B is a virtual crystal for Uy(g). By letting Ao =
2(Aa—Ag), we show that B is perfect of level 2. By [KN], we have B = B(2(A2—Ao))
as crystals for Uy(gyy,2y) and B = B(2(Ao — A1) as crystals for Uy(ggo,13)-

On the other hand, let V = V(A3) be the finite dimensional irreducible repre-
sentation of U,(C-) with highest weight As. It has a crystal base and the structure
of the associated crystal By = B(A2) is given in [KN].

Figure 3

Since the dimension of each weight space is one, we may identify the elements of
the global base for V % ») with those of the crystal base. So we will use the same
symbol for the global base as for the crystal base. We define the actions of e¢g and

Jo by

1 2 1 2 . 1
=z | =|z d
VBO , eo , an 1fu;é,
fo :, fg = % , and,ifu#, ,then fou=0.

The action of g™ is given by the relation ¢"® = ¢~#17%2. Tt is straightforward to
verify that V' is a well-defined module for Uj(g) with the actions given above. Let
(, ) be the polarization on the U, (C2)-module V. Then one can directly check
that it is also a polarization for the Uj(g)-module V. The action of fo defines the

0-arrows on By making it a crystal for Uy(g).

, then epu = 0.

o] —

Figure 4

With Mg = A — Ag, it is easy to check that B is a perfect crystal of level 1.
Let us denote by Vs the Uj(g)-module Q[z,z~ '] ® V with the actions of e,
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fi, and ¢; given by zdiog; z~%0 f; and t;, respectively. Then there is a Ué (g)-linear
map R(z,y) : Vo @ Vy — V, @ V; satisfying the Yang-Baxter equation. The map
R(x,yg depends only on the ratio z/y, and is called the R-matriz for V. As a

U,(C%)-module, we have '

V(A2) ®@ V(Ag) = V(2A2) & V(2A1) ® V(0).

Let z = zy~!. Then up to a multiple of an element of Q(g)(2), the R-matrix
R(z,y) = R(z) can be computed explicitly:

R(z) = (1= ¢"2)(1 = ¢°2) Par, + (2 = ¢)(1 = ¢*2) Poa, + (2 = ¢))(2 = ) P,

where P, , Paa,, and Py are the projections of V(A2)®V (Az) onto V(243), V(241),
and V(0), respectively. We take the U,;(g)-module V3 to be the image of V2 @ V-2
under R(¢%,¢7%) = R(¢*) in V2 ® Vy-2. Since R(¢*) = (1 = ¢®)(1 = ¢*°)Paa,,
as a Uy(gqy,23)-module, V, is isomorphic to V(2(Az — Ag)). Since the Weyl group

of Cy contains —1, it can be shown that V5 is isomorphic to V(2(Ag — A2)) as a
U,(840,13)-module. The polarization on V' induces a polarization on Vs, and our

results on the polarization show that V3 admits a crystal pseudo-base. Hence by
the above observation, its crystal Bs is isomorphic to B(2(As — Ag)g as a crystal
for Uy(g41,2}), and is isomorphic to B(2(A¢ — Az)) as a crystal for Uy(go1}). Thus
we have two isomorphisms g : B — By as crystals for U, (9{1’2}) and ¥, : B — By
as crystals for Ug(ago13)- Then both o and ¢, are isomorphisms of B onto B,
regarded as crystals for Uy(ggyy). As a crystal for Ug(agyy), B splits into a direct
sum of crystals with highest weight for Uy(gy3):

B = B(2A2 —2A0) ® B(2A1 —2A0) ® B(—2A0 + 4A; — 21\2)
(&) B(?Al - 21&2) (&) B(2A0 - 2A2)

Since the highest weights for Uy(gy,}) are all distinct, 1o and 12 must coincide for
highest weight elements for U;(g(13), and hence for all the elements of B, which
defines a unique isomorphism of B onto Bz as crystals for U;(g). Thus we conclude
that V2 has a crystal pseudo-base whose associated crystal is perfect of level 2.
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1. Results
In this section, we summarize the results of this article, which give explicit
forms of perfect crystals of an arbitrary level for g = Ag), Bgl), Cr(zl), Dg;l), Agi),
2
AP and DY,

1.1. Perfect crystal (see [KMN?]) We assume that the rank of g is greater than
2. We set P;' ={A € Py [ (hi,A) > 0 for any i} = 3 ZyoA; and (PC'*I')I ={\e
PE1(e N =112 A€ D ZA | (e, \) =1} for [ € Zo.
Let B be a classical crystal. For b € B, we set (b) = > e:(b)A; and o(b) =

S i(b)A;. Note that wi(b) = cl(p(b) — €(b)).
Definition 1.1.1. For ! € Z~q, we say that B is a perfect crystal of level | if B
satisfies the following conditions.

(1.1.1) B ® B is connected.

(1.1.2) There exists Mg € Py such that wt(B) C Ao -+ Zi¢io Z<oo; and that
#(Bx,) = 1.

(1.1.3) There is a Uy(g)-module in Mod/ (g, P.i) with a crystal pseudo-base
(L, B") such that B is isomorphic to B'/{%1}.

(1.1.4)  For any b€ B, we have (c,c(b)) > L.

(1.1.5)  The maps < and ¢ from By = {b | (¢, (b)) = I} to (P} are bijective.

We call an element of B; minimal.

Let B be a perfect crystal of level I. For A € (PF);, let b(}) € B be the
element such that ¢(b(})) = A. Let o be the automorphism of (PI)i given by
oA = (b())). Then the conditions (4.5.1) and (4.5.2) in [KMN?] are satisfied by
taking b, = b(¢”~*A) and A, = ¢”A. Hence by Theorem 4.5.2 in [KMN?] we have
the following result.

Proposition 1.1.2. ([KMN?]) For A € (PI)i, let P(A, B) be the set of sequences
{p(n)}n51 in B such that p(n) = b(¢”~'X) for n > 0. Then B(}) is isomorphic to
P(A, B) by BA) 2 br— gy @p(k)®---@p(l) fork>0.

12. (A, B(IAR) (n>2,1<k<n)

Let I = Z/(n-+1)Z be the index set of the simple roots for the affine quantized
enveloping algebra of type AL and let J = {1,...,n} be that of type A,. Forie [
we define o0 : J — I by I(j) =i+ jmod n+1, and @ J — I by () =
i — 7 mod n + 1. We also define 1(0%) : J\{k} — I by «(®¥)(j) = j mod n+ 1 and
7{08) - J\{k} —= I by 1®¥)(j) = k — j mod n + 1.

Proposition 1.2.1. For any integers k,l such that 1 < k < n, > 1, there exists
a unique crystal B®! of type AL such that (D* (B¥) = B(IAg) and O (Bk'l) =
B(IAy) for all i, where k' = n+ 1~ k.

Theorem 1.2.2. B*! is perfect of level I.

Let B = B(IA;) (1 < k < n) be the crystal of type A, as described in [KN]. Set
K =1{1,2,---,n,n+1}. Witheachb € B, we associate a table (M5 {1<i<k,1<57<D)

= m(b) where m; ;v € K, m; ;0 < my gy and my 0 < myjyp e Furthermore, we
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assoclate another table (z;;) with m(b). Set

Too=1, o1 =202="2ont1 =0,
gii =i Imj =1 (1<ji<k 0<i<n+1),

vii= »_ 2y (0<j<k0<i<n+41)
J<i'<i

o

Then (z;;) = z(b) (b € B) satisfies

zj; =0 unless0<j<i<n+1+j7—-%k |,
Yintr4i—k =1 (0< 7 <Ek),
Yii 2 Yj+1it1 (0<j<i<n+4j—k).

Theorem 1.2.3. An element b € B*! is minimal if and only if
Tji = Tje1ie1 for2<j<kandj+1<i<j+k —1.
The proofs of Proposition 1.2.1, Theorem 1.2.2 and Theorem 1.2.3 are given in

6.3.

Remark 1.2.4. By proposition 1.2.1, we may take I[(Aj — Ag) for B¥! as Ao in (1.1.2).

Now, we give the description of the bijection o : (P}); — (P}), for AD,
When X € (Pc"‘;)z can be written A = Y7 m;A;, we shall use the notation A =
(mo,ml, T ;mn)'

Proposition 1.2.5. For a perfect crystal B¥! and A = (mg,my, - -, my) in (P,
o (mo,mu, -, Mpr_g, Mg, -+, My) — (Mg, Mpgn, -+, Ma, Mo, - e, M)

Proof.  Let b be a minimal element in B*¥/. By Theorem 1.2.3, we obtain

k-1 n
©(b) = 21 Mo+ Y (2 — Zigprip)Ai + > zad,
t=1 i=k
k' n
E(b) = zppdo + Z$1i+1Ai + Z (ﬂfi—k'+1i+1 - xi_kq)A,-.
i=1 i=k/+1

By the restrictions on zj;’s and Theorem 1.2.3, 2.1 = 2, p+i (1 <<k —1) and
Tii = Tiglitl = Tiplitk'+1 — Tiipr (8 <2< k—1). Hence, we can get the desired
result. 0

13. (CY,BIA,))  (n>2)
Let I = {0,1,...,n} be the index set of the simple roots for the quantized

universal enveloping algebra of type ,(;1), and let J = {1,...,n} be that of type
Cn. We define ¢,7:J — I by ¢(j) = j,4(j) = n — j.
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Proposition 1.3.1. For any integer I > 1, there exists a unique crystal B™ of
type CS such that * (B™') = B(IA,) and 7 (B™) = B(lAn).
Theorem 1.3.2. B™ is perfect of level .

Let B = B(IA,) be the crystal of type C, as described is [KN]. Set K =
{1,2,...,n,7,...,2,1}. Sometimes it is convenient to identify 7 with 2n+1—:. With
this identification the natural order of K readsas 1< 2---<n<fn<---<2< 1.
With each b € B we associate a table (mj;/) = m(b) where mj;» € K,1 < j <

n,1 < j/ < I. The restriction on {m;;) given in [KN] is translated as follows. Set
ii') &
zoo=1, To1=...=Zoom =0,
zix =17 |mjy =k} (1<7<n,0<k<2n),
yir= . @k (0<j<n,0<k<2n)
J<k!<k
* Then (zjz) = z(b) (b € B) satisfies
zjp =0 unless 0<j<k<j+n< 2,
yj.;;—l—yji-:o or 1 (]*=n+]—z and ISJSZSR),
Yir > Yigresr (0<7<n—-1,0<k<2n—1).
We also use
=1, lj21“1j+n:yjn (l_<_j§n),
zij» = Vi + Yo (0S5 <57 <),
zijoa =1+l (1L7<n),
wii = zj_1ge F Zjjeo1— Gojro1 =z (1SF<i<n)

Note that zo; = 2l and z;; = 2, (0<i< n) and also that wi; = z1n—i—Z1n41-i >
0.

Theorem 1.3.3. For b € B™! the equality (c,e(b)) = Y i=qci(b) = [ holds if and
only if zj j» = l; + -

The proofs of Proposition 1.3.1, Theorem 1.3.2 and Theorem 1.3.3 are given in
6.4.

Remark 1.3.4. By Proposition 1.3.1, we may take l(An — Ag) for B™! as X in
(1.1.2).

Proposition 1.3.5. For a perfect crystal B™and X = (mo,m1, -+, my) In (PI),
gl (mO)ml, e )mn—-lamﬂ) L — (mn}mﬂ—l) Tty m11m0)‘

The proof is similar to that of Proposition 1.2.5, so we omit it.

14. (D$),B(IA,))  (n>2)

Let I = {0,1,...,n} be the index set of the simple roots for the quantized
universal enveloping algebra of type Df;“)_[),l, and let J = {1,...,n} be that of type
B,. We define 1,7: J — I by 1(j) =j4,i(J)=n—J.
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Proposition 1.4.1. For any integer | > 1, there exists a unique crystal B™ of
type D), such that " (B™) = B(IA,) and 7 (B™) = B(IA,).
Theorem 1.4.2. B™! is perfect of level I.

Let B = B(IA) be the crystal of type B,. The description of this has been
given in [KN], however we shall introduce simpler description of B(IAy). Set K =
{1,2,...,n,7,...,2,1}. Sometimes it is convenient to identify 7 with 2n+1—i. With
this identification the natural order of K readsas 1 < 2 <n< < ... <3 < 1.
With each b € B we associate a table (mj;/) = m(b) where mj;r € K,1 <35 <
n,1 < j' < I The restriction on (mjjl) is as follows. Set

:cOO:I, Tor =...= o2, =0,

zip =" | myp =k} (1<j<nkeKk),

yir= Y, e (0<j<nkek).
i<k<k

Then (zj1) = z(b) (b € B) satisfies

z;p =0 unless' 0<j<k<n—j7+1,
Ynr=! (0<i<n),

Ynpjigr —¥i=0 (1<j<i<n),

Yik Z Y1k (0Si<n~1,0<k<2n—1).

Note that the condition YpajitiT — Yii = 0 (1 < j < ¢ < n) implies that if

m;; =k (resp. k), then there is no j' such that mji; =k (resp. k).

Theorem 1.4.3. For b € B™' the equality
n-1
(e,e(0)) = co(b) + 2 &i(b) +en(b) =1
i=1
holdsifandonly ifz;; = zjy ;41 for 1 <j <i < nand Tin=2jmforl<j<n.

The proofs of Proposition 1.4.1, Theorem 1.4.2 and Theorem 1.4.3 are given in

Remark 1.4.4. By proposition 1.4.1, we may take I(An —Aog) for B™ as \g in (1.1.2).
Proposition 1.4.5. For a perfect crystal B and A = (mg, my, - ,my) in (PY),

(2 (m07ml:” ';mn—lymn) — (mn)mn—l)""'ym17m0)~

The proof is similar to that of Proposition 1.2.5 , so we omit it.

15. (DY, B(IAa_1) and B(IA,))  (n > 4)
Let I = {0,1,---,n} be the index set of the simple roots for the quantized

universal enveloping algebra of type D,(f), and let J = {1,2,---,n} be that of type
Dn. We define ¢, 5;J — I by u(j) = 4, i(j) = n — 5.
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Proposition 1.5.1. For any integer I > 1, there exists a unique crystal B™' (resp.

En’l) of type D such that
(i) ifn is even, then i*(B™) = B(IA,) (resp. ¢*(B"") = B(IAn-1)) and (B™) =

B(IA,) (resp. Z*(—B_n'l) = B(lAn-1)),

(i) ifn is odd, then *(B™) = B(IAn) (resp. L*(-Bﬂ'l) = B(lAp_y)) and *(B™') =
B(IAn_1) (resp. 7(B™) = B(IAn)).
Theorem 1.5.2. B™! (resp. Fﬂl) is perfect of level .

Let B = B(IA,) and B’ = B(IA,_1) be the crystals of type Dy. The descrip-
tion of these have been given in [KN], however similarly to the preceding case, we
shall introduce simpler descriptions. Set K = {1,2,---,n,%,- -~ ,2,1}. We give the
order on K as follows;

1<2<~~n—1<;<n-—1<~--<§<T.

Note that there is no order between n and 7 . With each b € B (resp. B'), we
associate a table (m; ;) = m(b) where m;;y € Kfor 1 <j<n and 1 < j/ <I. The
restriction on (mj ;) is as follows. Set

2200:1, x01:~--:x0T=0,
g =i mjp =k} (1<ji<n, kek),

yir= > zip (0<j<n, keK).
IV

Then (z; ) = z(b) (b € B(resp. B')) satisfies
(1) jn =0if n— jis odd (resp. even).
(2) zjm=0ifn—jiseven (resp. odd).
(3) zjr=0unless 0 <j<k<n—Jg+1
@) v =1 0 <7 <n)
(5) Ypyjimr = ¥ii (1Si<i<n—1)
(6) Yjn = Yj—1n—1 if n—j is even (resp. odd).
(7) ¥i7 = Yj—1n-1 ifn— 7 s odd (resp. even).
() yjx >y (0<j<n—1, k<K).
Note that the conditions (1) and (2) imply that n and ™ cannot appear simul-
taneously in one row and the conditions (5),(6) and (7) imply that k and k cannot
appear simultaneously in one column.

Theorem 1.5.3. For b € B™! the equality

n—2

(1.5.1) (c,e(b)) = so(b) +e1(b) +2 > ex(b) +en-1(b) +en(b) = 1.
k=2

holds if and only if 21; = 2441 =+ = Tn—in-1 = Tp_;1an=1 for2<i<n.

The proofs of Proposition 1.5.1, Theorem 1.5.2 and Theorem 1.5.3 are given in
6.6.

Remark 1.5.4. By Proposition 1.5.1, we may take [(An — Ao) (resp. I(An—1 — Ao))
for B™' (resp. I_B_n_“) as Ag in (1.1.2).
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Proposition 1.5.5. For aperfec% crystal B and X = (mg,my,---,my) in (P,
(1) ifn is even,
o (Mo, m1, M2, "+, M2, Mn_1,Mp) = (Mn_1,Mp, M3, "+, Mz, Mg, Mmy)
(2) ifn is odd,
o (mo,m1, Ma, -+, Mn—2, Mpy, My ) = (M, M1, Mz, -+, Ma, Mg, m1 ).
The proof is similar to that of Proposition 1.2.5 , so we omit it.

16. (AS) |, B(IA)) (n>3))
Let I = {0,1,---,n} be the index set of the simple roots for the quantized

universal enveloping algebra of type U, (Agi)_l) and let J = {1,---,n} be that of
type Uy(Cn). We define the maps ¢, 41 : J — I by ¢(j) = j for all § € J and
(1) =0, u(j) = j for j # 1.
Let B(IA;) be the crystal for U,(C,) with highest weight [A;. Set K =
{1,---,n,7,---,1} and consider the ordering on K given by
I1<2<--<n<n<--<2<L

Then the elements of B(IA;) are labeled by b = (by)}_;, where by € K, by < bryy
for all k. Let z;(b) = #{k| bp =4}, &:(b) = fi{k| by =} fori=1,---,n. It is clear
that Z.’L’,(b) -+ Z i‘i(’)) =1

Proposition 1.6.1. For any integer | > 1, there exists a unique crystal B/ for
Uy(AS)_)) such that (B = B(IA,) and 1(BY) = B(IA) as crystals for
Ug(Cn).

Theorem 1.6.2. The crystal B is perfect of level [.
Theorem 1.6.3. For b € B, the equality

(e, 5(8)) = co(b) +e1(B) +23 i) =1

holds if and only if z;(b) = Z;(b) for i=2,---, n.

The proofs of Proposition 1.6.1, Theorem 1.6.2 and Theorem 1.6.3 are given in

6.7.

Remark 1.6.4. By proposition 1.6.1, we may take [(A; — Ag) for B as Ag in (1.1.2).

Proposition 1.6.5. For a perfect crystal BY and A = (mq,m;, -- - ma) in (P,
g (mOy my,Ma, -, mﬂ—hmn) Lo (7Tl1, mo,Ma,---, mn—lymn)~

The proof is easily obtained by (6.7.1), (6.7.3) and Theorem 1.6.3.

17. (B, B(IAr) (n > 3))
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Let I = {0,1,---,n} be the index set of the simple roots for the quantized

universal enveloping algebra of type Uq(B,(,l)) and let J = {1,---,n} be that of type
U,(Bn). We define the maps ¢, 41 : J — I by w(j) = j for all j € J and 41(1) =0,
1(g) =g for j# L.

Let B(IA;) be the crystal for Uy(B,) with highest weight [A;. Set K =
{1,---,n,0,7,---,1} and consider the ordering on K given by
1<2< -<n<0<n< <2<l

Then the elements of B(IA;) are labeled by b = (bx)_,, where by € K, by < brgr
for all k. Let z;(0) = ﬁ{}kl by = i}, %(b) = §{k| by = ¢} for k = 1,.--,n, and
set zo(b) = #{k| by = 0}. Note that zo(b) = 0 or 1 by [KN]. It is clear that

2o(b) + L a:(b) + L 3(h) = 1

Proposition 1.7.1. For any integer [ > 1, there exists a unique crystal BY for
Uq(Bg,l)) such that (j(BY) = B(IA;) and 1;(BY') = B(IA1) as crystals for Uy(B,,).

Theorem 1.7.2. The crystal BY' is perfect of level .
Theorem 1.7.3. For b € BY, the equality

n—-1

(c,e(b)) = co(d) +e1(B) +2 D &i(b) +ea(b) =1

holds if and only if

0 Iliseven,

z;(0) =T () (i=1,---,n) and zo(b) = 1 lis odd.

The proofs of Proposition 1.7.1, Theorem 1.7.2 and Theorem 1.7.3 are given in
6.8.

Remark 1.7.4. By proposition 1.7.1, we may take {(Ay—Ag) for BY'as Agin (1.1.2).
" Proposition 1.7.5. For a perfect crystal B and A = (mg,my, -+, my) In (P,
o ¢ (mo,m1,ma, -, Mp_1, Mp) — (M1, Mo, M2, -, Mn_1, M)

The proof is easily obtained by (6.8.1), (6.8.3) and Theorem 1.7.3.

1.8. (DY, B(IAy) (n > 4))

Let I = {0,1,---,n} be the index set of the simple roots for the quantized
universal enveloping algebra of type Uq(Dg)) and let J = {1,---,n} be that of
type Uy(Dn). We define the maps to, 41 : J — I by w(j) = jforall j €J and
11(1) =0, 1(j) =4 for j # 1.
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Let B(IA;) be the crystal for U,(D,) with highest weight {A;. Set K =
{1,---,n,n,---,1} and consider the ordering on K given by

1<2<--<n,a<---<2<]1.

Then the elements of B(IA;) are labeled by b = (b;;)fg:l, where by € K, by < bry
for all k. Let z;(b) = #{k| b =1}, %;(b) = §{k| by = i} for k = 1,---,n. Note that
we have either z,(b) = 0 or Z,(b) = 0. It is clear that > z;(0) + 3 #;(b) = L.

Proposition 1.8.1. For any integer | > 1, there exists a unique crystal B for
Uq(D,(,l)) such that 1j(BY") 22 B(IA1) and i5(BY) = B(IA;) as crystals for Uy(Dy).

Theorem 1.8.2. The crystal BY! is perfect of level .
Theorem 1.8.3. For b € BYY, the equality

n—2

(e,6(b)) = co(b) + e1(b) +2 ) es(b) +en1(b) +en(b) = 1

=2
holds if and only if ;(b) = T;(b) for i = 2,---,n — 1.

The proofs of Proposition 1.8.1, Theorem 1.8.2 and Theorem 1.8.3 are given in

Remark 1.8.4. By proposition 1.8.1, we may take [(A; — Ag) for BV as Ag in (1.1.2).

Proposition 1.8.5. For a perfect crystal B™' and A = (mg,my,---,my) in (PIy,

(2 (m())ml)m?) sy, Mpoa, mﬂ—l)mn) P (m1’7n01m21 o ‘;mn—Z)mn;mn—-—l)‘

The proof is easily obtained by (6.9.1), (6.9.3) and Theorem 1.8.3.

1.9. (D)., B(0)® B(Ay) @ - @ B(IA,) (n > 2))

Let I = {0,1,---,n} be the index set of the simple roots for the quantized
universal enveloping algebra of type Uq(Df;“L) and let J = {1,---,n} be that of
t.ypeJUq(Bn). We define the maps ig,t, 1 J — I by ¢(j) = j and ¢,(j) = n — j for
jel.

Let B = B(0)® B(M)®---® B(IA1) be the direct sum of crystals with highest
weight for Uy(B,). Set K = {1,---,n,0,#,---,1} and consider the ordering on K
given by

I<2<---<n<l0<a< -<2<1.
Then the elements of B are labeled by b = (bk){:l, where b, € K, by < bgyy for

all k, and 0 < j < 1. Here we write b = ¢ when j = 0. Let zo(b) = §{k| by = 0},
zi(b) = B{kl bx = 1}, 2:(b) = §{k] b = i}, for i = 1,---,n, and let s(b) =



16 Kang et al

S 2i(b) 4 zo(b) + 3 2:(b). Note that z(b) = 0 or 1 by [KN], and for b = (b )iy,
s(b) = 3.

Proposition 1.9.1. For any integer I > 1, there exists a unique crystal BY for
U,(DY),) such that

w5(BM) = B(0)® B(A) & -+ ® B(IA)
and

4(BY) = B(0) ® B(Ay) @ -+ @ B(IA;)
as crystals for Uy(By).
Theorem 1.9.2. The crystal B is perfect of level I.

Theorem 1.9.3. For b € BY, the equality

n-—1

(e,e(b)) = co(B) + 2> &i(b) +en(b) =1

i=1
holds if and only if

" P .4 _ {0 liseven,
s(b) € BUAY), 2:(b) =F(B)(i=1,---,n) anda:o(b)_{l s even

The proofs of Proposition 1.9.1, Theorem 1.9.2 and Theorem 1.9.3 are given in
6.10.

Remark 1.9.4. By Proposition 1.9.1, we may take {(A; — Ag) for BYtas Mg in (1.1.2).

Proposition 1.9.5. For a perfect crystal B4 and A = (mg,my, -+, my,) in (Pj),,

o (mo,mh“',mn—l,mn) — (Mo, m1, M1,y

The proof is easily obtained by (6.10.5), (6.10.6), (6.10.13) and Theorem 1.9.3.

1.10. (A2, B(0)® B(Ay) @ -+ @ B(IA1) (n > 2))

2n>

Let I = {0,1,---,n} be the index set of the simple roots for the quantized
universal enveloping algebra of type Uq(A(zi)). Let Jo = {1, --,n} be that of type
U,(Cp) and let J, = {1,---,n} be that of type Uy(Bn). We define the maps
w0:Jo — Ibyw(§) =7 for j€Jyand ¢p : Jn — I by ta(j) =n—jforj€ Jn.

Let B = B(0)® B(A1)® - --® B(IA1) be the direct sum of crystals with highest
weight for U,(Cy). Set K = {1,---,n,7,---,1} and consider the ordering on K
given by

1<2< -<n<n<---<2<L
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Then the elements of B are labeled by b = (bk){;:l: where by € K, b, < bpyy for

all k, and 0 < j < 1. Here we write b = ¢ when j = 0. Let z;(b) = #{k| b = i},
Zi(b) = f{k| by = ¢} fori=1,---,n, and let s(b) = 3" z;(b) + 3. % (b).

Proposition 1.10.1. For any integer | > 1, there exists a unique crystal B for
U, (A2)) such that

t5(BY) 2 B(0)® B(A1) ® - -- @ B(IA1)

as crystals for Uy(Cy,) and
e (BY"Yy=B((1-2 [-;—J)AI) @---® B((l - 2)A1) @ B(IA)

as crystals for Uy(B,).

Theorem 1.10.2. The crystal B is perfect of level I.

Theorem 1.10.3. For b € BY, the equality (c,e(b)) = eo(b) + 230, ei(b) = 1
holds if and only if 2;(b) = T;(b) fori=1,---,n.

The proofs of Proposition 1.10.1, Theorem 1.10.2 and Theorem 1.10.3 are given
in 6.11.

Remark 1.10.4. By Proposition 1.10.1, we may take (A1 — Ag) for BV as )\g in
(1.1.2).

Proposition 1.10.5. Fora perfect crystal B4 and A = (mg,my, ---,m,) in (P¥),
(2 (777‘0’ My, -, Mp_q, mn) | (7720,77?,1, T mn—l)mn)~

The proof is easily obtained by (6.11.1), (6.11.2), (6.11.9) and Theorem 1.10.3.
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2. Polarization

2.1. Order on Q(q) We shall give a total order on Q(¢) as follows.
Set Q(7)+ = [nez{a?(c+94) |c >0} and f > gif and only if f —g € Q(q)+.
Hence f > g if and only if there exists € > 0 such that f(q) > g(¢) for 0< ¢ < &.

2.2. Positive definite formon V' Let V be a Q(¢)-vector space and (, ) a Q(g)-
valued symmetric bilinear form on V. We say that ( , ) is positive semi-definite
if

(2.2.1) (v,v) >0 forany veV.

We say that (, ) is positive definite if and only if

(2.2.2) (v,v) > 0 for any non-zero v € V.

Note that ( , ) is positive definite (resp. semi-definite) if and only if, for any finite-
(c)lir<n(;ns<i<o?fa.l Q-subspace W of V, (', )|w is positive definite (resp. semi-definite) for

If (, ) is positive semi-definite, we have

2.2.3) (u+v,u+v) < 2(u,u) +2(v,v),
2.2.4) (u,0)* < (w,u)(v,v)

Lemma 2.2.1. Let (, ) be a positive definite symmetric bilinear form on V and
L={u€cV|(uu)€ A}. Then we have

i L is an A-module,
(u (L,L) C A,
(uii ifdimV < co, then L is a free A-module of finite rank.

Proof. It is obvious that L is stable by the multiplication of elements of A. Hence
the first assertion follows from the fact that L is stable by summation, which is
an easy consequence of (2.2.3). The assertion (ii) follows from (2.2.4). In order to
prove (iii), let us take a free A-module L of finite rank such that Q(g)®4 Lo =V
and Lo C L. Then L C Ly = {u € V| (u, Lo) C A} from (ii). Since L is a finitely
generated A-module, L is also finitely generated over A. o
Remark. Under the assumption of Lemma 2.2.1 the Q-valued symmetric bilinear
form on L/qL induced by (, ) is positive semi-definite but not positive definite in
general, as seen by the example V = Q(¢)u, (u,u) = ¢ and L = Au.

The following lemma gives a sufficient condition for a given L to be equal to
{veV|(uu) €A} ,
Lemma 2.2.2. Let (, ) be a bilinear symmetric form on a Q(g)-vector space V
and L a free A-submodule of V such that V = Q(q) ®4 L. Assume that

(2.2.5) (L, L) C 4,
(2.2.6) (', o is positive-definite,

where ( , )o is the Q-valued symmetric form on L/qL induced by (', ). Then (, )
is positive-definite and

(2.2.7) L={veV](vv)e€ A4},

(2.2.8) L={veV]|(v,L)C A}
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Proof. For a non-zero v € V, let us take n such that v € ¢"L and v ¢ ¢"+'L.
Then (v,v) € ¢**((¢7"v,¢"™v)o + ¢A) and (¢""v,¢""v)y > 0 by (2.2.6). Hence
(v,v) > 0. Therefore ( , ) is positive definite. Now, we shall show (2.2.7). Assume
that v € V satisfies (v,v) € A. Let us take the smallest n > 0 such that v € ¢~™L. If
n > 0 then ¢"v ¢ ¢L and hence by (2.2.6) (¢"v,¢"v) ¢ ¢A, which is a contradiction.
Hence n = 0 and v € L. This proves (2.2.7). Finally we shall show (2.2.8). For
v € V such that (v,L) C A, let us take the smallest » > 0 such that ¢®v € L.
If > 0, then (¢"v,L/qL)o = 0 and hence by (2.2.6) ¢"v = 0 mod ¢L. This is a
contradiction. O

2.3. Z-form  Let us introduce the subalgebras Az and Kz of Q(q) as follows:

(2.3.1) Az ={f(2)/9(2) | (2),9(0) € Z[q], 9(0) = 1},
Kz = Az[¢™Y.

Then we have

(2.3.2) KzNA= Ag.

The following lemma is immediate.

Lemma 2.3.1.
) qAz is the Jacobson radical of Az (i.e., any element of 1 + qAz is .
invertible).
(i) Azn/qdz ~Z.
Let V be a Q(q)-vector space and ( , ) a positive-definite symmetric bilinear
form on V. Let L be a free A-submodule of V such that V = Q(¢) ®4 L and Vg,
a Kz-submodule of V' such that V = Q(g) ®x, Vi,. Assume

(2.3‘3) (VKZ , %{z) C [{Z:
(2.3.4) (L,L) C A.

Let (, )o be the induced Q-valued symmetric form on L/¢L. By (2.3.3) and (2.3.4,),
(', Jois Z-valued on Vi, N L/Vk, NgL. Assume further that

(2.3.5) (, )o is positive definite,
(238) B={beVk,NL/Vk, NgL| (b,b)g =1} generates L/qL over Q.

Lemma 2.3.2. Assume (2.3.3-6). Then we have
(i) B is a pseudo-base of L/qL.

(ii) Vi, N L/VI(Z NglL = ZbEB Zb.

Proof.  We shall take B’ C B such that B = B'U(~B’) and B'N(—B’) = ¢. Then
B’ also generates L/qL. For by,by € B, we have (b1,bs)? < (b1,b1)0(b2,b2)0 = 1.
If (b1,62)3 = 1 then (b1, b2)0 = %1 and hence (by F bs, by F ba)o = 0, which implies
by = &by. Thus B’ is an orthonormal base of L/qL, which proves (i). For u €
Vi, N L/ Vi, NgL, let us write u = ZbeB’ ayb. Then ay = (u,d)y is an integer.
Thus we obtain (if). [

2.4. Polarization Let M and N be a Uj(g)-module. A bilinear form ( , ) -
M ®qgy N — Q(¢) is called an admissible pairing if it satisfies

(2.4.1) (0 w,v) = (v,¢"),

(esw,v) = (u,¢7 47! fiv),
(fi"yv) = (ll'!qz“—ltieiv))
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forallu€ M and v € N.
Let M be a U,(g)-module. A symmetric bilinear form (, ) on M is called a pre-

polarization of M if it satisfies (2.4.1) for u; v € M.
Let 1 be the antiautomorphism of Uy(g) given by

(2.4.2) P(g") = " le) = ¢ 1 i (i) = o e
Then we have )
(2.4.3) (Pu,v) = (u,%(P)v) forany P € Uy(a)

In particular, we have

(2.4.9) (e, v) = (u,g7" 87" ),
(Fu,0) = (w g7 tFel™).

A pre-polarization is called a polarization if it is positive definite. The following
proposition is proved in [K4].

Proposition 2.4.1. For any A € Py, V()) has a polarization ( , ) such that the
crystal lattice L()\) is characterized by L(X) = {u € V(N | (v,u) € A}. Moreover
B()) is an orthonormal base of L()\)/qL(}) with respect to the induced symmetric
bilinear form on it.

Corollary 2.4.2. Let M be an integrable Uy(g)-module in Oini(g) and (, ) a pre-
polarization on M. If (, ) is positive definite on H = {u € M | e;u=0 for all i},
then ( , ) is a polarization. If (', )o is positive definite on HNL/H NgL, then (, )o
is positive definite on LfqL.

Proof. We have the orthogonal decomposition

M= & HA®V(/\).
AEPy

3

If we denote by (, ) the polarization on V() such that (ux, up) = 1, then for
ve Hyandue V(A

(v @u,v®u) = (v,v)(u, u)r
Then the assertion follows from the fact that the tensor product of positive definite
forms is positive definite. The last statement is similarly proved. o
Lemma 2.4.3. Let u,u’ € My and e;u = e;ju’ = 0. Then

} (u, o).

1

(F PO, fEhry = gF N0 [<hw\>
1 1 J T k,

Proof. By (2.4.4), we have

(F P, 1) = (u, g7 tkel £O0)

1 1S LA 41 17 1
00 o )

On the other hand, egk)fi(k) =3 ffk—l)egk_l){tl‘ }; implies egk)fz-(k)u’ = [(hjujA)]iu’.

Thus we obtained the desired result. O
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Proposition 2.4.4. Assume that M is an integrable U,(g)-module and dim M, <
oo for any A. Let {, ) be a polarization on M. Then we have

i B, Eiu) < (1+q)(u,u) and (fiu, fiw) < (1 + ¢)(u,u) for any v and i.
(8 (Fie {u €| (u,u) € A} is a crystal lattice of M.

Proof. (i) We may assume u € M). Set v = Efi(k)uk where up € M) ygq, N
Kere;. Then fiu= Zfz-(kﬂ)uk. By Lemma 2.4.3, we have

(he hi, A} + 2k
(2.4.5) () = 30 g hN 0 [( ! /Z+ } (g, )
I H

and

P Ty = 5 DB N k=1 [(he, A) + 2k
(2.4.6) (fz-u, f,u) = ; qi I: k + 1 i (uk, uk),

Hence, (fiu, fiu) < (1 + ¢)(u, u) follows from (ur,ux) > 0 and

(24.7)  HOE-D [Ziﬂ < (1 +g)gf” {njl‘} for k,n> 0.

i

The statement on g; is similarly proved. B
(i) By Lemma 2.2.1, L, is a free A-module and L is stable by & and f; by

). o :

Lemma 2.4.5. Let (, ) be a polarization on an integrable Uy(g)-module M. Then

for A € P and u € M), we have

Fru, fru) < g70- A fou, fiw) and  (Fiu, gu) < @20 FROAD (e, equ).
3 2 (

Proof. Set u = Zfi(k)uk where  up € Myyre, N Kere;. We have

(fiu, fiu) = Z(ffkﬂ)uk,fi(kﬂ)uk)
and

(fou, fru) = > Tk + 12 (£, fED,).

If k41> (h;, A+ ke;) then ff“l)uk = 0. Hence we may assume k& > 1 — (h;, A)

which implies qf(l‘(h""\))[k + 1]7 > 1. This shows the first inequality. The second
inequality follows from the involution of of Uy(g), fi = e, e: — fi, ¢" — ¢~ 7. O

Lemma 2.4.6. Let L be a crystal lattice of an integrable Uy(g)-module M, (, )
a pre-polarization on M such that (L, L) C A and (, )o the induced symmetric
bilinear form on L/qL. Then (g;u,v)o = (u, fiv)o for any u, v € L/qL.

Proof. We may assume u = fi(k)u’ and v = f,;(j)v’ where v/,v' € L and e;v/ =
e;v’ = 0. Then Lemma 2.4.3 implies

(Eu,v) = (S, FO0Y = 6y (FOW £ € 8 (1 + gAY, V).
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Similarly, we have (u,fgv) = (fi(k)u’, fi(j“)v’) € b 1 (1 + gAY (W, v'). o

2.5. The complete reducibility of U,(y)x,-modules Let us denote by U;(g)z

the Z[q,q ']-subalgebra of U,(g) generated by eﬁ”),f,.(”),qh and {”:} Let us

denote by U (g)z(resp. U; (9)z) the Z[g, ¢~ ]-subalgebra of U,(9) generated by
o™ (resp. f™). We set Uy(7)icz = Kz ® Ug(1)z, UF (V)iz = Kz ® U (7)z

Let M be a Uy(g)-module M in Oini(7). For A € Py we denote by In(M) the
isotypic component of M of type V()). Hence

(2.5.1) M= & L(M)
and
(2.5.2) L(M) ~ Homy,(g)(V(}), M) @ V().

The purpose of this section is to prove the following proposition.

Proposition 2.5.1. Let M be an U,(g)-module in Oini(g) such that I,(M) = 0

except for finitely many A € Py. Let Mg, be a U;(g)k,-submodule of M. Then

Mg, ~ ,\23 (MKZ OIA(M)) and My, ﬁ],\(M) ~ (I,\([V[))\HMKZ)}%@ V()\)KZ. Here
'+ z

V(N i, is the Uy(g)x,-submodule of V() generated by the highest weight vector

uy-.

In order to prove this, we shall prove the following lemma.

Lemma 2.5.2. For \ € P, and p € A — Qy, there exist finitely many Py €
(U (@)rz)r—p and Qi € (Uy (8)Kz)u-r such that u = 37, QpPyu for any u €
V(A)u-

Proof. Set V(N)z = U,(g)zux. Then V(N)z = 3 Z[g,¢7']Ga(b) where Gx(b)
beB(A)

is the (lower) global base (cf.[K4]). Then we have (G(b), Ga(V)) € Sup + qAz.
Hence, det((Ga(b), Ga(V')))spreB(n), is invertible in Az (cf. Lemma 2.3.1). There-
fore there exists G5 (b) € Kz ® Vz{) s such that (G5 (b), GA(V)) = 8y Let us write
G,\(b) = Q(b)u)‘ and G’;\(b) = R(b)uA for Q(b),R(I)) € (U{(g)}(z)‘u_x.

Now, we shall show

(2.5.3) > QUW(RGB)u=u forany uw€ V(N
bEB(N),
For any by € B(A),, we have
(¢(R(b))GA(bo),1tA) e (G)‘(bo),R(b)u,\)
= Spb, -
Since (R(b))Gx(bo) is a constant multiple of uy, we obtain
‘lﬁ(R(b))G,\(bo) = 55(,0’&)\.

Thus we obtain

D QUP(R()Gx(bo) = 3 sy @(b)un = Galbo)-
b b
This shows (2.5.3). Now it is enough to note that there exists P(b) € (U (gothg)) 5.
such that P(b)u = ¢ (R(b))u for all u € V(). i
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Corollary 2.5.3. Let A € Py and let M be a direct sum of copies of V()), and let
M, be a Uy(g)x,-submodule. Then .

MKZ o~ (]V[)\ mMKz)®V(/\)KZ‘

Proof. 1t is obvious that My, O (My N Mgk,) ® V(M) k,. Let us show the other
inclusion. For 4 € A — Q4 and u € (Mg,),, we have u = 3 Qi Pyu where Qy
and Py are as in Lemma 2.5.2. Then Pyu € M) N My, and hence QpPyu €
(l‘/f,\ ﬂ]\{{Kz)® V(/\)Kz. [}
Proof of Proposition 2.5.1.  Set S ={A € Py | I\(M) #0} and H = {u € M |
e;u = 0 for all 7}. By the induction it is enough to show that for any A € S such
that (/\ + Q+) ns = {)\}, Mg, = (N N IV[KZ) (&) (H,\ n MKz) ® V(/\)Kz, where
N = EB,\/#,\I,\:(M).

By the assumption on A, we have My = I,(M), = H,. Let us consider the
exact sequence:

(2.5.4) 0— N — M — Hy® V(A) — 0.

Then 7(My,) = (Ha N Mg,) ® V(M Kk, by Corollary 2.5.3. On the other hand
My, D (HxNMg,)® V(MNk,. Thus Mg, = (N N Mg,)® (Mg, ). m}

2.6. Criterion for the existence of crystal pseudo-base

Proposition 2.6.1. Let M be an integrable U,(g)-module such that dimM, < co
forall A € P, let Mk, be a U,(g)k,-submodule of M andlet ( , ) be a polarization
on M such that (My,, Mi,) C Kz. Let L be a free A-submodule of M such that
(L,L)C Aand Q(¢)®4 L = M. Assume that

2.6.1 the induced bilinear from ( , )o on L/qL is positive definite,

2.6.2 B={be& Mg, NL/Mg, NqL | (b,b)o =1} generates L/qL.

Then (L, B) Is a crystal pseudo-base.

Proof. By Lemma 2.2.2 and Proposition 2.4.4, L is a crystal lattice of M. Lemma
2.3.2 implies that B is a pseudo-base of L/gL. By Proposition 2.4.4, (', )o satisfies

(&u, &u)o < (uw,u)p and (fiu,f,-u)g <(u,u)o for weLfqL.

Hence B U {0} is stable by & and f;. Let us show that if b € B and &b € B
then fi&;b = b. Lemma 2.4.6 implies (fi&b,b)0 = (&b, &:b)o = 1, (fiésb, fidib)o =
(&b, & fie:b)o = (£:b,&b)o = 1. Hence (fiéib — b, fiésb — b) = 0, which implies
b= f;&>b. Similarly if b € B and fib € B, then & fib = b. u]
Proposition 2.6.2. Assume that g is finite-dimensional, and let M be a finite-
dimensional integrable U,(g)-module. Let ( , ) be a pre-polarization on M, and
My, a Uy(g)x,-submodule of M such that (Mg, Mi,) C Kz. Let Ay, -+, A €
P, and we assume the following conditions.

(2.6.3)  dimM,, < z;’;l dimV (X)), fork=1,---,m.

(2.6.4) There exist u; € (Mg, )x;(7=1,...,m) such that (us,ur) € 651 + g4,

and (e;u;j,e;u;) € qq;2(1+(h"’\j))A for alli € I.
Set L={u€ M |(u,u) € A}, and set B = {b€ My, N L/ Mg, NqL | (b,b) = 1}.
Then we have the following.

(i (, ) is a polarization on M.

(i)  Mxev(y)
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(iii) (, )o is positive-definite and (L, B) is a crystal pseudo-base of M.
Proof. Let Qy =Y Zgyoa;. For A € Py let I (M) be the isotypic component of
M of type V(A). Then M = ®Ix(M) is an orthogonal decomposition with respect
to (, ). We shall prove the following for each A € Py.
(2‘6.5))‘ ( ) )0‘1;(M)0L/I>‘(M)ﬂql, is positive definite.
(26.6)y  In(M)=V(A\)® where s=H{j | }; = A} .
(2.6.7) There exist v; € IN(M)x N Mg, for j such that A; = A satisfying
(v, vr) € &7 + 04

By the induction on J, it is enough to show (2.6.5-7), under the assumptions

that (2.6.5-7) hold for M € PrnN(A+ Al Set N = D L (M).
( M +NA+Q)N{A} PO x (M)

By Corollary 2.4.2, (, )| is a polarization. Therefore, by Proposition 2.4.4, LON
is a crystal lattice of N. Then, by Corollary 2.4.2, (', JolnnL/Nngr is positive

definite.
Set D ={j |\ = A}. For j € D, we write

e gy !
uj = vj + Uy

with v; € Iy(M) and uj € N. Proposition 2.5.1 implies that v; and uj belong to
My, . Then (esuj, eiu;) = (e,-u?,eiug) € qqu(l"'(’l"’\))A by (2.6.4). Hence Lemma
2.4.5 implies that (&u},&u}) € ¢4, and by (2.6.5) &uj € qL for any i. Since N
has no highest weight vector of weight A, we have {v € Ny N L/NxngL | &v =
0 for all ¢ € I} = 0. This implies uj € ¢L. Thus we obtain (u}, u}y) € gA. Therefore
(vj,v0) = (uj,u5) — (e, ul) € 850 + qA. Thus, we obtain (2.6.7)5. Moreover, M
contains V(1)) at least §D-times. On the other hand (2.6.3) implies that M contains
V()) at most fD-times. Thus we have (2.6.6)x. Finally (2.6.5), is a consequence
of (2.6.7), and Corollary 2.4.2. Thus we obtain (2.6.5-7), for any A € Py.. Then (i)
and (ii) are consequences of (2.6.5)x and (2.6.6)x. By Proposition 2.4.4, B U {0} is
invariant by & and f;. By (2.6.7)x we can show that B generates H N L/H NqL
where H = {u € M | e;u = 0 for all ¢ € I}. Thus B generates L/qL. Hence by
Proposition 2.6.1 (L, B) is a crystal pseudo-base of M. o
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3. Fusion Construction
3.1. Elementary representations We follow the notations in §2. In this section we
construct Uy(g) -modules with perfect crystal pseudo-base. We employ the fusion
construction. Namely, we construct first a Uj(g) -module whose crystal base is
perfect of level 1 and then construct general ones by using its tensor products and
R -matrix.

Let V be a finite-dimensional integrable U;(g) -module. We assume that there
is a Uy(a)x, -submodule Vi, of V' such that Vi, is a finitely generated Kz -module

and V = Q(¢) ®x, Vi,- Let (, ) be a polarization of V.
Let (L, B) be a crystal base of V satisfying the following properties.
(3.1.1) B is perfect of level | = 1.
In particular, V' is an irreducible U;(g)-module by (4.6.1) and Lemma 3.4.4 in

[KMN?]. Let XA be an element of P, as in (4.6.2) in [KMN?]. We shall take
ug € Ly, such that By, = {ug mod ¢L}. We may assume, by replacing Vg,

(3.1.2) Vic, = Ug(9) 1z to-
In particular we have
(3.1.3) Vi, N Q(q)ua = Kzug

In fact if Vi, N Q(q)uo 3 pug for ¢ € Q(g), then Vi, D Ué(g)ngouo = ¢Vk,.
Hence ¢ € K3z.

By (4.6.2) in [KMN®], we have §(B ® B)s, = 1. Hence using (4.6.1) and
Lemma 3.4.4 in [KMN?], V @V is an irreducible Uq(g)-module. Then we can apply

Theorem 3.4.1 in [KMN?]. Hence there exists a U,(g) -linear endomorphism R of
Aff(V) @ AR(V) satisfying

(3.1.4) (1®T)oR=Ro(T®1) and (T'®1)oR=Ro(1®1T),
(3.1.5) (R®1)o{(1@R)o(R®1)=(1®R)o(R®1)o(1® R),
(3.1.6) R(af(u()) ® af(uo)) =p(T7'® T)(af(ug) ® af(ug))

for a non-zero o(T 1 @ T) € Z[q,¢" 1, T~ ' © T, T T~1].

Since R* is in Q(¢)(T ® T~1), we obtain

(3.1.7) R =TT He(T'eT).
By normalizing the bilinear form (, ) we may assume that
(3.1.8) (ug,ug) = 1.

This implies that

(3.1.9) (Vi Vi) C Kz.

In fact, (VKZ,VKZ) = (V[{Z ,uo) C ((foz)/\o: uo) C (]\‘:Z'UQ, uo) C Kz by (3.1.2) and
(3.1.3).

3.2. R-matrix for multiple tensor products For the sake of simplicity, let us
denote Vi = ®.(Q(q)[x,27] ®q(g) V). Then the R-matrix R gives a U;(g)-linear
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map Vi ® Vy —+ V, ® V. We denote it by R(z,y). Note that (z,y) depends only
on z/y. Let [ be a positive integer and &; the I -th symmetric group. Let s; be the
simple reflection (the permutation of i and i+ 1) and let [(w) denote the length of
w € &;. Then for any w € &, we can define Ry (21,...,%1) 1 Vo, ® - Q@ Vo, —
Vzw(z) ®---® wa(l) as follows:

(3.2.1) Rl(xl,‘..,x\;) = 1.
(32.2) Ry (z1,...,m) = (®J‘<iidvxj) ® R(zi,ziy1) ® (®j>z’+1idv,_j)‘
(3.2.3)  For w, w' with [(ww') = l(w) + I(v'),

Ryw (@1, -, 21) = Ryt (Zw(1), - -+ Bw()) © Ru (21, -, 1)

3.3. Construction of V; and (V)k, Fix v € Zso. For each I € Z5o we set

Rl — ‘Rwo(qr(l—l)’(11‘(1——3)7 e q—-r(l-l)) .
Vort=0 ® Vyra=9 @ - @ Vymramy) = Vimrimn) @ Vimr-2) @ -+ @ Viru-y

where wg € & is the permutation given by ¢+~ I+1—4. Then R;isa U;(g) -linear
homomorphism. We define

(3.3.1) Vi=ImR,.

Then V; is an integrable Uy (g) -module. We have

(3.3.2) Ri(u@") = thi(q)u®’.

where

(3.3.3) vl = J[ o)
1<i<j<l

Here ¢ is given by (3.1.8). Now we assume that
(3.3.4)  ¢(q*") does not vanish for any k > 0.

We set

(3.3.5) E=1(q) 'Ry

We define the Kz -form of V; by

(3.3.6) (V) g, = R((Vi)®) N (Vi) ®".

Then (VI)KZ is a Uy(g)x, -submodule of V; such that Q(¢q) ® (V’>KZ = V. If we
set u; = ug“, then (V‘)Kz 35 w;. We have

(3.3.7) (VI)),\O = Q(g)u,
(3.3.8) the weights of V] are contained in [Ag + ZZ.#O Z<oos.

Let us denote by W the image of

R(q",/["r) : Vqr & Vq_.r —_— V;I_,. ® ‘/qr
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and by K its kernel. For each 7, R; decomposes as
Vqr(x_;) Q- Q Vq-r(z-x)
— o Vomrg—zits) @ Vomrg-2i-y @ Vi-ra-2i41 ® Vy—r@-2i-3) - -

id@R(q= 2= 1) (=240
( — ) ‘/qf(i-—l) ®'~®Vq~r(l..x).

Therefore
(3.3.9) Vi considered as a submodule of V® = V4o ® --- ® Voo is
1-2
contained in ﬂ Voo W g vel-2-i)
i=0

Similarly, we have

(3.3.10)  Viis a quotient of V®/SIZ2 VO @ K @ VOU-2-1),

3.4. Polarizationon V;  Now we shall define the polarization on V;. The following
is immediate. v

Lemma 3.4.1. Let M; and N; be Uj(g) -modules and let (, ); be an admissible
pairing between M; and N;j(j = 1,2). Then the pairing ( , ) between M; @ M,
and N1 @ N3 defined by (u; ® uz,v1 @ va) = (ug,v1)1(uz, va)2 for all uj € M; and
v; € N; is admissible.

The polarization on V' gives an admissible pairing between V, and V.. Hence
it induces an admissible pairing between V,, ® - - ® V;, and Vxl—l ® - ® in—l‘

Lemma 3.4.2. Ifz; = a:,':‘_ll_j for j = 1,...,1, then for any u,v/ € V5, ® - @ Vp,,
we have

(w, Ruo (21, ., w)) = (o, Rug (21, . .., 21)u).

Proof. Ifa; =1forallj, V;, ® --®V,, is an irreducible U,(g)-module by Lemma

3.4.4 and Corollary 4.6.3 in [KMN?]. Hence Lemma 3.4.2 in [KMN?] implies that
Ve, ® - ® Vg, is an irreducible Uy(g)-module for generic @1,...,2;. Hence it is
enough to check it for u = v’ = w;. This is obvious. O

By taking #; = ¢"U=1 gy = ¢7(1=3) etc., we obtain the admissible pairing (, )
between W = Vorta-1) ® Virg-) @ -~ ® Vy-ra-1 and W' = Vog=ra-1 ® Vo—ra-3 ®
«+® Vyra-n that satisfies

(3.4.1) (w,ﬁw') = (w’,ﬁw) for any w,w’ € W.
This allows us to define a pre-polarization (, ); on V; by
(3.4.2) (Ru, Ru'); = (u, Ru')

for u, v’ € Virt=0 @ Vyra- @ -+ @ Vy-ra-1y.

Since the pairing (, ) between W and W' is non-degenerate, we obtain

Proposition 3.4.3.
(1) (, )i is a non-degenerate pre-polarization on V;.

(i) (R(w),R(w)),=1.
i) (V)kg, (V)k.), C Kz.

Then, by applying Proposition 2.6.2 (with m = 1) and Proposition 2.6.1, we
obtain the following result.
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Proposition 3.4.4. Set Iy = I\{io}. If V; is an irreducible Uy(gy,) -module, then
the U, (g) -module Vi admits a crystal pseudo-base.

Similarly, we have

Proposition 3.4.5. Let m be a positive integer and assume the following condi-
tions:
(1) (hi I + jay,) > 0 for i #ig and 0 < j <m.
()  dm(Vigskay, < 2jmodim V(Ao + joio)ingtha;, for 0 < k < m,
where V()) is an irreducible U,(g;,) -module with highest weight A.
%i'iig There exists i1 € I such that {i € I'| (hiy, ;) <0} = {1}
v _<hi031/\0“ai,> 20

Then, we have
Vi @LoV(IAo +jai,)  as a Uglgy,)-module,

and Vi admits a crystal pseudo-base as a'U;(g)—module.

Proof. It is enough to show

(3.4.3) (egf)m,eg:)uz)l €l+gA for 0<k<m,
(3.4.4) (eiegf)w,eiegf)uz), € qq:2(1+(hi’IA°+kai°))A

for 0 < k < m and ¢ € Ip. In fact, by applying Proposition 2.6.2 to the Ug(gr,)-
module V;, we can show that it is isomorphic to ®7LoV (Ao + jei,). Moreover, if
we define L and B as in Proposition 2.6.2, then (L, B) is a crystal pseudo-base of
the U,(gy,)-module V; and the induced symmetric bilinear form on L/qL is positive
definite. Then Proposition 2.6.1 implies the desired result.

In the following we use

[} €a™ D0 +04), ldeqd™a for ab>0.

Since el(—cvi,) = cl(6— @iy) € 2, Zrocl(e), and the weights of V; are contained
in o+ 3 i, Z<ocl(a;), we obtain fi,u; = 0. Therefore we have

(e (k)uz)z:szo(~(hi°'lk°)wk){_<hi°’l’\°>] :

(3.4.5) TN "

From this follows (3.4.3).
Let us prove (3.4.4). For notational simplicity we shall write 0 or 1 instead of

ip oriy. If 1 # 0,1, we have

(3.4.6) el = egk)e,-m =0

If i =1, we have

(3.4.7) (elegk)ul,elegk)u,)l = (”’“’)1

where

k2, koK) ~1,- k
v= QOL iy Lf(g )‘11 ltl lfleleg )"l
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Now, by setting u = lXg, we have
(3.4.8) v = qé'k((ho,#Hk)ql—1—(h1,l‘+kao)fék)flelegk)ul
On the other hand, fie; = ey f; — {¢1}; implies
(3.4.9) fék)flelegL)W f(g )(elfl {tl} )eo U
= elfé )60 )f1u1 — [(hl,ﬂ -+ k’aon L ék)egk)‘w

Similarly to fou; = 0, we have fy fiu; = 0. Hence
X ~(h -
fék)egk)flul — [ (1071—1 al)} flul'
k 0
Thus we obtain

(3.4.10) elfék)egk)fluz = [ (ho, al)} e fiy
0

&
= [(M,M)]l [_<ho’g_ al)]ouz

Comparing (3.4.7-10), we have

) ~{ho,u) ) —1 (h1, #+L010)><

— [(he, 1+ kao)] [_(hg,'u)]o)

up,ered ) = gt

(A <"°*,;°“>}

Since (a0, ag){ho, 1) = (0, e1){h1, ao), we have

(o1, @1 )(1 = (h1, 1)) — (@0, ag)k(—{ho, p — 1) — k)
= (a1, 01)(1 = (ha, p + ko)) ~ (@0, o) k(—(ho, p) — k)

(616(

0

and the sum of this and
(a0, o) k(—(ho, p) — k) + (e, Ofl)(-'l = (hy, u+ kao))

becomes —2(ay,o1)(h1, p + ko). Hence (ele uz,cleg )uz) € qu(h"’“"ka")f'l.

0
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4. Constructions of Level One Representations

In the following we calculate the explicit forms of R-matrices. Except the case of
(szi)_l, V1), all non-zero weight spaces of the representations which we treat here
are one dimensional. So we denote by b the lower global base corresponding to

an element b of the crystal of a representation except the case of (Dfi,)_l, V1. In
§4.1-§4.9 we denote by t the Cartan subalgebra of g, by {as|t € I} C t* the set of
simple roots, by {h;|i € I'} C t the set of simple coroots and by {A;]i € I} the set
of fundamental weights of the corresponding Lie algebras, where I = {0,1,---,n}.
‘We assume that the norm of a short root is equal to one. For any finite dimensional

U, (g)-module W and the choice of ip, we set Wy = . (Q(9)[z, 27 1 ®q(q) W). The
calculations of the R-matrices here are carried out in the following manner. For a
finite dimensional Uy (g)-module W and the choice of ig, we first decompose W@ W

into the direct sum @;e; W; of irreducible Uy (g (3, )-modules. Then the R-matrix
R(z/y) : Wy @ Wy — W, ® W, can be written as R(z/y) = @;7v;(2/y)Pw; by
Schur’s lemma, where Py; is the U(gp (;,})-linear projection from W, ® W, to W;.
Let w; be the highest weight vector of W;. Except the case of §4.8 we find an element
P; of Uy(g)and f;(z,y) of Q(g)[z, 271, y,y~!] which satisfy Piw; = fi(z,y)uiq1 in
W, ® W, for an appropriate order of J. Then we have a recursion relations

¥ (2/9)Biv1(y, &) = Bi(z, y)vis1{z/y)

From those relations we can determine v;(z/y) for all j € J up to a multiple of an
element of Q(q)(z/y). ‘
4.1. (Agf),Vk ) Let g = sl(n + 1) be the affine Lie algebra of type A, Define
Ai(i € Z) by
A= A; for1<i<n,
! 0  otherwise.

We assume that ({h;, ;))1<ij<n is the Cartan matrix of type A,. We set 19 = 0.
Let Uy(sl(n+1))be the subalgebra of U, (sl(n+1))associated with {h;, ;|1 <4,5 <
n}.

4.1.1. Decomposition of tensor product
Let V(Ax)(1 < k < n) be the irreducible highest weight U, (s{(n + 1))-module with
highest weight Ay and (L(Ay), B(A)) its crystal base. By [KN] the elements of
B(Ay) are labeled in the following way.

B(Ax) = {(m)f]l <my <o <my <t 1)
Then
(4.1.1) V(AR) © V(Ag) ~ @O ED Y (R 4+ Ap)-
The highest weight elements for the corresponding crystals are given by

i @, k=4 k41, k+d) for B(Ap—i+ Apyi).

4.1.2. Construction of the Representation of U (sl(n + 1))
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Define the actions of eg and fo on V(A;) by

fob:{gl,il,-“,ik_l) 1fb:(zl,,zk_1,n+l) ,

otherwise
eob:{(jl;"’;jk~1;n+1) ifo= (1,71, jk~1)
0 otherwise.

It is easily verified that V' (A;) is a well-defined U, (sl(n+1))-module with the actions
of e, fo given above and ¢"° = ¢=(Fi++ha)  We denote this Ué(s:[(n—{- 1))-module
by VE. By the construction it is obvious that V* has a crystal base.

4.1.3. Construction of a Polarization of V¥  Let (, ) be the polarization of the
Uy(sl(n + 1))-module V(Ag). We shall show

(4.1.2) (¢"u,v) = (u,¢"v),
(4.1.3) ' (eor,v) = (u, g5 M5 fov),
(4.1.4) (fou,v) = (u, 45 " toeov),

for any u,v € V*. It is sufficient to prove (4.1.2)-(4.1.4) for the lower global bases

u and v. The equality (4.1.2) is obvious by the definition of the action of ¢". By
direct calculations we have the following lemma.

Lemma 4.1.2.
(1) Let b be a global base which satisfies e;b = 0 and (h;,wt(b)) = 1. Then (b,b) =

(fibi flb)
(2) Let b be a global base which satisfies e;b = 0 and (h;, wt(b)) = 2. Then (b,b) =

(£, 78 = o7 207 (b, £:0).

Note that for any b € B(Ax) and i (1 < 1 < n), ¢;(b) + ¢;(b) < 1. Hence, by
using Lemma 4.1.2, (4.1.2)-(4.1.4) are verified for lower global bases u and v. Con-
sequently ( , ) is a polarization of U, (sl(n + 1))-module V*.

4.1.4. Calculation of R-matrix By the decomposition (4.1.1.), R(z/y) can be
written as R(z/y) = er.T:uOn("H'k'k)'r,-P(;\k_i_x_AMi), where PR, 44,4, 15 the projec-
600 PR, yinsn V(AR @ V(AL) = V(Ap_i + Apps). Let w(0 <4 < min(n+1—
k,k)) be the highest weight vector in the Uy (sl(n+1))-module V(A;)® V(Ay) with
highest weight Ay_; + Apy;. We set P; = fo f, s frwi S Froose

Lemma 4.1.3. Letv;-1 = Piu; (1 <1< min(n+1—k,k)). Then v;_; is non-zero
and Is proportional to u;_;.

Proof. Ifz =y =101 #0in L/qL. Hence v;—; # 0. By a direct calculation the

weight of v;.. i Ag_; + Ag.4s. We must check that v;_; is a highest weight vector.
Since [e;, fi] = 0 for 7 # I, epvj_y = Ofor k—i < r < k+1. Asis immediately
seen, the following set of vectors is a base of the weight space of V(Ar) @ V(Ax)

with weight Ap_;+ fX;H.i.

{(L"';k"i»ml)“"7mi)®(17"'7k—ially'“;zi)l
{my, - midu{ly, - Ly ={k—i+ 1, k+ i)}

It follows that e,v;.y =0 forr <k ~:and r > k+ 1. |
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Let us define b(li) and bgi) by

gﬂzumﬂ®uﬂ,nw—@k+ank+m
W = (1, k=i k—i+2, ok k+) @ (L, k—i+ L+ 1 ki 1)

For any element v of V¥ @ V¥ we write Pv =Y _,, Fg'b’, where &' runs over the set

of tensor products of global bases of V. In the following subsections we use these
notations in a similar way. The following lemma is by direct calculations and we
leave it to the reader.

Lemma 4.1.4. Let b be an element of V¥ ® V* which is a tensor product of two
~ ~ (i—1)

gIobaI. bases ngk and has tlu_e weight Ak..;‘—}— Appi. The:rz be‘ ¢ 0 if and only if
b= b(l’) or bg’). Moreover Pib(l’) = q’ly‘lb(f"l) and P,»bg') = m*1b§’+1).

Lemma 4.1.5. If we write u; = b(li) + ¥, asb, then ayy = —g%71.

2

Proof. . Let by, oms = (1, k —i,my,--,mg) @ (1,--+, k — i, 11,---,1;), where
{my, -, mi}U{ly, -, i} = {jlk—i < j < k+1i}. Note that b(ll) = bg_it1,..k and

b(zz) = bp_iy2, -k k4i- We write aq instead of a;, for o = (my, - -,m;). There are
relations

er(Bkmit1, ok — @Ok—it1, k-1,641) = 0,

€t (Bhmi 1, omjmjb 2kl = QO —ig 1, hmjm 1 gt bp1) = 0 for 1< 5 <12,
© epmipt(Phmil hmidd, kbt = @Ok—ign, k1) = 0,

el (Bkmig, b htj = @Or—it, b p4jr1) =0 for 1<j<i—1

Since all the weight spaces of V¥ are one dimensional and each length of j-strings
(1 <j<n)isat most 1, e,u; = 0 for all r implies

Ak —id 1, k=1,k+1 = —4,
Wi fm b 42 bl Omich ] kmjmLhmj 1, bt = 10— for 1<jsi-2,
Al mid3, o 1 D Qg2 b1 = 100G,
Qe kb © Ok—ig2, b ktibl = 10—¢ for 1<j<i-—1

It follows that a,) = —g¥-t |
2
By these lemmas we have in V¥ ® Vyk
P = ¢ a7y @ — P y)uioy
From this

vio_z-dty

5 1<i<min(n+1-k, k).
Yi-1 Y- gtz

So we have proved
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Proposition 4.1.6. Let z = zy~!. The R-matrix, up to a multiple of an element
of Q(¢)(z), is of the following form

min(n+4+1-kk) r min(n+1-k,k)
% 2j
R(z) = @ H(z —-q7) H (1—¢ JZ)PAk_r+/'\k+r'
r=0 t=] j=r41

4.2. (C,(Zl),V" ) Let g = sp(n) be the affine Lie algebra of type M. We as-
sume that ((hs, @j))1<i,j<n is the Cartan matrix of type C,. We set ig = 0. Let
Uq(sp(n))be the subalgebra of U,(sh(n))associated with {h;, ;|1 < i, < n}. In
this case ¢o = ¢, = ¢% and ¢; = ¢ (i # 0, n).

4.2.1. Decomposition of tensor product

Let V(An) be the irreducible highest weight U,(sp(n))-module with highest weight

Ay and (L(An), B(Ayn)) its crystal base. By [KN] the elements of B{A,,) are labeled
in the following way.

B(An) :{(7ni)?_—_1[m1 <My, my; € {1)"')nyﬁ:"'ai})
i+ (n—j+1)<m; if m; =m0 <)},

where the ordering of {1,---,n,#,---,1} is given by

1<2<--<n<n< <1
Then
(421) V(M) Q@ V(M) > V(24,) BV (240-1) ® - & V(241) ® V(0),

where V(0) is the trivial representation. The highest weight elements for the cor-
responding crystals are given by

(Niz1 @, 47,7+ 1) for B(20:),
(])y:1®(-ﬁ)n"1;)—l-) for B(O)

4.2.2. Construction of the Representation of U (sp(n))
First we prove

Lemma 4.2.1. Let V(A,)x denote the weight space of V(An) of the weight A.
Then dimV (An)x = 1 for any A.

Proof. Suppose that V/(An)x # {0}. Let A= 3" rie; and S = {i|r; # 0}. Since
there is an element b € B(An)x, §S = n — 2k for some integer k > 0. For k = 0,
dimV (A, )y = 1 is obvious. So we assume & > 1. Take any b € B(An ). Then there
is a set of integers (ji,-- -, jx) which satisfies the following two conditions.

D I<p<ip<--<j<n

(2) b contains j; and j; for 1 < i< k. .
Take any (j1,---,Jr) which satisfies (1) and (2). Set ! = §{p € S|p < ji}. Since
J1 2 2, jx 2 2k + [ and hence n — jp < n— 2k — 1. By the definition of [, n — jj
must be equal to n — 2k — I. Then the following properties must be hold.

(3) Il = {i € Sljp < & < Jpg1}, then jpp1 = jp + 2+ 1,.
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4) If lp = ﬁ{l S SIZ < jl}, then j; = lp + 2.
5) USU{j, il ={n(l i< n—k)n <rmp(l<i<n—Fk- 1)}, then
{ifrig1 =1 >2, miq1 Sb=0.
It follows that the set {j1,---,jx} is uniquely determined by S and hence by A.

[}
Define the actions of eg and fo on V(A,) by

.

be:{(l)ilz""inwl) ifb:(‘ih"';in_ly-l-)
0 otherwise ’

60[) = {(jl) e xjn—lt_l-) ifb= (17j1’ e )jn-l)
0 otherwise.

It is easily verified that V(A,) is a well-defined Uy (sp(n))-module with these actions
of eq, fo given above and ¢"® = ¢~(A1++kn) We denote this U}(sp(n))-module by
v, '
4.2.3. Construction of a Polarization of V*  Let (, ) be the polarization of the
U, (sp(n))-module V(A,). Let us prove (4.1.3). Set ba, = (1,2,---,n). Then

(4.2.2) FO D fba =(2,,n,T) = eoba, .

Let b= (1,1, ", Jn-1). Then b and epb can be written as

@23 b= 50 0,
(4.24) eob = fi:k) e fMegby

where iy,---,1, € {2,---,n} and n; € {1,2} (1 < § < k). By Lemma 4.1.2
and (4.2.2), (ba,,bn.) = (eoba,,eoba,). Hence it follows from Lemma 4.1.2,
(4.2.3),(4.2.4) and the commutativity of eq with e;(i # 1), f;(j # 0) that (b,0) =
(eqh, egb). Since

(6,5 5" foeab) = (b,b),

we have proved (4.1.3). The equality (4.1.4) is similarly proved. Consequently ( , )
is a polarization of the U;(sp(n))-module V™. O

4.2.4. Calculation of R-matrix By the decomposition (4.2.1), R(z/y) can be
written as R{z/y) = @®%;viPan; @ Y0P, where Pya; and Fy 1s the projections
Pop, : V(A) ® V(An) = V(24;) and Py - V(An) ® V(A,) — V(0) respectively.
Let uap, (1 < ¢ < n) and up be the highest weight vectors in the Uy(sp(n))-module
V(A,)® V(A,) with weights 2A; and 0 respectively.

We set foffz) . fi(z). Let us define b(li) and bgi) by
[)g‘) = (j);l:‘:l ® (17 ”‘:i)ﬁ)" )L+ lj’
W) = (1,042, n T D@ (1, i+ L7, TT D).

The proofs of the following lemmas are similar to that of Lemma 4.1.3 and Lemma
4.1.4.
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Lemma 4.2.3. Let u;41 = Pjuga,. Then u;yy is non-zero and is proportional to
U2A ;41 -

Lemma 4.2.4. Let b be an element of V* @ V™ which is a tensor product of global
bases and has the weight 2A;. Set Pb= Y, F} "b. Then F’b 9é 0 if and only if

b= or b, Moreover P,b{" = q=2y=16{*V and P{Y = Rl

Lemma 4.2.5. If we write ugp, = bgi) + }:b?ﬁbg;) apb, then ayn = —qz(“‘i).

Proof. Let bml‘ omae: = (Lo dmy, - ma) © (1,4, TR, - -+, ™) with
i<my < < Mmpo; <i Notethat b() = biy1,...n and b(g = b:+2 T We
write ao instead of ap, for a = (my, - mn_,) Using the fact that all the weight

spaces of V™ are one dimensional and each length of j-strings (1 < j < n) is at
most 2, in a similar manner as in the proof of Lemma 4.1.4, we have

2
Aip1,n=1,7% = —¢°,

— . 1. _f9]=1. 2
LTSI s ST MW TS gl 25 L T ROR AR AC R L e 1 K

It follows that bgi) = —g**—9, O
By Lemma 4.2.3- 4.2.5 we have in V! @ V!

-2 2(n—i+1)

»PiuzA,‘ =q x-—ly—~l(x - q y)UQA;+1;
where u2a,(1 < ¢ < n) and ug are supposed to be normalized as in Lemma 4.2.5.
From this 2nmitl)
. 2 — n—i
—ﬁ":——‘—g‘;“"‘f—— for 0<i<n-—1.
Yier  y—¢P-itlg -

Consequently we have

Proposition 4.2.6. Let z = zy~!.The R-matrix, up to a multiple of an element
of Q(q)(z), Is of the following form

n—1 j n n
@ H — 0Dy H (1- q2(1+1)z)p2A“_j @ H(z _ qz(k+1))p0,
j=0 k=1 imj4l k=1

4.3. (D(l) V™ ) Let g = 50(2n) be the affine Lie algebra of type DS. Define
Ai(i € Z) by

e A; forl<i<n

A — 7 Py —_ b2

{ otherwise.

We assume that ((h;, &;))1<ij<n is the Cartan matrix of type D,,. We set iy = 0.
Let Uy(so(2n))be the subalgebra of U, (so(2n))associated with {h;, ;|1 < 4,5 < n}.
4.3.1. Decomposition of tensor product
Let V(A,) be the irreducible highest weight U, (s0(2n))-module with highest weight

A, and (L(An), B(Ayn)) its crystal base. By [KN] the elements of B(A,,) are labeled
in the following way.

B(An) = {(mi)ioylmi=+ or - H =
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Let N, be the largest integer which does not exceed 5. Then
(4.3.1) V(An) @ V(An) = &NV (8i0An + Anai).

The highest weight elements for the corresponding crystals are given by

n-—2

v

(+)>+)®(+y’ + )—z"’)_") for B(éiO;&n'*'An—Zi)‘

4.3.2. Construction of the Representation of U; (s0(2n))
Define the actions of eg and fo on V(A,) by

fOb: {E)ﬁh—)r,il’”.’in'z) ifb= (—7—)i11"'1in—2)

)

otherwise
eob — {(_7 —7].17 e ’jn~2) lf b= (+y +1j17 et )jﬂ—2)
0 otherwise.

It is easily verified that V(A,) is a well-defined U, ; (sv(2n))-module with the actions
of eq, fo given above and gho = ¢~ P1=2(hat+hai)=hn We denote this U, (0(2n))-
module by V™.

4.3.3. Construction of a Polarization of V™  Let ( , ) be the polarization of the
U, (s0(2n))-module V(A,). Note that for any b € B(Ay) and ¢ (1 < i < n),

@i (b) +ei(b) < 1. Hence, as in 4.1.3, (, ) is a polarization of U;(S"O(Zn))—module
Ve,

4.34. Calculation of R-matrix By the decomposition (4.3.1), R(z/y) can be writ-
ten as R(z/y) = @{i"ﬂn-ﬁp(émﬂnw'\n_zi)j whefe P(‘ﬂol-\",[_/i"'?i) is the projection
P(éio;\n-l*/-\n—ﬁ) : V(An) & V(An) — V((S,'DA,, -+ Anozi)- Let un_g,-(l << Nn) be
the highest weight vector in the U, (s0(2n))-module V(A,)® V(An) with the weight
SioAn + Apni. Weset P = fofafa- - fo—ait1fifz - fa-2i- Let us define b and
5§ by

G _ n:Z:
bl ’—(+}v+ ®(+:r +7°"7"';'—)y
n—2i n-21

I)gi)’:(-l-)”'7 I 7—)”,+»"':+)®(+,"‘7'\‘J','f‘:'*‘:'“,"‘:“)‘

The proofs of the following two lemmas are similar to that of Lemma 4.1.3 and
4.1.4.

Lemma 4.3.2. The element Piu,_»;(0 < i < N,) is non-zero and is proportional
to Up—2(i-1)-

Lemma 4.3.3. Let b be an element of V* @ V™ which is a tensor product of global
bases and has the weight 6;0A, + Ap_2;. Set Pb= Sy FY'Y. Then F:Y—l) #0If
and only if b= b or b$) . Moreover P,»bgi) = q"ly‘lbgi_l) and Pib{) = P

Lemma 4.3.4. If we write up_2; = bgi) + 2, apb, then a;¢y = —q¥-3,
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n—j n—2i n—j
”

Proof. Let usset b;—] = (+a Sy :1+;' : ':+)_)®(+3‘ N 'T' R '1'—7+) and
n-%z'—i»l n:j n—-%i+l n;—j
b:,_j:('*')"':'i'y - r+:""+)—1+>"'1+)®(_h"" + "“x"';"':‘{_:"""'x—)'

By using
en—j(by_jp1 —gb,_;)=0 for 2<j<2i-1,
enj(bf ;11 —abf_;)=0 for 1<j<2i—2,
e,,(bg’) =gb,_1) =0,

it is easily verified, in a similar way as in the proof of Lemma 4.1.4, that u, _,; must
be of the form

2i-1 2i-2
wnz =0+ 30 (1P @+ Y (<1 TN
j=1 j=1

+ (terms without the elements of the global base already appeared).

Since bgi) = bn—2it2,+, we have proved the lemma. |

By these lemmas we have in V! © V!

1

L B TR Gl St ) TPy
From this s
o e k2
foo2i-l) _ ¥ q4i_2 for 1<i< N,.
Yn-2i r—q Yy

So we have proved

Proposition 4.3.5. Let z = zy~!. The R-matrix, up to a multiple of an element
of Q(q)(2), is of the following form

Nn j N“
R(z) = @ (z - cI‘lk'z) H (1~ q41—2z)P(6j0A"+An-,j)-
i=0k=1 t=j 41

4.4. (D,(f),V1 ) We use the same notations as in 4.3. Let us set 45 = 0.

4.4.1. Decomposition of tensor product

Let V(A1) be the irreducible highest weight U, (s0(2n))-module with highest weight
Ay and (L(Ay), B(A1)) its crystal base. By [KN] the elements of B(A;) are labeled
in the following way.

B(A)={@lie{1,2,---,n,7,---, 1}
Then
(44.1) V(A1) @ V(A1) ~ V(241) & V(A2) & V(0).

4.4.2. Construction of the Representation of U, q' (s0(2n))



38 Kang et al
Define the actions of eg and fo on V(A1) by

fo(D)=(2), f2)=(1), fob=0 otherwise ,
eo(2) = (1), eo(1)=(2), eob=0 otherwise

1t is easily verified that V(A1) is a well-defined U;(on(Qn))-moduie with the ac-
tions of eo, fo given above and e = g~ 1= kst Fhn-2)=hn-1=hn We denote this
U, (so(2n))-module by V*.

4.4.3. Construction of a Polarization of V1  Let (, ) be the polarization of the
U, (s0(2n))-module V(Ay). Note that for any b € BEA& and ¢ (1 <1< n), ¢i(b) +
e:(b) < 1. Hence, asin 4.1.3, (, ) is a polarization of Uq' (s0(2n))-module V1.

444. Calculation of R-matrix By the decomposition (4.4.1), R(z/y) can be writ-
ten as R(z/y) = Y2a, Pon, ® YA P, ® YoPo, where Py, ete. is, as in the previ-
ous sections, the projection to the corresponding U,(so{2n))-irreducible compo-
nent. Let up, up, and uap, be the highest weight vectors in the U, (so(2n))-module
V(A1) ® V(A1) with the corresponding highest weights. Direct calculations show
the following lemmas. .

Lemma 4.4.1. The highest weight vectors ug, up, and usa, are, up to constants,

(1) wo = iy (=171 71(0) © (B) + Li5 ()™ =) @ (n - ),
(2) ur, = (1)@ (2) — ¢(2) ® (1),
(3) uza, = (1) @ (D).

Lemma 4.4.2. With the expressions of ug, up, and usp, in Lemma 4.4.1 we have
inV} eV}

(1) fouo = ¢tz ty @ - ¢ y)ua,,
(2) fofafs - famafufnor - foun, = ¢ 27y (& — ¢Py)uaa, -

By lemma 4.4.2

)

z— Tz —q°y
B 2O g T 20D
T Y- Yoa Y= ¢7E

So we have proved

Proposition 4.4.3. Let z = zy~!. The R-matrix, up to a multiple of an element
of Q(¢)(z), is of the following form

R(z) = (1—¢%2)(1 = ¢*"~22) Pap, ® (2~ ¢*)(1— """ 22) Pa, ® (2 — ¢ %) (2 — ¢*) Po.

4.5. (B,(,l),Vl ) Let g= so(2n + 1) be the affine Lie algebra of type B, We
assume that ({hi, @;))1<i,j<n is the Cartan matrix of type B,. We set 49 = 0. Let
U,(so(2n + 1))be the subalgebra of U,(s0(2n + 1))associated with {h;, a;|1 < 1,5 <
n}. In this case ¢, = ¢ and ¢ = ¢*(i # n).

4.5.1. Decomposition of tensor product



Perfect Crystals 39

Let V(A1) be the irreducible highest weight U,(so(2n + 1))-module with highest
weight A; and (L(A1), B(A1)) its crystal base. Bv [KN] the elements of B{A;) are
labeled in the following way.

B(Ay) ={()i € {1,2,---,n,0,7,---,T}.
Then
(45.1) V(M) @ V(A) = V(2A1) @ V(A2) @ V(0).
The highest weight elements for the corresponding crystals are given by

()® (1) for B(2A1), (1)®(2) for B(As) and (1)®(I) for B(0).

4.5.2. Construction of the Representation of U;(s‘o(Qn + 1))
Define the actions of eg and fy on V(Ay) by

fo2)= (1), fo(I)=(2), fob=0 otherwise,
eo(l) =(2), e(2)= (1), echb=0 otherwise.

It is easily verified that V(A;) is a well-defined U; (so(2n + 1))-module with the
actions of eg, fo given above and gPo = ¢~hi— ket Fha-1)=hn  We denote this
U, (s0(2n + 1))-module by V1.

4.5.3. Construction of a Polarization of V! Let (, ) be the polarization of the
U, (so(2n + 1))-module V(A;). By using Lemma 4.1.2 we have

((’)) (l)) = qn[2],,((0), (O)) for i€ {1r TR 1}'
It follows from this that (, ) is a polarization of U’(s"a(Zn + 1))-module V1.

4.5.4. Calculation of R-matrix By the decomposition (4.5.1), R(2/y) can be writ-
ten as R(z/y) = van, Pan, ® Ya, P, ® 70Fo, where Poy, ete. are, as in the previous
sections, the projections to the corresponding U, (ﬁo(2n + 1)) irreducible compo-
nents. Let up, us, and usa, be the highest weight vectors in the Uy(so(2n + 1))-
module V(A1) ® V(A1) with the corresponding highest weights. Direct calculations
show the following lemmas.

Lemma 4.5.1. The highest weight vectors ug, u \,, and uap, are, up to constants,
(1) wo =30 (= 1)‘ LD @ (3) + (-1)"[25 12~ D(0) @ (0)
+ i (- 1)” il (n—z)@(n~'),
(2) ua, —(1)®(2 - q° (2)®(1)
(3) uan, = (1) ® (1).
Lemma 4.5.2. Consider the highest weight vectors ug, us, and uss, in Lemma
4.5.1. Then we have In V,} ® V;Jl
(1) fouo =q 227y (= — ¢*" " 2y)un,,
(2) fofafs--- Fact £ fret -+ fown, = 7227ty (e — ¢y)usa,,

By lemma 4.5.2
e _ Y=g and T2A0 _ y— ¢z

v z-ginTly Ta. =gty

So we have proved
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Proposition 4.5.3. Let z = zy~!. The R-matrix, up to a multiple of an element
of Q(q)(z),is of the following form

R(z) = (1—¢*2) (1= ¢ ?2) Pap, @ (1= ¢** " 22)(2 — ¢*) Pa, ® (2 — ¢*) (z = ¢*" 7).

4.6. (Agi)__l,Vl ) Let g be the affine Lie algebra of type Agi)_l. We assume that
((hi, @j))1<i j<n 1s the Cartan matrix of type C,. We set ip = 0. Let U,(sp(n))be
the subalgebra of U,(g)associated with {A;, ;|1 < 4,7 < n}. In this case g, = ¢*
and ¢; = q(i # n).

4.6.1. Decomposition of tensor product

Let V(A1) be the irreducible highest weight U, (sp(n))-module with highest weight
Ay and (L(A1), B(A1)) its crystal base. By [KN] the elements of B(A;) are labeled
in the following way.

B(A) ={(@)ie{1,2,-,n7, -1}
Then
(4.6.1) V(A1) ® V(A1) ~ V(241) @ V(A2) @ V(0).
The highest weight elements for the corresponding crystals are given by

(D (1) for B(241), (1)®(2) for B(A2) and (1)®(I) for B(0).

4.6.2. Construction of the Representation of U ;(g)
Define the actions of eg and fo on V(A1) by

fo@) =), f(0)=(2), fib=0 otherwise,
eo() = (2), e(2)=(1), eb=0 otherwise.

It is easily verified that V(A;) is a well-defined U;(g)-module with the actions of
eo, fo given above and g0 = g~M—2h2t+hi)  We denote this U;(g)-module by
Vi

4.6.3. Construction of a Polarization of V'  Let (, ) be the polarization of the
U, (go)-module V(A;). Note that for any b € B(A;) and ¢ (1 <7 < n), @i(b)+e:(b) <
1. Hence, asin 4.1.3, (, ) is a polarization of U;(g)—module Vi

4.6.4. Calculation of R-matrix By the decomposition (4.6.1), R(z, y) can be writ-
ten as R(z,y) = vaa, Paa; ® 7a, Pr, ® 10 Py, where Py, etc. are, as in the previous
sections, the projections to the corresponding U,(gg)-irreducible components. Let

ug, up, and uza, be the highest weight vectors in the U,(go)-module V(A;)®@V (A1)
with the corresponding highest weights. Direct calculations show the following lem-

mas.
Lemma 4.6.1. The highest weight vectors ug, ua, and uapa, are, up to constants,
(1) uo = Tiy (=171 1) @ (@) + 75 (-1 Her i (=) © (n - ),

2) up, = (1) @ (2) — ¢(2) ® (1),
(31&1 :(&)@((%)' 9(2)® (1)
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Lemma 4.6.2. With the expressions of ug, ua, and usp, in Lemma 4.6.1, we have
inV; @V} :

(1) fouo =g ey & + ¢* Y)un,, .

(2) fofafs - facifafno1-- faun, = ¢7 27y z = ¢*y)uaa,.

By Lemma 4.6.2

Yo, Y+ ¢Te Yar, Y —q’e
== and —= —
Yo z+q"y YA, T QY

So we have proved

Proposition 4.6.3. Let z = zy~!. The R-matrix, up to a multiple of an element

of Q(¢)(z), is of the following form

R(z) = (1= ¢*2)(1+ ¢*"2) Pon, ® (14 ¢°"2)(2 = 4*) Pa, ® (2 = ¢*) (2 + ¢*") Po.

4.7. (A(zi),vl ) Let g be the affine Lie algebra of type Agi). We assume that
((hi, @) )1<i,j<n and ({hi, @;))o<i,j<n—1 arve the Cartan matrices of type Cy, and B,
respectively. We set ¢g = n. Let U, (sp(n))and Uy(so(2n + 1))be the subalgebras of
U, (g)associated with {h;, o[l < 4,7 < n} and {h;, o;]0 < 4,5 < n— 1} respectively.
We define a bijective map ¢: {0,1,---,n— 1} — {1,---,n} by «(p) = n— p. In this
case qo = ¢, ¢; = ¢*(i # 0,n) and ¢, = ¢*.

4.7.1. - Construction of the Representation of U;(g)

Let V(A1) be the irreducible highest weight U,(so(2n + 1))-module with highest
weight A; and (L(A1), B(A1)) its crystal base. The parametrization of elements of
B(A4) is already given in 4.5. Define the actions of e, and f, on ¢*V(A1) by

fa(1) =
en(l) =

fab =10 otherwise,

)1
), eab=0 otherwise.

(1
T

It is easily verified that *V(A;) is a well-defined U;(g)—module by the actions of
€n, fn given above and ¢*» = ¢~ (ot +ha1)  We denote this U;(g)-module by V1,

4.7.2. Construction of a Polarization of V1  Let (, ) be the polarization of the
U,(so(2n + 1))-module V/(Ayqy). Asin 4.5.3, (, ) is a polarization of U;(g)-module
Vi

4.7.3. Calculation of R-matrix By the decomposition (4.5.1), R(z/y) can be
written as R(2/y) = 7van._,t*Poa, D YA, ot Pa, © v01* P, where Pap, etc. are,
as in the previous sections, the projections to the corresponding U,(s0(2n + 1))-
irreducible components. Let ug, ua,_, and uaa,_, be the highest weight vectors
in the U,(so(2n + 1))-module *V (A1) ® «*V (A1) with the corresponding highest
weights. Direct calculations show the following lemma.
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Lemma 4.7.2. With the expressions of uy, ua,_, and uga,_, In Lemma 4.5.1, we
have in V} @ V}
(1) fauo = ¢ 'z 7y (& + ¢ P y)uan,

2

(2) fafn-1 "‘flféz)flfz o faaun,_, = 0 2e" " (= - ¢fy)uaa, -

By Lemma 4.7.2

Tonn _y+gtie o oman, _y—die

= al .
Yo z + ¢int2y YAnon T —qly

So we have proved

1

Proposition 4.7.3. Let z = 2y~ '. The R-matrix, up to a multiple of an element

of Q(g)(z), of the following form
R(2) :(1~q4z)(1+q4”+3z)L*P2Al@(1+q‘m+zz)(z-q4)L*PA2®(l—q4z)(z+q4”+2)Po.

4.8. (D,(fj_l,Vl ) Let g be the affine Lie algebra of type Dfﬂl‘ We assume that
({hi, @j))1<i j<n is the Cartan matrix of type B,. Let Uy(so(2n + 1))be the sub-

algebra of U,(g)associated with {h;, ;|1 <4,j < n}. We set ig = 0. In this case
qo =qn = ¢, @1 = qz(z # Orn)

4.8.1. Construction of the Representation of U;(g) :

Let V(A1)®V (0) be the direct sum of the irreducible highest weight U, (so(2n+ 1)-
modules with highest weights A; and 0 respectively and (L(A1)®L(0), B(A1)®B(0))
its crystal base. Since the dimension of any non-zero weight space of V' Ay) is one,
we denote, as usual, by b the lower global base corresponding to b € (1&12. Let

us denote by P the element of B(0). The parametrization of elements of B(A1) is

also given by [KN] as

B([‘l]) = {(Z)Il € {172> o '7n30:—ﬁ-y Tt 1}
Define the actions of e and fo on V(A1) ® V(0) by

fo(M)= (), B fo(1) = [2]o(1), fob=10 otherwise,

eo() = [20(1), eo(1)=(), eob=0 otherwise.

It is easily verified that V(A;)®V (0) is a well-defined U;(g)—module with the actions
of eo, fo given above and ¢t0 = g~ 2R+ Fha-0)=ha We denote this Uq'(g)-module
by V1.

4.8.9. Construction of a Polarization of V1 TLet ( , )1 be the polarization of
the U,(so(2n + 1))-module V(A;). We shall define a symmetric bilinear form ( , )
on V1! by

(()w)=(u,())=0 for uweV(),

((), () = q02lo((-), ()1,
(w,v) = (u,v)1 for w,v € V(A1)
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Since ( , )1 is positive definite, ( , ) is positive definite. As already proved in
4.5.3, ((T),(1)) = ((1),(1)). It follows that ( , ) is a polarization of the U;(g)-module
v

4.8.3. Decomposition of Tensor Product
As a Uy(so(2n + 1))-module we have the splitting

V(A1) @ V(0)) ® (V(A1) ® V(0))
(4.8.1) ~ V(2A1) ® V(A2) ® V(A)®%2 0 V(0)92.

Lemma 4.8.1. The following usa,, un,, uy,, u3,, uj and ug are the highest weight
vectors with the weights 2A1, Ay, Ay, A;, 0 and 0 respectively.
(1) u2a, = (1) ® (1).
(2) up, = (1)@ (2) = ¢*(2) ® (1).
(3) up, = (1)@ ().
(4) w3, = ()®(1).
G)u=0e(). B
(6) g =30, (=11 @ (3) + (—1)"¢*™=D[2];1(0) ® (0)
+ T (C)MHH PR =T © (n - ).

4.8.4. Calculation of R-matrix We express the the R-matrix R = R(z/y) as

2 2
R(uan,) = a*™us,, R(ua) = a™up,, R(ul,) = alivl, R(uh) = > afjub.
j=1 j=1

Lemma 4.8.2. Consider the highest weight vectors defined in Lemma 4.8.1. Then
we have in V! ® V;,l

(1) equap, = yu}h + qzxuil,

(2) fofi fact fS2 Faci frz - - fruss, = o7y (gPeu), + yul,),
(3) Jofi-+ foar B8 Fami faca o foua, = 272y~ (2w}, — ¢2yd ),
(4) foug = [2oz™ y Hyu}, +2u),

(5) foui = q“z.’v“ly‘l(:z:u}\l + qqnyuf\l).

From this we obtain

2 2
(& o Ja=an (g ),
Ty 7y 2

(z,—*y)(afy) = a™(y, —¢*a),

w1+ 0%y a4 aDe a0y (20+a%)e a1 +e%y
x q4ny i i y q4nx :

Let Pya,, Pa,, Pu;\ (i = 1,2) and Pug(z' = 1,2) be the projections from V! @ V!
1

to V(241), V(A2), Ug(so(2n + 1))y (i = 1,2) and Uy(so(2n + 1))ub(i = 1,2)
respectively, where usa, etc. are the highest weight vectors in Lemma 4.8.1. Then
we have
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Proposition 4.8.3. Let z = zy~'. The R-matrix, up to a multiple of an element
of Q(g)(z), is of the following form

R(z) =(1 = ¢*2%)(1 = ¢*" %) Pop, ® (1 — ¢**2°)(2> = ¢*)Pa,

2 2
2 Ap . 2 0
® Ly ) ay Py ©8j= PO
j=1 ! k=1

Here (ajy') and (af) are given by

aM) = (1 ¢in ;2 (1-¢%z ¢£1-2%)
e =a-om (S 0% ) )

o, = - gt =g = gt gty 2 g g2zt
= " (1- g — gt — g — g g i) 2 g2t
% = q(1+¢*)(1 = ¢*)z(1~2%)

ad = (1467 g1+ ¢* (1 - ¢ )21 - 7).

The eigenvalues of(a{}‘) are (1—¢*22)(z 4+ ¢*)(1 —¢%2) and (1 - ¢*2%)(z = *)(1 +
¢*z). Furthermore det(af;) = (2 —¢*")(1~ ¢*"2%)(2% — ¢*)(1 — ¢*2?). In particular
the eigenvalues of (af;) have no common zeros.

4.9. (D,(fll,V” ) We use the same notations as in 4.8. We set ip = 0.

4.9.1. Decomposition of tensor product
Let V(A,) be the irreducible highest weight Uy(so(2n + 1))-module with highest
weight A, and (L(An), B(An)) its crystal base. Define Ai(i € Z) by

K:{Ai for 1<t <m,
' 0  otherwise.

By [KN] the elements of B(A,) are labeled in the following way.
B(A,) = {(mi)izylms =+ or —}
Then
(4.91) V(An) ® V(An) = @7oV (Si0An + Kns)-
The highest weight elements for the corresponding crystals are given by
i

() ® (oo Fy =y, =) for Blbioka + Knss).

4.9.2. Construction of the Representation of U;(g)
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Define the actions of eg and fo on V(A,) by

b= (+)i17"')iﬂ—1) ifb:("';il)”'yiﬂ—l) ,
Jo { 0 otherwise
b= (_'ajl)"'ajn—l) ifb:("';jl:"':jn-—I)

e { 0 otherwise.
It is easily verified that V(A,) is a well-defined U q'(g)—rnodule with the actions of
eo, fo given above and gP = ¢~ 2t +hn_1)=ha  We denote this U;(g)-module by
Ve,
4.9.3. Construction of a Polarization of V*  Let (, ) be the polarization of the
U,(s0(2n + 1))-module V(A,). Asin 4.3.3, (, ) is a polarization of U;(g)—module
v

4.9.4. Calculation of R-matrix By the decomposition (4.9.1), R(z/y) can be writ-
ten as R(z/y) = ,_I%PLS hnthio where Py 7 3. is the projection Py 7 3. :

V(An) ® V(An) — V(6inhn 4+ A;). Let u;(0 < < n) be the highest weight vector
in the U, (so(2n + 1))-module V(A,) ® V(A,) with the weight §nAn + A;. We set
P, = fofifo--- fi. Let us define b(l') and bg) by

. i
b(l‘):(_{_’...,+)®(+)..,’+,_,,..,_)’
(1) x'—tl i—tl

——(+, s, __,+).,.’+)®(+ R T ...)_.)A

The proofs of the following two lemmas are similar to those of Lemma 4.1.3 and
4.1.4.

Lemma 4.9.2. The element Pju; (0 < ¢ < n— 1) Is proportional to u;y.

Lemma 4.9.3. Let b be an element of V*® V™ which Is a tensor product of global

bases and has the weight 6inA, + A;. Set Pib = Sy FY'Y. Then Fb # 0 if and
only if b= b5 or 8§, Moreover Pb{" = ¢=1y=1b{*") and Pb§) = x=150+D.

Lemma 4.9.4. If we write u; = b{") + Y, asb, then 4y = (=1)n—igPr-i)43,

k i k
Proof.  Let bk:(+;"')+y:1+:"'>+)®(+;"'>’T‘a'—7"‘:_v:‘l‘z"»"')") for i+
. i
1<k<nand b) =bny; = (+,---,+)® (+,---,4,—, -+, ). By using

er-1(br —g%bp_1) =0 for i+2<k<n,
en(bat1 — ¢bn) =0,
en (0 = gbn_1,-) =0,

it is easily verified that u; must be of the form
o imt ' ' '
u; =b{) 4+ Z(—l)]"'lq?’“bn_J

j=0
+ (terms without the elements of the global base already appeared).
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By these lemmas we have in V! ® V!

Pu; = ¢ a7y o+ (~ )" POy,

where u; (0 < i < n) are normalized as in Lemma 4.9.4. From this

Yipr Y+ (=),

- - f 0<i<n—1.
¥i T+ (_l)n—zQZ(n—z+2)y or Stsn

So we have proved

Proposition 4.9.5. Let z = zy~!. The R-matrix, up to a multiple of an element
of Q(g)(z), is of the following form

n r-1 n—1
R(z) =P A+ (1= =492 [T + (1) PPy 5 Lk -
r=0:i=0 j=r

5. Applications of Fusion Construction

5.1. (A,(,l),V(I(Ak —Ag)))  Let us take AY as g and let I and i be as in 4.1.
Let V = V* (1 < k < n) be the U,(g)-module with the polarization constructed in
4.1.1. Then as an Uy(gp {;,))-module, V = V* is isomorphic to V (Ax — Ag). Now,
we shall employ the results and notations in 3. Taking Ag = A — Ay the condition

§3.1,1) is staisfied. The existence of Vi, is obvious. We have, by using the explicit
orm of the R matrix in Proposition 4.1.6

min(n+1-k,k)

o(z)= J[ (1-d¥2)

j=1
Here @(u) is the one given in (3.1.6). Therefore if we set
(5.1.1) r=1
the condition (3.3.4) is satisfied. We have
R(¢*) = o(¢*) Paro-
Here Pyy, is the projector to the Uy(gyy(i,})-module V/(2Xo) Hence we obtain
(5.1.2) ImR(q%") = V(2Ao).

Therefore, we obtain by (3.3.9)

1—2

(5.1.3) Vi€ () V()™ @ V(2X0) @ V(Xo)®' 7.
j=0

Thus, applying [KN], we obtain
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Lemma 5.1.1. Let Io = I\{0}. Then as an U,(g;,)-module, V; is isomorphic to
the irreducible highest weight module with highest weight [(A; — Ag)
By applying Proposition 3.4.4, we obtain
Proposition 5.1.2. For1 <land1 < k < n, there exists a polarized U, (g)-module
Vit satisfying:

(i) Vi¥ has a crystal pseudo-base.

(i) For any j € I, V{¥ is isomorphic as a Uq(91\(j3)-module to the irreducible
module with highest weight I(A;y — A;). :

Proof. (i) is an immediate consequence of Proposition 3.4.4, and (i1) is already
proved for j = 0. Since the Weyl group contains the cyclic permutation, I 5 7 —

i+ €1, wt(V,’”) ) 1(1\j+k—Aj) and wt(Vlk) C I(Aj+k_Aj)+Zi¢j Zgocl(a,‘)‘ Hence
V¥ contains the U, (87\(j3)-module V(I(Aj4x — A;)). Comparing the dimensions,
we obtain V}" = V(I(Aj+k - Aj)). O

5.2 (C,(,l),V(I(An —Ag))) Let g be of type cfV and I, as in 4.2. In 4.2 we
constructed U;(g)—module V with polarization. It is obvious that V' has Vg, . As a
Uy(a1\{ip})-module, V' is isomorphic to V(A, — Ag). Hence taking Ao = A, — Ao,

the condition (3.1.1) is satisfied. By the explicit form of the R-matrix given in
Proposition 4.2.6,

w(z) = H(l — qz(f+1)z)_
j=1
Therefore, if we set

(52.1) - r=2,

then the condition (3.3.4) is satisfied. We have

R(¢*") = ©(q*) Pa,-

Here Py», is the projection to the Uy(gy f5,))-module V(2X). Thus, by [KN] and
Proposition 3.4.4, we have the following.

Proposition 5.2.1.
(i) Vi has a crystal pseudo-base.
(1) Vi is isomorphic to V{(I(A, — Ap)) as an Uy(97\ {03 )-module and is isomorphic

to V(I(Ao — An)) as an Uy(gp (n})-module.

The last statements follows from the fact that the Weyl group of C,, contains —1.
53 (D, V(I(An — Ag)))  Let g be of type DS and take I,ip as in 4.3. In
4.3, we constructed the polarized U;(g)—module V. As a Uy(gp(5,))-module V is

isomorphic to V(A, — Ao). It is obvious that Vi, as in 6.1 exists. Hence taking
Ao = A, — Ag, the condition (3.1.1) is satisfied. We have, by Proposition 4.3.5,

N,

o(z)=JJ(1—¢¥%),

i=1
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where N, is the largest integer which does not exceed n/2. Therefore, if we set
(5.3.1) r=1,
then the condition (3.3.4) is satisfied. We have

R(¢*") = ¢(4°") Par,-
Hence we have by (3.3.9), [KN] and Proposition 3.4.4,

Proposition 5.3.1.
(i) Vi has a crystal pseudo-base. v
(i) V; is an irreducible U,(gy\ (o} )-module with highest weight I(A, — Ao) and an

irreducible module with highest weight I(Ag — An) or I(A1 — An) as an Uy(gpy\(n})-
module according that n is even or odd.

(ii) follows from the fact that Ag — A, or Ay — A, is in the Weyl group orbit of
A, — Ag according to the parity of n. ;

54 (D, V(I(Ar — Ag))))  Let g be of type DS and take I as in 4.4 and io = 0.
Let V be the polarized U;(g)-module constructed in 4.4. Then V is isomorphic to
V(A1 — Ag) as an Uy(gp qo)-module. Hence taking A; — Ag as Ao, the condition
(3.1.1) is satisfied. By Proposition 4.4.3, we have

p(2) = (1= ¢*2)(1 - ¢ ).

We set

(5.4.1) r=1.

Then the condition (3.3.4) is satisfied and

(5.42) R(¢*) = ¢(a°) Paxo-

Thus we obtain, by (3.3.9), [KN] and Proposition 3.4.4

Proposition 5.4.1.
(i) Vi is an irreducible module with highest weight I(A; — Ag) as a Uy(gn\{0})-

module.
(i) Vi has a crystal pseudo-base.

55 (B, V((A1—A,))  Let g be of type BSY and I,ip = 0 as in 45. We
constructed in 4.5, the polarized U;(g)—module V. It is an irreducible module with

highest weight A; — Ao as an Uy(gp o3)-module. Hence taking Ay — Ag as Ao, the
condition (3.1.1) is satisfied. We have, by Proposition 4.5.3,

p(z)=(1-¢*2)(1—¢" ).

Set

(5.5.1) r=2.

Then the condition (3.3.4) is satisfied and

(5.5.2) R(¢*) = 0(¢* ) P2y,

Hence by (3.3.9), [KN] and Proposition 3.4.4, we obtain
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Proposition 5.5.1.
(i) Vi is an irreducible module with highest weight [(A; — Ag) as an Uq(gl\{o})-

module.
(ii) Vi has a crystal pseudo base.

51, V(I(A1 — Ag)))  Let g be of type Agi)__l and I,ip = 0 as in 4.6,
where we constructed the polarized U;I(g)—module V. It is an irreducible module
with highest weight A; — Ag as an Uq(gf\{o}}module. Hence taking Ao = A3 — Ao,
the condition (3.1.1) is satisfied. We have by Proposition 4.6.3

5.6 (A

p(2) = (1 - ¢*2)(1 - ¢*"2).
We set,
(5.6.1) r=1.

Then the condition (3.3.4) is satisfied and

R(77") = (¢ ) Pax,.

Hence by (3.3.9), [KN] and Proposition 3.4.4, we have

Proposition 5.6.1. )

(i) Vi is an irreducible module with highest weight {(A1 — Ao) as an Uy(gp (o})-
module.

(ii) Vi has a crystal pseudo-base.

5.7 (Agi),GBOSkSI/gV((I —2k)(An—1 — An)))  Let g be of type Agi) and I,ig=n
as in 4.7, where we constructed the polarized U; (g)-module V. It is an irreducible
module with highest weight An_1 — A, as Uy(gp (n))-module. Hence taking A, —
An as Ag the condition (3.1.1) is satisfied. Note that

(5.7.1) an = 2(An = Any)

We have by, Proposition 4.7.1,

(5.7.2) o(z) = (1= ¢*2)(1 +¢*"+22).
We set
(5.7.3) r=2.

Then the condition (3.3.4) is satisfied and
(5.7.4) R(¢") = (1= ") ((1+ 0" *) Pos, + (¢* + ¢ ) Po),
where Py is the Uy(gp\(n})-linear projector to V(A). We set as in §3

(5.7.5) Vi = ImR.
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In order to apply Proposition 3.4.5, we shall prove

(5.7.6) dm(V)rx < Y dnrnV((l—Qk)(An 1= A
O<k<1/‘7

for any X. Let W be the kernel of R(¢%"). Set U = V&'/ Zi;g VOieWeVeli-i-2)
Then by (3.3.10) W is a quotient of U. Hence

dim(V))x < dimU,.

Set S(q) = (1+¢*+%) Py, +(¢* +q4"+°)Po Then R(¢?) = (1—¢%)S. Thenat ¢ =1,
U is isomorphic to S'(V). Thus dimU) is equal or less than the weight multiplicity of
Uy (g7\{n})-module ST(V). Setting ¢; = Ay — Agy1, chV = 143 o (e 4+e™%).
Thus we obtain ==

- 1
ZCh(S ne (1 =) [Tocicn-1(1 —est)(1 —e=2)

1

This implies

_ 1
D D (]| PN Ty ety

1

This means that the coefficient of e*t* (X € P,0 < k) of the left hand side is
less than or equal to that of the right hand side.

Lemma 5.7.1.

. S ch(V(( = 26)(Anot — An))E

(1 =) [Togicn-r (I —et)(L —e=7) - 0<2k<!

Proof. Let us first calculate the character of V(j(An—1 — An)) By [KN], crystal

bases of V(j(A, — Ag)) consists of a1 @ -+ ® aJ where 1 < a; < --- < a; < 1. Here
ai,---,a; are elements of {1,2,---,7n,0,7, -,1} with the ordeung 1<2<---<
n<0<7<--- <1 Moreover O does not appear more than once in ay,---,a;.

Note that i has weight ¢;, © has weight —¢; and 0 has weight 0. Thus we have

. i 141
(5.7.8) ZCh(V(](An~1 e An)))t - H(l — eégt)(l — e""‘t)'

Thus we have the desired result. 0

As a corollary of this lemma, we obtain (5.7.6). Thus we can apply Proposition
4.4.5 and we obtain

Proposition 5.7.2.
(i) Vi has a crystal pseudo~base
(i) V, is isomorphic to

@ock<izz V(1= 2k)(An—1 — An))
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as a Uy(91\n})-module.

58 (Dflz,l)_l, @}zOV(j(Al —2A0))) Let g be of type D,(‘z_gl and I,1p as in 4.8, where
we constructed the polarized Uq'(g)—module V. This is isomorphic to V(A; —2A4) @
V(0) as a Uy(gr\qoy)-module. This admits a Vi, and taking Ao = A; — 2Ag, the
condition (3.1.1) is satisfied. By Proposition 4.8.3, we have

(5.8.1) o(z) = (1= ¢*2%)(1 — ¢*2?).
Let us take
(5.8.2) r=1.

Then the condition (3.3.4) is satisfied. By the calculation, N = Ker(¢®") contains
Upy, up, — uj, and q(1+¢%)(1+ g)up — (1~ ¢***+2)(1 — ¢)~'uZ. Hence, by Lemma
4.8.1, at ¢ = 1, N contains (-) A V(A1), A’V (A1) and () ® (-) + u, where u is an
element of V(A1) ® V(A;). Hence

Vel /(> Ve @ N @ vei-2-1)
is generated by S'(V(A1)) and (1) ® S'""1(V(A;)). Hence we obtain

> ch(V)' <3 chS (VA + Y chS (V(Ay))H

=(1+1) ) chs'(V(A))
_ 1+t
T =)Dy (1= e5t)(1 - em550)

On the other hand by (5.7.6)

c 1 — 1 14t
Og;g hV (j(Ay — 280))t -0 - esD(I=e 57

Thus we obtain

1
dim(Vi)x < > dimV(j(A; — 2A0))x
j=0
for any A. Thus we can apply Proposition 3.4.5 and we obtain the following results.

Proposition 5.8.1.
(1) Vi has a crystal pseudo-base.

(ii) Vi is isomorphic to &} _oV (j(A1 — 2A0)) as a Uq(81\{0})-module.

5.9 (D,(,%,)_l, V(I(An — Ag)))  Let g be of type D,(f,i),l and I, = 0 as in 4.9, where
we constructed the polarized U, ;(g)—module V and calculated its R-matrix. This V
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is isomorphic to V(An — Ag) as a Uy(gyy (o} )-module. Hence setting Ao = Ap — Ao,
the condition (3.1.1) is satisfied. We have, by Proposition 4.9.5,

(5.9.1) o(z) = H(l +(=1)1g20+Dz).

Hence setting
(5.9.2) r=3
the condition (3.3.4) is satisfied and

R(g™) = (g7 ) Pax,-
Thus by (3.3.9), [KN] and Proposition 3.4.4, we have

Proposition 5.9.1. Forl> 1, there exists a Ué(g)—module Vi such that

(i) V; has a crystal pseudo-base,
(i) Vi is isomorphic to V(I(An — Ao)) as a Uy(87\{oy)-module.

6. Perfectness of the graphs.

In this section we prove the perfectness of the crystals introduced in 1, whose
representations have been constructed in 5.

Let U,(g) and U,(g’) be quantum universal enveloping algebras with I and I
as index sets of simple roots and with A and A’ as generalized Cartan matrices.
Suppose that a map ¢ : I — I’ satisfies (A)jj, = (A’)L(j)t(j,). If B is a crystal for
U,(g"), we make a crystal B for Uy(g) by putting B = B’ as a set and drawing a j
arrow from b to b if and only if there is an ¢(j) arrow from b to . We denote the
identity map from B’ to B also by ¢*.

6.1. s((2)-crystals Here we give the rule of arrow in tensor products of s{(2)-
crystals. We denote by I = {1} the index set of the simple root for s{(2). For
JEZ/2, let
(6.1.1) B(j) = {um(j) | =j <m < j,m€j+7}
be the crystal of (2j+ 1) dimensional irreducible s (2)-module. The arrows in B(j)
are
N1 . . .
U ()=t -1(§) (=5 <m < ).

We abbreviate ug(0), u1/2(1/2), u-1/2(1/2) by 0, +, =, respectively. The following
proposition is immediate and is useful to describe the arrows in tensor products of
50(2)-crystals.
Proposition 6.1.1. Let By, By be crystals for U, (s((2)). The following are mor-
phisms of crystals.

By ®B, — B ®B(0)® Bz,
(6.1.2) w w

bl ® b',] Laand 1)1 ® 0 ® b2

Bi®By, — B ® B(l/?) ® 3(1/2) ® Ba,

(6.1.3) w w
b1 ®@by hh®+®@—-Qbs
B@) — B(1/2)®09).
(6.1.4) v v

un(j) = —Q - @-0F® -+

j-m Jj+m
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For example, the following is a string of 1-arrows in B(1/2)®* ® B(0) ® B(1/2)®?.

+R+Q+R -Q0® —®+

|1

- Q+Q+®-®0® -8+

|1

—R+R+O - B0® - ® —.

The following proposition follows from [KN].
Proposition 6.1.2. Take

(6.1.5) b= (+)2 @ (-)® @ @ (+)¥F @ (—)®¥

in B(1/2)®M where M = Z?____l(l‘k + yi). Then

v

(6.1.6) wib= 3 (21 = y)As
k

(6.1.7) e1(0) = 3 (pi)+s

(6.1.8) e1(0) = (—pr )+

where the p; are defined inductively by

(6.1.9) po=0, pj=y;—z;—(~pi-1)+
and
zy =z If z>0
=0 if z<0.

We omit the proof.

6.2. sl(n 4+ 1)-crystals

We use the description of crystals for U, (sl (n+1)) given by [KN]. We recollect
some of their results here.

Let A= Ag, + -+ Ay, (n2>Fk >--- > k > 0) be a dominant integral
weight for sl(n + 1). We consider B(A), the crystal for U, (sl (n + 1)) associated
with the irreducible representation with highest weight A. The crystal B(A) is given
as follows. Let Y be the Young diagram with the columns of length ki, . L; We
identify Y with the set of pairs of integers (j, j) such that 1 < j < &, 1 < i<l
Then B(A) consists of the maps

b: Y — {1,...,n+1},
w w
(3,3 = bjj
satisfying bj; < b; ;41 and ;0 < bjyyj.. We call this b a standard tableau as
usual.

(6.2.1)
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Fix 7, and let ¢; : {1} — J be the map given by #;(1) = ¢, and let B; =
oF (B(A)) We are going to give the arrows in B;. Set B = @®4Bg where the
sum ranges over the maps d : {1,..., M} — {0,1/2} and Bq = B(d(1)) ® - - ®
B(d(M)). Define 7 : B; — B as follows. For a given b € B(A), we shall define .
d = (d(1),...,d(M)) and 7(b) = s1 ® --- ® spr € Bg. Suppose that (j,j') € Y is
the m-th element in the sequence

(6.2.2) D20, (D),
(1L,1=1),2,0=1),..., (kI - 1),

(]:"1): (2! 1)’ Tty (kh 1)

Then we define

(6.2.3) dim)=1/2 if bjjr=dori+1
=0 otherwise,
s(m) =4+ if bjjl =1
=~ if bjj’ =141

=0 otherwise.

The map 7 is a morphism of crystals, and the i-arrows in B(A) can be read from
the l-arrows in B by using Proposition 6.1.2.

It is convenient to use a different labeling of B({Ax). Let A be a corresponding
weight of a Young diagram Y = (Iy,---,1,).

Consider the set of tables of non negative integers (mji)igjgn,lgignﬂ such

that
(6.2.4) Yomi=l (1<j<n),
i .
(6.2.5) Z Tjir 2 Z Tipripr (1<j<n1<iln).

i1<i i1<i

We denote this set by X(A). Define the map
z: B(A) — X(A)
(6.2.6) w w
b= a(b) = (25)

by
(62.7) ' zji = 4" | b =1}
The following is immediate.

~ Proposition 6.2.1. The map z given by (6.2.6-7) is bijective. The weight of b is
given by

nd1l k

wtbh = Z ZZ’J‘,’(A,' — Ai——l)~

i=1j=1
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Here we set Ag = Apy1 = 0.

For b,b" € B(A) we write b=k if and only if ¥’ = f7b and £t/ = 0. We also
write b<==}' if and only if ¥’ = &b and &b’ = 0. Note that b==%b and b'<=b are
not equivalent. If b=, then r = ;(b). If b'<=b, then r = i (V).

Now set B = B(A) where A is a dominant integral weight of 5[ (n+1). Consider
the sequence

1,2,...,n—1,n,

1,2,...,n—1,
L2,
1
For b € B we define rj; € Zyo and b(j,7) € B (1 <4 < n+1—j) in such a way that
bR b1 EB o TR g n-1) M y1n)

=221 EBo. "TEE gpono)

2rn-12

T pn—1,1) PRI pa—1,2)
o hn, 1).
Then we have
Proposition 6.2.2. The Jast element b(n,1) is the lowest weight element in B,
and
(628) Tji _<__ rj—~1i+1>

If we replace the arrow <= to =, then the last element b(n, 1) is the highest weight
element in B, and we have (6.2.8).

Proof. Because of the symmetry e; «+ f;, e® «+ ¢=? of U, (st (n+ 1)), it is enough
to prove the case for <=. We call the subset of ¥ given by {(r,7) € Y | by; = sg
the (r,s)-block of b. The value of b(j,7) : ¥ — {1,...,n + 1} is constant on eac
(7, 5)-block. More precisely, for )<Y we have

7 Y ep - . .

b I(r,s)—block =b ‘(r,s)-—block.-]‘ If] +ti=s,1 <7 Ss—r

- :
= [(r’s)_bkxk otherwise.

Namely, the value of the (r,s)-block decreases one by one in the process of =22
ab (5,i) = (1,5 = 1),...,(s — r,7). Therefore, we have b(n, D)l(r s)=block = T and
Tii = 21<]~,<,- zj0j4i. The assertion immediately follows from this. O

In the following subsections, we shall give the proofs of the results in 1. Note
that in those proofs we may only estimate (c, (b)) but (c, (b)) by considering duals

of crystals (see [KMN?],§5).

6.3. (A8, B(IAL) (r>2,1<k<n)
We shall use the notations in 1.2.
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Proposition 6.3.1. Let J' = {1,...,n— 1} be the index set of the simple roots
for U, (st (n)), and let ' : J' — J be /(j) = j. Set B' = /*(B(IAy)). The crystal
B’ splits into | + 1 connected components,

(6.3.1) B' =k, _oB(mA; + (1 - m)Az_1).
Here we mean Ap, = Jg = 0. If By and By are both isomorphic to B’, then the
isomorphism By — Bj is unique.
Proof. An element b € B(IA) corresponds to a highest weight element in B’ if
and only if

bip=3 (1<ji<k-1,1<7 <),

b=k (1<5° <m)

=n+1 (m+1<i <),

for some 0 < m < I. The weight of J/*(b) is mAy + (I — m)Ag—;. Hence we have
(6.3.1). The uniqueness of the isomorphism By — B, follows from the fact that

the highest weights of the connected components of B’ are all different. |
Set
(6.3.2) F=n+l-k.

Proof of Proposttion 1.2.1.
The existence of B¥} is proved in Section 5. Let us prove the uniqueness. Sup-

pose that By and Bj are crystals of U, (:;[ (n+ 1)) such that ()*(By) = {D*(By) =
B(IAy) for i = 0,n. Let 7 - (D*(B,) — 10*(By) (i = 0,n) be the isomorphisms
of sl(n + 1)-crystals. By Proposition 6.3.1 we have 7 = 7(*) as a morphism of
sl (n+1)-crystal and these maps can be extended to the isomorphism r : By — B,

such that 7],¢y»(5,) = r(®, a

The proof of Theorem 1.2.2 is divided into several parts. Without loss of
generality we can assume that k < &’. For b € B! we set (z:) = 2 (L9 (b)). For

convenience we set zpg =1, Tg; = -+ = Tgpy1 = 0and Tryp10 =" = Tpp1n41 = 0.
The following is immediate from Proposition 6.1.2.

Proposition 6.3.2.

k
ei(0) =) (pii), @i(®) = (=prsrs)
=1
where pj; (0 <j <k-+1,1<i< n)are defined inductively by
Poi =0, Ppji = Tjip1 — Tj-1i — (—Pj—u)Jr-
Proposition 6.3.3. Forb € B we have

n

Zsi(b) Z [ - Trt -

i=1
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The equality holds ifand only ifp;; > 0 (2 < i< k) andpr; >0 (k+1<i<n-1) ]

Proof. Note that p;; < 0if j > 4, and also that pr, > 0. We have £1(b) = z5.
For 2 <i <k, by use of 24 — (—z)4+ = 2 we have

ei(b) = Z(Pji)+ > i(?j:’)Jr + pii
o =

I
-

(pp) + Ziip1 — Tie1i — (—p¢~1i)+

-
U]
[

Il

(P;z) FPic1iF i1 — Lo

H

Z Tjip1 — Tj-1i).

Fork+1 <1i<n, we have

k k- k
ei(b) = Z(Pji) Z(sz +Pri = Z(% il — xj-n).
ji=1 j=1 i=1
' Therefore, we have
n
Zsi(b)zxkk+1+"'+$kn+1:I—-ﬂ:kk. ]

i=1

We set (z};) = z(i")*(b)). Define

k k
(6.3.3) L= o (0<j<k) L= ol (0<j<Fk).
=3 i=j

These integers are the same for & and ¢’ if b—ob for some 4 # 0,k. Note that
lo =1 = 1. We are going to show

Proposition 6.3.4.

l;:l—lk+l_,‘ If 1Sl£k+l
=0 if k+1<i<k.

Proof. Define b € B*! by (2;i) = z(b) where

H

=T =0,2 =11,

&:

ly,
ls,

(.JJ l\)

c= B =0,Zakpr =0 =y, Bopya =11,

&3:

ll

Toh =, Bopgr = oy — b, oo B = 1= 1y,
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Then (%%)*() is the highest weight element in the connected component of the
crystal «(O%)* (B®1) that contains «(0%)*(b). By Proposition 6.2.1 the weight of bis
given by

kol

-1
A=Y (= Lip) (8 + Aspej) + (20 = DAx + (I = 1) Asg — 1 Ap.
1

.
i}

Therefore the weight of Z#)*(3) is
k-
Z(l —Lig1) (Akoj + Angiopas) + (1= 1) Ap — hiAL.

On the other hand, in terms of 7, A reads as

k-1
A= (=T )i = Apgri) = (L= 1) Ak + B Ay
i=1
Comparing these two expressions of A, we get the assertion. |

Proposition 6.3.5. Forb € B*! we have
eo(b) > ek

The equality holds if and only if p; < 0 for 2 < j < k where p; are defined
inductively by

A A / 7 7
Po=0,p; =541y — %511 — (—Pj-1)+

Proof. From Proposition 6.3.4 we have I{ =1 —lj, = | — zgj. Therefore, we have

eo(b) = e (’(h)* b)) = Z(py + >z ko1 =1 I =z ]
ji=1

From Proposition 6.3.5 and 6.3.7 we have
Corollary 6.3.6. For b € B¥! we have 37 e;(b) > 1.
Since ¢ = Y i ki, b is minimal if and only if 31 ei(b) = 1.
Proposition 6.3.7.
i =y —ljp—rytrijp if 1<j<k-1
=1-0 if j=k
=0 if k+1<j<k,
I;k+1:1k if j=1 )
= Thia-jnt2—j = Thtl-jnti-j I 2Sj <k
= P if J =k+1
=0 if k+2<j5<k.
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Proof. We connect (2};) and (z;;) in the following scheme.

LOF () LS (0k)*(B) . the lowest weight element in (OF)*(BF1)
(6.3.5) lProposition 6.3.4

70k (b) & #08)*(p) : the lowest weight element in €0%)*(B*1).

We use [; and I; of (6.3.3). We set formally lp4; = 0. Let b€ BF! be given by
(yji) = x(z(o)*(ﬁ)) where

Yji = legjoi = legjoipn i J<i<k
=0 if k+1<i<k +5-1
=l-1 if i=k+j.
Then ¢(9%)*(}) is the lowest weight element in the connected component of (%4 ( B% 1)

that contains «®#)*(b). Set (zj5) = z(&*)*(L)). Note that {¥)*(B*!) = B(IAw).
We have

’(6.3.6) Zj = I;c»{-j-—i - 12;+j_¢+1 if .7 S 1 < k= lf—j - Ii‘j-&-l
=0 if k+l<i<k+j—1

By proposition 6.2.2, b is obtained from b by the process

(6.3.7) b "I 1 - 1)F TR Zrmps g)liug )
k— 12_}_:5?21« 1 (L 9 L—l)k 27';; k-2 2rmb(l 2)
LT (L, k- 1)
k+1rkk+1b(k L+1)k+«7‘kk+2 i 17kn lb(k Tl—l)nrknb(k,n)
T L+1)k”” N N (R )
i»+l"1k+1

b1, k4 1) R Ky ey g

. . k4 .
If k = k', the last line is :'>k“b(2, k4 1) = b. For convenience we put ry; = 0.
With these r;; we get

~T T ~ ~
(638) —(k)*(b) — lk 1k— 1621; —2k-2 *6222 G;;l__ll

sTk—2k~15Tk—-3k-2 ~r1».

€ € B

ST k—1

€1

STk k1 TR EA2 ~7’k n—1=Tkn

€n” " Cny Crt2 k41

SThe1k ~Th—1 k42 ~ATk—1n—1

eriRe T e

ST k41 3TLE+2 STl k)
€n * €n1 " Cgp U (-Q)
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If k = k', the last line is &,°***7")*(}). Note that in the first half of (6.3.8) the &'s
are with 2 € {1,...,k — 1}, and in the latter half &'s are with i € {k+1,...,n}.
Hence they commute each other. Furthermore, ;-1 in the first row commutes with
all the &;’s in the second and the later rows except for the €;_5 in the second row,
and this é;_» commutes with all the ;s in the third and the later rows except for
the &_3 in the third row, and so on. Therefore, we can write

(6.3.9) 8% (b) = (a sequence of &1,...,8Ex_2,Ex42,---,én)b”
(63.10) b = G Ty - & A g () i k<
= 521—11521—22 T 5?”‘“ 52?1523-—21"“1 e é:fkﬂz(k)*(!l) if k=F.

In (6.3.9) neither &._; nor &4, appears. Hence, if we set (z;) = 2(b"), then we
have x;L = a:;/k and 1; pa1 = :v;.’kH. Proposition 6.2.2 implies that ri; > r1j41 and
Thtl-jn4loj = Th—jn-j. LTherefore, from (6.3.6) and (6.3.10) we get 7 and &},
as above. ' O

Proof of Theorem 1.2.3.
Let [;; = ng,g z;y. Consider the following statements for 1 <j <k — 1.

(A); pig1-;: 20 (G+1<i<k),
Pet1-5i 20 (E+1<i<n—j).
(B); miyi—jiqr =2i—ji (G+1<i<k),
Thpr-jit1 =i (E+1<i<n—j).
(€); p;+1 > 0.
(D)j P}+1 <0.
(B); rigi-ji=ligy1js —lep1; (G<i<k=1),
Peti-ji = lgioji — lhpioj (B+1<i<n+1-7).
() oy =l =l
Phttiejntiej = lgiejnti-j — let1—j-

From Proposition 6.3.3 and 6.3.4, the equality Y .. ,&i(b) = { holds if and only
if the following (4); and (D); (1 < 7 < k—1) hold. We will show the equivalence
of the following.

() (A and (D) (1<j<k-1).

G) (B (1<j<k-1).

Note that (ii) implies Theorem 1.2.3.

First we show that (4);(1 < j < jo) implies (E);,. Let us trace (6.3.7), the
process of the standard tableau b changing to b, more closely under the condition
(A);(1 € j < jo). Note that at each rj; step % the standard tableau changes
some nodes from 7 to 7 4+ 1. We claim the following.

(6.3.11) Assume (A); (1 £ j < jo). Then, for 1 £ j < jo, the changes for
= (j €14 < k1) take place on the (i + 1 — j)-th row, and the changes for

Pt (k+1< i< n—j) take place on the (k+1— j)-th row. Furthermore, (E);
and (F);41 are valid.
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Let us prove this by induction on jo. Since f; in the process from b to b(1, %k —
1) and those from b(1,% — 1) to b commute, it is enough to prove the two cases
separately. Since the proofs for them are similar we give it for the first half.

First consider the case jo = 1. Since py_1k-1 > 0, we have pyp-1 = Tpx —
Zr-1k-1 < 0. Therefore, we have wr_1(b) = (—prs1k-1)+ = (~Prk-1)+ =

. . [ I
Zp-1k-1— Ltk = lg—~1%-1 — lx. This implies that the changes for ZES1 are on

the (k — 1)-th row. Hence, by the definition of p;;, pr_op—2 of b(k ~ 1,k — 1) is
equal to that b. Therefore, noting that l_y p_; for b(k — 1,k — 1) has changed to
l;;, we have QO]C._Q(I)(]\'? - 1,k— 1)) = (=pr41k-2)+ = (=Pr-1k-2)+ = lb—2k-2 — Ij.

By continuing this we can prove that changes for 2% (1 < i < k — 1) take
place only on the i-th row. Therefore follows the first half of (£);. Furthermore, it
turns out that for b(1,1) and after, the change from 2 to 3 is possible only on the
first row. This proves (F').

Now let us proceed the induction step to jo = 2. Define b(2) by

b(1,1) TR Mgy,

Compare b(2) with b. Among l;; those which has changed their values are I;; (1 <
i <k—1)and lt; (k+1<4i<mn). Forb(2) wehavely =) (1 <1< k—1) and
lpi = 1 (k+1 <4< n). Moreover, p;; appearing in (A4); (2 < j < k— 1) have not
changed. Therefore, the same structure of the proof remains for the next step. By
repeating this we can prove the assertion.

Now we go back to the equivalence of (i) and (ii).

Let us prove (ii) = (i). From (B); (1 < j < k—1) it is easy to see (4); (1 <
j < k—1). Therefore, we have (F);. Note that the convention ry; = 0 is consistent
with (E)y with ¢ = k. Substituting all these to (6.3.11) we have

7
Tip = ljp1 — iy = T1j41,

/
Tivibt1 = ri-1nt1-j = legprmj = lojn—j + ey,

for 1 <j < k—1. Note that from (B); we have ly_j —lpqy1-j = Tp—ji +Thojr—j —
xk+1_j k41-j and lk—j k—j lk—}-l—j n4l-j = xk—jk-j “‘mk+1—j k4l—j- Therefore, we
have 2}y 441 = Tk—j& = T1j41. Hence we obtain (D); for 1< j <k—1.

Let us prove (i) = (ii). We assume (i).Note that (C)g is valid. Assume (A);s
for 1 <j' < jand (C);_;. From (4); we have

k+1-j
(6.3.12) 0< Z Piitj-1 S Thai-jht1 — T1j41
=2
n—j -j
(6.3.13) 0< > Pegioji S Y (Bepi-jits — Trmji)-
i=k+1 i=k+1
v Therefore, we have
n—j
(6.3.14) Th41—jk+1 — T1j—1 -+ Z (Ths1—jit1 — Th—ji) > 0.

i=mk41
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From (C);-1 and (D); we have 2}, —a%,,, ., > 0. Therefore, by using Proposition
6.3.7, we have
0< @iy~ by
=le—j — le1—j = P15+ P1jp1 = Phg1ojnti—j + Tk—jn_j-
From (6.3.11) we have (F); and (F);j1;. Therefore, we have

n—j
(6.3.15) Trpi-jht = T1i-1+ Y (Tegpiojirr — Tk_ji) < 0.

i=k+1
Comparing (6.3.12-15) we have (B); and p},; = 0 (in particular, (C);.) From (B);
and (A); follows (A);41. Thus, by induction we have proved (ii). o

Suppose that b € B*' is minimal and set (zj:) = 2(b). Set a; = ay; (1<i<

k) and b; = z1; (2 <i< k). Let A= 3" A\A; be a dominant integral weight
of level I, i.e., Ay € Zxo, Y1 Ai = I. We claim that there exists a unique b such
that & (b) = A,'.
- Proposition 6.3.8. With the notations as above, the equalities £;(b) = \; (0 <

i < n) hold if and only if
X=ar 2=0

'—:bi+1 1S’&Sk,-’l

= Qg1 — Gigap K <i<n

Proof. The assertion follows from Proposition 6.3.2 and Proposition 1.2.3. O

Proposition 6.3.9. Let A and b be given as above. Set A’ = A + wtb. Then we
have

Ai=Xigpor (0<i<k—1)
= Ni_k (kSlSn),
where A’ = Y 1 MA;. '
Proof. Set m; = #{(j, ") | mj;» = 1} where (m;;;) = m(b). We have X} = \; +
m; —mip1. If k< & — 1, then we have
m; =My =by —ap (1=0)
=a; — aj4; —bigq (lgigk—l)
=ap—bip1 (i=k)
=bipr—r —biy1 (k+1<i<k —1)
=bipi-r +tigo-r — a1 (B <1< n).
If k> &, then we have
m; — Mip1 = by — ay, (2 = 0)
=a; — i1 — big1 (1 Sigk/—l)
=a; ~ i1 + Gigop — Gigr-p (K <i<k-1)
=ap + aipop — Gip1pr (1= k)
=biti—k + Gipo—p — Gipr-p(k+1 <0 < n).

The assertion then follows from Proposition 6.3.8. O
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Proposition 6.3.10. B*! @ B*! is connected.

Proof. Let ug € B*! be the highest weight element of {O*(B*!y and vy € B* be
the lowest weight element of L(’“)*(Bk"). For any b; ®b; € B¥' @ B*¥!, we shall show
that b; ® by is connected to uo ® vo. By the description of the actions of f; in [KN],
we can easily obtain that f,-uo =0fori=1,---,k~1,k+1,---,n. Assuming that

fouo # 0, we have wta(o)*(fouo) =IAr+a1+ - +a, by ap = — Z:‘__. «; in the
sense of classical weight. This is a contradiction to the fact that ug is the highest
element of (O (B®!) = B(IA;). Then foup = 0. Therefore, we have wi(ug) =0
for j # k. Let uo ® b be the highest weight element of the connected component
o~f ROL (ﬁ“ ® B"f’) that contains b; ® bs, hence by ® b is connected to uy @ b by
Ji,7++, fa. b can be written in the following form: b = &, ~~é:,-,vo (4; # k). By
©j(uo) =0 (j # k), if j # k, then f;(uo ®b) = uo ® f;b. Hence, f;, e fi (up ®b) =
ug ® vp. ]

Now, we have compléeted the proof of the Theorem 1.2.2 by Theorem 1.2.3,
Proposition 6.3.10, Corollary 6.3.6, and Remark 1.2.4.

The following will not be used in the rest of the paper, and the proof is omitted.

Let ¢ = (co,c1...,cx) and ¢* = (c},...,cji_,) be a partition of {1,...,n+ 1}
suchthat I1=co<c1 < - <eg=n+landch<- - < ¢y For ¢, ¢/ we denote
¢ < ¢ if and only if ¢; < c; (V7). Define

k-1

A(c: b) = Z Tes+1-j e

ji=2
Ble)={b€ B|A(c,b) S A(c',b) if ¢ <e,Ae,b) < A(c,b) otherwise },
F(C)J’,‘ =1 if 1= Cj—1
=-1 if i=g¢
=0 otherwise.
Proposition 6.3.11. With the notations as above, we have the following.

(1) B=1U.B(c) isa disjoint union.
(2) If b€ B(c), then fob=0 ifand onlyif
c=(Lkk+1,...,n+1) and =z}, =0.
(3) Suppose that fob 0. Then we have Yji = i + F(c)j;  where (y;;) = az(fob).

6.4. (C\V,B(IA,)) (n>2)
We shall use the notations in 1.3.
Lemma 6.4.1. We have

wj g :mji+l+a:j.;.—xj_1,~—xj._lm if 1<j<i<n

=Tix—Tj-1n If 1<j<i=n.

The proof is immediate. From this follows
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Proposition 6.4.2. Forb € B we have

i

si(t) = (psi),

ij=1
where pj; (0 <j<i<n) aredefined inductively by
Pos = 0’
pis =wji— (~pj—1q), (1<ji<i<n).

Then, we have
Proposition 6.4.3. Forb & B we have

n

Zfi(b) > 11,

=1
The equality holds if and only if p;; >0 (2< 1< n).

Proof. Recall the proof of Proposition 6.3.3. Similarly, we have £;(b) > Z;:l Wi i,

where the equality holds if and only if p;; > 0 (2 <7 < n). The right-hand side
then reduces to [ —1I,. o

Proof of Proposition 1.3.1. The existence is given in Section 5. Let us prove the
uniqueness. Let J = {1,...,n — 1} be the index set of the simple roots for si(n),

and let %™ 1 J' — I be (0™ (j) = j. Set B’ = JO™)*(B™1).
Proposition 6.4.4. As a crystal of U, (;[ (n)), B’ splits as

B’ = @o<i<<ty<1B(Ary,.0,)

where
n-—1

Aty = (= 200) Ao + 21 — liga)As + (20 — DA,
i=1
If By and Bs are both isomorphic to B', then the isomorphism By — Bs Is unique.

We omit the proof of Proposition 6.4.4 which is similar to that of Proposition

1. From this follows the uniqueness of B™ similarly to the proof of Poposition

6.3.
1.2.1.(see 6.3.) 0

Proof of Theorem 1.3.2.
Set, (xgk) = z(7*(b)). Similarly, we define Yip,%);-, and so on.
Proposition 6.4.5. For b € B™! we have
Eg(b) Z In.

The equality holds if and only if p; <0 (2 < j < n) where p; are defined induc-
tively by

L ro_ / 7
Po=0, pj =21~ 21— (“Pj—1)+~
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In particular, we have p} =1~ 1] > 0.

Proof. By an argument similar to that was used in the proof of Proposﬂ;lon 6.3.5,
we have [ =1 —l,11_;. Therefore, we have

n

cod) =en(T®) =D (), 21—l =1, DO

j=1

Corollary 6.4.6. For b€ B™!, we obtain (c,e(b)) = 1, ei(b) > I.

Proof of Theorem 1.3.3.

Let b be an element in B™' such that (c (b)) = { and } be the unique element
in B™! such that «(%7)*(}) is the lowest element in the connected component of B’
that contains «(©™)*(b). This is obtained by

L(O)*(b) n-— l’ly\-— b(l n-—l) -2 ) 2r1wb(1 2)1”15(1 1)
PR (2,0 — 1) TR L EER s 9)
n—lg—:;n—lb(n —-1l,n—-1)= L(D)*(Q)

Here rj; are determined in such a way that for each pair 012" — by we have
fiba = 0. By Proposition 6.2.2 we have r; < rj41 (1 <j <n-—2) where r; =
Pnojn—j. With these r; set b = &"7'..-&'b. Then, we have (L; = xm and
2} p1 = 2741 Where (@ Jz) = z(.*(b")). In this way we have

Zjp =2 e —rasjor (1S5 <n—1).

Here we set 7o = 0.
From Proposition 6.4.3 and 6.4.5, the equality Y . <;(b) = I holds if and only
if the following (A4); and (D); (1 < j < n—1). Consider the following statements.

(A Pt 20 G+1<i<n),
(B)] Wig1—ji = 0 (] +1 < 2 < n),
(C)j p;‘+1 =0,
(D)J p;'+1 Z 07
(B)j mnej1=21n—j = 2n_;.
We will show the equivalence of
() (B); 1<j<n-1).
(i1) (A4); and (D)] (1<j<n~-1).
Note that (i) implies Theorem 1.3.3. Let us derive (i) from (ii). Assume that
(A)1,---,(A); and (C)j_; are valid. From (A); we have wiyi_j; > 0. Therefore,

we have

Z Wit1—ji = Z1ng1-j = Z1n—j +lnoj — g1 > 0.
i=j4+1
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Note that (E)o : Ta-1 = z1n — 21, holds in any case, and noting that the changes for
7;,; take place on the first row, we have that (A)1,---,(A4); mply (E)1, -, (E);-

From (C);—1 and (D); we get

(6.4.1) Phar = & — Fa1 =l =+ mnmj = o1 20
Then, by using (E)j-1, (E); and I} + lny1-; = I, we get
(642) p;-{-l \’—'- Zin41—j — Zln-j -4 In-—j - In—!-l—-j 2 0.

From (6.4.1) and (6.4.2) we have (B); and (C);. From (B); and (A)j, we have
(A)j+1. Thus we proved (i) by assuming (ii).

Next, we show that (i) implies (ii). Note that (i) meanswj; =0 (1 <j <2< n).
Note also that py; > 0 (1 < ¢ < n). From these we can inductively show pj; = 0
(2 < j < i< n). In particular, we have (4); (1 <€ j < n—1). As we noted before,
(A)y,-- -, (A); imply (E)1,---,(E);. Therefore, we have pf | = Zin41-j — 21n—j +
ln_j = lng1-;. Since wji = 0(2<j<i<n), pjy, =0. Hence, we obtain (C); and
then (D);. O
Proposition 6.4.7. Bl @ B™! is connected.

The proof is similar to that of Proposition 6.3.10.

Now, we completed the proof of Theorem 1.3.2 by Theorem 1.3.3, Proposition
6.4.7, Corollary 6.4.6 and Remark 1.3.4. 0

65 (DP,B(A)) (n>2) :

We shall use the notations in 1.4. We describe the actions of & and f, on
(m; ;1) as follows. First we read each column of (mj ;) from the right to the left
and obtain the sequence u; - --u, where uy is the k-th column from the right.

(1) The case 7 # n. If there are i and 1+ 1 in u then we identify it with +, if
there are i+1 and 7 in ug, then we identify it with — and otherwise, we identify
with 0. Then we obtain the actions of & and fi (1 <i<n).

(2) The case i = n. If there are n in u; then we identify it with +, if there are 7
in uy, then we identify it with — and otherwise, we identify with 0. Then we
obtain the actions of & and f;.

We also use

li = yjn (lSJS"):
Tjw = Lj-in (1<j<i=n).
Note that wy; = 1441 — Toi = T1441 = 0.
Proposition 6.5.1. Forb € B we have

i

s(0) =Y (),

j=1
wherepj; (0<j <1< n) are defined inductively by
poi =0,
pii =wji— (—pj-15), (1<i<i<n)

Then, we have
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Proposition 6.5.2. Forb € B we have
225, Yt+en(b)y>1-1,.

The equality holds if and only ifp;; >0 (2< i< n).

Proof.  Recall the proof of Proposition 6.3.3. Similarly, we have ¢;(b) > Z;.:l Wj i,

where the equality holds if and only if p;; > 0 (2 <7 < n). The right-hand side
then reduces to { — 1. O

Proof of Proposition 1.4.1. The existence is given in Section 5. Let us prove the
uniqueness. Let J' = {1,...,n — 1} be the index set of the simple roots for sl(n),

and let (™) 1 J/ — I be (0P () = j. Set B’ = (On)*(B™).
Proposition 6.5.3. As a crystal of U,(sl(n)), B’ splits as

B' = @o<t, < -<hi<to=tB(My, 1)

where

n—1

Ay, = Z(li —liy1)Ag

i=0

If By and By are both isomorphic to B’, then the isomorphism By — Bj is unique.

We omit the proof of Proposimon 6.5.3 which is similar to that of Proposition

6.3.1. (From t})us follows the uniqueness of B™! similarly to the proof of Proposition
1.2.1.(see 6.3 o

Now, we are going to prove Theorem 1.4.2. Set (I;L) = x(l*(b)) Similarly, we
define z7;,y};, and so on.
Proposition 6.5.4. Forb € B™ we have
Eg(b) Z ln.

The equality holds if and only ifp} <0 (2<j<n) where p} are defined induc-
tively by

Po=0, pj=ajm—ui_1,—(=Pj_1)+

In particular, we havep) =1 —1{ > 0.

Proof. By an argument similar to that was used in the proof of Proposition 6.3.5,
we have {{ =1 — l,41-;. Therefore, we have

co(b) = (T(®) = (), 21-1 =1
j=1
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Corollary 6.5.5. Forb € B™ we have

n—1

(e, (b)) = eo(b) +2 Y es(b) +en(b) > 1.

i=1

Proof of Theorem 1.4.3.
Let b be an element in B™! such that {c, (b)) = { and b be the unique element
in B™! such that «(%™)*(b) is the lowest element in the connected component of B’

that contains «(®™*(b). This is obtained by

n— lrln_

(1,n— 1) TERT L Tep(n, 2)Ee(1, 1)
- g’—lb(zn—])n i%n,—z . 2ro2b(2 2)

L(O)*(l))

= b(n—1,n—1) = O%(})

Here rj; are determined in such a way that for each pair b1(3)" — by we have
fiby = 0. By Proposition 6.2.2 we have 7; <m0 (1< j<n— 2) wherer]- =

With these rj set b = &"7'---&€*b. Then, we have zj, = 27, and

T ; ;.
n—jn-—j )

&y = Tnp where (27;) = 2(4*(b")). In this way we have
) (6 5. 1) m]—i-l 7 Yin T 2(771‘.7 ~Tn—j~ 1) - (y;,i,n - yj,‘«i—l,n) (1 <js<n- 1)

Here we set 79 = 0.

From Proposition 6.5.2 and 6.5.4, the equality <o(8) +23 1y sz(b) +e,(b) =1
holds if and only if the following (4); and (D); (1 < j < n—1). Consider the
following statements.

(4); Piy1-j: 20 (J+1<i<n),
(B)j wit1-ji =0 (j+1<i<n),
(©) Pip1=0,
(‘D)J p_7+1 < O
(E)j Tn-j-1= Y141~ Ynjn (0<F<n—1)
We will show the equivalence of the following (i) and (i)
() (B); (1<js<n-1),
(i) (4); and (D); (1<j<n~1).

Let us derive (i) from (11) Assume that {4)1,...,(A4); and (C);j-1 are valid.

From (A); we have wiy1_j; > 0. Therefore, we have

(6.5.2) Tnojn 2 Tnejoln—1 = Ln—jo2n-2 2 2 T2j42 = T1j41,
(653) Tp—j+17 > xn—jnand then 23 n—-jn-1 > Yn—j+in T Yn—jn-

Note that (E)o : Tne1 = Y11 — Ynn holds in any case;, and noting that the
changes for r;; take place on the first row, we have that (A)1,---,(4); imply

(E)1,- -+, (B)j. From (C);j_1 and (D); we get

(654) pJ+1 - m]+1n - x]n _<_ 0
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Then, by using (E);-1, (E);, (6.5.1), (6.5.4) and ¥}, + Ynr1-jn =, We get

Pie1 =241 — Yn—jtin —Y1j41 + Ynejn) — (Un—jn — Unti-jn)

(6.5.5)
= 2(y1j - ylj+1) + (yn-jn = Yn—-j+1 n) S 0:

From (6.5.3) and (6.5.5) we obtain ¥1 j41 — Y1 > Un—-jn — Yn—jn—1 and then
(6.5.6) T1j41 > Tnojn.

From (6.5.2) and (6.5.6),

(6.5.7) Tij41 = X242 =" = Tn_jn-

Then we have (B); and (C);. From (B); and (A);, we have (4);41. Thus we
proved (i) by assuming (ii).

Next, we show that (i) implies (11) Assume (C);_1 Note that (i) means wj; = 0
(1<j<i<n)and p;; >0 (1 <i<n) From these we can inductively show
pji = 0 (2 <j <i < n). In particular, we have (4); (1 <j < n—1). As we noted

before, (A)1,~~ (A)] imply (E)1, -, (E);j. Therefore, we have
(6.5.8) Pip1 =215 = Y15+1) + Wnjn = Ya—j+1n)-

From (B);, we have 2,_;, = 21 41. Hence Yo_jn — ¥n—jn-1 = Y141 — ¥1;. From
- this and (6.5.8), we obtain

p;'-i-l = “2(yﬂ~jn - Yn~j n—l) + (yn-—jn — Yn-j41 n)
= (yn—jn—l - yn—jn) + (yn—-j n—-1" ?/n—j—}-ln)

= —Tpjn T Tn—j+17 = Wn—jiln = 0.

Hence, we obtain (C); and then (D); |

Proposition 6.5.6. B™ @ B™ is connected.
The proof is similar to that of Proposition 6.3.10.

Now, we have completed the proof of Theorem 1.4.2 by Theorem 1.4.3, Propo-
sition 6.5.6, Corollary 6.5.5 and Remark 1.4.4. m]

6.6. (DY, B(IA,_;) and B(IA,)) (n>4)
We shall use the notations in 1.5. We describe the actions of & and f; on
(m; ;1) as follows. First, we read each column of (my ; %from the right to the left
é then obtain a sequence uyug - - - U where uy is the &-th column from the right

51de Then the actions of &; and f, on uy are as follows.
(1) In the case i # n.

(i) If uy contains and 7+ 1, then fiup is obtained by replacing ¢ and 7+ 1

with ¢+ 1 and 7 and otherwise, f,uk =0.
(ii) If wy contains 7+ 1 and z, then &uy is obtained by replacing ¢ + 1 and 7
with 7 and 7 + 1 and othermse &up = 0.
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(2) In the case i = n.
(i) If up contains n — 1 and n, then fnug is obtained by replacing n — 1 and n
with @ and n — 1 and otherwise, fnuk = 0. V
(ii) If uy, contains @ and n — 1, then &,u; is obtained by replacing @ and n — 1
with n — 1 and n and otherwise, &,u; = 0.

From these descriptions, we obtain the actions of & and f; by the following
way.
(a) In the case 7 # n. If u; contains 7 and ¢ + 1, then uy, is identified with +, if uy,
contains ¢+ 1 and z, then wuy is identified with — and otherwise, uy, is identified

with 0.
(b) In the case ¢ = n. If u; contains n — 1 and n, then u; is identified with +,

if ug contains @ and n — 1, then wu; is identified with — and otherwise, u; is
idnetifed with 0.

For b € B (resp. B’) we also use the following notations;

wii =it — -1 (1<j<i<n—2)

Ifniseven,for j=2,---,n
o _ lTnmr—%j-sn-1 if j is odd (vesp. even),
in-1 0 if j is even (resp. odd),
wi = TR~ ®i-sn if 7 is even (resp. odd),
T if j is odd (resp. even).

Ifnisodd, for j=2,---,n

o _ Jzj5=r —zj—3n-1 if j is even (resp. odd),
jn-17 0 if 7 is odd (resp. even),

win = TiTT ~ Tj-3n-1 lfj )}s odd (resp. even),
/ if j is even (resp. odd).

Proposition 6.6.1. Forb € B we have
si(b) = (pj i)+
j=1
where p;; are defined by inductively as follows;

for0<ji<i<n—-2

DPo: :07
pii=wii—(~pj-1i)+ (1<j<i<n—-2),

forOSjSilzn—lorn,

poi =p15 =0,
pji=wji—(—pj-2i)+ (1 <j<i=n—1n).
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Lemma 6.6.2. For b € B we have
El(b) -+ 2€z(b) + -4 2&‘,,_2(1))

n-3
> E(kakl + ka n—-1—" 23/1»' n—2) + Yn-2n-1 — Yn-2n-2-

k=1

The equality holds if and only if p;_1; > 0 (2 <i<n—2).
Proof. From the identities 2 —(—2)4 = z and |z|+z = (2)4, for 2< i< n—2

(6.6.1) Pri)+ + - F @ic1i)+ +2(pii)+ = wii+ - Fwii + piil,
(6.6.2) (Pri)e + -+ (Pic1i)y S wi1i4 - Fwis
The equality of (6.6.2) holds if and only if p;_3; > 0. Hence, by the definitions of
wj i, (6.6.1) and (6.6.2) we obtain the desired result. o
Lemma 6.6.3. For b € B we have

' n-3
(6-6‘3) €n_1(b)+€n(b) > I+yn-2n—-2"'yn—-2n~l_yn——l n-1+2 Z(ykn—Z_yk n—1)~
’ k=1
The equality of (6.6.3) holds if and only if pp.1p-1 > 0 and p,,, > 0.
Proof. From the identity x4 — (—2)+ = =, we obtain
(1) if n is even,
en-1(0) > win-1 +wsn1 4+ +wWnya-y,

(6.6.4)
5n(b) 2 Wwan twWin W,

(i1) if n is odd,

€n-1(b) > wan_1 +wan1 4+ Fwno1n-1,

6.6.5
. ( ) 5n(b)_>_.wln+w3n+"'+wnn‘

The equalities of (6.6.4) and (6.6.5) hold if and only if pn_1,-1 > 0 and
Pnn > 0. From (6.6.4), (6.6.5) and the definitions of wy,_; and wy,, we obtain
the desired result. m}

By Lemma 6.6.2 and Lemma 6.6.3, we obtain the following.
Proposition 6.6.4. Forb € B we have

n—1

(6.6.6) €1(b) +2(e2(b) + - -en=2(8)) + en-1(b) + €n(8) > I = Yn_1n-1+ Y _ |prkl-
k=2

The equality of (6.6.6) holds if and only if py_1, >0 (2 <k <n— 2), Pn-1n-12>0
and p, 20

Proof of Proposition 1.5.1. The existence is given in Section 5. Let us prove the
uniqueness. Let J' = {1,2,---,n — 1} be the index set of the simple roots for s{(n)

and let (0% : J' — I be (07)(5) = j. Set B = J(0m)*(B™H).
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proposition 6.6.5. As a crystal of Uy(sl(n)), B splits as follows.

(i) If n is even,
B= @ B(Alz,hy“',ln):
0<lnSlnaa< - <la<lo=1

where Ik =Yrn and AIQ'.,.J" = Zk:O,ZA,m,n(Ik - 1k+2)Ak~

(ii) If n is odd,
B= $b B(Aty 13,10,
0<lnLlno2<<ls<ly =1
where I, = ypn and Ay g, ., = Zkzl’&m'vn(lk = loy2) A
If By and Bs are both isomorphic to B, then the isomorphism B; — By Is unique.

We omit the proof of Proposition 6.6.5 which is similar to that of Proposition
6.3.1. From this follows the uniqueness of B™ similarly to the proof of Proposition
1.2.1.(see 6.3.). o

Now, we are going to prove Theorem 1.5.2.
Set ( ) = 2(T°(})). Similarly, we define y; ;, wj; and so on.

Proposition 6.6.6. For b € B™! we have
(6.6.7) £0(b) > Ynn,

where p} , is defined by the same formulas as p;  for («} ). The equality of (6.6.7)
holds if and only if pj,, <0 forj=3,---,n

Proof. By a similar argument to that was used in the proof of Proposition
6.3.5, we have ) -
Yin = ! — Yn—jyan (J is even).

Therefore,

(6.6.9) co(b) =en(T'(0)) = D (B n)+ 2 (Prn)s Zw2n' = 2oy = = Vh = Ynn-

=1
Note that if n is odd, 7*(B™") = B(IAn,_1) = B. The equality of (6.6.9) holds if
and only if pj, <0 for j=3,---,n. u|
Corollary 6.6.7. For b € B™' (resp. B*~4'), we have
n—2
(c,e(B)) = co(b) + e1(b) + 2> €x(B) + £n1(b) +en(b) 2 L.
k=2

Proof of Theorem 1.5.3. N
Let b be the unique element in B™' such that «(%™*(}) is the lowest element
in the connected component of B’ that contains «(0)*(b). This is obtained by

n— 11‘1,‘- n-— 27'31142

B(1,n — 1) CAEep(1, 2) (1, 1)

TR (2,n - 1) TER T L (2, 2)

L(O)*(b)

llag- Yb(n —1,n—1) = ,L0%(d)
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Here 7j; are determined in such a way that for each pair b1(7)" —2 we have
fiby = 0. By Proposition 6.2.2, we have r; < rj41 (1< j<n—2)and 7 <Tjyq
(1<j<n—=3)wherer; = rn_jn_j, Fj = Ph_j_1n—;. With these r; and T; set

/) _ Tn-2sTn-3 ~Fy~Tn—1Tnw2 =1y
b = €n2€n_3 €76 1 Ch 2 € b.

1" —_— /1 / JUSY /4 ’ — i / 77
We set (z7/;) = z(b”). We have z7,,_; = 2] Tin =7, o —

in-b FE T P P
From Proposition 6.6.4 and Proposition 6.6.6, the equality of (6.6.10) holds if
o120 (22k<n=2),P01n120,panmy 20, =0 (2<k<n-—2)

and pf, <0 (4<j<nandjiseven.).
Now, for 1 < j < [252] we consider the following statements where [ ] is the
Gauss’s symbol.

(A)j  Picgis16 20 ,pimgjp2: =0 (2j<i<n—2),
Pn-%j4+2n 2 0and pr_gjr1n-1 2 0.
(B)J Wiw2j 41 i = 0 (2] S 7 S n) and w5_2j+2 ;= 0 (2] -1 S 7 S n)
(C)j P/:'j+2 n=0.
(D);  Pajpan <0
(B);  Tn-2j-2=Tn_2j—1 = Y12%+1 — Yn-2j n,
Tp_gj—2 = (yz 242 — yn—2jn) + (y1 2j+2 — Y1 2j+1),
Tn-2-3 = Y2242 — Yn-2jn-
Here, the equality of (6.6.10) holds if and only if (4); and (D); (<7< [22]).
.. Let us show the equivalence of
() (B); (L<j<[222)).
(i) (A) and (D); (1 <j < [252]).
Note that (B); implies THeorem 1.5.3. Let us derive (i) from (ii). Assume
that (A)1,---,(A4); and (C)j_; are valid. From (4);, we obtain

(6.6.11) wisgj1i 20 (2/<i<n—2),
(6612) Wi—2j424 Z 0 (2} < 1 <n-— 2),
(6.6.13) Wn_2j42n 2> 0,

(6.6.14) Wn_gj41n1 > 0.

Also, from p;_s;41; > 0 we obtain

(6.6.15) Wimojr1i 2 (~Piv2ji) = —Picgji = —Wi—oji + (—Pi-2j_14)+-
This implies

(6.6.16) Wimzjpri Fwicg;s 20 (274+1<i<n—2).

From (6.6.11) and (6.6.13), we get

(6.6.17) Ty 9iponTT 2 Enm2j-ln—12 Tn-2j-2n-2 2 - L22j42 > L1241
From (6.6.14),

(6.6.18) xn-—2j+17{:—1— Z Tpe2j-2n—1-
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From (6.6.12),
(6.6.19) Tpo2jn-1 > En_2j—1n-2 = - 2 La2j+1 = T125-

From (6.6.16),
(6.6.20)
Tpo2j—1n-1+ Tn-2j-2n-1 2 Tn=2j-2n-2+ Tn-2j-3n-2 2~ 2 T2zj+2 + T12j42-

From (6.6.17)—(6.6.20) we obtain the following,

(6.6.17)  Un-2jn-2— Yn-2j+2n > Y12j41 — Y12j,

(6.6.18)  Yn—2j—1n-2 = Yn-2jn~1 2 Yn=-2j~2n-1— Yn-2j-2n-2,

(6.6.19Y  Yn—2jn-1— Yn-2n—2 = Y22j+1 — Y225,

(6.6.20)  (Yn—2j-1n—1 — Un—2j—1n-2) + (Yn-2j-2n-1 — Yn—2j-2n-2)
> (y22i+2 — Y225+1) + (W1 2542 — Y1 2541)-

From (6.6.17)’~(6.6.20)’, we obtain
(6.6.21) Yn—2j—1n—1— Yn—2i+2n = (Y2242 — Y22j) + (Y12j42 — Y1 2j)-

Note that (E)o : Ta—2 = Y11= Ynn) Tn-2 = (Y22—Yn—2n-2)+(y12=y11) a0d Fr_3 =
Y22 — Ynn holds in any case and also that (A)y,---,(A4); mply (E)1, -, (E);.
From (C)j-1 : paj, = 0 we obtain

/ — 1 — ! 7
Pajqon = Wajtan = Toi 9577 T T2j-1n-1-

From this and (D);,

(6.6.22) -’b‘;jw;;:*l‘ < &hi1n-t-

Similarly to the previous cases we get

‘”{Zj—ln—l = (Yn-2jn — Yn-2j+2n) = (Pa—2j41 = Tn-2j-1) — (Fr—2j — Pn—2j-1),

xlzj+2m = Fn—2j—1 - Fn—2j-2‘
Therefore, from (6.6.22) and these we obtain

(6.6.23) ;
Tae2j1—Tn-2j-2 < (Yn—2in—Yn-2j42n) = (Tn-2j4+1 ~Ppe2j-1)—(Fro2j—Tn-2j-1)-

From (6.6.23), (E);j—1 and (E);
(6.6.24) (y22542 = Y225) + (V12542 — Y12) > Yn—2n — Yn—2j+2n-

From (6.6.21) and (6.6.24) we have the equalities (6.6.11-22) and (6.6.17)’~(6.6.20)’.
Hence, we obtain (B)i,---,(B);. In particular, from the equalities (6.6.22) we
get wajpan = 0. From this and (C)j-1, Phjyon = —(=Ph; »)+ = 0. Hence, we
obtain (C);. From wp—sj42n = 0 in (B)j, pn-2jt+2n = 0 in (A); and pa_sjion =
Wn—2j+2n — (—Pn—2jn)+ We obtain p,_s;, > 0. Similarly we obtain pn_z;j_1n > 0.
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Therefore, we obtain (A4); 4, from (4); and (B);. Thus, we proved (i) by assuming
ii).

() Next, we show that (i) implies (ii). Note that (i) means w;j; =0 (1 <j <

i < n). Also note that p1; > 0 (1 <7< n), pan_y > 0 and py, > 0. From

these we can show p;; = 0 (2 < j <17 < n) mductwely In partlcular we
have (4); (1 <j <[252]). As noted before, (4)y,-- -, (4); imply (E)1, -- - (EY;.

Therefore, we get

! ! — ! I3
p2j+2n S Wojt2,n = x2j+gn~1 — Tj-1n-1

(6.6.25)
= (Yn—2j42n — Yn—2in) + (V22542 — Y225) + (Y1242 — Y12§)-

We have
(6.6.26) Yn—2j42n = Yn=2jn = —Tn_2j+17% — Tn-2jn,
(6.6.27) Y22542 — Y225 = Taoi42 + Tazji1,
(6.6.28) Y12j+2 — Y125 = T12j42 + T1oj41.
Note that if i=nor @, zj; = 211 + T aTT Hence, from this and (6.6.26),
(6.6.29)

Yn—2j42n —¥Yn-2jn = ~Tan-2jn-1— %, __ 24+2n-1  Tn-2j-1n-1"Ty o 177"
From (B);,
(6.6.30) Tagj42 + 229541 = Tn-j-1n-1+ Ln-2jn-1,
(6.6.31) T12i42 + T12j41 = Tno2j-2n-1+ Tn-2j-1n-1.

Hence, from (6.6.25)-(6.6.31),

/
Pajran S _(xn—2j+2n-1 —@p-2j-1n-1) = (mn«2j+1 AT Tn-2j-2n-1)

T Wnp-gjt2n —Wno2jp17w = 0.

Thus, we obtain (D);. ]

Proposition 6.6.8. B™!® B™! is connecied.
The proof is similar to that of Proposition 6.3.10.

Now, we have completed the proof of Theorem 1.5.2 by Theorem 1.5.3, Corol-
lary 6.6.7, Proposition 6.6.8 and Remark 1.5.4. m}

(Afn1, BUA) (0 23))
We shall use the notations in 1.6. For i = 1,---,n, the rule of drawing i-arrow
on B(lA;) is given in [IKN]. From that rule, it is easy £o see that

€i(b) = 2i(b) + (2i41(b) — Ziga (b))4 fori=1,---,n—1,

(6.7.1) QOi(b) = .’Ez(b) + (i‘i+1(b) — :E,,'_{.l(b))_!_ for i = 1,---,n—1,
en(b) = Za(b), ©n(b) = 24 (b).
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We define a bijection o : B(IA1) — B(IA;) by

z1(o(b) = B1(b), E1(0(B)) = z1(b),
2;(0(b) = 2:(b), E(o(b) = 2:(b) fori=2,---,n.

Then it is straightforward to see that o = idp(s,). Now we define the rule of
0-arrow by

(6.7.2) fo(b) = o fro(b).
That is, b—2-¥ if and only if o(b)——c(b'). Note that

(6.7.3) eo(b) = 21(b) + (z2(b) — Z2(b))+,
@o(b) = Z1(b) + (22(0) — z2(8))+-

Now, let us denote by BY! the crystal B(IA;) endowed with 0O-arrows defined as
above.

Proof of Proposition 1.6.1. '

For b,/ € BY!, by definition, b—2+¥ if and only if cr(b)—l—ra(b’). It immediately
follows from the rule of arrows given in [KN] that b——¥’ if and only if o(b)——a(¥)
for i = 2,-- -, n. Therefore we obtain an isomorphism ¢§(BY!) 2 15 (BY) = B(IA;)
of crystals for U,(Cy,) induced by the map o. In particular, BUY is a crystal for
Uy(an (1)) of type Ug(Chr). It remains to show the commutativity of the 0-arrow and

1-arrow. For b € BM | by the definition of 0-arrow, we observe that if z2(b) > Z2(b),
Z1(b) > 1, then

z5(fo(b)) = @a(b) +1,

21(fo(b)) = 21(0) - 1,

:Ei(fo(b)) = z;(b) fori# 2,

Z:(fo(b)) = Z:(b) for i # 1,

if 29(0) > Z2(b), Z1(b) =0, then fo(b) =0, and if z5(b) < Z3(b), then

z1(fo(b)) = 21 (b) + 1,
Z2(fo (b)) = Z2(b) — 1,
zi(fo(b)) = mi(b) fori#1,
2:(fo(b)) = 2:(b) fori#2.
On the other hand, by the rule of arrows given in [KN], we have if z2(b) > Z2(b),
z1(b) > 1, then
z1(f1(8)) = 21 (b) - 1,
z2(f1 (b)) = wa(b) + 1,
2;(fo(1)) = z;(b) fori# 1,2,
:(f1(b)) = &;(b) for all 4,
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if zo(b) > Z2(b), ©1(b) =0, then fi(b) = 0, and if z2(b) < Z(b), then

2 (f1(b) = 2.(0) + 1,
Z2(fi(b)) = 22(b) - 1,
2;(fi(b)) = zi(b) for all 4,

2 (fi(b)) = 2:(b) for i #1,2.

Now it is straightforward to check that fofi = fi fo.

To prove the uniqueness of B LI we need the following proposition.

Proposition 6.7.1. Let J' = {2,---,n} be the index set for the simple roots for
U,(Cn-1), and define a map ¢/ : J' — I by /(j) = j for j € J'. Then /*(BY) splits
into a direct sum of mutually distinct crystals for Uy(Cn-1) with highest weight

(f1 —t1 —t2)Ao + (41 — f1 — t2) Ay +12As,
where t1, t2, 1 are nonnegative integers such that t; +ts +%; = [.

Proof. Let b be an element of BY with z;(0) = #;, Zi(b) = & for i = 1,---,n.
Then b is a highest weight element of «/*(B') if and only if #, = 0, t; = ¢; = 0 for
i=3,---,n.In this case, the weight of b 1s

({1 — 1ty — tz)Ao + (tl -1 - tz)Al +t3As.

It is clear that t; +t, +1; = [, and it is easy to see that there is at most one highest
element in #*(BY) with a given highest weight. O

Now we prove the uniqueness of BY'.

Theorem 6.7.2. Let B be a crystal for Uq(Ag_,?_l) such that ((B) = B(IA1) and
}(B) = B(IA1) as crystals for U,(Cy). Then there exists a unique isomorphism

% : BYW — B as crystals for Uy(A2)_)).

Proof. Let tho : 13(BY) — 5(B) and 91 : ¢}(BY!) — 1}(B) be the isomorphisms of
crystals for U,(Cy). Observe that «/*(B) splits into a direct sum of mutually distinct
crystals with highest weight for U,(Cn—1). Therefore 1 and t; must coincide on
highest weight elements of U,(Cy-1), and hence for all elements of BY. Thus we

obtain a unique isomorphism 1 : BY' — B as crystals for Uq(Agi)_l). w}

In Section 5, we proved that there exists a finite dimensional irreducible rep-
resentation V' of Uq(Agi)_l) with crystal base (L, B) such that «§(B) = B(lA;) and
13(B) = B(IA,) as crystals for U,(Cy). Hence by Theorem 6.7.2, there is a unique
isomorphism B! = B as crystals for Uq(Agi)_l), Hence, we have completed the
proof of Proposition 1.6.1. m]
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Proposition 6.7.3. The crystal BY @ BY is connected.
Proof. Similar to Proposition 6.3.10. 0

Proof of Theorem 1.6.2 and Theorem 1.6.3.
We first show that (c,(b)) > I for all b € BY'. Since ¢ = hg + hy +2hz +-- -+
2hp_1 + 2hy,, we have from (6.7.1) and (6.7.3)

(6.7:4) (c,e(0)) = 21 (b) + 21 () +2 Z(ii(b) + (2:(8) — 2:(b))+4)-

i=2

Set So = {j € J'| 2;(0) = 2;(1)}, S1 = {j € J'| ;) > 3;(h)}, and Sy = {j €
J'| 2;(b) < 2;(b)}. Then (6.7.4) becomes

(c,e(®) = 21(b) + 21 (B) +2 Y Z(B) +2 > x;(b)

Jj€So JES:
23 5
JES2
(6.7.5) > z1(b) + 21 (0) + ) (5(5) + 2;(8))
J€So

+ 2 (@0 + 2O+ D (25 (0) + ()

JES) jESa
n n
=Yy w)+y wHd)=1
i=1 i=1
Now let A = "% k;A; be a dominant integral weight of level [, i.e.,

(6.7.6) (Ac) = ko + by + 2ks + - + 2kn 1 + 2kn = 1.

We will show that there exists a unique element b € B such that &;(b) = &; for
all i = 0,---,n. For existence, we take b € BY with

xl(b) = kO; i’l(b) = kl,
2:(b) = Zi(b) =k; fori=2,---,n

Then it is easy to see that ¢;(b) = k; for ¢ = 0,1,

For the uniqueness, let b’ be an element of B“ such that ;(b') = k; for all
i=0,1,---,n. Then {(c,e(d')) = I. In (6.7.5), the equality holds if and only if
Sy = Sy = ng, Le, z;(0') = z;(0') for all ¢ = 2, ---, n. Hence we have

eo(b) = 21(8') = ko,
81(b/) = :El(b/) = kl)
V) = &(V) = Z(V) = ks fori=2,---,m,
which completes the proof of Theorem 1.6.3 and then by the arguments above,

Remark 1.6.4 and Proposition 6.7.3 we have completed the proof of Theorem 1.6.2.
O
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Proposition 6.7.4. Let A and b be as in the proof of Theorem 1.6.2. Then we
have

A = A+ af (wi(B)) = krho + kody + D ki,

=2
and the minimal vector b’ for A’ is given by

2 (V) = b1, 31(¥) = ko,
xi(b') - E,‘(b’) — ki fori= 2,.. -n

Thus the ground-state path of weight A is the sequence (b, 0,0 ,b,8",b,-- ).

6‘8; (BSY, B(1A1) (n > 3))

First note that the proof of Proposition 1.7.1 is similar to that of Proposition
1.6.1.

We shall use the notations in 1.7. For ¢ = 1,---,n, the rule of drawing ¢-arrow
on B(IA;) is given in [KN]. From that rule, it is easy to see that
Ei(b) = :—ct(b) + (mi'f'l(b) - gji+1(b))+ fori= 1L-yn— 1,
(6.8.1) ©i(0) = 2i(0) + (Ziy1(0) — wiy1(8))4 fori=1,--- n—1,
€n(b) = 22, (b) + z0(b), @n(b) = 22,(b) + zo(b).
We define a bijection o : B(IA;) — B(IA;) by

20(0(0)) = 2(b), 21(c(b)) = 21(b), Z1(0(8)) = 21(b),
zi(o(b)) = 2:(b), Z:(o (b)) = #:(b) fori=2,---,n.

It is easy to see that o2 = tdp(a,)- Now we define the rule of 0-arrow by
(6.8.2) Fo(b) = o fra(b).
That is, b~ if and only if o(b)——+o(}'). Note that

(6.8.3) eo(b) = z1(b) + (22(b) — Z2(b))+,
0(b) = 21(b) + (Z2(b) — z2(b))+-

Let us denote by B/ the crystal B(IA;) endowed with O-arrows.

Proof of Proposttion 1.7.1.
To prove the uniqueness of B, we need the following result.
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Proposition 6.8.1. Let J' = {2,---,n} be the index set for the simple roots for
Uy(By-1), and define amap ' : J' — I by /(j)=j forj € J'. Then *(B'') splits
into a direct sum of mutually distinct crystals for Uy(Bn—1) with highest weight

({1 -1y — tg)Ao + (tl —t_l — tz)Al +taA,,
where 11, to, 1 are nonnegative integers such that t1 +t2 +41 = 1.

Proof. Similar to Proposition 6.7.1. i}

Now we prove the uniqueness of B L

Theorem 6.8.2. Let B be a crystal for Uq(B,(,l)) such that (B) & B(IAy) and
5(B) = B(IAy) as crystals for Uy(By). Then there exists a unique isomorphism

¥ : BY — B as crystals for Uq(Br(ll))‘

Proof. Similar to Proposition 6.7.2 using Proposition 6.8.1 instead of Proposition

6.7.1. O
In Section 5, we proved that there exists a finite dimensional irreducible rep-

resentation V' of UQ(B#)) with crystal base (L, B) such that (§(B) = B(IA;) and
;(B) = B(IA) as crystals for Uy(Bn). Hence by Theorem 6.8.2, there is a unique

isomorphism B! 22 B as crystals for U,( ,(,l)). Now, we have completed the proof
of Proposition 1.7.1. 0
Proposition 6.8.3. The crystal Bl @ BY! is connected.

Proof. Similar to Proposition 6.3.10. o

Proof of Theorem 1.7.2 and Theorem 1.7.3.
We first show that (c,e(b)) >l forallb e B Since ¢ = hg+ hy +2ha+---+
2h, 1 + hy, we have from (6.8.1) and (6.8.3),

(6.84) {c,e(b)) = 21(b) + 21(b) +2Z(iz‘(b) + (2:(0) — 2:(8))+) + 20 (B)-
"j(b)}, Sy ={je€ J'| :cj(b) > i‘j(b)}, and S» = {j €

Set Sy = {j € J'| z;(b) =
n by (6.8.4) we have

J'| 2;(b) < 2 (b)}. The

(c,e(b)) = zo(b) + z1(b) + 21(0) +2 ) 7 (8)

J€So

+2 3w +2 )y 3(b)

€5 i€5s
(6.8.5) > ao(b) + z1(b) + 21(8) + D (2;(b) + (b))
Jj€ESo

+ 3 (@) + 7)) + Y (25 (0) +2(0)
JES ) JES,
=wo(b) + Y _wi(b)+ ) _ @) =1L
i=1 1

n

1
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Now let A = Y7 kiA; be a dominant integral weight of level [, i.e.,
(6.8.6) (A,C) =ko-+ky+2ky+ -+ 2kn_1+ ky =1

We will show that there exists a unique element b € BY! such that €;(b) = k; for
alli = 0,---,n. For existence, we take b € BY' with

zo(b) =0 if ks is even,
=1 if kn is odd,
z1(b) = ko, Z1(b) = k1,
xi(b) = ii(b) =k fori=2,---,n—1,

z,(b) = 2,(b) = fc_.,,_:;‘L(bz'

The proof of the uniqueness is similar to the argument in the proof of Theorem 1.6.2.
Hence, we have completed the proof of Theorem 1.7.3 and then that of Theorem
1.7.2 by the arguments above, Remark 1.7.4 and Proposition 6.8.3. 0

Proposition 6.8.4. Let A and b be as in the proof of Theorem 1.7.2. Then we
have

n
A = A+ af(wi(h) = kiAo + koAy + Y ki,
i=2

and the minimal vector b’ for A’ is given by

21 (V) = ki, Z1(b) = ko,
xi((),) = E,(b/) = ki for i = 2, s

Thus the ground-state path of weight A is the sequence (b',b,0',b,V',b,---).

6.9. (DY, B(IA) (n > 4))
First note that the proof of Proposition 1.8.1 is similar to that of Proposition
1.6.1.

‘We shall use the notationsin 1.8. For ¢ = 1,---,n, the rule of drawing i-arrow
on B(IA;) is given in [KN]. From that rule, it is easy to see that

gi(0) = zi(b) + (2iy1(0) — Zig1(b))y fori=1,--- ,n—-2,
(6.9.1) 0i(0) = 2i(0) + (Zig1(b) — mig1(8))4 fori=1,---,n—2,
€n-1(0) = Zn1(0) + za(b), @n-1(b) = zn-1(b) + 1n(b)
en(t) = Bn1(8) + Zn(8), ¢n(b) = Bacs(8) + 2 (D).

We define a bijection o : B(IA1) — B(IA1) by

21(a(8)) = 21(b), Zi(0(b)) = 21(D),
zi(o(d)) = zi(b), ZTi(o(h)) = &i(b) fori=2,---,n
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It is easy to see that o = idg(a,). Now we define the rule of 0-arrow by
(6.9.2) fo(b) = o fro(b).

That is, b—=+¥' if and only if o/(b)——=o(¥'). Note that

(6.9.3) e0(b) = 21(b) + (22(b) — Z2(b))+,
po(b) = Z1(b) + (Z2(b) — 22(b))+-

Let us denote by B the crystal B(IA;) endowed with O-arrows.

Proof of Proposition 1.8.1.
For the uniqueness of B}, we need the following result.

Proposition 6.9.1. Let J' = {2,---,n} be the index set for the simple roots for
Uy(Dy-1), and define amap ¢ : J' — I by /(j) = j for j € J’. Then *(B*') splits
into a direct sum of mutually distinct crystals for Uy(Dy 1) with highest weight

('[1 -ty — tg)Ao -+ (tl — i_l — tg)A), + t3Ag,

where t1, 1y, Ty are nonnegative integers such that t; + 4y +#; = 1.

Proof. Similar to Proposition 6.7.1. |

Now we have the uniqueness of BL/.

Theorem 6.9.2. Let B be a crystal for Uq(D,(LI)) such that ($(B) = B(IA1) and
1(B) = B(IA1) as crystals for Uy(D,). Then there exists a unique isomorphism

¥ : BY — B as crystals for Uq(DSE)).

Proof. Similar to Proposition 6.7.2 using Proposition 6.9.1 instead of Proposition
6.7.1. O

In Section 5, we proved that there exists a finite dimensional irreducible rep-

resentation V' of Uq(D,(,l)) with crystal base (L, B) such that «§(B) = B(IA1) and
44(B) = B(IA4) as crystals for Uy(D,). Hence by Theorem 6.9.2, there is a unique

isomorphism B' = B as crystals for Uq(D,(,l)). Now, we have completed the proof
of Proposition 1.8.1. O

Proposition 6.9.3. The crystal B ® B! is connected.
Proof. Similar to Proposition 6.3.10. : O

Proof of Theorem 1.8.2 and Theorem 1.8.3.
We first show that (¢, e(b)) > for all b € BY!. Since ¢ = ho+ by +2ha +-- -+
2h,,_g + hp_1 + h,, we have from (6.9.1) and (6.9.3),

n-1 .
(c,e(8)) =2 (b) + Z(0) + 2 ) (2 (B) + (wi(b) — Z:(B))+)
=2

(6.9.4) + zn(b) + Za(b).
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yoon =1 2i(0) = 2;(0)}, S1 = {j =2,---,n— 1] 2;(b) > 7;(b)},

Set So ={j=2
={i=2,---,n—1] z;(b) < z;(b)}. Then by (6.9.4) we have

and Sy =

(c,e(0)) = a1 (B)+2:1(B)+2 ) (D) +2 > 2;(b)

j€So i€,
+2) 0 2(8) +2a(b) + 2 (0)
j€S2
(6.9.5) > 21(0) + 2 () + D (2 (0)+ 25 (0) + Y (w5(b) + 2;(8))
Jj€So JES,
+ 3 (@5(8) + &5(5)) + za(b) + Za(b)
jES2

= Z:g,-(b) +Z§:,~(b) =1

Now let A = Y"" kiA; be a dominant integral weight of level /, i.e.,
(6.9.6) (Ayey=ko+ ki +2ks+ -+ 2kn g+ kny + kp =1

We will show that there exists a unique element b € B! such that ;(b) = k; for
all i =0,---,n. For existence, we take b € BY with

.')31(1)) = ko, 521(19) =k,

zi(b)=%(b)=k fori=2,---,n—2,
Zp-1(b) = ooy (b) = min(kn_1, kn)

3311(b) = (kn—l - kn)—{-y

Zn(b) = (kn = kno1)4-

The proof of the uniqueness is similar to the argument in the proof of Theorem 1.6.2.
Hence, we have completed the proof of Theorem 1.8.3 and then that of Theorem
1.8.2 by the arguments above, Remark 1.8.4 and Proposition 6.9.3. 0

Proposition 6.9.4. Let A and b be as in the proof of Theorem 1.8.2. Then we
have

n—2
N = A+ af(wt(b) = kiAo + koAy + Z ki + knAp_1 + ko1 Ay,

=2
and the minimal vector b’ for A’ is given by

zcl(b’) =k, 11-71(6/) = ko,

(B,’(b/) = :?,‘(b/) =k fori= 2, ,m—2,
Zn_1(b) = Eno1(0) = min(kn—1, kn)

2 () = (ks — ko 1)+,

() = (bpot — kn)s.
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Thus the ground-state path of weight A is the sequence (b',b,b',b,6',b,-- ).

6.10. (D)1, B(0)® B(Ay) @ -~ & B(IA1) (n > 2))

‘We shall use the notations in 1.9. Fori =1,---,n, the rule of drawing 7-arrow
on B is given in [KN]. From that rule, for b € B and i = 1,---,n — 1, we observe

that if 2;41(0) > Ziy1(b), zi(b) > 1, then

ei(fi(0) = @ (b)) - 1,

(6.10-1) zig1(fi(0) = 21 (0) + 1,
@i (f:(0)) = 2;(b) for j # 4,7 + 1,
5 (fi(b) = 5;(b) for j=1,--+,m,

if 2541 (8) > Ti41(0), :(b) = 0, then fi(6) =0, and if 2;41(b) < Ziy1(b), then

z(fi(0) = (b)) +1,
(6.10.2) 21 (fi(0) = i (B) — 1,

2 (f:(b)) = &;(b) for j # 4,5+ 1,

i (f:(b)) = 2;(b) for j=0,1,---,n.
We also note that if zo(0) = 1, then

zo(fa(h)) =0,
(6.10.3) Zn(fa(b)) = Ea(b) + 1,
Zi(fa(0) = 2(b) for i =1,---n—1,
zi(fa(0)) = z;(b) fori=1,---,n,
if 2o(b) = 0, ,(0) > 1, then
zo(fa(8) =1,
(6.10.4) 2n(fa(0)) = za(b) — 1,

Fa
() = i) for =1, ,n 1,
(fa(d)) = &:(8) fori=1,---,n,

=

Z;

and if zo(b) = 0, z,(b) = 0, then fn(b) = 0. It easily follows that fori =1, --

(6.10.5) ei(b) = z:(b) +‘($i+1(b) = Zip1(0))+,
ei(b) = zi(b) + (Zi41(0) — zis1 (D)4,

and

(6.10.6) en(8) = 284 (8) + zo(b),

©n(b) = 2, (b) + zo(b).

'J'n’—'ly
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We define a bijection o : B — B as follows. Let b = (br)i_, € B(jA;). For
t=1,---,n—1, we define :

(610.7)  2i(0(8)) = (i 1(8) = Zn-i1(5)) 4 + min(zn_s (), Enms(B)),
2(0(0)) = (2n-i+1(0) = Bncis ()4 + min(2n_; (8), Bs(3)).
We also define

(6.10.8) zo(o (b)) =0 ifI—s(b) iseven,
=1 ifl—-s(b) isodd,
(6.10.9) 2o ®) = 5] + @0 - m ),

(o) = [2] 4 ) - mo.,

where [2] denotes the greatest integer < z. Then it is straightforward to see that
0% = idgis. Note that s(a(b)) = | — t(b), where ¢(b) = z(b) + 2min(z, (b), 2, (b)).

Now we define the rule of 0-arrow by

(6.10.10) fo(b) = o fro(b). |

That is, b—}' if and only if o(b)—=0(¥). Observe that if s(b) <1—1and z;(b) >

Z1(b), then
21(fo(0)) = 21 (b) + 1,

(6.10.11) 2;(fo(b)) = z;(B) for i=2,.--,n,
Z(fo(®) = z(b) fori=1, - ,n,
zo(fo(b)) = zo(b),

if s(b) =1, z1(b) > z1(b), then fo(b) =0, and if 2,(b) < Z1(}), then

zi(fo(b)) = #i(b) for i = 0,1,-- -, m,

(6.10.12) E1(o(0) = 31(6) — 1,

#i(fo(b)) = &(b) fori =2, -+ - m.

Thus we have

(61013) Eg(b) =~ S(b) + 2(231(6) - Iﬁl(b))+,

po(b) =1—5(b) +2(21(b) — 21(8))4-

Let us denote by B the crystal B endowed with O-arrows defined as above.

Proof of Proposition 1.9.1.

By (6.10.1)-(6.10.4) and (6.10.7)-(6.10.9), it is straightforward to check that
b——¥" if and only if o(0)"=o(t') fori=1,---,n— 1. It is immediate from the defi-
nition that b2+’ if and only if o(b)-"=o(b). Therefore we obtain an isomorphism
of crystals for U,(B,) induced by the map o :

(BY) = (BY) = B(0)® B(A)) @ -+ @ B(IA).
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In particular, B! is a crystal for Uq(81\{n}) of type Uy(Bn). By (6.10.3), (6.10.4),
and (6.10.11)-(6.10.13), it is easy to check that fgfﬂ = fnfo‘

Proposition 6.10.1. Let J' = {1, ,n— 1} be the index set for the simple roots
for U,(sl(n)), and define a map +/ : J' — I by /(j) = j for j € J'. Then /*(BY)
splits into a direct sum of crystals for U,(sl(n)) with highest weight

- 2t1A0 + tlAl -+ ({n - tn)An—-l -+ Q(tn - fn)Any
where 11, t,, T, are nonnegative integers such that t, <%,, t; +t, +1, < L.
Proof. Let b be an element of BY with 2;(b) = t;, 2:(b) = &, (i = 1,---,n) and

zo(b) = to. Then b is a highest welght element of «/*(BY!) if and only 1f i, =0,
tp <fp,and t; =1; =0fori=1,---,n— 1. In this case, the weight of b is

- 2tlAO +t1A~1 +( n tn)An—-l -+ z(tn - t_n)An-
It is clear that ¢; 4+, + 1, <. O

Now we prove the uniqueness of B/,

Theorem 6.10.2. Let B be a crystal for U, (D7(H)-1) such that
15(B)= B(0)® B(A1) @ - -- @ B(lA;)
and
1 (B)= B(0)® B(A1)® --- @ B(lAy)
as crystals for Uy(B,). Then there exists a unique isomorphism v : B4 — B as
crystals for U (D(‘“:gl).
Let ¢ : ¢ (B1 " = §(B) and 9, : ¢ (BY) — «(B) be the isomorphisms of

crystals for U, ( n)- We wish to show that 1y and ¥, "coincide on every element of
BY. We first prove the following lemma.

Lemma 6.10.3. Let b = (bk){czl be an element of BY such that b, = 1 for all
k=1,---,j. Then pn(b) = vo(b).

Proof. We use a downward induction on 7. If = [, it is obvious. Suppose j < [.
Since b is a highest weight element of /*(BY) with highest weight —2jA¢ + j Ay,
¥, (b) is also a highest weight element of /*(B) with the same highest weight.
Therefore ), (b) = 9o(b’) for some highest weight element ¥ of /*(BY) with hlghest
weight —2jA¢ 4+ jA;. Thus by Proposition 6.10.1, ¥ has the form z1(}") =
zi(V) =2;(b) =0, for i =1,- - ,;n~ 1, 2, (b)) = &, (b) =1, and zo(b') = 1o, wheIe
t is a nonnegative m(:eger to =0orl, and J+20+1t <

Note that b’ = f2*+to ... f25H %), where by = (bo,;h.)Jb=1 is an element of B such
that bo =1 for all k=1,--- 7+ 2t +1t9. Then we have

Pn(b) = o(b) = po(f2HH0 ... fitHioby)
(6.10.14) = ot P (bo) = JRF - 4 bo)
= fgt'“ﬂ o fgzt+t°1/)n(f12t+t°bo).
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Suppose that 2t + £y > 0. Observe that
fé—j—(2t+tg)+l¢n(b) _ ¢n(f0~j~(2t+to)+lb) £0.
On the other hand,
fé—j—(21+to)+1¢0(b/) — fé-—j_(21+to)+lf2t+to . f2t+to¢ (f t+tgb )
— fst-‘*tc. ful**-fgf —f (21+ta)+1¢ (f2t+t.,b )
= fattto, '-f;?‘*”"zbn(fé“’ (2t+to)+1f12t+tob0)

=90,
which is a contradiction. Therefore 2¢ + ¢5 = 0, and hence ¥ = b. O

Proof of Theorem 6.10.2.

Let b be a highest element of /(BY"). Then, by Proposition 6.10.1, Z;(b) = 0,
z;(0) = Z;(b) =0for ¢t = 2,---,n — 1. Set z1(0) = t1, 2,(b) = tn, m,,(b) tn, and
zo(b) = to. It is clear that #; +t +1to+1%, <1, and

wi(b) = =21 A0 + 1181 + (Tn = ta)An_1 + 2(tn — Tn)As.

By the same argument of Lemma 6.10.3, 4, (b) = (') for some highest weight
element ¥ of /*(BY") with the same highest weight. Set z (V) = 51, 2. (V) = sy,
2,(b') = 5,, and zo(b’) = so. Then s; =t; and 3, — sp, =, — Ln.

Note that b/ = f2Sntso fantsotin . foatsoting, where by = (bo,k)i,(gl) is an
element of BY with bgy = 1 for all k =1, ---, s(}). Therefore we have

Yn(b) = %(b:) ] )
= ¢0(f3§"+‘°f51'{"0+5n . ..fl"n+so+§n bo)

(6.10.15) - f";’f,,-{-.sgfa,:;--m'i-in _”fi’n“l"’o'*“sn,%bo(bo)
— f:;nwofgﬁswsn L f~f“+3°+§""¢n(1)o)
— f3§n+sof;f{1~so+§n "‘fgn‘f'so"“gnwn(ffn*'su'f;nbo).

If s, + 80 + 5, > 1, + 1o +1,, we have

fé-(81+3nﬂ—$o+5n)+l¢n(b) 7/)71( l (31+8n+6o+3n)+1b) #0.

On the other hand,

fé_(s‘“““”g")“zpo(b’)
= fé—(s1+sn+so+su)+1f53n+sof;:-isowu o fantsoting, (Fanktoting )

(6.10.16) = 23""'50_/?"’_‘_';"""'3“ . .f;n’i'so'l’?nfé"(’x+5n+80+3n)+1¢n(f1,n+,°+;"bo)
= frinteo fontsotin | Fratsotiny, (fir(rtentootSIb foaksotiny,)
=0,
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which is a contradiction. ~
If s, + $g + 8n < tn + 1o +1,, we have

fé_(h+¢n+to+t',,)+l¢n(b) — wﬂ(fé—(iz+tn+to+t_n)+lb) =0.

But, since f§fibo = f1fibo for 0 < s <1— s(by), 0 < ¢t < s(bo),
fé—(t1+tn+to+{u)+1¢0(bl)

(6.10.17) —_ f33n+50f61-i1~30+§n L. f;n+so+§nwn(fé—(t1 +in+to+tn)+1ffn+so+§nbo>
— f3§n+sufsﬂ-so+?n' . f§n+so+§nwn(fls,.+80+§nb//))

where b’ = (bjc')zisl(b,)_s(b)ﬂ is a highest weight element of «/*(B') such that b = 1
for all k. Hence (6.10.17) is the same as
f3§n+30f3:‘1’50+5n R "];f"+$°+g"'l/)n(b”)
(6.10.18) — f3§ﬂ+sofs:1—so+§n .. fiﬁn+so+§n Kbo(b")
— ¢0(f35n+5uf:1-ll—50+5n . A.ffn“!"’o’}‘gnb") #0,
which also gives a contradiction. _
Therefore we must have s, + sg + 8, = ¢, +1o + tn, which implies b = ¥. Thus

1o and ¥, coincide with each other on every highest weight element of /*(BY}),
and hence on every element of B>, which completes the proof. ]

In Section 5, we proved that there exists a finite dimensional representation V
of Uq(Dfﬁzl) with crystal base (L, B) such that

and

as crystals for Uy(By,). Therefore by Theorem 6.10.2, there is a unique isomorphism

19;”12 B as crystals for Uq(D,(;i),l). Now, we have completed the proof of Proposition
9.1, a

Proposition 6.10.4. The crystal BY @ BY is connected.

Proof. Since each element is connected to a highest weight element of 5(BY ®
BUY), it suffices to prove that all the highest weight elements of (B! ® BY') are
connected to each other. Let by be the element of B given by

330(1)0) = O) 371(50) = Z, i‘l(b()) = O’
zi(bo) = 2i(bg) =0 fori=2,---,n.

We will show that all the highest weight elements of ¢§j( BY! ® B'') are connected
to bo @ bg.
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By (2.2.17) in [KMN?], the highest weight elements of (B ® BM') are of the
form b, ® ba, where by and b2 satisfy

21(b)) =j for some j=0,1,---,1,
zo(b1) =0, Zi(b1) =0,
z;(b1) = 2:(b1) =0 fori=2,---,n,
930(52) =0, (_ﬁg(bz) =0,
zi(b2) = Ti(b2) =0 fori=3,---,n.
Let @1 (ba) = t1, 22(b2) = t2, and &1(bz) = £1. Then we have
bo @ by = FIH O FiHtdts | fithibts fajtatis) bt
... fg"'tl‘[”!zf{"}'fl-l-iz(bl ® bq)

which completes the proof. m}

Proof of Theorem 1.9.2 and Theorem 1.9.3.
We first show that (c,e(b)) > 1 for all b € BY!. Since ¢ = ho + 2hy + -~ +
2hn_1 + by, we have from (6.10.5.), (6.10.6), and (6.10.13)

(6.10.19) {c, (b)) = I — s(b) + 2(z1 (3) — #1(5))+

n-1

+2 3(3(8) + (242(8) = Ziga (0))4) + 228 (8) + 20 (b).

i=1

Set Sy = {] c JI :z:J(b) = f!:'](b)}, S = {] (S JI x,(b) > f](b)}, and S» = {] (S
J| z;(b) < Z;(b)}. Then (6.10.19) becomes

(e, e(®)) =1—s(b)+2 > E(B)+2 ) «;(b)

J€So JjE€S)
+23 " 2(b) + 20(b)
JES2
(6.10.20) > 1= s(0) + 3 (2i(0) + 2(0) + D (2(8) + 7 (8))
J€So J€S,
+ Y (=5(b) +2;(b)) + 20(b)
JES2

=1-s(b)+s(b)=1.
Now let A = "7 k;A; be a dominant integral weight of level I, i.e.,

(6.10.21) (Ao =ko+2k1+ -+ 2k + k=1
We will show that there exists a unique element b € BY such that ei(b) = k; for
all i = 0,---,n. For existence, we take b € BY! with

zo(b) =0 if ky is even,

=1 if k, is odd,

(6.10.22) zi() =zi(d) =k fori=1,---,n—1,

2a(8) = 2a(h) = f”ﬁig’”—"@
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Then it is easy to see that

g(b) =Zi(b)y=kifori=1,---,n~1,
en(b) = 2Zn (b) + z0(b) = kn.

Moreover, we see from (6.10.21) and (6.10.22) that

eo(b) =1—s(b) = 1= (3 _2i(b)+y_ 3:(8) + (b))
i=1

n-1" = n—1
:1—(221:,- + (kn — 20(8)) + 2o (b)) =1 (2D ki + kn)

= kg.

For the uniqueness, let b’ be an element of BY! such that e;(¥") = k; for all
i=0,1,---,n. Then {(c,e(}')) = I. In (6.10.20), the equality holds if and only if
Sy =S = ¢, le, z;(b') = Z;(V) for all i=1,---,n. Hence

co(t) = 1= s(¥') = ko,
gi(®) =2;(0)=2;(0)=k; fori=1,---,n—1,
en (V) = 22, (b') + 2o (D) = 22, (V') + 2o (V') = k.

Thus we have

:l:g(bl) = Ei(bl) =k fori=1,---,n—1,
—_— / .
a(t) = 2 (6) = 22220,

which implies

zo(d') =0 if k, is even,
=1 ifk, is odd.

Hence b = V. Now, we have completed the proof of Theorem 1.9.3 and then that
of Theorem 1.9.2 by the arguments above, Remark 1.9.4 and Proposition 6.10.4.

w}

Proposition 6.10.5. Let A and b be as in the proof of Theorem 1.9.2. Then we
have

A+ af(wt(b)) = A.

Thus the ground-state path of weight A is the sequence (b,b,b,5,- ).

6.11. (A2, B(0)® B(A) @ - ® B(IA) (n>2))
First note that the proof of Proposition 1.10.1 is similar to that of Proposition
1.9.1.
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_We shall use the notationsin 1.10. Fori=1,---,n, the rule of drawing i-arrow
on B is given in [KN]. From that rule, for ¢ = 1,---,n — 1, we observe that

(6.11.1) &i(b) = 2:(0) + (wir1(b) = Zea (b)),
@i(b) = 2i(b) + (Zi41(b) — zi41(0))+,

and

(6.11.2) en(b) = 2n(b), @a(b) = za(b).

Let B' = B((I—2 [%])Al) @ - @ B((Il — 2)A1) ® B(IA;) be the direct sum
of crystals with highest weight for U,(B,). Set K’ = {1,---,n,0,7,---,1} and
consider the ordering on K’ given by

1<2<--<n<0<n< <2<
Then the elements of B’ are labeled by 0" = (b})},_,, where b}, € K’, b, < b}, for
all k, and 0 < j < I. Here we write b’ = ¢ when j = 0. Let zo(}) = §{k] b}, = 0},
z; () = §{k| b}, = i}, (V) = #{k] ¥, = ¢}, and let s(b') = 3 z;(0') + 2o(b’) +
S z;(b'). Note that 2o(b’) = 0 or 1. For i =1,---,n, the rule of drawing i-arrow is
given in [KN].

We define a bijection o : B — B’ as follows. Let b = (bk)f;:I € B(jA1). For
i=1,---,n— 1, we define

(6.11.8)  2:(a(b)) = (Zn-i41(8) = Tn-i11(b))4 + min(z,_; (), Zn—i (b)),
2i(0(0)) = (Tn—it1(b) = Zn—i11 (b)) + min(zn i (b), Zn-i(0))-

We also define

(6.11.4) zo(o(b)) =0 if I — s(b) is even,
=1 ifl—s(b)is odd,
(6.11.5) enlo) = [ + @) - w0,

B {— s(b ~
0o ) = |52 + (2100 - 21O
Note that s(c(b)) = I —1(b), where t(b) = 2min(z,(b), Z»(b)). Hence o(b) € B'.
We define a map 7 : B’ — B in the same principle. More precisely, for { =
1,---,n— 1, we define
(6116) a:(r(t)) = (Zncist () = Baciss (¥ + min(@as(t'), 3as()),
z:(7(8)) = (Ta—i+1(0") = Znipr1 (V)4 + min(zn—i(¥), Zn-i(b")),

and

(6.11.7) | Za(r(V)) = [1 - ;(b’)] + (B (V) = 21(0))+,

an(r(0) =[5 2  @a¥) = (¥
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It is straightforward to see that 7o = id; and o7 = idp’.

Now we define the rule of 0-arrow by

(6.11.8) fo(b) = o fac(b).
That is, b——b’ if and only if o(b)—=0o(¥'). Then we have
(6.11.9) go(b) = 1 — s(b) + 2(z1(b) — 1(b))+,

po(b) =1 — s(b) +2(21(b) — z1(b))+-

Now, let us denote by BY' the crystal B endowed with 0-arrows defined as
above.

Proposition 6.11.1. Let J' = {1,---,n—1} be the index set for the simple roots
for U,(sl(n)), and define a map ¢ : J' — I by /(j) = j for j € J'. Then (BB
splits into a direct sum of crystals for U,(sl(n)) with highest weight

— 2t Ag + t1A + ('En — tn)An-l -+ (tn — {n)An;
where t1, tn, In are nonnegative integers such that t, <in, t 4+t +1p <1

Proof. Similar to Proposition 6.10.1. O

Proof of Proposition 1.10.1.
Now we have the uniqueness of B/,

Theorem 6.11.2. Let B be a crystal for Uq(A(zi)) such that

1h(B) =2 B(0)® B(A1) & --- @ B(IA1)
as crystals for U,(Cy) and

l
m(BY= B((1-2 {5] YA ® - @ B((I — 2)A1) & B(IAy)
as crystals for U,(B,). Then there exists a unique isomorphism 1 : BY — B as
crystals for Uq(A%:,?).
Proof. Similar to Theorem 6.10.2. ]
In Section 5, we proved that there exists a finite dimensional representation V

of Uq(A(zi)) with crystal base (L, B) such that

(B) =2 B(0)® B(A) @ - ® B(IAy)
as crystals for U;(Cy) and

% l
m(B)=B((I-2 H)AI) @@ B((1—2)A;) ® B(IAy)
as crystals for Uy(B,). Therefore by Theorem 6.11.2, there is a unique isomorphism

B 2¢ B as crystals for Uq(A(zi)). Now, we have completed the proof of Proposition
1.10.1. O
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Proposition 6.11.3. The crystal BM' @ BY is connected.
Proof. Similar to Proposition 6.10.4. O

Proof of Theorem 1.10.2 and Theorem 1.10.3.
We first show that (c,e(b)) > I for all b € BY'. Since ¢ = hg + 2k + -+ +
2hp,—1 + 2h,, we have from (6.11.1), (6.11.2), and (6.11.9)

(61110) (6,6([))) =1~ S(b) -+ 2(1.‘1(b) - ﬁl(b)).{_

n—1

+2 Z(ii(b) + (@i41(0) — Zig1(8))+) + 22a (D).
Set Sop = {j € J| z;(b) = 2;(b)}, S1 = {j € J| z;(b) > %;(b)}, and S» = {j €
J| z;(b) < z;(b)}. Then by (6.11.10), we have

{c,e(®)) =1—s(b)+2 > z(0)+2 ) w;(b)
j€So JES1
+2y  #(b)
JES2
(6.11.11) 21—s(b)+ Y (2(8) + (b))

j€So

+ 3 (a5 () + 30 + 3 (a5 (5) + 5 (3)
Jj€eSsy JES2
=1—s(b)+s(b) =1
Now let A = Y- o kiA; be a dominant integral weight of level [, i.e.,

(6.11.12) (Aye) = ko + 2ks + - -+ 2kn_y + 2k, = L

We will show that there exists a unique element b € BY such that ei(h) = k; for
all i=0,---,n. For existence, we take b € BY! with

(6.11.13) z;(0)=z;(b) =k fori=1,..-,n

Then it is easy to see that
gi(b) =z;(b) = ki fori=1,---,n.
Moreover, we see from (6.11.12) and (6.11.13) that

co(d) =1 —s(b) =1~ (O wi(b) + ) #(b))

i=1 i=1

:I—Qiki:k(,‘

=1

The proof of the uniqueness is similar to the argument in the proof of Theorem 1.9.2.
Hence, we have completed the proof of Theorem 1.10.3 and then that of Theorem
1.10.2 by the arguments above, Remark 1.10.4 and Proposition 6.11.3. O

Proposition 6.11.4. Let A and b be as In the proof of Theorem 1.10.2. Then we
have ' '

A+ af(wt(b)) = A.
Thus the ground-state path of weight A is the sequence (b,b,b,b,---).
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