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0. INTRODUCTION

The purpose of this article is to show that some finiteness theorem (=
finite dimensionality of the space of solutions) holds for a class of systems of
linear differential equations of infinite order. Although finiteness theorems
for holonomic systems of (micro-)differential equations of finite order have
recently become quite popular, the character of the theorems which we
present here is different from the results for equations of finite order. Hence,
in this introduction, we discuss a simple and instructive example so that it
may help the reader’s understanding of the character of the results in this
article. As the example will indicate, our results have close connection with
the celebrated result of Hamburger on the characterization of the {-function
of Riemann, although we deal with theta functions (Hamburger [2], Hecke
[3], and Weil [8]; see also Ehrenpreis and Kawai [1]). This connection was
pointed out to one of us (T.K.) by Professor L. Ehrenpreis. Concerning the
basic properties of linear differential operators of infinite order, we refer the
reader to Sato—Kawai-Kashiwara [6, Chap. II]' (hereafter referred to as
S-K—K). Here we only emphasize that a linear differential operator of
infinite order acts upon the sheaf of holomorphic functions as a sheaf
homomorphism. Hence our main result (Theorem 2.14 'in Section 2) is of
local character. This forms a striking contrast to the hitherto known way of
characterizing theta functions through their automorphic properties.

Now, in order to provide an example of our results, let us show how the
theta zero-value (Nullwerte) is related to a system of linear differential
equations of infinite order. In order to fix the notations, let us consider

h(r)= " exp(n/—1v) (0.1)

vel

! Note, however, that in accordance with the notations used in recent literature, we use 2%
(resp., &) to denote the sheaf of linear differential operators of infinite (resp., finite) order.
The quoted article uses 2, (resp., 2%) instead of 2% (resp., Z,). Note also that all operators
considered here are with holomorphic coefficients.
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on the domain C* =, {r€ C;Im 7 > 0}. Then, at least formally, (r) is
annihilated by the following infinite product of linear differential operators:

d 5 1 d

Since we know
] CZ
sinh {= ¢ | ( ) O (03)
again, formally, we find

Q1=«/n\/——l%sinh~/n\/:fd%

< 1

Eambadt e

Although the above reasoning is a heuristic one, the resulting operator Q,
(understood as the right hand side of (0.4)) is a well-defined linear
differential operator of infinite order, and

0, (3)ho=0 ©.5)

holds on C*. However, this equation only cannot characterize h(7), because
any function of the form

' a, exp(n /=1 v*1) . (0.6)
vel

satisfies Eq. (0.5} if it converges absolutely and uniformly.on each compact
subset of C*. Needless to say, this infinite dimensionality of the solutions of
Eq. (0.5) is due to the fact that the operator Q, is of infinite order.

In passing, Jacobi’s imaginary transformation tells us

h(t) = exp(n /—1/4) T~ *R(—1/1). .7

By applying the same reasoning as above to the right hand side of (0 7,
we obtain another equation,

0, (z, %) k) =0, 0.8)
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where
0,= (r d 1 ) sinh /7 \/—1(z*(d/d?) + 1/2)
Nar 2] \Jno@@dn) +12)
Again, Q, only cannot characterize h(7), because any function of the form

Nb,r7 " exp(—n\/—1v¥/1) (0.9)

satisfies (0.8) if it converges absolutely and uniformly. However, if we
consider Egs. (0.5) and (0.8) simultaneously, we may expect some finiteness
theorem for the equations. Showing that it is really the case is the aim of this
article (Theorem 2.14 in Section 2). Although we have so far considered
equations with one unknown function, using equations with several unknown
functions is more advantageous in developing the general theory. For
example, if we introduce h(r) = ‘(&,(z), h,(r)), where h (1) = h(z) and k,(7) =
3 2n+/—1 vexp(n \/—1 v’r) (=0), then the equations corresponding to
(0.5) and (0.8) take the following form,

(exp P; (T, 8%—) ) h(r) =h(7) (i=12), (0.10)
where
1
P, (r,a—i)= 47“/?1% (0.11)
and

0.12)

2
7 \awy=a (:%Jri)

2

Since Eq. (0.10) is more symmetric than (0.5) and (0.8), we formulate our
results using the matrix notations. We end this introduction by noting the
following properties (A) and (B) of P/’s. A suitable generalization of these
properties is the starting point of the reasoning in Section 2.

(A) Every component of (aP,+bP,)* (a,b€C) is a linear
differential operator of order at most one; that is, ord(aP, + bP,) is (at most)
1/2 in the sense of Definition 1.1(ii) of Section 1.
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This guarantees, in particular, that each component of exp P; (j=1,2) is
a linear differential operator of infinite order.

(B) [P,,P]=2n \/ 11, holds. Here I, denotes the 2 X 2 identity
matrix.

This guarantees
(expP, — 1)(exp P, — 1) = (exp P, — 1)(exp P, — 1). (0.13)

(See Theorem 1.4 in Section 1. ) Hence system (0.10) is in involution.
. The essential part of this article was announced in Sato [5] with more
emphasis on the mlcrolocal aspect of the problem

List of notatlons

X: A complex manifold.

Dyt The sheaf of linear differential operators of finite
order on X. The subscript X is often omitted in this
symbol and also in other symbols given below.

788 The sheaf of linear differential operators of infinite
order on X.

D (m): The sheaf of linear differential operators of order
equal to or at most m on X.

M (D), M2 F): The sheaf of rXr matrices whose components

belong to &y or 3.
ord P for Pin M,(Z,): See Definition 1.1(ii), in Section 1.

1. A CoMPOSITION RULE FOR exp P’s

The purpose of this section is to prove a variant of Campbell-Hausdorff
formula in its simplest form (Theorem 1.4.) The results in this section will be
used in Section 2 in an essential manner. As we will see by examples given in
Section 3, it is inevitable to formulate the problem modulo some Z-module.

Let us first prepare some notations. In what follows, X denotes a complex
manifold.

DEFINITION 1.1. Let P be an r X r matrix of linear differential operators
on X. Let P, ; (1 <i, j<r) denote its (i, /) component.

(i) comp-ord P is, by definition, max,, ., ord P, ;. Here ord P,
denotes the order of the differential operator P, ;.

(ii) If there exist real numbers a and ¢ such that

comp-ord P* < [ak] + ¢ (LY
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holds for every non-negative integer k, then we say that the order of the
matrix P is a, and we denote it by ord P. Here P* denotes the kth power of P
and [ak] denotes the maximal integer that is smaller than or equal to ak.

In connection with this definition, let us note the following fact:

If ord P is strictly smaller than 1, then exp P (= Y72, P’/j!) belongs to
M(D).

See S-K-K [6, pp. 438—442] for the proof of this fact.

Now, let R, (I = 1,...,d) be in M (Z,) and let 2 denote the left Zy-module
39, D%R,. In what follows & and F® denote O ® P, and O DL,
respectively. They are, by the definition (S—K—K |6, p. 418]), sub-rings of
DEx _Accordingly, let J and F® denote F and ., respectively.
Since ® is an exact functor, 7 = c?c®J and = ﬂc® (27 ®g,7)
hold.

LemMa 1.2, Let P be in M(Zy) and suppose that it satisfies the

Sfollowing conditions:

JPc., (1.2)
ord P < 1. (1.3)

Then, for any S(z) (z € C) in F*, we have
S(z) exp(zP) € 7. (1.4)
Proof. Define 7 (m) by @(m)"N.7. Since {7 (m)},n is a good
filtration of .7,
T (m)=D(m— my) 7 (my) (m > my) (1.5)

holds for sufficiently large m,. On the other hand, it follows from the
definition that there exist constants a (0 < a < 1) and ¢ such that

comp-ord P¥ < [ak] + ¢ (1.6)

holds for every non-negative integer k. Hence (1.2) entails

7 (my) P* < 7 (my + [ak] + c). (1.7)

Then we see from (1.5)

J (my) P* < D([ak] + ¢) 7 (my). (1.8)
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Let us now choose a system {R}}¢., of generators of ”(m,) and define a
matrix R by

Then there exists a matrix P(k) which satisfies the following condition:

R 0 1 R

RP 01 RP

. Pz ., '_. " . (1'9)
RP+-! Pk 0 0 of \Rp-

In what follows, we denote by P(k) the big matrix in (1.9).
Now, (1.8) entails

comp-ord P(k) < [ak] + c. (1.10)

On the other hand, we find

P(k)
P(k)* = . (1.11)
P(k)

Therefore we obtain

comp-ord P(k)"™*/ £ ([ak] + ¢)n + ([ak] + ¢), 1.12)

where n is an arbitrary positive integer and j is a non-negative integer
smaller than k. Hence, for every non-negative integer p,

comp-ord P(kY’ < ap + pe/k + ([ak] + c)(k — 1) (1.13)

holds. Since a is strictly smaller than 1, there exists k, such that

a+cfky <1 (1.14)

holds. Then it follows from the definition that
ord P(k,) < 1 (1.15)
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holds. This implies
exp(zP(k,))ET*  (z€C). (1.16)
Furthermore (1.9) entails
R(k,) exp(zP) = exp(zP(k,)) R(k,), (1.17)

where R(k,) denotes
R

RP
RP;(0~1
Since R}P’ is contained in Z([aj] + ¢) 7 (m,), (1.17) and (1.16) imply
R} exp(zP) € F*® (1.18)

for [=1,..,d'. Since F* is also generated by {R;}% , as a &' ®-module,
(1.18) proves the required result. Q.E.D.

PropPOSITION 1.3. Let P and Q be in M (Z,) and suppose that they
satisfy conditions (1.2) and (1.3). Further suppose that

[P,Q]=cl,* mod .7 (1.19)
holds for some complex number c. Then, for any complex number z, we have
exp(zP)Q exp(—zP)=Q +cz  mod F*®. (1.20)

Proof. Let S, F(z), and G(z) denote [P, Q] — ¢, exp(zP) Q exp(—zP), and
F(z) — (Q + cz), respectively. Then we have

w0 _ore) _
oz oz
=[P, F(z)] —¢
=|P,F(z)—Q—cz]+[P,Q+cz]—c
=[P, G(z)] + S. (1.21)
It is also clear that

G(0)=0 : (1.22)

2 Here I, denotes the » X r identity matrix. In what follows we abbreviate cf, to ¢ for
simplicity.
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holds. Let us now denote exp(—zP) G(z) exp(zP) by H(z). Then it follows
from (1.21) that

_66; H(z) =.—‘ CXP(‘%P ) PG(z) exp(zP)

9G(z)
oz

.+ exp(—zP) G(z) P exp(zP)

+ exp(—zP) exp(zP)

= exp(—zP) (acaiz) - [P, G(2)] ) exp(zP)

= exp(—zP) S exp(zP). ' (1.23)

Since exp(—zP) belongs to & by assumption (1.3), Lemma 1.2 implies

OH(Z) _ 2o
e, (1.24)
Hence OH(z)/0z has the form
d H v
IZ h(z)R,, (1.25)
=1

with h,(z) (= 1,.., d) belonging to &P, where {R,}9_, are the system of
generators of 7. Then, by defining I;(z) by |2 hy(w) dw, we find

oood

9 (H(z) -y I,(z)R,) =0, (1.26)

oz =1
It also follows from the"definii.ion that

p :
H(©0)— > I,(0)R,=H(0)=0 (1.27)
=1

holds. Therefore we conclude that H(z) belongs to 7. It then follows from

the definition of H(z) and Lemma 1.2 that G(z) belongs to F®, This proves
the required relation (1.20). Q.E.D.

THEOREM 1.4. Let P and Q be the same as in Proposition 1.3. Then, for
any complex number z, we have

2

exp(zP) exp(zQ) = exp (z(P +0Q)+ Eg—) mod F*,  (1.28)
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in particular,

exp Pexp Q = exp (P+Q+%) mod 73 ®g, . (1.29)

Proof. Let @(z, P, Q, c) denote exp(zP)exp(zQ) exp(—cz2/2). Then we
have

2
?2 = PO + exp(zP) Q exp(zQ) exp (—- E—) —cz®d
oz 2
(1.30)
= P® + exp(zP)Q exp(—zP) P — cz9P.
Hence, by the aid of Proposition 1.3, we find
o
—az—=(P+Q+S(z))d> (1.31)
with S(z) in 7®. Then Lemma 1.2 guarantees that
%E(PJFQW mod .7 . (1.32)

Now let us consider ¥ =, @ — exp(z(P + Q)). It then follows from (1.32)
that

Y0 mod I (1.33)

z

holds. Furthermore ¥(0)=0 holds. Hence, by using the same reasoning as
was used at the end of the proof of Proposition 1.3, we conclude that ¥(z)
belongs to .7 ®. Thus we have shown

2

exp(zP) exp(zQ) exp (— %) =exp(z(P + Q)) mod 7.

This immediately implies (1.28) and (1.29). Q.E.D.

2. THETA FUNCTIONS AND JACOBI FUNCTIONS

Let X be an open subset of C™ and let ¢ = (¢,,..., ¢,,) denote a coordinate
system on it. Let .#” be a coherent Z,-module /.7, where 7 has the form
Q24 2%R,) with R, (I = 1,..., d) in M(D,).
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DEFINITION 2.1 (Jacobi structure). Let P be a set of matrices P,
(/= 1,..., 2n) of linear differential operators on X. If P satisfies the following
conditions (2.1), (2.2) and (2.3), we call it a Jacobi structure (with respect to

P,EM/(Dy) and O P,c 7 holds for j= 1,...,, 2. 2.1)
n

For any (¢,,..., ¢;,) in C*", ord ( > c,P,) <l (2.2)
J=1

There exists a matrix E = (e;,) in SL(2n; Z)
which satisfies the following relation: (2.3)

[P, Py ]=—-2n\/—1e, mod> (1<j, k< 2n).
Remark 2.2. If there is no fear of confusions, we often omit the phrase
“with respect to .#".”

Remark 2.3. We call the matrix E the structure matrix of the Jacobi
structure P.

DEFINITION 2.4. Let P be a Jacobi structure with respect to .#", If an r-
tuple of holomorphic function A(¢) on X satisfies the following Egs. (2.4) and
(2.5) with some ¢ = (¢, ..., ¢;,) € C**, we call h(r) a Jacobi function.

(exp P)) h(t) = c,h(t) (= 1,.,2n). 24)
RA()=0 (=1,.,d). (2.5)

The set of all Jacobi functions is denoted by J(P, ¢).

Remark 2.5. (i) By using Theorem 1.4, we obtain the following
relation (2.6) from condition (2.3):

exp Pyexp Py =exp(P;+ P, —n\/—ley)

= exp Py exp P;exp(—2n\/—1e,)-
=expPyexpP; modZ* g7 (2.6)

Hence, considering the simultaneous eigenvalue problem (2.4) with the
subsidiary condition (2.5) makes sense.

(i) Condition (2.2) guarantees that exp P; belongs to 23’. Hence the
notion of Jacobi functions is a local one.

DEFINITION 2.6. Let P be a Jacobi structure with respect to .#". If an 7-
vector of hyperfunctions #(x | ) on R2" X X satisfies the following relations
(2.7), (2.8), (2.9) and (2.10), then we call it a theta function (associated with
p),



310 SATO, KASHIWARA, AND KAWAI

(i —x \/—_I(Ex),) B(x | £) = P;B(x|0),’ =120, (@27)

ox;
R¥(x|6)=0, I=1,.,d. (2.8)
a—at_p— Hx|)=0,* p=Ll..,m 2.9)
For each v in Z*", there exists a constant ¢(v) so that
8(x + v | ) = c(v) exp(n \/—1(Ev, x)) B(x | £) (2.10)
holds.

Remark 2.7. We call condition (2.10) the quasi-periodicity condition
after the terminology used for the classical elliptic theta functions.

Remark 2.8. Condition (2.3) guarantees that Egs. (2.7) and (2.8) are
compatible.

Remark 2.9. Since the system of differential equations (2.7), (2.8) and
(2.9) is elliptic, a theta function discussed here is necessarily real analytic.
Furthermore, as our later argument will show, it can be extended as a
holomorphic function on C2" X X.

Now we list the results which clarify the relations between Jacobi
functions and theta function.

THEOREM 2.10. Let P be a Jacobi structure with respect to .#". Then we
have the following:
(i) If h(¢) belongs to J(P, c), then

2n
o(x| 1) = exp (J; ijj) h(t)
is a theta function with
C(V) — (_1 )Zx<i<k<2n Vibgejk c'l’l ves C;f,". (2_1 1)
Furthermore, ¢(0 | t) = h(t) holds.
(i) If &(x|?) is a theta function, th‘enl &0 | t) belongs to J(P, c) with c;
-4
(1<j<2n) being given by ¢((0...,0,1,0,.,0)). Furthermore, #(x|t)=
exp(X32, x;P;) 80 1) holds.

* Here and in what follows, (Ex), denotes the jth component of the vector Ex, namely,
(Ex),; =334, €k X+ )

*Here 0/0i, denotes the Cauchy—Riemann operator, namely, &6/6f,=1/2[9/da,+
\V/—19/for,], where o, =Re¢, and 1,=Im1¢,.
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Remark 2.11. This theorem tells us that a Jacobi function may be called
a theta zero-value on the analogy of the terminology used for elliptic theta
functions.

Proof. (i) It is clear that p(x | r) defined above satisfies (2.8) and (2.9).
Hence it follows from Theorem 1.4 that we have

(x| £) = exp(x,P,) exp (Ej kak) exp (-— % [ijp Ej kak] ) h((t; )

= exp(x,P,) exp (Z x,"Pk) exp (7: v-1x, (Z e,kxk) ) h(¢).
k 2y k+Jj
Since ¢;; = 0, (2.12) entails
0
(s~ V1), el |
=Pp+my/-1 (ij e]kxk) o —n/—1(Ex)0

=P,p. (2.13)

Thus we have verified that ¢ satisfies (2.7). By exacfly the same reasoning,
we see that

n n
o(x +a|t)=exp(n/—1 (Ea, X)) exp (;Z. x,P,) exp (121 a,P,) h(t)
- (2.14)

holds for every a=gy;(a;,.a,,) in R?*". On the other hand, again by
Theorem 1.4 we obtain from (2.4) and (2.5)

exp (§ v,P,) h(t) =exp (n V-1 ( > v,vke,k)) ,fj, c/'h(t)

=1 1<j<k<2n
- (2.15)

for any v =,or (V) yoes V,) in Z?". Hence, by choosing a in (2.14) to be in the
lattice Z*", we find '

n

o(x +v| 1) = (=1)Fre<kaansswen [T cps exp(m /—1(Ev, x)) 9(x | £)
J=1

(reZ™). (2.16)

607/47/3-6
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Therefore ¢(x | ¢) satisfies (2.10) with c(v) being given by (2.11). Since it is
clear that ¢(0| ) = A(¢), this completes the proof of (i).

(i) Since R, and 0/of, are differential operators in (-variables,
R,3(0|¢)=0 and (9/0i,) #(0 | £) = 0 hold for any / and any p. Hence we can
use the same reasoning as in the proof of (i) to find that &(x|¢) =4,
exp(32", x,P;) #(0|r) satisfies Egs. (2.7), (2.8) and (2.9). Furthermore
5(xlt) is holomorphic on C>* X X. Since #(0|¢)=9(0|¢) holds by the
definition, and since #(x|¢) is also analytic (Remark 2.9), the local
uniqueness assertion in the Cauchy—Kovalevsky theorem guarantees that
F(x | ) = B(x | £) holds on R** X X. In particular, we have

2n
exp (Z v,.P,.) 30| 0) =B ) =00 0) 2.17)
=1
for each v= (v,,..., v,,) in Z*".
On the other hand, the quasi-periodicity condition asserts

| t)y=c() 0] 1) (2.18)
Combining (2.17) and (2.18), we obtain
(exp P)) 0| £) =c(v;) 3(0] ¢), 1<j< 2n,

i
where v; = (0,...,0, 1, 0,..., 0). Thus we have verified that #(0|¢) belongs to
J(P, c) with c; being given by c(v;). This completes the proof of (ii). Q.E.D.

Now that we have established the correspondence between Jacobi
functions and theta functions, we embark on the proof of the finite dimen-
sionality of J(P, c). As we mentioned in the introduction, this is an analogue
for theta functions of the classical Hamburger theorem for the {-function of
Riemann. To prove the desired result, however, we need to require that the
Jacobi structure in question should satisfy condition (2.21) stated below. In
order to state the condition we prepare some notations:

First let us note that condition (2.1) makes it possible to define an
endomorphism @; of .#~ by assigning QP,u to Qu, where u is a generator of
" and Q belongs to Z%. In what follows, we denote by u® the image of u
by @;; that is, @, is, by definition, to act upon .#” from the right. By this
conventlon, P, Pku corresponds to u®®. Let W denote the Z-module
@n, 19, Smce it follows from (2.3) that

0,0, — P P;=—2n\/~ley, (1<), k<2n) (2.19)

holds, we can define a skew-symmetric inner product (@, ®’) of & and P’
in W by @®'— @'®. For a subspace V of W, V' denotes the subspace
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(Y € W; (P, ¥) =0 holds for every @ in V}. Let Vo and (V*)q denote the
vector spaces Q® V and Q ® V', respectively. Since the inner product
introduced in the above is non-degenerate, we see

dim Vg + dim(V*)q = 2n.

Hence, if V= V* holds, then dim ¥, = n holds. In this case we say that V is
Lagrangian. In what follows, for Q in M,(2,) which is equal to 33", ¢, P,
modulo ° with complex numbers c;, we let #(Q) denote 33, c;®;.

DEFINITION 2.12. A partial Jacobi system £(V) associated with a
Lagrangian subspace ¥ of W is, by definition, the following Z,-module:

@;/( 3 @;Q+J). (2.20)

*(Qev

DEerFINITION 2.13. A pair (P,7) is said to be maximal if there exists a
Lagrangian subspace ¥ of W such that the associated partial Jacobi system
#(V) is a holonomic system.’

Now, the condition that guarantees the finite dimensionality of J(P, ¢) is
the following:

The pair (P,.”) is maximal. (2.21)
In fact, assuming this condition, we have the following

THEOREM 2.14. Let P be a Jacobi structure with respect to a %,~-module
N =G> . Suppose that the pair (P,.7) is maximal. Then, dim¢J(P, c) is
finite for every c in C*". Furthermore, it is independent of c, if ¢ belongs to
(€~ {op™.

Remark 2.16. Since exp(—P;) exp(P;) is the identity operator, J(P,c)
consists of only zero, if some ¢;=0. This is the reason why the set
(C — {0})*" appears in the theorem.

Proof. Let us first show the finite dimensionality of J(P, ¢). As we have
noticed in Remark 2.15 above, dim J(P, ¢) = 0 if some ¢; = 0. Therefore there
is nothing to prove in this case. Hence we assume

¢#EO0 (=l 20), (2.22)

Now, by virtue of Theorem 2.10, it suffices to show the finite dimen-

* The terminology “maximally overdetermined system” is used in S-K-K [6] etc. See [4]
and the references cited there for the theory of holonomic systems.
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sionality of the space of thata functions, assuming that the constant ¢(v) in
condition (2.10) is given by (2.11).

As (P,7) is maximal by the assumption, there exists a Lagrangian
subspace V'=@®j%,,, Z®; of W such that the associated partial Jacobi
system (V) is holonomlc We first show that we may assume without loss
of generality that £ has the form

[ 0 -1,
I, o[
Since ‘E = —F and det E = 1 hold by the definition, the theory of elementary

divisors tells us that there exists a matrix 4 = (a;;), <;, <2, Which satisfies the
following conditions:

a; €7  (1<€ij<2m),  |detd|=1, (2.23)

—I
AE'A = [ ! ] (2.24)

2n

N a;®,=0 (1<ign) and v a;®,EV (n+1<i<2n).
Jj= n+l j= n+l

-(2.25)

Let £=(6,)i<1con a0d B = (b)), </ j<2n denote AE ‘4 and ‘4", respec-
tively. Note that (2.23) guarantees that every b; is an integer. Let us now
introduce a new coordinate £ = (%,,.., X,,) and a new Jacobi structure P =

(P, ... Py,) by

X; = byx; (i=1,.,2n) (2.26)
j=1
and
- 2n
P =) a;P; (i=1,..,2n), (2.27)

=1

~.

respectively. We now show that, if we define &#(%|7) by 8#(‘AZ| 1), then
5(x|t) is a theta function associated with the Jacobi structure P. Since
ExX = AEx holds by the definition, we find the following (2.28) from (2.7):

(aif," 7 \/—_1(5)3),) #(x 1)
- [; a (a% —x \/—-I(Ex)j) B(x | z)]

x=A%
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- [; ayP, (t,%)ﬂ(xlt)]

x=AX

_F (t,i) FE|)  (i=1.,2n) (2.28)

Since R, 0(%|1)=0 (1<I<d) and (8/F,)H(X|1)=0 (1 <p<m) clearly
hold, it now suffices to show the quasi-periodicity of #(%|¢). Since every
component of 4 is an integer, every component of ‘Au is also an integer, if
so is every component of the column vector 4 = ‘(4, ..., #,,,)- Hence, by using
(2.10), we find

FE+u|t)=0(CA%+ ‘Au| )

= c(*Au) exp(n \/—1(E 'Au, 'AX)) 8('A%| 1)

= c(*Ap) exp(n /—1(Ey, £)) 6(%| 1).
This means that &(%|f) also satisfies the quasi-periodicity condmon
Therefore #(%| ) is a theta function associated with the Jacobi structure B
Since #(0|7)=#(0| ¢) holds by the definition, and since &(¥| ) is uniquely
determined by &(0 | £) (Theorem 2.10(ii)), it suffices to show the finite dimen-
sionality of the space of theta functions associated with P. Note that (2.25)

guarantees that (P,.”) is maximal. Thus we may assume without loss of
generality that E has the form
—I,,]
I, )

Now, let us choose constants a; (j = 1,..., 2n) so that the following holds:
exp(ny/—1la))=g¢ (j = L,..., 2n). (2.29)

Thanks to assumption (2.22), such constants a; really exist. Using these
constants a;, we define an analytic function n(x | ) by

exp (7: V=1 (,; 0, + a0t + a,+,,)) ) B(x | 1).

In what follows, let x’ etc. and x” etc. denote, respectively, (x,,..., X,) etc.
and (x,, s X;,) etc. For the brevity of notation, we also denote
2l X%, , ete. by (x’, x") etc.
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We now show that the quasi-periodicity condition (2.10) entails the

periodicity of n with respect to x"-variables. In fact, using the fact that c¢(v)
is given by (2.11) and the fact that

=1,
Iﬂ

we find, for each v= (', v") in Z*", the following relation:

n(xl + vl’ xll + le I t)
=exp(r/—1{(x" +v +a’,x" +v" +a”))Hx+v|1)
=exp(r/—1{x' +v' +a’,x" +v" +a"))

X (<1 T e expe y/=T(=v", ) + (v, ") x| 1

= exp(27 /= 1", x")) exp(n /—1{(x’ + a’, x" +a")) B(x] 1)
=exp(2n /=1, x")) n(x | £). (2.30)

In particular, we have
nix', x" +v" [ £y=nx', x"| 1) (2.31)

for any v” in Z".
Thus, n(x’, x"|t) is a real analytic function periodic in x”. Hence, it has
the form

ZZ,. L' | 1) exp(2m \/—1{u, x")) (2.32)
nE
with f,(x’ | t) being given by

J-Ol ees J: n(x’, x" ’ t) exp(——27‘[ \/——1<,U, x”)) dx”, (233)

Here and in what follows, dx” denotes [ 13, , dx;. Now, by (2.30), we

have

N’ +p,x" | 1) = exp(2nip, x")) n(x’, x" | ) (2.34)
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for any p in Z". Hence it follows from (2.33) that

L& +pl)=1,_,x"11) (2.35)

holds for every g in Z". This means that #(x|¢), and hence #(x|z), is
uniquely determined by the function fo(x’ | £) globally defined on R}, X X.

Now, thanks to the particular form of the matrix E, Eqgs. (2.7) imply the
following:

3 ' a ! ! [ ” "
Laeire ] Lo
o ¢+ —
=—f ...J- exp(n _1<x' +a’,x”+a”>)0(x’,x”|t)dxll
0x; Jo o
_.( J' [ 10+ ay40) — 7‘\/—_"‘1“
+P (t _?_) x' ”lt dx"”
i b5 ) | x" 1)

=[ VT a0 4P, (t, )] S 1) (= lemn) 236)

and

27!\/——()6']-!- )_f},(x’lt)
“f

'J' f Piin (, )'I(x’ x"|t)dx"

(xl, xll | t) dxll

——p,, (:, -g’;) A1) (= L) (237)

It is clear that R,(t, 9/0t) fy(x' | £) =0 and (8/%,)fy(x’ | £) =0 hold for any !
and p. Since L (V) =<L(®72,, ZP)) is holonomic by the assumption,

dimg #omg (L(V), Fy), < © (2.38)

holds for any point p in X. Hence, if we denote by F_,,, the vector space
formed by the coliection of possible fy(—a’/2| 1), it follows from (2.37) that
dime F_,,,, is finite. Next, by using the fact that R(¢, /o) fo(—a'/21)=0
(! = 1...., d), we conclude from Theorem 1.4 that
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n aj
po(x’ | £) = exp (Z (xj + 7) (7: v-la;,,

OAET

is a solution of the following Egs. (2.39) considered on R” X X:

(;——7: —la;,,— P( :t>)(oo(x |H)=0 (=1..,n).

X
(2.39)

Here we have used condition (2.2) to guarantee that ¢,(x’ | ¢) is well-defined
over R" X X (actually over C" X X).

In view of the uniqueness of the solution to the Cauchy problem for Eqs.
(2.39) with the Cauchy data on {(x’,f)€ R" X X; x’' =0}, we find that
@o(x" | ) =fo(x" | £) holds on R™ X X. Since go(x’ | ¢) is uniquely determined
by fo(—a’/2 | t), the finite dimensionality of the space F_,.,, implies the finite
dimensionality of the space of all possible fy(x'|?). Since we know that
H(x|t) is uniquely determined by f,(x'|¢), the space of theta functions is
finite dimensional. Hence it follows from Theorem 2.10 that dim¢J(P, ¢) is
finite.

Finally we show that

dim J(P, ¢) = dim¢ J(P, ¢') (2.40)

holds if both ¢ and ¢’ belong to (C—{0})*". Let a; (j=1,.,2n) be
constants which satisfy

c—”-exp( t\/~1(Ea);)  (j= L., 2n). (2.41)

Since ¢; is different from O and since E is an invertible matrix, such a
constant c; really exists. Then, by using Theorem 1.4, we find the following
relation (2.42) for A(t) in J(P, c):

(exp P)) (exp ( i akPk) ) h(?)

k=1
=exp (—27: \/——l (:gnl e,kak) ) (exp ( ZZ_" akPk)) (exp P;) h(2)
=c] (exp (;V; akPk) ) h(t). (2.42)
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This means that exp(Y3", a,P,)h(t) belongs to J(P,c’). Since
exp(3]?" , a,P,) is an invertible linear differential operator, this implies

dim¢ J(P, ¢) < dim¢ J(P, ¢'). (2.43)

By changing the role of ¢ and ¢’, we find the opposite inequality, and hence
(2.40). This completes the proof of the theorem.

Remark 2.16. In the course of the proof of the theorem, we have
obtained the following inequality:

dimc J(P, c) <dimc F_,. 5. (2.44)

Our argument also shows that, if we can somehow verify the finite dimen-
sionality of the space of (global) solutions of the system of Egs. (2.36),
(2.37), R, f, =0 and (8/0i,)f, =0 for any ! and p, then dim¢J(P, c) is seen
to be finite for every c.

3. EXAMPLES

The purpose of this section is to present a recipe by which we can find
examples of Jacobi structures. The recipe will make it clear that the
introduction of the subsidiary system .#” facilitates the construction of Jacobi
structures.

To start with, let us consider an analytic function fy(x|f) defined on
R% X X which satisfies the following conditions (3.1) and (3.2):

Jfolx | £) is holomorphic in ¢. 3.1)

There exist linear differential operators A.(t, 9/01),
B,,(t,&/or) and C,(t,dfot) (1<j, j', k, k', L, I' < n) of order

1 and defined on X which satisfy the following: 3.2)
x,x,,fo(x [£) =A,j,fo(x ¥3) A< j' <n), (3.2.a)
* Gxn ﬁ(xlt) B fox|)  (A<kk'<n),  (3.2b)

o, a o oxD=Cufoxlt)  (A<LE<n). (3-2.)

Let us now consider a (2n + 1)-column vector f(x | £) = ‘(fy, X1 fosess XuSo>
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(0/0x,) fysrs (8/0x,) f3)- Define (2n + 1) X (2n + 1)-matrix P; (j = l,.., 2n)
by

L ntj -
0 0 1 0
B,
»| Bt
P= : 0 (= 1,.., n), (3.3.a)
B;,
Cy;
L an _
0 L
0O 0 1 0O W
P ,=—2n\/—1 |4, 0 (j=1,.,n). (3.3.b)
B,
_Bjn N

Here the symbol £ etc. designates the (j+ 1)th column etc. Let -7 denote
the left Zy-module {R(t,6/0t) EM,,  (Dy); R(t,0/0t)f(x|t)=0} and
define .#" by 22"*!/.7. 1t is then clear that the following relations hold:

0 .
—a;; f(x|t)=Pf(x]| 1) (=1,..,n) (3.4.a)

20\/—1x,8(x | ) =P, f(x|t) (k= 1,.,n) (3.4.b)

Hence we obtain the following:

0 7 0
ForR (t,— |in .7, ,— | P, (t,— )
or (t,at)m R(t 6t) j<t 8t) (x|1)

=R (t,—j;)%f(xlt):ailel (t,%)f(x\t)

=0 (j = 1,..., n) holds. (3.5.a)
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For R (t,%)inJ,R (t : )P,H,, (t, )f(xlt)

=R (1,5)(—2n\/jxk)f(x|t)

=—21\/—1xR (t, )f(x|t) 0 (k = 1,..., n) holds.

(3.5.b)

= [0/ax, — P/(t, 8/t), 8/dx;. — P, (1, 8/0t)] £(x | £)

= [P{t, 0/ot), Pp.(t, 0/00)| fx | ) (1<), j' <n) (3.5.¢)

= [9/0x; — Pt, 8/9t), 2n \/—=1 x, + Py, (8, 3/0t)] £(x | £)

= (@1 V=18, — [Pt /1), Py nlts 9/00) Rx | 1) (1<K <),
(3.5d)

= [22V/—1 33 + Piy o, 9/08), 28 /=1 x40 + Py (1, 9/08)] £ | £)

= [Pyt 0/01), Py o(t, 0/0O) E(x 1) - (1< Kk k' 1) (3.5.€)

These imply that JP,c.” (j=1,.,2n) holds and that (2z /=14, —

[P;» Py, p]) etc. belongs to 7. Therefore conditions (2.1) and (2.3) are
satisfied with the structure matrix

0 I
E= "
L

for the pair P= {P;};_, .. ,, and .#. Hence it suffices to verify (2.2) to
claim that P is a Jacobi structure. Since Q =, Y"J2, ¢;P, has the form

0 ¢, Cyp

with L, (j= 1,..., 2n) being a linear differential operator of order 1, Q* has
the form
2n

2. Ly 0
=1

oL, - e,k

c1L2n v CZnLZn

This means ord Q < 1/2. Thus condition (2.2) is also verified.
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Now let us define a left ideal 7, of & by

(S(1, 8/91) € Dy ; (8, /1) fo(x | £) = O} (3.6)

and denote by V the characteristic variety of &,/.7,. Define a subvariety A
of T*X, the cotangent bundle of X, by

{(67) € V0,(d ;)6 7) = 0,0,(Bie)(t 1) =0 (1 o'y ko K <))
3.7)

and assume
A is Lagrangian. (3.8)
Here 6,(4,;/) etc. denote the principal symbol of 4 ;. etc. Then we can verify

that the solution space of the following Eqgs. (3.9) is finite dimensional, and
hence dim ¢ J(P, ¢) (c € C*") is finite. (See Remark 2.16.)

0 :
a—xjf(x |)=P,f(x|1) (= l,., n),
20/~ 1 x,f(x| ) = =Py, (x| t)  (k=1,.,n), (3.9)
R(t, 8/00)f(x | t)=0 (RE ).

In fact, as each solution f(x | ¢) of (3.8) is uniquely determined by £(0 | ¢), it
suffices to verify the finite dimensionality of the vector space spanned by
f(0 | £). Since the (j + 1)th component f,(0 | ¢) of £(0| ¢) is zero for j= 1,..., n,
it suffices to study f,(0|¢) for j =0 and j = n + 1,..., 2n. Let us now note that
S(t,9/0t) I, , belongs to 7 if S belongs to 7. Hence we have

Auf01)=0  (I<kI<n),
B,.,.f,(0])=0 (1<K, < n), (3.10)
SH60])=0  (SE€F).
Then assumption (3.8) implies that the system that f,(0|¢) satisfies is
holonomic.

Next let us study f;(0|¢) for j=n+ 1,.., 2n. It follows from (3.4.a) and
(3.4.b) that we have

—~an 2 (e | D)= By P PR L) (1<l 1<) (D)
1
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Here we note

—n? - (1)

a
!

and
X n!
A4, 0 O 0 0 1 0
A 0 B
P, Py, Py =—47 i n (3.13)
0 : 0
Bjn Cnl

In view of (3.12) and (3.13), the comparison of the first component of (3.11)
entails

Ayl 010=0  (1<jkI<n) (3.14)
Similarly, by calculating (8/0x,)(x,(8/0x;) f(x | £)), we obtain
Bkjfn+l(0| t)=6klfn+l(0‘ t)‘ (3'15)

Since Sf,,/(0]|#)=0 holds for any S in 7, (3.14) and (3.15) imply that
J2+1(0| ) satisfies a holonomic system. Thus we have shown the required
finiteness property of {f(0|7)}.

So far we have considered the problem starting from (3.2.a) ~ (3.2.c). We
can, however, construct a Jacobi structure by the same method in a more
general situation, that is, starting from the following (3.16.a) ~ (3.16.c)
instead of (3.2.a) ~ (3.2.¢):

X, X, Jo | )= Ap L (6 OOSE ) (L KfysJm <),

(3.16.a)
% éi‘fo("“)ﬂu(u ofon) fyfx | ), (3.16b)
k
o), a ax,ﬁfo(x| f)= C”f LA L) (I Khyrrm <7

(3.16.c)

607/47/3-7
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where ord B, =1, ordAjl,,,jm= a and ordC;...; =8 (1<j, k<n,
1</ wsJpS<n)witha+f=mand a,f < m.

Since the argument is the same as before, we leave the detailed calculation
to the reader.

We end this section by giving simple examples of f,(x|¢) which satisfy
condition (3.2).

ExampLE 1. Let ¢ denote a symmetric matrix (£;),¢;.x<, and let f3(x| )
be given by exp(m /—I1( ¢ icntiuX; X)) It is then clear that fy(x )
satisfies conditions (3.1) and (3.2). In this case, one can verify that the first
component of the resulting Jacobi function with ¢;=1 (j=1,..,2n) is a
constant multiple of the zero-value of the Riemann theta function

ez exp(my/—=1(% ik GkVive))-

ExampLE 2 (cf. Weil [7]). Let 4, B and C be n X n constant matrices.
Suppose that A is invertible and that B = (b)), <; j<, and C = (c;;); ¢y, j<n aT€
symmetric. Denote 3, ;b;¥,y; and ), ;c;¢,& by b(y) and c(¢), respec-
tively. Let @(x, y, {; A, B, C) denote

exp(=2m /= {Ax —y, &) — /=1 c(&) + m /=1 b(»)).

Let ¢(y) be a tempered hyperfunction defined on R” and define
7(9)x|4, B, C) by

| #e.y.¢4.B.C) (1) dy a. (3.17)

Then, by choosing A, B and C as tvariables, one can verify that
Z(p)(x|A,B,C) satisfies the condition (3.2) if ImB and —ImC are
sufficiently large.

More detailed discussion on this example will be given elsewhere.
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