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Introduction to IFP

1 Question of translating the algorithm

Question| Can we translate

the algorithm in char = 0 via (o, 11, s)-method
into the one in char = p > 0 7

Answer| YES !

Basic structure remains the same.

Inductive weaving of the strand

& construction of the modification
o Unit (o, 1, s) makes sense

via the notion of LGS H.
o Moadification (I, E') makes sense
via the construction of

“Cpc” (at the analytic level) and “Bd”
Termination in the horizontal direction

o Main mechanism of induction on (o, t)

is valid.
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Choice of the center

Case: --- (o0, ", 00,0)
Use Nonsinularity Principle

Case: --- (o, %,0,0,T') MONOMIAL CASE
Use what 777

The same argument as before.

Termination in the vertical direction

Crucial Claim| inv(F;) < inv(FP;_1).
Proof 7?77

Claim IHV(PZ) < iHV(Pi_l).

Assuming |Crucial Claim|,

the same proof works.

Claim| A an infinite sequence
iHV(PO) > iIlV(Pl) > s

> inv(P;_1) > inv(F;) > .- '
The same proof works.
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2 Power Series Expansion w.r.t. LGS

Given
[ = ®(I); a ®-saturated idealisitic filtration
H; an LGS of I

Power Series Expansion

w.r.t.

H = {(ha,p*)};,—; LGS
ho = P mod m®, "
and its associated reg. sys. of parameters
(331,”‘ s TPy Ty11y* ,(L'd)_
Vf € Ow.p
3 f =Y es(f)H?, HP =hi'-- b
and

degwacB(f) <pr—1lfora=1,---,l,

.e.,

CB(f) — Zognagpea_l Cnl...nlw?fl ¢ wlTLl

with Cnq--my € k[[iBl+1a "ty de]]
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Coefficient Lemma

(f,a) € (1) = D(I)

(ca(£),a — |[B]]) € D(I)

where |[B]| = b1p® + - - 4+ b;p°.

In particular,

(co(f),a) € D).
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Example of the use of Power Series Expansion &

Coefficient Lemmal| in translating the algorithm

Case:inv™""1(P;) < invS~1(P;_;)
o Description of
i = pa(D@ )

= inf {ord (c@(f) ) /a;

(f,a) eD(E),a € Z>0}
makes sense thanks to Power Series Expansion.

o Decsription of
NaiveCpc(IZ 1)

(C@(f) 7/71}? . a);
(fra) € DY), a € Zsyg

=G |®DE"HU

and

Cpc(ﬂg_l) =G {IL {@ (NaiveCpc(]Ig_l))}]

makes sense thanks to Power Series Expansion

at the analytic level.

: tial
(at the algebraic level ? "< Lecture 5 by Kawanoue)
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o Independence of “Cpc” from the choice of

LGS H and (xy,-+- , &, 111, -+ 5 xq) holds

thanks to ®-saturation and |Coefficient Lemma

Case:inv>'"1(P;) < invSI—1(P;_;)

We use the “logarithmic versions” of
Power series Expansion &

Coefficient Lemma
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3 Question of validity of the translated

algorithm

Question| Will the translated algorithm

via (o, i, s)-method in char = p > 0 work ?

Answer| NO !

We have trouble handling
MONOMIAL CASE
Crucial Claim| inv(F;) < inv(FP;_1).

We present some easy BAD EXAMPLES .
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4 Bad examples

Example 1

o Invariant p strictly increases after “permissible”

blowup.; Trouble with |Crucial Claim

char(k) = 2
I (z® + f''y*, 2)
(1524, 2) /F*® (,2)
Dy (7)) FF(=* + 1y, 2)
= ("%, 1) /0 (fy 1)
B g = {F}, F={f =0}
Hi = {@=+ 9", 2)} = {(h,2)}

pwr =9 i.e., divisible mod H; by f° per level

il = 2

Blowup with center (x, f, 2)




odetion fo 17 )
Description after blowup
wrt. (' =x/f,y, 2" =z2/Ff, f)

() mh(x? + flly?, 2)

= (" + f°y*,2)

wh(f1824, 2)

= (£*2",2) /£ (£22",2)

m(fy*, 1)

= (%% 1) /f° (fy* 1)
D () =

1+1,young

D -1 (= (1))

1+1,young

Fop(x™ + foy*, 2)

= (9% 1) /7 (y% 1)
Ezjjzll,young = {Fuew} Fnew = {f =0}
i = (@ + Py 2)

pr.. =9 i.e., divisible mod H;,; by f° per level

ﬁ3+1:3>2=ﬁ'§
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Source of trouble
11,,4 faif 2 11,,4
(.f yal) (_(:I3 +f yaz)
|t Lt

(F% 1) # (fy% 1) — ik (" + fy*, 2)

Conclusion: We will have trouble showing

Crucial Claim| inv(FP;) < inv(P;_1).
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Example 2

o We get thrown out of the monomial case after

blowup.; Trouble with MONOMIAL CASE.

il (22 4+ fl0z,2)
(f*,2) /% (1,2)
QE;n;O;;lg(H?i_l) 50 (x® + f10yz,2)
| —(F051) /0 (21)
%(wz + fPyz, 2)
= (f"y,1) /1 (y,1)
E e ={F}, F={f=0}

1,young
Hi; = {(z* + f%y=,2)} = {(h,2)}
pr = 10 i.e., divisible mod H; by f!° per level
T

We are in MONOMIAL CASE.
Blowup with center (x, f) defining

Supp (@Emi-l (H;”HMF)

1,young




odetion to TP (12)
Description after blowup
w.rt. (¢ =x/f,y,2, f)
T (2?4 f10yz, 2)
= (@ + foyz,2)
T(F0,2) = (£1%2)  /fY (f2,2)
T(fO21) = (1) /ff (f21)
m(f%,1) = (f°y,1) /f° (fy,1)

Ot ) =2y ()
8%@'2 + fyz, 2)
= (f82,1) /8 (2,1)
%("Bﬂ + fiyz,2)
= (f%y,1) /f8 (. 1)
Eﬁil_,yloung = {Foew}, Foew = {f = 0}
Hw = {0+ fynD)

pr.. = 8 i.e., divisible mod H;,; by f° per level

~1,;

pih =1>0=p;
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Source of trouble

(7201 By pirya
|t Lt

(F1) # (f1) <L (@ + foyz,2)
Conclusion: We can NOT stay
in the MONOMIAL CASE.

(13)
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Example 3
o Failure to choose the nice center

(as naively expected) in MONOMIAL CASE

char(k) =5

It (@8 4 fi(y? — %), 5)
(£, 4) /Y (1,4)
gEmrl (H;ni_l)

Faz(@® + fA(y° — 2%), 5)
= (4f*(y* — 2°),4) /F* (4(y* — =), 4)
(@ + fi(y* — 2°),5)

= (2yf*,4) /f* (2y,4)
2 (x® 4 f4(y* — 2%),5)
= (—32°f%,4) /f* (=32%4)
{ Bl = (F}, F={f =0}
H; = {(=* + fi(v* — 2°),5)} = {(h,5)}
pwr = 4 i.e., divisible mod H; by f* per level
oy =

We are in MONOMIAL CASE.
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Naive choice of the center (x, f) defining

Supp (@ my—1 (]Im’_l)|p>

’L ,young

following the analogy to the classical method

HOWEVER
Supp (@ m;—1 (]Im’_l)) 7 Supp (@ m;—1 (Hmz_1)|F>

’L ,young 7/ yyoung

defined by defined by

&ilfafayz—z?’l (w,f)
NOT nonsingular

Source of trouble

(4 — )14 4) 2L @+ F° — 2%),5)
(2yf4,4) S
(—322f4,4) =

invisible

after setting f = 0

Conclusion: We can NOT choose

a nice nonsingular center

in MONOMIAL CASE.
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5 Analysis of trouble

An element in LGS is of the form

__ p°
h= x4+ TAIL|.
It is | TAIL| that is causing all the TROUBLE.

on | TAIL| into our algorithm.

How ?

h= &, 6 +|TAIL

Conclusion| We should incorporate the information

d: a diff. operator (of degree 0 < degd < p°)

oh = 9xP +4| TAIL
|
0

—

Information on

Study of the derivatives of 0h = J[ TAIL

TAIL
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6 Introduction of invariant v

SPIRIT: Mimic the construction of invariant

p: Weak order
(order after divided as much as possible by
the defining equations of the exceptional divisors)

in regard to all the elements in ©g . (I)

p: Weak order
(order after divided as much as possible by
the defining equations of the exceptional divisors)

in regard to all the derivatives of LGS
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Definition of o7/

@Ej—1 (]I‘Z_l) =]

1,young

H = {(ha,p*)}.,_, an LGS
{p}., = {p™ <. --p} = {p*}7,

] = vy i (J)

i,young

= vu(J) — ZFACEi—l VA

7,young

where
4

Dt (Jep) with t € Z5,p% —t > 0
= {(f,p*? —t) = (6(g),p% —1);

§ € Diffy, g €5}

z,young

vi(J) = inf{ord(co(f))/ (P — t);
(fa P8 — t) S Dijj—l (Jpeﬁ)a

J—1
1,young

< i,young
t € Zso,p® —t > 0,f =3 cp(f)HP}
U = inf{n/(p® — t);

co(f) is divisible by f7,
(fa PP — t) S D;j—l (Jpeﬁ)a

1,young

t € Zso,p —t > 0,f =5 ca(f)H"}
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Lemma

(J) is independent of the choice of H

Vi gi-t

i,young

(or Hy). Therefore, v} is well-defined.
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7 Observe how invariant  overcomes

trouble

Example 1

Center (x,f,z)

(o, 1, s)-permissible NOT (o, pt, v, s)-permissible

K = < /J’i—{—l =3
Compute
v =4 Fap(@®+ 1y, 2)
= (1)
Vp = 11

divisible mod H by fllper level
/FH (y* 1)

New Center (x,f,y,z)

(o, p, v, s)-permissible
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Example 2 (Say Ez aged)

(o, ity s)-method

(sz “zv 33)
T

0O O

—— End of weaving. Try to determine the center

as in the classical monomial case.

Center (x, f)

ﬁg:0<ﬁg+1:1'

(o, py v, s)-method

(a-z’ ”’z’ 7 SJ)
I | I

0O 1 O

—— Weaving continues. Center determined by the
later units.

Center ((x, f,y, 2): (o, 1, v, s)-permissible

A =0 = i, =0.



Computation of o/ = 1.
(2 (a? 4 fl0yz,2) = (F02,1) /f10 (2,1)
\ 2@+ f10y2,2) = (£1%,1) /1 (y,1)

I/FI]_O

\
We have to add y and z to make the center

(o, pt, v, s)-permissible
Center (z,y): NOT (o, ut, v, s)-permissible
Center (x, f,y, 2): (o, u, v, s)-permissible
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Example 3 (Say Ez aged)

(o, ity s)-method

(O'zv “zv 33)
T

0O O

—— End of weaving. Try to determine the center
as in the classical monomial case.

We have TROUBLE choosing a good center.

(o, py v, s)-method

(Jz’ u’z’ V’Z SZ)

I | |
0 1/40
—— Weaving continues. Center determined by the

later units.

Center (x, f,y, z): nonsingular, (o, i, v, s)-permissible



