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1 Euler—0000000OO0D0OO0O0OO

Everything, even the obvious, is earned with hard thinking by some pioneering genius.
—Paul J. Nahin[?], (42000).

ONewton O OOODOOOOOOOO EWler0DO0OO0ODOOOODOOODOOOODO,O0D0
O00000000oo0ooooOooo. —Oooo 7], rroon).

In the early eighteenth century, functional notation was used only in very limited cir-
cumstances. —Cannon & Dostrovsky[?], (200 0).

The intuitions of great men are sounder than the deductive demonstrations of medior-
ities. —M. Kline, [?], (1680 00)

First the derivative was used, then discovered, explored and developed, and only then,
defined. —J.V. Grabiner[?]
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0000000000000 D00000D0 Leibnizd NewtonOOOOOOOOOOOD. OOO
0doo0doo0ooooodooo. 0000000 oDOooDo0oOoo0. DoDoooOoooOoooo
00,00000000b0D0Ddo00bodDO0o0o0o0o0o0DO0ooDOooDOoooOoobDOooOoog
O0O0000. Descartes, Fermat, Cavalieri, Torricelli, Fermat, Roberval, Barrow, Wallis 0 0O O 0O O
0000000000000 0o00n. LeibnizO NewtonOOOOODOOOOODOOODOODOODOOO
Oo0o0oooOOO0OOoOoOOOOO,000100%000000000 (00 NewtonOOO)OOOOOO
000.00000000000 Newton LeibnizOOOODOOOOOOOOOODOODOOO,000
000000000000 0000DbOOD.0DO0,00000000 Cavalieri O Roberval OO OO0O
O00000000000.000000000. 00000 Evangelista Torricelli (1608-1647) O 1644
0000000000000 00000O00ODO000D0OooooOoDOOOO ([7,22ro00O)):
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goooooboo.

U000 Newton LeibnizOO D OOUOOOO0OO, 0000000000 0ODO0O0OOODOODOOO
000,000000000Y D0O00000D000000000000 L. Euler (Leonhard Euler,
1707-1783) 00 0. 0000000 DOOO0OOO0OOOO0OOOOODO. 00O, 0000000000
U000 Ener 000000 0ODOODODOODODODODODODODODL. ODODODO Euler 0O
0000000000000000000000000O2,
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0000000000000 D00O00 17000 (OO NewtonO)OOOOOODOO.O0ODOO,

xT .’EQ .21?3
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1.2 EulerOOQO

Leonhard Euler 0 17070, 0000000000 O0OO0OOO,00000000000000O0O
gboooboboo.boobobooob,0boboobooooboobobooboboboobon
gbogboobooooboo,0o0booboobooooboo,gobooobboboobon
gooo,1v830000000000. Dboobbo0obooboobobooboboobbooobDoDon
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1 1 1 72
It gttt S+ = (2)
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000000000000.000000000000000000000000000000,000
0000000000000000000000000000.00000000000000000
0000000000000000000Eulerd 1734000000000000000000000
0. 00000000000000000000000000000 Eue000000000000
0000000 (00000 17400. Euler 00 Ser. 100 XIVO,84-850, [7,2]00000).

000000,Eder0000000000000O00 (2)00000000000000000
00000000000.00000,0000,000,00000000000000000000
ooooo.

Euler 000000000000000000000000O0,0000000000000000
0ooo0o0O0O0O00:

e NOODOODOOD,00DDO0De0ODOODDOODOO.ODOODOODOODODO
0.00,e000000000000003.

gbooobooboo.obogobooboboobooobboob.

Euler 000 V=19 = cosf+ /—1sinf 00000,

Euler 000 V-E+ F=200000.000,VvO0000000000,F00000,FO
gooooobo.

o OO DOOODLODOODODO.
e O UODOUOODLODOODOODLOLOODLDO.

Laplace 0O OO
o’V 9*V 9V B
ox3  0z3 0Oz} B

0000000000000000000000, Laplace 01000,0000000000000. O
00,00000. Leonhard Euler 0 17610000000000 ([?]). 00,00000000000
000 D. Bernowni 000000 000000000000,000 (?)0000000000000
0000000000. 00000000 Euerd [?]0000000000000000000000
ooooooo.

0000000000000000000O0,000000000000000000. 00000
ooo [?),[?7,/?21000000000.

0000000000000000,000000000000000000000000000
00.00000000000

0

0011 (0b0oo0000) 00000000000, 000000000000 OUOOOOO
gboogno.

0000000000, 0000000000000O0000O0 (7. 000000000 Gauss (Carl
Friedrich Gauss, 1777-1855) 00 0000000000000 0. 000,0000000000 Gauss
0000000000000 000,00000000000O0OODO0O0ODOO0OO [?7). 000 Gauss
ooboobooooboooooobooboboboobboobobobOOo0ooOoOoobODOO Bolzano
gbobogooooboboboooboobobooboo. bobobooToDbobOobD. oboobooo
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Euler 00000000 DOO0OOOODOOD. ODODOODOODOO.DOO,0D0O0DROO
Oo0,Euer0000000D00O0O0OOC0O0ODO0 ERMer0DOOOO0ODOODOOOODOO.OOOO

& 1 [*°sin 1 /n
: 2 )
sm(x)dx:— —dy = -4/ =
/0 2)o VY 2V 2
3DDDDDDDDDDDDDeDNapierDDDDD[ID[I,DDDDDDDDDDDDD.DDDDDDN&pierDDD
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00000 Fresnel 00000000, 000000000 Euler000O (7). 0000000000
gbogboboobgoobobodo,bgbooboobooboboo,bobooboboaboon
gb,ggbooobbooboobbooboooboon.

2 00

Descartes 1 Fermat U0 00000000000, 0000000000000000000DO
ggboobgd. buoogobobodobb. ooboboobbuoobbooobboobbuooooboood
gboboboooooooboboboboboooo. wvyoboboooooobooboboboboooo
goog.

ooDO0o0o0oDO000O0DO00OD LeimizODOO. OO0, 0000000000D00000O,
O0O00DO0O0O0 Leibniz O 1670 0000000000, 000000000000O00000DCOO
OO00000D0O. LeibnizO Newton OO DOOOODOOOOOOODOOOODOOO. ODOODOOO
000 Johann Bernoullil Euler OO 0. OO0OO0O0O0OO0OOOO0DOOOOODOOOODOOOOODO,
000000,000 (0000000000000 00OCO0OOOO00000ODODO)0DOODODOOO
gbboooboobboobooboon.

gbboooboobuoobbooboobuoobboobooboobobooboobo. oo,
oXxXoyooooboo. xXooboboboboyuoobooboooooooooo,obooooooooo
oooooo, f:X—-YOUOOOOoooOoooooooo.obo,00bbo0ooDbOo s0goon
O0O0.AF. MonnaOOOOOOOOODOOOOODOOODOOODOOOOOD,0D0000DO0O
gooboobogbbooboobooboon.

00, Johann Bernoulli DO OO 171800000 ox 00000000000 oOOODOOODOO
0. 000 Johann Bernouli 000000000 [?7,02002410007:

Definition. On appelle ici Fonction d’une grandeur variable, une quantité composée de
quelque maniére que ce soit de cette grandeur variable & de constantes.

O0000 ElerDOOODO.

3 EulerOOOQOGOOOO

Euler 0000000000 0O0OCO 7000000000 OCODOOOOOOOOOOCOOOOOO
gbbooobogb.bogobuobobooboobobooobd:

00 3.1 [Euler 000000 1] OOO0OOOOOOOOOOO,000000000000,000
000000000 0oo0o0oO0o0oOoOO0o0oOOo0oDoOOo0ooOoooDO. (OO ?,2000))

0o00odboob BernouliD O OOOOoOOooooooobooobboobL.oobobobobbogoboob
0000bD BernoulliDOODOOOOOOoOOoooooooboboboooooboo.bobbogoboo
00000000000000000000000.00a+320 az+bva?2—220 000000
0000 (e0b00D00O0ODO zDDDDDD),DDDDDDDDDDDDDD4:

gboooboboboobboboobo. obooboobo,boobuobooboab
ugbbobbooooabobo.obooboobbooboobboobobooboaoboo
gooaoo.

ooobob,Enerb000b0booboboobboboobbooooboobooboDg, oD o
gboogbo.ooboob,obooboobooboobobobob.bobbobooboobon
gooooob,0boobooboobooboobooboobobooboo.bo,bboobon
gooboobobuooooboooobooobooboboo. boobooobooo,bbooboon,
0000000000000 D00O000D000000 FowrierJO0O (190000)000,00000
gboooboobooboboobooobobobbooboooo.

OO0 700,[?, pagevi0OO0OOODOOODO0OOOOOOOOOO:

‘77000 3000
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00 3.2 [Euler00 0000 2] Those quantities that depend on others in this way, namely, those
that undergo a change when others change, are called functions of these quantities. This definition
applies rather widely and includes all ways in which one quantity can be determined by others. Hence,
if x designated (designates 0 O ) the variable quantity, all other quantities that in any way depend on
x or are determined by it are called its functions.

000000. 00000000000000000000000. 000000000000000
0000000000000000000000000000000000.000,00000000
00000000000000000000,00,00000000000000000000000
0000000000000005 000000000000000000,00000000000
000000000000000000000000000.

00000000000000000000000 Dirichlet00000000000000000
0000000000000000000. 00, 18130000000 Lagrange 000000000
0,0000000[?: 000000000000000000000 Cauchy 00O Euler 0000
0000000000000000 (7).

190000000031000320000000000000000000000000000
0,180000003100000000000000.000 Eder000000000000

00,0000000.000000000000000000000000, Euer000000O
00000000000.0000000000000000000000000000000000
00. 000000000000000000000000000 (000000000000000
0000)00000000000. 00, (?)0000000000,00,[?7]0000000000
000,0000000000000000.

00 3.1 000000000000 O00O00ODO00O00DO0OODOO0ODOO0ODO0OOOOOn ([7)0 34
000,[?7024000]. 0000000000 ET. Bell[?](32000)0 “instinct for functionality”
goooooo. gog, oo ooobooooobooboobobbbbbDbb. 00
O Youshkevich[?] OOODOOOOOO, 00000000000 DO0O00O0O0OOOOOOOOOOO
gooo. oo,bbobboooooo, 00000 vyoooooooooooboboo. bbboo,
{1,2,3,---,n} O 1,1.414213,1.732050,--- ,,/A 000000000000000000000000
gboooobobobooboooobobboboboboobob.boboboooobooo,bon
goobooboboooboobooooboon.

4 Fourier 0

000 FourierOODOODODO. Fourter 0000 Fourier 000 Fourter 00000000 OODOO
O0.000000 70000 Fourier DO O Fourier 0000000000 ODODODO. OODOOOOO
Oo0o00o00oooooooao

Fourier O [?][?]000000000000O0OODOOOO([?7]0O 430000)

In general the function f(x) represents a succession of values or ordinates each of which
is arbitrary. An infinity of values being given to the abscissa x, there are an equal number
of of ordinates f(x). All have actual numerical values, either positive or negative or null.

We do not suppose these ordinates to be subjected to a common law; they succeed each
other in any manner whatever, and each of them is given as if it were a single quantity.

[?7]00,000000000000000O0000C000DO. 0000432000000

5000, Truesdell O [?] O GZDDDDDDDDDDDD,f(x):{g Ei;g;)
000000000,00000000000000000000000000. Eue00000000 1765000000
(Opera Omnia ITI-1, 564 0) OO0 O0OO00O0O.

5Jean Baptiste Joseph Fourier, 1768-1830

gooooooboobooo
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The function f(x) denotes a function completely arbitrary, that is to say a succession of
given values, subject or not to a common law, and answering to all the values of x included
between 0 and any magnitude X.

goooonD. Fourier 000 ogoboboobo. bbb bobobobob oo,
0000000000000 0DODO000OO00DO000O0O0O0DOOO00ODOOO0. 0004 Grabiner
gbooboobg,0booboobobooboobbooboobbooboooo.

000000 Cauchy OOOOODOOODOOODOOOO ([?7).

goobooobooo,booobboooboooob,boobbooobooo, .
gbooboobooobooobooboooboo,bbooboooboooboboobo
gobogo. boogobboobbooobooob,bboobobooboboooobn
gboogoo,00booobooboooboobo.

OO0 Euler000 3200000000000000. Cauchyd Fouwrier DO OO OODOOODODOO
oooooboo0oooOoooo.oo0Dbog, Fourierd Cauchy UOODOOOOOOOODOOOOO
. gbuogboobbooboobbooboobobooboobbon

Dirichlet[?](18370 )0 0000000000000 . «0b00000,2000000.00 20
0 bO0O0DO0ODOODOOODOOOOO. D0OOO0DUODOcO0D0OO0OOOOODOOODOyDODOODO,
000,20 «0000000000000000000y=f(x)00000000O0O0OO0OODO,yO
gboboobdog00000D00O0.

Dini[?]0 19000000000000000000000O0OO0O0O, 0000 Dirichlet0 00O
googooog.

obooboboobooooobobobuobobon. 1842000000 De Morgan DO OO OO
000 [?j0o0o00oo0oooog:

The letter with respect to which differenciation takes place is called the independent
variable. The expression differenciated should be called the dependent variable, but the
phrase is not found necessary. Every expression which in any way contains x, or depends
for its value upon the value of z, is called a function of x.

OO00deMorgan OO OO OODODO,180000000DO0ODOOOODOO.

00 4.1 Dirichlet O Fourter 00000000 [?]0000000000O0OO0OO0OOOOOOOOOO
oooo.0o0oboooooboo0ooooDbboob OO0, 000DOODOODObMODOOOOO
gobobobooboooooboboobob. vyooboboobooboooooobobob,0bobooboo
gbobogdgoo,oboobooboooooooboobg,---gbboobbobboobuoobbod
ooooOoooooO0obooOoOobD.0bbo0o0bOo0ouobOoo DirichletODOOOODOOODOO
gbooobooboboboo. bob,goboobobooboboobobooboboooboobon
0000000 (ODO00oOO0o0oooOooooOO). 1840, G. Peano O

lim lim

n—o0 t|0 sin?(nlmz) + 12 N

sin(nlmz) | 1 (20000)
0 (x0D000)

00000 (7,000 [?704000000). 00000000000O0O0O0O0O Ewer00O0OOO
gbooboobogbbooboo.obd

lim lim (cos(n!mz))™ =
n—oo m—0oo

0 (z0000)
1 (z000D0)

O Pringsheim[?]7 00 O, Lebesgue[?|[130000|000000000.
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5 Ubob:0bboobd

O0,Euer 0000000000 sinz0 v22+10000 “07000000000.00000
gob32000dboobooooobooobbooooobob. ooobooob,00ob0bbooo
gobooboooooobo,oobbboooobobobooobbo0. oobobo,0o0obobbooon
goooobooobbog. oooboobob,0bbbooooobboboooooooboboooon, oo
000000000000 0O00DOo0o0oooooo. o0, f(z)=log(sinzg) DOOOOOOO,
flz)y=1/z000000000000000O, 00,

f<x>={ coo 0=y

-z (x <0)

0000DD0000D000000D. 0000000000000 000000000000000
000D0,000000000000000000000000. 00, CauchyD 1844000000
2 [ z3dt
DD(MLDD“DDDDD”Df@y_WﬁDDf@y_—/ é%—gmmmmmmmm,mmmm
m™Jo x
0 Euer000000000000. 0000000000, Fue000000000000000
Euler 000000000000 0000000000000000000000000000,0
0000000000000 00000000. 0000000000000000000000000
0,180000000000000000000000000.001800000000000000
000000000,00000000000. Langer0 [2](4000)00000000000

The written words flowing from different pens had different meanings. While, for
instance, the function and the analytic formula were one to d’Alembert, the function was
thought of as a graph by Euler, and probably meant something else again to still another.

Fourier[?](0 00 340000)0 e Pl 000000000000 D0O00O, 0000000 EulerO
gbooooboobboooboobooobobon.
gboboobooboooboobooob w81vyoboooooo.

00 5.1 [Bolzano O OO0 O] According to a correct definition, the expression that a function fx
varies according to the law of continuity for all values of x inside or outside certain limits means just
that:  if x is some such value, the difference f(x + w) — fx can be made smaller than any given
quantity provided w can be taken as small as we please.

000 Bolzano[?) 0000 ([?]0 256000). 00000,00000 |f(z+w)— f(z)|000000

0000 fz+w)— fz00000000000,0000000000000000. 000000

| 10000000 Cajori[?,4920] 0000 1841 00 Welerstrass 0 D 00000000, Bolzano O

O0000000000000D0. (0000000000000 0000000D0 Weierstrass 0 00O

[?]0,000000000000000000O0O00O00. 000,000000000000000

O000,0000 ||0000000 Welerstrass 0000000000000 OOOOO.)
Cauchy 00000000 D00O00ODO0 ([7)).

(000000000D0)00000000DO0000 2«0000,00 f(x)DOODOO
0000000000, o f(z+4)—f(x)D0000O0OO0ODOOOOOOODOOOO, f(x)
gbobooobooboooobg,bbc000b0o0bboobon.

0000000000000,00000000000000,000000000000000000
000000000. 00, Bolzanod Cauchy 100 00000000000000000C0O0000
0,0000000000000000,000000000000000000000007.000,
BolzanoOO OO [?)000000000000000000000000O0O0OOO. 0000000
[7][21400080000, Riemann 0 (190000000000)00000000000000000
ooooo.

'MO00000000000000
0000000000000 000000UDO. 0000 173400 Eule 0000000000000 0O0ODOODOO
oooboooooooboooobooobo.
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6 J0000O0D0—CauchyUOODOOOD:0000000000D0OODODOO

Klein [?, 208 00 O]  The investigator himself, however, as in the other sciences,
does not work in this rigorous deductive fashion. On the contrary, he makes essential use
of his phantasy and proceeds inductively, aided by heiristic expedients.

--pgbdgobouoodgbbuoooboboobbuooobbooobobooobobad.
ugbbogobobooobbooobbooobbooobobooa. boooboobooao, oo
ugbboobuogobuoobbooboo,bbuooboboobbooobooaobboobo
gbbobboobooobbobbooboooboobbo. obboobooboooboo
ugbbobboobooobobobboo. boobbooboobobobobboobooboo
o0oooooooooooooooooo. ---0000booooo [?7),0173000.

8ooooooooooooo vyooooooboooooooo, CauchyOOOooooooO
goo,000ooooooooCooo.0bpooOoDooOOOCCCODOOO00000O0.DoBoOd
Ooo0ooooooOOoOo,00ooooodO. CawchyOOOODODOOOODO,0000C000
00oo0o00ooooooo0oO00. 0o0000oUoooDooooOOoU0UUoDOoDDoOoOOoOoOoon.

00000000 CauchyOOOOOOODODOD. NewtonO limit 0000000O0O0ODOO,00
O the last ratio 0 O the ultimate ratio 00O 000D O0DOOOOO. DOOOO Newton O Principia
Mathematica(OD OO [?]0435000)000000. OO0 0O0ONewton O 00O OO ultimate ratio 0 O
000000o0oo0o0o0ooooo000oDoOo000ooooOO00,0000D00O0000OoDoOODO
o0oooooooooooooo.

00000 ultimateratioD 0000000000000 DOOOOOODOOOOODO,000000
00000ooo0o0o0oooo0o0o0UoooooO0U0oooO,0D00000DOODO000ODODOO
0.000000000C00000000 ultimateratioOO0DOOOO0OOOODO,000000000
000000000 O00DO0C00D0O000. NewtonOOOOOOOOODOOOO,000000D000
oooo.

000000, LeibnizO00OO0OO00ODOOOOOODOOO. ultimateratioDOOO0O0OO0OOOOO
O0000000O0000,000000000.00000000 BernoulliOODO EulerO0O0O00O0O
00. 000000 Eer000000000000D0O00O0DODOOOODOOOOY.

Euer00 0000000000000 O0OOCOOCO.0O0OOOOOOOOOOOOOOOO
OooOoOooooo. 000, Ekler00000oooOOoO0O00oooOoOCO000O,0ooooDooO
oooo000ooooo,000000ooooooooOoCoooD. Ewer0DODOOOOOOOO
gooooooOoOOoOOOOO,0C00C0CDOOCOOO.0DO0OOOO00O0ODODO0OoOoOoOoOoOoOOQ
0000 Ewler0O0O0O0D00ODOO0OODOCOOO,0000CO00DOOCO0OODOOOOODODOO
goooooooooo. ogooooooooooooooo0ooooooOoOogoooooDOooO
ooooooooOooooO. ooo,0o0o0o0000ooooo0ooDoooOoOoooD. W8ooooooO
Oo0O00oO0opDooOoOO. EeeidOOOOO0OO, 000000000 000DODOCOOOODODOO
gooooooooooooooopoooOoOo. oo, 0opooooooOOoO00ooooooo,od
ooooooooooooD. 8Woooooooooooooooooooooooooooooooo
oooooooo.

BOOODOOODOOOoOooooooooooOoO, dAlembert 000000, O Allez en avant, et la
foi vous viendra. (Push on and faith will catch up with you; 000 O0000000. 00000000
O00o00oC0cO0ooOo0oO0oOoCoOoO)OooooOoooOUOUObOOOD0OO0ODO. b0O,00D00000O
0000000000000.000000000000000 George Berkeley (1685-1753) 0 0 0O
O000O0.0000000000 The Analyst: A Discourse Addressed To An Infidel Mathematician[]
01734000000000,00000

And what are these fluxions? The velocities of evanescent increments? They are neither
finite quantities, nor quantities infinitely small, nor yet nothing. May we not call them
ghosts of departed quantities?

‘0000000000000 D00000000D0000000DU0000D0000000D000000o0oOog
ooooooooboooboooobooobbooooobooooo.



200 (30 ) ( 20 8 4 ~8 7 )

goooooooooboogoooo, 1y oo bbUuUo. oobbbooo
Berkeley 000000000000, 00D000OO0OO0ODOO. OOOO C. Maclaurin O 1742 0 O
Treatise of Fluxions 000 O0000000. 000,000 Maclawrin 000000000 OOOODO
000000)00000000000000O00000ODO0000. MaclaurinOOOOOOOOOO
UO0OONewtonUOOOUOOOoooobooboboboooboboboboobooboboboooo
0000, 0000b00b00o0000O00b0o0oD0bOo0DOO0. 000 MaclawrinOOOODOO
000000000000000000000000001%, 00 Eulerd d’Almebert 0000000
gobooboobooboobuoobboobboobDboobooboobooboobOoo. 1I80Q
gobodoboobbuoobboobooobUbobboobbuoUobooUobboOoob, Lagrange
gogoddogoboobbbbdodooooouon.

1784 0000000000000 000O0O0O0O0OOOOOOOO [?,?7. 0D0000O0O0DODOOO
ooooOooooooooot, Grabiner[?] 0000, 000000000000 OOOOOOOOO
000000000000000. 00 S. LHuilier'? 00000000000, L'Huiliee 00000
ggoaoobbobobobbbobooooooan

http://www-history.mcs.st-andrews.ac.uk/Mathematicians/Lhuilier.html
gooon

The standard concepts and notation for derivatives, and the standard elementary theo-
rems on limits which appear in an undergraduate calculus text today appear in a remark-
ably similar form in Lhuilier’s prize winning essay. Lhuilier introduced the notation ”lim”,
and was the first to allow two-sided limits.

D0D00D000000dAlembert 000000000000000000000000000000O
0000000 Lagrange 0 L'Huillie 0 000000000000000000. 000000000
000000000000000000000000000000

Lagrange 10 0000000000000000000000 (7, 7 00000000. OO
L'Huiliee 00000000000, 00000000000000000000. 000000000
000000000 (7,7. 000000000,000000000000000000000000
0000D0000000000000000. 000000000000000000000000
0000D00D0000000D000. 0000000000000000000000000. 000
000000 (dérivée) 000000000, 000000000000.000,000000000
0000D00000000000000. 0000000000000, ([7,7]00000000.

00,180000000000000000000000000.000000000000000
00D000,0000000000000000000000000000. 000000000018
0000D0000000000000000. 00000000000 CauchyD0D.000000
000000000,000100%000000.000000000000000000000000
00000000,0000000000000000000000.0000,1+4+4+---000
000000000 Johann Bernouli DOD0O0000, 1+ 5+ +-- 0000000000000
00D,00000000000000000000 (7). 000,18000000000000000
000000000000D00000000000.

d’Alembert O Lagarange ] 00000000, 00000000000000000000000
0,000000000000000. 000000000000000000000. 000 (00
Lagrange 1 ) 00 00000000000. 00000000000000000000000000
00D000,000000000000000000000000000,0000000000000
000000000000000000000000000.

YOopoOo0oDO0O0000000,000000000.0000000000000000000000D0D0000000
oooo.

Mlagrange 1000 0000000000000 O000O0D0000D0O0000O0O, 00000 LagrangeOJOOOOO0O
ooooocoooooo.

P Huilier 0000000000000 00O00O0D0D0DO00O00O0O0O0O0DO0D00OO0O0OO0o00oooooog
ooooooooooon
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7 Bolzano [

000, 00oboboo0dooooooooooooD 81yogoo. boooooooooo B.
BolzanoOOOOOOOOOOOOOOODOOOOOOO (7). 000000000000OOOOOO
gooooob.oooboboobbtbotbddoooooobbbb, oo obooo
00000000000000000000008. 00000000000,00000000000
000000000 BolzanoOOOOOOOOO [?7). 000000000000 0OOOOOOODOOO
googooooooooooboooobobbb. oo, bbb oUoUgg
g, 0o, bbb bbb oboooo
g, o000 UUUUU G
g, jjooooooobobobooboboobooboobo,bbbbbobobobobob. ogg,d
gdgbboobbooobboooubbooooobooooboboooubn.booa,gnoodad
0000000000000 000000000OD,000000,00 z24+4/(@-2)(z+1)0 x=2
Ubd,z=-1000000 -1<z<2000000000O0000O0O0ODODDODOODOO.ODDOO
gugddoobooboboboddoooooooooobbbooooo, oo boobooooouaa.
gogododooobobobobbibooooooooouooobooboobbobooooooubob.obobob,bo
g4,y UUUUUYg 4
gogddguoooobobbotbodgooouoobo,bboobbbobooooad.

F0)=0,f(1)=1/2,20000000 f(z)=2/2, 20000000 f(z)==2. 0000 £(0) =0
0f(1)=1/2000000000002€(0,1]0000 f(z)00000.00000,0000000
000O00b00o00oO0o0bO0o0oO0,000b000b00000O00b00bO BolzanoODOOOOO
0000000000 (CO0O000OD0OO0O000OD0ODOO000O0OO0O0O0 Dirichles 000000, Bolzano
0000000000000, 000,0000000000000C00oOoOoOOOOO0O0O. OO
ugd,obooooooooobooag, bbb obobobboooobnbobbooooubag
goo0oboooboooOo,0bo0b00bo0oboob00.bo0ob00obOoboOooOon Cauchyo OO
O000. (Grattan-Guiness[?]| 0000000000000 Cauchy OO ODOOOO0OOOODOOOO
0.)

Bolzano OO OO DO OOODOOODOOODOODOOOOODOOODDO,0000b0Oo0obDOoOoO,d
gooooobobbbbootoogooooo, 9o bobobbooougag
0000000000000, BolzanoOOOOO [?7,7,2,?20000000. 000000 Bolzano
000000000000 F. Gerstner 00000000 ([?7]),0000000000000O000O0O0O
0000 Gerstner 000000 OO0O0OOODOOOOOOODO.

OO0, BolzanoODDOODOOOODO S510000000000: 000000DOO0O0ODO Bolzano
oooboo0oobo0o0. DOoboooooDbobo0o0ooobOoogoo. bod, Bolzano O O
gy, o000 UoUU g
odooooooooooobbbbbb. oo ooooobobobobooooooooog
gododdo,gguooobooboboooogooooo0oobb. oL booooo,0gg
O, Grattan-Guiness [?, ?] 0 0 Cauchy O Bolzano DO OO O0OOOO00O, 000000000 Cours
d’Analyse 00000000 BolzanoOODOODODOOODOODODOODOD. O0OO0,000000000
0000000000 000O000000OO0OO0. Freudenthal[?] 0000000000 O0OOOOO,O
000000 Grattan-Guiness[?]| 0000000000000, Grabiner[?]0 Cauchy OO0 O OO0,
Bolzano O Cauchy OO0 OO0 ODOOOOOODOODOOOOOOO.

Bolzano O OO OO O00OD0OO0D0ODODOODDOODOO, AbelO BolzanoO OO OO OOOOO.
AbelDDO0ODODOO0ODOOO,0000000000000 BolzanoOOOOODOOOODOODODOOO
ooooo. [7).

ggoddogooooobbotoodooooooboobooboobobduoooooobobooboooo
00,0000 Bolzano-Welerstrass 1 0 00000000000 (DO0OO [?7,7,7?]). 000, Cauchy
O000000.00000000000.000000 Lagrange0OOOO0O0OOOOOOOOOO ([?7)).
00000000000, Cauchy D BolzanoOOOOOOOODOODOOODOOODOODOOODOODOOO
gad.

BO0po0D (71000210000 [?71000.
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8 Cauchy O[O

00,Cauchy0000000O0OOCO0O0ODODOOODOOOOODODOOODOOODOOOODOOOOO
oOo0oo[?,?000.0000,0000000000000,000000000C00O00O0DOO00OO
O0oo0o0oo0oooOo. [?7joo0ooooooo,

gbooobogogouobooboo,gbobooobouoobobbobuoobobod
ugbboobuogobuoobbooboodob,ggobbuoobuoooboobboobo
gboboobooobooob,obboobbooobobooboooboobooboooboo
gooogooooo,obooboobooobooobooboobon. —0b—oobo
gboboobooobooboboobooboboooboobb,oobooboboooboo
gboooboobogobooboboobooobooboon.

U000, Lagrange000000000000O00O0O.
ggbobooobbooooboooboboooboo,boobobuooobobooobouaonn
gbooboodgo,0oboboobobooboboobo. booboboooboboooboboo
o000,(00 (700000000 OOO0OO0)DOO000000DOOO0O000ODO (booooo
000o00o0O000ooO0O0o0ooO00oOD)0O000C0O00b0. D0b0OO0DUOoDOOoOoOODOO
gbboogoboobboobooboobbuoobooobboobooboa,boa,

| o= s

000000ooO00o0o000oOoO000U00. (Do0DooooOOoOoUooOooOooOOoOooOUbDbooOoo
ooooo)

Cauvchy ODO0OO0OOOOOODOOOOODOODODODOO,0DO0ODODO, 0000000
OO0 (00000000 )Lagrange 00000000, 0000 BolzanoOOOOOOOOOOOOO,
Cauchy 0 Weierstrass 1 J 0 0000000000000 (Cauchy OOOOOOOOOOOODODODO
0). Lagrange 0000000000000 OOO. Bolzano O Cauchy O Lagrange 00000000
O0o00000O0oO0oO0O00oO0o00oO0o0oO0o0OOo0oOO0oD 7. 0000000000000
0. Cauchy OO OO Lagrange 0000000 O0D0OO,00000 Cauchy O Lagrange 0O 00O
ooooooboboognD. Lagrangel D OO0 000 OOOOODOO0ODODOOODODODOODOO
o000o0o0obOoOoooOooobooooboooo.

Cavchy 00 O0O0ODOOO0ODOOO0ODOOOODDOOODDOOODOOOOODD,ODOO00O0DDOO
0000000000000 000O00O00O000. 00000000 DO00O000ObO ([7)0 12000
ooooo):

00 81 (00000000 {f,}5,000000000000.000 >,2,f(@ 0000000
00000000000000.0000 Sk)=).,f(x)00000000000.)

gbobooboobuoobooo. bugoboobooboboo.bbo,bobbobooboobod
O00. 000000000 AbelO, 18260000000 (00). 00,000000000000O
gboobodobubbodob.gobo,bdobobuoobobobuoobobooboboobobod
000 “00”’000000000% 00000,00000000000000000000000
goo.

gbgboooobobbobuobuoboboboboobuoooo. bobobobooboobon
goobgbobooooooob. b0bobob0o0o00ob0obO0obO0obODO Weierstrass O 1841
o0oo0o0ooO0o0oOo0ooO0Oo 7). 000,000000000D000DOO0OOO0DOOOODO,
00000000000, 00,0000 (gleichmassig convergirt) 0000000000000, O00
gobooboooboboobooob,opboooboboooboooon. oobo,bboooobobbooo,
goboboooobobdooobbooobboobbooobbooobboboooobbo. bbo,000
Weierstrass U OO0 DO 000000000 0OO0OO, 0000000000000 boobooboDn
0000000000000 0000. (0000000000 Welerstrass 000000000000

"o 47000
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0000,000000000000000000000000000). 0000000000000
00000000000 Stokes[?2]0000000000. 00000000000 0O00000000
0. Stokes 000 00000000000000O0D0O000O0O0D,000000000000000
0000000000000000000000000. 00000000 Seidel[?7]00000000
00000000000, Hardy[?] O Grattan-Guiness [?] 000000000000, Hardy[?] 0O
00000,Abel00000000000000000000000. 000, Grattan-Guiness[?]0 0
0000000, 185300 Cauwchy 000 [?7]0000000000000000000000000O
0.0000000000000000000000000

Weierstrass ] 0 0 0 0000000000000 Gudermann(?]0 25100000 25200000
0oooooo0O0O0O0O00.

Anmerkung 1. Es ist ein bemerkenswerther Umstand, das sowohl die unendlichen
Producte in §58 als auch die so eben gefundenen Reihen einen im Ganzen gleichen Grad
der Convergenz haben, welcher nicht von der Grosse der Amplituden ¢ und ), sondern
lediglich von der Grosse des Moduls k oder &’ abhangt.

obooboooboooboobo. o0, 0b0ob0b0bo0ooobUD. Weierstrass 1O D OO0
gbooooboobooboboobooobbobboobooobon.

Cauchy 00 0O0OOO0DO0OOODODDO 1821,23000, CauchyOOOODODO AbelODODOODODODO
0000000000, 000000000000000 [?7.00,Cauwchy0000O0OOOODOOO
000000000000 0. 0000 ([?7)0 558 000) JacobiO

gobobooobboooboboobbooobboooboobbo. oooooboooon
CavchyOOODOOOOODOOOOOO.-.-00DOCOO0ODOOOOODOOOOODO
gbobo.0oogbooobobooooobooboooboboob.oob,000boog
gbooboooboobooobooboonbD.

OOoooooooooots,

0000, [?,?00000000000000. EulerD Lagrange D, 000000000000
0000000,000000000000. 000, Cauchy000000000000O00D0O0OO
0000000000000 DD. ?7)0000000000000000000D. 00000000
0ooo:

7109000000 y=f(x)0,00 200000000000 O0OODOO,00 20,
gboobdobuodgobooa,bgooabogboob,obooboobooboboa. bd
O00,Az=¢:0000,00000

fle+i) - f(=)

1

gboob,0bobobdo. oo, gbogoboo,ooobooboboooaooboba, b
gbbod,oboooobbooobbooobboobbo. obbuoaoboboooboo
ugbb,z00000000000DO000O0O0O00OO0,000 200000000.

gbgbooooboobobobod,gbuogbobobuoooobobuoboboooboooan
O,00000000000000000D00 CauchyUOOOOOOODOO. OOO, 0000 Fourier
gbobogbogbbogd.

Lagarange U0 0000000000 OOO0ODOOODOOODOOO0DOO0OOO0ODOOODOODLOOOO
000000000 O0O0OOoO0OO. D’Alembert O Lagrange 000000000000 OCOO,O000
0000000000000 000000000 BolzanoO Cauchy DOOOOOOOOOOO ([7]).

BOopopDOO000,000000000000000000000000000000000
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1667 Gregory 00 00OO0O0O0OO0ODODOOOOOODODOODOOOODO
1692 Leibniz O functio0 0O 00000

1718 Johann Bernoulli OO O OOOO

1748 Euler O Introductio in Analysin Infinitorum OO0 0 0O O

1753 D.Bernouli OO OO00OO0OOOCO0OOOODODOOOOOODO
1755 Euler O Institutiones Calculi Differentialis 0 0 O O O

1797 Lagrange [ Théorie des Fonctions Analytiques [?] 00000
1806 Ampére 00D ODOODOO

1806 Argand 0000000000 DODOODOOOODOO

1807 Fourtier 00 O00DOO0OOOO0ODOOOOOOODOODO
1817 Bolzano 0 Rein Analytischer --- O O0O0DO

1821 Cauchy 0 Cour d’Analyse 000 0O

1823 Cauchy 0 Résumé des legons --- 0O O 00O

1829 Dirichlet O Sur la convergence --- OO 00O

18320000 |Bolzano OO ODOOO0OOODOOOOOOODOOOODOO

1834 Lobatchevsky U O DO OO OO

1837 Hamilton 0000 a++/-16000000 (¢,b) 00000000
1841 Weierstrass 00 000000000000 (OOOO0OO)
1847 Stokes 0O OOO0OOOODOO

1872 Dedekind O Stetigkeit und Irrationale Zahlen O 0 0O 0O O
1872 Heine 0O0O0O0OOODOOOO

1875 Weierstrass 0 000000000000 O0OOOCOODOODO
1889 PeanoO O OO OOGQOODOO

9 bbb toobuobobtuoobuoobbuobboobd

9.1 0OUOO0ObObOOOd

000000000000,00000000 Euer0000 Bolzanod Cauchy 00000000
00.00, BolzanoO Cauchy 0000000000000 000000000O0O0ODOOOOOO0
000000000 00000000,0000000000000000000000000000
0000000000000000. 00, Ampere 10000000000 190000000000
ooooooo [z, 7).

00 9.1 (Ampere000,18060) 00000000000 O0OOOOOOOOOOOOOOOO
go.

gbooboboboboboboobobooboboooobo,bobobooboboo. bod
oooboooooooboooDbD. Rkerd00O0oobOo0ooboOoO0OoboOOO0ODOOO,00DOO
O00000000. Lagrange 00 000000000000 O0OO0OOCOOOODOODO (oODOOO
O000). Ampered Lagrange 0000 00000000000 O00O0OOO0OCOO. D0ODOOOOOOO
O0000000. 186000000 (00)DODOoOOOoODOoOooOOODUODOOOoUOODODOOOOOO
O0. 70000 Ampere 00 000000000000 DODO0OODODOOOO. Ampere0 00000
000000000000 0DOO0DO0O0DOO00OC0ODOCO0DOO0ODOO0D0g. Ampered 00000
goobobooobbooobbooobobooooooo,ogobboobbooobbooobbg
g.0bgobooboobobooboobbooboooboon.

GaloisO 18300000000 [?]00,00000000DO0O000DODOOOODOOODOOOODO
goboooboogoo.
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o0, f:leb —-ROO0O. 000000000 O0OOOODOOOOO

00 9.1 f00000000000,2z<y00000 2,y€la,b]0000 f(z)<f(y)0D0DODO
oo.

00 9.2 fO0ODDO0OODOOO,000=z€(a,b000O0O

im [f(z +h) = f(x)] =0

1
h—0
ogooooono.
00 93 fO000O0O0ODOOOOO,000z€ea,b0DOOO

o S h) — f()
h—0 h

gooooog.

gboooobobobooobobooboboo. oo, oboobobooboboboooboooo
gbboobuoobuodb oboobobooboobuooboob,gobooboobboobad
gboobooobobooob,obuoboobobobbobbooo.bug,boobobbooboad
gbbodbobdg. boobbooobuooobooobbuoobobooboooboooboooboao
o0.000,b0000000000 (00000000 L0)0000OOOOOODOObODOODOO
0000000000oo0ooOO0O0O00000000OOOO0DO (booooODoOoOoOoDUoOoOoOoD).ooo
gbogboboobooboboooba,booboboba,bobuoobogbooboboaboon
gooooooooobooo,0ooooboob,b0b00b00 «DOobboOoboboobo”boobobUoboog
O.(‘0C0boooo”0oooopoooo.)

0000000000000 000O00000000000O0 Dirichles OO0 ([?7], 18290). Euler
ooooooooooooobooob0 boooooooboobob0 «cOorgboo0oooooDbboUoboboog
O0O00DO0O0O0d Dirichlete DOOOODOODO. Dirichlet DO O0O00D0OOOOO0O0ODOOOODOO. OO
gbobodgbbuobbooobboda. oo, buoooooobboobbooobooooboon.
0000000000 RemannO000,00000000000000C0OC0O0O0OOOOCOOOO ([7],
18540). O0O0O0OOOOOOOOODO. 00,0040

x 0<z<1/2)
diz)=4¢ 0 (x=1/2)
x—1 (1/2<x<1)

oboobo.0ooboooobogobooogboobouoboonD. obgb Riemann O

Riz) = Z d(nQ:L‘)
n=1

n

o0 RrRO0ODOOO. ODODOODOODOODOOOOD,DO0D0ODOO.DOODODOODOD
goboobobooboooboooboooboobbooboooobobo.ooobooobboo
O000. R(z)0 Riemann OO0 DO 0OO0OO.

1870 00 Hankel 00000 Riemann 000000000000 (Riemann O OO0 1854000
O000,000000000018680000)00000000000000O0O (Condensation der
Singularitaten 00 0 ). Hankel 0000000000, 000000000000000O0000O0OO
00000000000000000000000. 00 -1<z<1000000,z#000C'0
D00 000 (0000 ¢@) =|z)). 00O

f(@) = 3 ang (sin(nra)) (3)

n=1

14
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0.8

0.6

0.4+

02

02

04

-0.6

0.8

U 1: Riemann 0, 000000000000 O0O0O0OO0OO

O00.00000 {e,}0000000000 3)0O0ODOO0OOOOO0DODOOOOODOD.DOO,
Ynlap| <o OO0ODOO0O,(3)000000000ODO0O0OOO0O. OU0DODOOOODO Condensa-
tionsprincip der Singularitdten 0 0 0O O .

000 Cantor[?]000000000O0O0OOODO: 00 0,1]00000000 {r1,re,---} 000

f(z) = Z (@ — 1)
n=1

gbbo.ggboobboobdooboboan.

H.A. Schwarz[?] 0 18730 0000000000000 000O0O0OOOCOO. 0OO0O0OOOOO
gboobdobobooboboobobobob. obd,boooobuobooboboobobod
gbbodbboobbo.ooobuoobboobboobboobooobuoobboobboao
gbbooobooboooa,bbooboobboobobobooobo. ob,oobobbooboad
gbobg,bbooboboobboobodgbobooob.oooodg,

o(x) =z — [z] + [7] (z]0 20000000000O)
noo,

o0

S(z) = Z W(i:x)
n=0

S()0 z=k/2" (n=1,2,---;k=0,1,2---,2") 0000000000. (OO, Schwarz O Cauchy
Schwarz D 000000000 OOOO.)

10 WeierstrassJ OO QOO QoOQOQd

yvooboooboooboobobobooboobDooboobooboobobDboboobooo
godg.gdao,oboboooooouooobbiooooou,bbobbboooodobboooood
0000000 DO0DO0obO0obO0o000obOb0ObO0obOOD. HankelDOO,00000000000O00OO
ggogboboodboooboooboobbbooo. oL, bbb booobbbuoooLoob o
gaggbobooobobuoooob,ggubboooobbooobbooobbboobn.oboboa
000000 Weierstrass (Karl Theodor Wilhelm Weierstrass, 1815-1897) 0 O O .

Weierstrass[?] D000, Riemann 000 0000000000000 0OO

flz)= Z Lsm (mn’z) (-1<z<1) (4)

™2

15
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| LMl LMJ ||
(1 i

y=0 y=0

O 2: Weierstrass 00 f(z) =Y rogbicos(abrz) 0000, (O)b=1/2,a=2. (0)b=1/2,a=4.

000000000000 000,00000000000000000000000000000
017, Weierstrass 000 000000000000

x) = i b cos(afmx) (—-1<z<1) (5)

0000 ([?7]). Weierstrass O,

00 101 00000 0<b<1l,e0000,00000. 000 ab>1—f—377T gogoodg. goodg,
0000 ze[-1,1]0 fO0OOODOOOODO.

00000 (710000 B8r200000000,1820000000000000.00DODOOOOO
00000000 187500 du Bois-Reymond O [?] 00 0O). Welerstrass «b>100000000
guddoobobobbodooooo,gonoooboobbobobgooooouobooobooooaaa.
000000000000 Hardy (G.H. Hardy, 1877-1947) 0 0 O .

00 10.2 (Hardy[?]) 0000 0<b< 1l,a 0000 >100000. OO0OO, 0000
€[-1,1]0 fOo000OOOO0OOOO.

(7000000000000 0O0. 700000000000, 000000000O00DOOO.

00 10.1 Riemann OO0 () 0000000000000 O00O0OO0O (DODOOODOOOOOOOO
ooo0)o,0000000000000O0. 0000 [7,?7)000.00,Rlemann OO0O0O0OOO
0700000000000 D0O000O0O0O00O00OD0000D. z2=00000 4c0c00000D0OOO
goob.ooogo3bgbod.e=3,4,--- 0000

fulw) = 3 2T
n=1

0ooUoooooooo fl(o)=ccdbo0. og,

3 i (mnx) 3(1—2)
;wn { (=1 —x)

161861 0000000000000 0D000000O000 [?]
YOo,000000000000000000000000,000000000000000000000000000O
oooooo
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x=-1 x=1

3: (0) Riemann 00O (4)0000. (0)Riemann OO0 sin0 cos0O000000O: f(x) =
Zk 1cos7rn:t)DDDD

n

0000000000000000. Luther[?)0000000000000. 00000 SmithO00O
[?100000000000. Luther O,

1

gu(z) = Z pr sin (7rn2:1:)
n=1

0o000,1<p<3/20004¢,00000000000000000000DO000O00O00O0.

Darboux[?](107000) 0 Weierstrass 10000 00000000000. 0O,

> sin((n+ 1)z
>y ((n! )!z)

(—m <z <)

n=1

goboobobooboooboooboooboobboobo.boooboooboobboo
ooooobOoOdooo.0od»!0O000OO00O0OO0O0O0O0OOO00DOO,00DbDOODObOObODbOO
gboobooboobbooboob. bo0bboobbddo<cax100O0

> sin ((n + 1)lrz
3 (((nJ!r)a) )

gbboogobg,bbogboooooogoog.

(-l1<z<1) (6)

n=1

11 TakagiODDOODOOO

1903000000 [?7)0000,000000000000000000000000000000
0OoO0. o000,

T(x) 222—"1#(2"90)- (7)
n=0
noo,
o (0<z<1/2)
¢(x)_{1—x (1/2<z<1

17
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0 4: (0)Takagi 000000, (0) McCarthy 000 (00000000000000000)

00000.00 ¢v(»z) 0000000000000 O0DO0ODOOOODOOOO. (mOOODOODODOOO
000000,000000000000000000OOOOOOO0OO0,(7m)DoOooooOOOoOoOoO
googoooog.

TakagiOOOOOOOOODOOOOOOOOOOOOO. McCarthy[?]DOO0DD0O0OO0DOOOOO
gooooobg,bbooboobobooobooboonoobo:

Mz)=>_ %w (22" 1) (8)
n=0
0000000000, Faber[?] O
[e’e] 1 '
S (272) 0
n=1

gboobgoob.oobbooboobbooboobooobooboon.
Hildebrandt[?] O TakagiOD OO (7)00000D00000. Begle and Ayres [?]0 oco0 0000,
Takagi DO O OOOOOOOOOOOO. DOOODOO,

e x=Fk/2" (n=1,2,--- ,k=0,1,---,2") 00000 400 000000000000000.

ez 0000000, z0000DDOOUDDOnOODOOODOOOODOOO O, 1OO00OO
L, 0o0ooo,D,=0,-1,000.00lim,..D, 000000000 400000 —ooO
ugbogboob,gobudobouabtugubogboobu. gbbobboobodgndgd
ugboobooooo.

OO0 Takagi OO OOOODODOOODOOODODOOODOO:
=1
Fup(a) = Y -t (a"a). (10)
n=0

000 ,b0000000. a=0b=20000 TakagiOO OO OOO. van der Waerden[?] O 00O
0000000000 e=0bb=100000000000 (19300000000). e=b0000 [?7]0
goboooooooo. [?7jo0o0, F, 00000000000, 0000000000C0O0COO
Ue>300000000OO0ODOODODOODLDOUO. ODODOODOO,e0b0O0ObDDbOO,DbOO
gugddgoboooobbboboooooooaono.

Knopp[?]OOOOOOOODO:

Kop(a) =) o™y (8). (11)
n=0

18
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00 11.1 (Knopp,1918) ¢ 0000 0<a<1, 00000 ¢ >40000000000'%. OO
0000 K,0 [0,1]0000000000000000000000.

Hata and Yamaguti [?] 0, 00000000 {a,} 0000
F(x) = an(20)"(2)
n=1

00000000000 fO TakagiclassOOOOO. OO0, (2¢)" = (2¢) o (2¢p)o---(2¢) (nO 0O
O0)000. Takagiclass 000000000000 OOOOOO,0000

=1

V(@) = 2(1 - 2)

n=1

Ooo00oo0oooooooooooo.
0000 [?]000000000000000000O. 0000 HankelOOOOOOOOO, 0O

Hankel OO0 O OO0O0O0O0OOOOOO0OOOOOOOOO. OOOOOOOOOOOOOOOOOOOOO
ono.

o0

f@) =Y 2in sin(nle)| (12)
n=1

7000000000000 0,000000000000DODOO0OO00O00000O0. D00000O
gbbooobooab,gobbooobogboobboobooobbooog.

U5 0000.0000000000000. 1875000 2100000000000 00O0OOOOOOODOO
00.0024000,000000000000.00270,1900 (000000000000O0O0OO)00O0O
goboooboboooboob. oo 31ocgbooboooooo. o040, 000b0obobooobooobooooo
oo.003r0o00. 0010000000, 196000.

000 Takegi OO OO0 OO0O000O0O0O0OO0OOO0.
1903 | Takagi OO O OO (DOODO)

1907 | Faber 0 00 TakagiOOO OO (9) 000

1918 | Knopp 000 Faber 000 TakagiOO O OO O
1930 | van der Waerden O O O

1933 | Hildebrandt 0O O Takagi OO0 O OO O

1953 | McCarthy 000 Takagi OO OO 0000

1957 | de Rham 000 Takagi OO O OO0

1984 | Hata and Yamaguti 0 00 TakagiOO OO DO [?]
1991 | Sekiguchi 0 Shiota 0 00O Takagi OO OO OO

1995 | Matsumoto, Tokushige 0 0 0O 0O Takagi OO OO OO
800,00 @8>40000000000.00000000000000,0000000.
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Lagrange U0 OO O0O0O0O0OODOODOODOODOOOOOOODOOD,DO0DbO00DODODOO
gbooobdobuobobdobouoobobobboboobooobob.boo,0boboooboboo
ggbobooboooboboobbooobboobboooboooboo,obbuooooboood
gbboobuoobbooboobboobooboooa.boon,

uggbobobboooobobobbooooo,gooobobooooobooboboooob
u.bggo,gbobbooboodgbuobobbobuoobuooboboobooobaa, b
O0000,0000000000000000O0DODOOOO. 7133000}

goboobooboboooboon.

Je me détourne avec effroi et horreur de cette plaie lamentable des fonctions continues
qui n’ont point de dérivées --- [C. Hermite, [?] (318 0 0 0O )]

0000000000000 00000. TakagiDOOOOOOOODOOOOOOOOODO [?7]00
OO0 Takagi OO O0O0OOO0ODOOOODOOODO.

gbbogboobbooobuooboobbooboobbooobuoobbooboobooboon
gboooobobdab.boboobobooboooobooobooobo,gbobobuobbobod
gbbodbboobboobbobboobboobb. bboobooobuoobboobobao
gbobooooboo,ugoboobooboobobooo.boob,oboobboobobboobod
gooobooboooobooboboobooboobDo.0b0o0nD 192300 N WienerOOO
00o0ooDoooo ((7,39000)Y. 00,00000000000000000000000000
gbbooobooobboobob,boobboobbuoobobooobboobbooboboan
goooag.

gbbogbogbbooobuooboobobooboobboobuoobbooboobooboon
gboobooobooobobodan.

0 11.1 BolzanoO O. B. Bolzano [?|]0 4870 00. 00000 (a,4), (byB) OOOOOODOOOO
goo,0b000bboooboon

(a, A), <a+ g(b— a), A + g(B - A)) , <%(b+a), %(B 4 A)) ,

7 9
(a+ g(b—a),A-i— g(B—A)) , (b, B)

goooooooooboogoo. 400bboobobbobobbo, 0oL bbobobbooDbO.
folx)=2 (0<2<1)00000000000O000DOO0OO0OO0OOOOOO0O BolzanoOOOODO.

08 08

0.6 06

0.4 04

0.2 02

0 0‘.2 0‘.4 0‘.6 0‘.8 1 0 0‘2 0‘4 0‘6 0‘8 1

0 6: BolzanoO OO .

YOpoooooooooooo (7100000
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Bolzano OO D [0,1]000000,00000000000000000000000 ([2)). [2,
§111)([7,§75)) 0000000000000, Bolzano 00O OOODD0D000000O0OOOODOOO0O
00000000,00000,00000000000000000000000000000000
00.[?7]0 5075080 0000000000000000000000000000O0O0O0OOOOO0
0000000000000000000000000000000000000000000000
0000 Rychlik 0,19220000000000. [?7]00.

7/‘/*7

0 7: BolzanoO OO (O). Perkins 000 (O 0). BourbakiO OO (O).

Bolzano 0000000000000 000000.00000000ae(0,1)00000. 00
000 PQ (P=(2,9),Q=(z+hy+k)0D0000000,0MO M= (z+ah,y+(2—a)k)D
000,00 PQUOODO PMQOOOOODOO0O00®000000000.00000000000
00000000,00000000000®000.00000 fi(z)=2 (0<z<1)00000
0000000000000000 B,000. By, O BolzanoODODOD.

ARV

00,000000000000000000000000000000,00000000000

0. 0000000000000000,00000000000000,0000000000000

000000000000 000000000000. 000,000000000000000000

000000000000,0000000000000000 (distribution) 000000,
0000000 (pathologocal) D0DDOOODO [?]00000000000000. 00,0000

0[?)00000000000000.000000000000,[?7(0000)0000000000
Kline[?, 17700 0] 0

In one respect it was fortunate that Weierstrass’s example?® came late in the develop-
ment of the calculus, for, as Picard said in 1905, “If Newton and Leibniz had known that
continuous functions need not necessarily have a derivative, the differential culculus would
never have been created.” Rigorous thinking can be an obstacle to creativity.

gbooobg,bbooboooobogooog.

12 JOoooboggad

Johann BernoulliOD OO OO O On appelle ici Fonction d'une grandeur variable, une quantite de
quelque maniere que ce foit de cette grandeur variable & de constantes. (Opera Omnia, vol. I
& 11, Georg Olms (1968) OO 0O 17420000. )

204 continuous but nowhere differentiable function
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EvlerDO0OO0OO1 ODO0OOO0OOO0ODODOOO,0D00D0OD00O00O0ODO,D0DODOODO
0000000000000 00ooooooooooooo. (7

EulerO0O0O0O0OO Those quantities that depend on others in this way, namely, those that undergo
a change when others change, are called functions of these quantities. This definition applies
rather widely and includes all ways in which one quantity can be determined by others. Hence,
if x designates the variable quantity, all other quantities that in any way depend on x or are
determined by it are called its functions. [?]

00 121 (Euler0000O0O0) OOOOOO,000,0000,0000,0000,0000000
gbogbobo.gbobooboobob.boboobooboboobo.ooboboooboon
oobo0,Euer0000,0f( 0000 f=lim,~ 000 fO0D0000OO0ODOOODOOODOO
oooooob. fOobOoO0bOOoO0obOOO0ODOOO0OOO0O0OOObOO0OOOObLOODbDOODOODOODO
oo,0000000000boo00ooO000oDoU00DDOoU0D. EulerOO0ODO Bessel 0O
ggbobodob. ggobboobbuoobbbooobboobbuoooboboo. buooooood
gbboobogbboobooao.o

00 12.2 (Euler 0000000000000 O0OOODOOOOO) DOODDODOOOOOODOOODOO
goobooboobbooboobooboboobo,bgoboooboobooboobobo.

Lagrange(1797 O ), Fourier(1822 0 ), Cauchyd 18220 ): 0000000000000, 000000
Uo00o0. knlee D0 000000000 O0OOOO

Cauchy [?]. O0O0O0O0OOCOOOO,00000000000O0O0O0,0000D0000O0COO,00
vboobobouoobouodgbobbooboobo,boboobuooboboboboobodono
gb.oobobooooboooobooooboo,obbooobboobboobbooooboono,d
000000000000 00. (D00 Eder000 200000000000000.)

Fourier J. Fourier, Theorie de la Chaleur, (1822): OO0 by A. Freeman, The Theory of Heat, (1878).
Fourier U0 OO OOOO0OOODOODOOOOOOODLDOODOO. OO

“The function f(x) denotes a function completely arbitrary, that is to say a succession of given
values, subject or not to a common law, and answering to all the values of x included between
0 and any magnitude X.”

Uo0obobO. Fouwrier U0 O0OO0O0O0O0O0DOODOODOO. ODODODODOOOOOODO
gboboda,buoobboobuoboobbuoobboobobooboobog.

Dirichlet Dirichlet O O 0 18290 O

1 (x0000)
0 (x0DOOD)

Dedekind Dedekind O O 0O (1887 0)

000000,00000,0000 (1961). 65000. 00000 SO0O0O0O0OOO,0000
00000000, 000000D00SO000O0DOO0ODOOU0OOO0 sOObDOoOoDOOoODo
00,000 s0000000,¢(s)000. ...00000000O0O0O,00000000000
gboooooboobooboooo

goobooboobboobo obboobobooobooboooDoo.

PeanoOUODO. SOOO0OO0O. 0000 Sx SO0O0OO0O.Sx SOO0OOO RO, (xy)OR,
(xz) 0 ROODOD y=2z00000000000. 000,0000000000,00000,0
000 (1976)0000,000000000000O0COOOOOOO.
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Bochner 0000000 D0O0O, 00000O0O00O0O0OOODOOOOOOOOOODOOOO. OO
ydodoouooboouobooooooooooboooboobobobbobbbbbbbobobon
uddd, oo oobbobbbbb, oo ooobn
O00000000,00000000000 (would-be definition)00000000000O000OO
00.(0000,000000000 (00 O,0), 00000 (1970), S. Bochner, The Role of
Mathematics in the Rise of Science, Princeton University Press (1966) 00 0 .) 0 164000.

Weyl D0 0O0OODOODODODODODODOOOOO0O0OO,0DO0D0ODODO0OOO0OObDObODODbO
0000.000000000,0000000000,0000 (1959)090000
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