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Chapter 1

Brownian Motion with Darning

1.1 What is Brownian motion with darning?

Let X be Brownian motion on R For a nearly Borel set A C R?, a point x is said to be
regular for A if P, (04 = 0) = 1. Here o4 :=inf{t > 0: X; € A} is the first hitting time of A
by Brownian motion X. We use A" to denote all the regular points of A. A nearly Borel set
A in R? is said to be polar if P,(c4 < o0) = 0 for all z € R%. Tt is well-known that for every
nearly Borel set A, A\ A" is polar (see [16, Proposition 6.3 on p.44]). It is also known that
when d = 1, A" = A (see [16, Proposition 3.2 on p.30]). Lebesgue showed that when d = 2,
any connected subset B of R? that contains at least two points is non-polar and B C B"
(see [16, Proposition 7.2 on p.47]).

Suppose that E a domain (open connected subset) of RY, and K,..., Ky are quasi-
separated non-polar finely closed relatively compact subsets of E. Let D = E '\ Uj-V:lKj.
Intuitively speaking, Brownian motion with darning on D* := DU{aj, ..., a% } is a Brownian
motion in £ by “shorting” each Kj into a single point a}. Sometimes we also use K to
denote the point aj. For such a purpose, we may assume without loss of generality! that
Kj C K7. But for the convenience of describing the topology on D*, in this notes we assume
that each K is compact but put no assumptions on the regular points of K, that is, we do
not assume K; C K7.

Formally, by identifying each K; with a single point a}, we can get an induced topological
space D* := DU{aj, ..., ay} from E, with a neighborhood of each a defined as (UND)U{aj}
for some neighborhood U of K; in E. Let m be the Lebesgue measure on D, extended to
D* by setting m(K*) = 0, where K* :={aj,...,ay}.

Definition 1.1.1 Brownian motion with darning (BMD in abbreviation) X* is an m-symmetric
diffusion on D* such that

'In general, note that (cf. [2, Lemma A.2.18(i)]) K \ K7 is semipolar and hence polar. Thus for every
z € K; N K], since og; = OK;NKT N OK\KT Px(UKjﬁK;' = 0) = P,(0k, = 0) = 1; that is, every point of
K; N K7 is regular for K; N K7. So we can take K; N K7 as new Kj;, which is non-polar and finely closed
(rather than closed) since E \ K is finely open.
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(i) its part process in D has the same law as Brownian motion in D;
(ii) it admits no killings on K*.

Observe that it follows from the m-symmetry of X* and the fact that m(K*) = 0 that
BMD X* spends zero Lebesgue amount of time (i.e. zero sojourn time) at K*. We point
out that D can be disconnected.

Example 1.1.2 (One dimensional examples) Let £ = R.

(i) N =1and K = [0,1]. In this case, D* = R and BMD X* on D* is just the standard
BM on R (see Figure 1.1).

| 1 — .

0 1

Figure 1.1: Example 1.1.2(i)

(i) N=1and K =10,1/3] U [2/3,1]. D* is homeomorphic to a knotted curve (see Figure

1.2) and X* is BM on this graph.
.
1

Figure 1.2: Example 1.1.2(ii)
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(iii)) N =1 and K = {—1,0,1,2}. The graph D* has three knots hanging at the same point
(see Figure 1.3). BMD X* is BM on this graph.

. BN

°
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Figure 1.3: Example 1.1.2(iii)

(iv) N =2, K; = {-1,1} and Ky, = {0,2}. D* is a graph consisting a circle and a line
passing the center of the circle (see Figure 1.4). BMD X* is BM on this graph.
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Figure 1.4: Example 1.1.2(iv)

(v) N =1 and K is the Cantor subset of the unit interval [0, 1]. D* is a graph with infinite
degree (see Figure 1.5). BMD X* is BM on this graph.

Figure 1.5: Example 1.1.2(v)

Example 1.1.3 (Multidimensional examples) Let E = R¢ with d > 2.

(i) N =1 and K is a non-polar connected compact subset of R%. See Figure 1.6.

I, - .

Figure 1.6: Example 1.1.3(i)

(ii)) N =1 and K = 0B(0,1). D* is homeomorphic to he plane with a sphere sitting on
top of it. See Figure 1.7.

(iii) N = 2, K; = B(0,1) and Ky = B(x, 1) for some xy € R? with |zg| > 2. See Figure
1.8.

(iv) N = 2, K; = B(0,1) and Ky, = dB(xg,2) for some xy € R? with |zg| > 4. D* is
homeomorphic to the plane with a sphere sitting on top of it. See Figure 1.9.

(v) N =1, K = B(0,1) U B(xg, 1) for some zy € R? with |zo| > 2.

(vi) N =1and K = dB(0,1) UdB(x,2) for some zy € R? with |zo| > 4. D* is homeomor-
phic to the D* in (iv) but with two points where the spheres touch the plane identified
into one point.

(vii) d =2, N = 1 and K is the Siepinski gasket or Siepinkski carpet in R2.
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3 B .

Figure 1.7: Example 1.1.3(ii)
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Figure 1.8: Example 1.1.3(iii)

Remark 1.1.4 (i) BMD with darning on (E \ K)* when K is a fractal-like set might be
an interesting subject to study from the fractal geometry point of view.

(i) One can also do darning (or shorting) for symmetric diffusions on R? as well as on
general state spaces. In fact, one can do darning for a large family of non-symmetric
(possibly discontinuous) Markov processes. See [2, 4, 5, 6, 9]. The results developed
in this lecture notes (except the conformal invariance property for planar BMD) can
be easily adapted to be applicable to symmetric diffusions on general state spaces. O

1.2 Existence and Uniqueness

In this section, we show that BMD always exists and is unique in law.

As mentioned earlier, BMD on D* can be intuitively thought of as obtained from Brow-
nian motion on E by “shorting” each K;. The Dirichlet form for the part process X
of Brownian motion X killed upon leaving domain E is (D, Wy *(E)), where D(u,v) =
: [z Vu(z) - Vu(z)dz and Wy?(E) is the y/Di-completion of C>°(FE). Here for a > 0,
D, (u,u) :== D(u,u) + a [, u(z)*dz. The quadratic form (D, Wy?(E)) is a regular Dirichlet
form in L?(E;dx). For u € Wy *(E), its energy measure

i (dx) = V() Pde,

which is the same as its strongly local part y{, (dz) as the Dirichlet form (D, Wy (E)) is
strongly local.

Think D(u,u) as the energy for the potential (or voltage) u on E. “Shorting” on K;
means v is constant D-q.e. on K;. Denote by (£*, F*) the Dirichlet form for BMD X* on
D*. Then intuitively,

F*={u € W,*(E) : u is constant D-q.e. on each K}

and £*(u,v) = D(u,v) for u,v € F*. Denote K = UY| K and o := inf{t > 0: X" € K}.
It is well known that for every u € Wy*(E) and a > 0, Hyu(z) := E, [emxu(XE )] is in
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Figure 1.9: Example 1.1.3(iv)

W, ?(E) and u — Hgu € Wy*(D). Moreover, u — H%u is the D,-orthogonal projection of
u into the closed subspace Wy (D) of Wy?(E). Define for each j,

uj(z) :=E, [e77%; XF € Kj].

Since K is compact, u; = Hj f for any f € C°(F) with f =1 on K; and f = 0 on other
K/’s, soit is an element in W, (E) that is Dy-orthogonal to W, *(D). For u € F* C Wy*(E),
since u takes constant value, denoted as u(K;), D-q.e. on each K, we have
N N
Hju(z) =Y B, [e 7 u(XE); XE € Kj] = u(K;)u;().
j=1 j=1
As each K is non-polar, one has

F* = linear span of Wy*(D) and {u;,j =1,...,N}

and for u,v € F*,
E*(u,v) = D(u,v) = %/ Vu(z) - Vo(z)de.
D

In the last equality, we used the fact that

4 (U ) = / Vu(z)Pdr = 0 for any u € F*,

N .
UN | K;

due to the following result that is valid for any quasi-regular Dirichlet form.

Theorem 1.2.1 Let (€, F) be a generic quasi-reqular Dirichlet form on L*(E;m), where E
1s a Lusin space. Suppose that u € bF. Then the push forward measure v of “€u> under map
u defined by

V(A) == (' (A)), A€ B(R),

15 absolutely continuous with respect to the Lebesque measure on R. This in particular implies
that Iy does not charge on level sets of u. Here [y 1S the Revuz measure for (M™°), the
predictable quadratic variation of the continuous part M™¢ of the square-integrable martingale
M*" appeared in Fukushima’s decomposition of u(X;) — u(Xo).
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Proof. It suffices to show that for any compact set K C R having zero Lebesgue measure,
v(K)=0. Let K be a compact set having zero Lebesgue measure. There exists a sequence
{¢r, k > 1} of continuous functions having compact support in R such that |px] < 1,
limy o0 r(r) = 1g(r) on R, and

%0 0
/ or(r)dr = / op(r)dr=0 for k> 1.
0 —00

The last display implies that each @y(z) := [ @x(r)dr is a C* function with compact
support, @,(0) = 0 and |&)(x)] < 1. Hence & (u) is a normal contraction of u and so
Op(u) € F with E(Pr(u), Pr(u)) < E(u,u). Since limy_ o Pr(r) = 0 on R, by dominated
convergence theorem, @;(u) — 0 in L?(E;m). Thus by Banach-Saks Theorem (see, e.g., [2,
Theorem A.4.1]), taking the Cesaro mean sequence of a suitable subsequence of {¢, k > 1},
and then redefining them as {¢x, k > 1} if necessary, we may and do assume that @y (u) is
Er-convergent to 0 € F. Now by Fatou’s lemma and [2, Theorems 4.3.3(iii) and 4.3.7], we
have

v(K) < llm/gok v(dr) hm/go;C fu>(dx)
= lim 28y (u), Pi(u)) < 2 lim E(Py(u), Pi(u)) = 0.

This completes the proof. O

Now we define

F* = linear span of Wy*(D) and {u;|p,j =1,...,N} (1.2.1)
and for u,v € F*,
v) = %/DVU,(.T) - Vou(x)dx. (1.2.2)
Observe that
F={ulp: ue Wy?(E), uis constant D-q.e. on each K;} (1.2.3)

and
Wy (D) C F* c WYA(D) := {f € L*(D;dx) : Vf € L*(D;dx)} .

Clearly, (£*, F*) is a Dirichlet form on L*(D;dz) = L*(D*;m).

Theorem 1.2.2 The quadratic form (E*, F*) defined by (1.2.1)-(1.2.2) is a regular Dirichlet
form on L*(D*;m). It is strongly local and each aj has positive capacity. Consequently, there
1s an m-symmetric diffusion X* on D* that starts from every point in D* and admits no
killings on D*. The diffusion X* is BMD on D* and every a} is regular for itself.
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Proof. Let C = {u € C°(E) : v is constant on each K;}. By defining u(aj) to be the
value of v on K;, we can view C as a subspace of C.(D*) N F*. Since C is an algebra
that separates points in D*, by Stone-Weierstrass theorem, C is uniformly dense in C,.(D*).
Next we show C is &;-dense in F*. For this, it suffices to establish that each wu; can be
&-approximated by elements in C. Let f; € C°(E) so that f; =1 on K; and f; = 0 on K;
for i # j. Note that u; = Hi f; = f; — (f; — Hi f;) is a Dy-orthogonal decomposition with
fi — Hi f; € Wy*(D). Since (D, W,?(D)) is a regular Dirichlet form on L?(D;dx), there
is a sequence {g, k > 1} C C°(D) that is Dy-convergent to f; — H} f;. Let vy, := f; — g,
which is in C and &;-convergent to u;. Thus we have established that (£*, F*) is a regular
Dirichlet form on L?*(D*;m). Clearly it is strongly local and its part Dirichlet form on D
is (D, Wy?(D)). So there is an m-symmetric diffusion X* on D* associated with (£*, Fx),
whose part process in D is the killed Brownian motion in D. The diffusion X* is a BMD
on D*. Since Brownian motion X% in E starting from = € D visits each K; with positive
probability, X* starting from = € D visits each a} with positive probability. This implies
that each aj has positive capacity. Consequently, X* can be refined to start from every point
in D*. That each aj is regular for itself follows from the general fact that for any nearly
Borel measurable set A, A\ A" is semipolar and hence m-polar. O

We point out that in the above theorem, we do not assume that every point of K is
a regular point for K;. If K; C Kj for every j = 1,..., N, then each u; is a continuous
functions in Cw(E) that takes constant value 1 on K; and zero on other K;. From it, one
concludes immediately that C; := {u € Wy*(E) N C(E) : u is constant on each K}, after
defining u(a}) to be the value of u on Kj for each u € Cy, is a core of (£, F*) and so (£*, F*)
is a regular Dirichlet form.

Every function in a regular Dirichlet form is known to admit a quasi-continuous version
(see, e.g., [2]). We assume throughout this notes that every function u in the domain of a
regular Dirichlet form is always represented by its quasi-continuous version.

Theorem 1.2.3 BMD on D* is unique in law.

Proof. It suffices to show that if X* is a BMD on D*, its associated quasi-regular Dirichlet
form (£, F) on L*(D*;m) has to be (£*, F*). First note that according to the definition of
BMD, each a} is non-polar for X* and that the part Dirichlet form (€, Fp) of (£, F) in D
is (D, W,y *(D)) (see [2, Theorem 3.3.8]). By the & -orthogonal projection (see [2, Theorem
3.2.2]), for every u € F, Hy.u(z) :== E, [e™ u(X:)] € F and u — Hy.u € Wy*(D). Here
K*:={aj,...,ay} and o* ;== inf{t > 0: X; € K*}. Now
N
Hy.u(x) = Zu(aj) E, [e7; X} =a}] foraxeD.

Jj=1

By the continuity of X*, the definition of a} and the fact that X *D has the same distribution
as the subprocess of X% killed upon leaving D, we see that

E, [ X =a] =K, [e77%, X2 € K;| =u;(x) forz e D.
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It follows then Hi.u = Zjvzl u(a})uj(z). As each a} is non-polar,
{(u(a)), ... u(ay));u € F} =R"

and so F = F*. Note that (£, F) is strongly local so for every bounded u € F = F*,

N
1 C * 1 C C * 1 C
E(u,u) = §M<u>(D )= §M<u>(D) + Z:U(u)(aj) = §M<u>(D)>

Jj=1

where in the last equality, we used Theorem 1.2.1 with A = {u(a;);j =1,...,N}. For every

relatively compact open subset U of D, there is a ¢ € C2°(D) so that ¢» = 1 on U. Note
that ui) € Fp = Wy (D) and wth = won U. As (€, Fp) = (D, W,*(D)), by the strong local
property of the energy measure 1, (see [2, Proposition 4.3.1], we have

16y (dx) = pfy (dz) = |V () (2)*de = |Vu(z)*dz on U.

Consequently, we have uf,,(dr) = |Vu(z)[*dz on D. So E(u,u) = 3 [, |Vu(z)[*dz for every
bounded u € F and hence for every u € F. This completes the proof that (€, F) = (E*, F*).
O

Remark 1.2.4 (i) The above procedure of constructing BMD works almost word for word
for darning holes for symmetric diffusions on general state spaces. We will use this
extension without further mention in Theorems 1.3.2 and 1.3.3.

(ii) Let D be a Euclidean domain in R? In [11], Fukushima considered via Dirichlet
form technique a process that amounts to darning reflected Brownian motion on D by
“shorting” 0D. a

Theorem 1.2.5 Let p;(z) = Po(XF € Kj), j = 1,...,N, and (€%, F;) the extended
Dirichlet form of (£, F*). Then
F; = linear span of Wol,f(D) and {¢j|lp,j=1,...,N},

E(u,v) = %/DVu(x)~Vv(x)dx foru,v e F*.

Here W&’BQ(D) denotes the extended Dirichlet space of (D, Wy*(D)).

Proof. Clearly, WO{’EQ(D) C Fr. Let f; € C°(E) so that f; =1 on K; and supp[f;]NK; =0
for any i # j. Then ¢;(z) = Hg f;(z) :=E, [ f;(XZ)]. Since for a € (0,1), H} f; € F* with

Ea(H f5, Hic f7) < EL(fy, f3) < Dalf, f3)
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and that lim,_,0 H% f; = Hi f; = ¢, on D, we conclude that ¢, € F}. Hence we have shown
F? D linear span of Wol”ez(D) and {yj|p,j=1,...,N},

Now suppose that u € F*. Then there is an £*-Cauchy sequence {wy, k > 1} in F* that
converges to u m-a.e. on D*. For each k > 1, there is fj € WOI’Q(D) so that

N N N

wi(w) = fole) + Y wla)uy(z) = fule) + Y wila)) () — @) + D wila))p; ().

J=1 J=1 J=1

Note that hy := Zjvzl wg(aj)p; € F. which is £*-orthogonal (or equivalently, D-orthogonal)
to Wolj’eQ(D), while g == fi + Zjvzl wy(a})(u; — ¢5) € W&f(D) due to the fact that u; —
@; = lim,o(Hk f; — HY f;) and H f; — HLf; € Wy (D). Thus {gp, k > 1} is a D-
Cauchy sequence in the transient Dirichlet form (D, W,?(D)) in L*(D;dz) and so g, — ¢
in the Hilbert space (W&f(D),D) and a.e. on D for some g € Wolf(D) Consequently,
hi — h:=wu— g m-a.e. on D* as k — oo. It follows then wy(a}) converges to some constant
¢; as k — oo because {p;(x),j = 1,..., N} are linearly independent functions on D. We
thus conclude that h = Zjvzl cjpj. As u = g+ h, this completes proof of the theorem. O

Remark 1.2.6 Let WO{’EQ(E) be the extended Dirichlet space of (D, Wy?(E)). Then we
conclude by the same argument as those in the second paragraph of this section that

Fr={ulp:ue WOIS(E), u is constant D-g.e. on each K} .

1.3 Localization Properties

Suppose that F is a domain in R? and K7, ..., Ky are disjoint non-polar compact subsets
of E. Suppose also that E; is a subdomain of E that contains Ki,..., K; for some [ < N
and that By N K; = ) for j > 1. Let D = E\ U, K; and D; = Ey \ U_ K;. Set
D*:=DU{aj,...,a} and D} = Dy U{aj,...,a;}, and let X* be BMD on D*.

Theorem 1.3.1 The part process X*P1 of X* killed upon leaving D} is the BMD on D3,

Proof. We will present two proofs for this theorem.

(i) Using Theorem 1.2.3 and by checking the definition of BMD in D7, we see immediately
that X*P1 is the BMD on Dj.

(ii) We now present a second proof by using Dirichlet form characterization of BMD in
Di. Let (£*,F*) and (&€, F) be the Dirichlet forms of BMD in D* and Dj, respectively.
Recall from (1.2.3) that

F={ulp: ue Wy(E), u is constant D-g.e. on each K;}.
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It is known that X*P1 has Dirichlet form (£*, F}.) on L?(Dj;m), where
Fpr={ueF 1u=0¢&-qe on D"\ D}

Since each a; has positive capacity and (£*, Fp) = (D, Wy (D)), we conclude that

Fpr = {u]D cu € Wy*(E), u is constant D-q.e. on K; for j =1,...,1
and u = 0 D-q.e. on E\El} =F.
So (€%, Fp:) = (€,F), which establishes that X*P1 is the BMD on Dj. O
The next theorem says one can darn (or short) holes one by one.

Theorem 1.3.2 Let Y be BMD on O* := (E'\ Uj-vz_llKj) Udaj,...,ay_,} by darning (or
shorting) the first N — 1 holes. Let Z be the diffusion with darning on D* obtained from Y
by shoring Ky to a single point ay. Then Z is BMD on D*.

Proof. Let D, = E'\ U;y:_llKj and denote by (£, F) the Dirichlet form of Y on L*(Dj;m).
In view of (1.2.3) and Theorem 1.2.1,

F={ulp, : ue W,?(E), u is constant D-q.e. on K; for j =1,..., N — 1}

and
E(u,v) = % Vu(z) - Vou(z)de.

Dy
The Dirichlet form (€, F) on L2(D*;m) for Z is

F = Aulp: ueF, uis constant E-q.e. on Ky}
= {ulp: ue W, ?(E), u is constant D-q.e. on K; for j =1,... N}
- F

and, in view of Theorem 1.2.1, for u,v € ]?,

1
E(u,v) =E(u,v) = 5/ Vu(zx) - Vo(z)de.
D
This shows that (g , F ) = (&*, F*), which completes the proof of the theorem. O

Theorem 1.3.3 Let K = AU B be the union of two disjoint non-polar compact subsets of
E. LetY be BMD on (E\ A)* by darning A, and Z the diffusion with darning on (E '\ K)*
obtained from 'Y by darning (or shoring) A* U B. Then Z is BMD on (E \ K)* by darning
K into one single point.



1.4. CONFORMAL INVARIANCE OF PLANAR BMD 11
Proof. Let (£, F) and (£, F) be the Dirichlet forms for the processes Y and Z on L2((E \
A)*;m) and L*((E \ K)*;m), respectively. Note that

F = {ulpa: ue Wy?(E), u is constant D-q.e. on A},
1

E(u,v) = = Vu(z) - Vo(z)dz for u,v € F,
2 Jma
while
F = {u|E\K . u € F, uis constant £-q.e. on A* U B}
= {ulpx: ue Wy ?(E), uis constant D-q.e. on K = AU B} = F*,
~ 1 ~
E(u,v) = E(u,v) = Vu(x) - Vo(z)dr = E*(u,v) for u,v € F.
2 ek
Here (£*, F*) is the Dirichlet form for BMD X* on (£ \ K)*. This proves that Z has the
same distribution as BMD X* on (E \ K)*. O

One can also prove the above two theorems just by using the definition of BMD on D*.

1.4 Conformal Invariance of Planar BMD

In this section, we assume the dimension d = 2, E is a domain in R? and K;,..., Ky are
disjoint non-polar compact subsets of £/. Let K = Uj»VZIKj and D = F'\ K and X* be BMD
in D*=DU{aj,...,ay}

Theorem 1.4.1 Let K = Ui]LIAQ; where {[A(l, e I?N} is a second set of disjoint non-polar
compact subsets of a domain E in R2. Suppose that ¢ is a conformal map from E'\ K onto
E \ K that, for each i > 1, ¢ maps the E \ K-portion of any neighborhood of K; into the
E \ K—portzon of a nezghborhood of KZ, and vice versa. Identify the compact set K wzth
a single point @ and equip D* = (E\ K) U {a},...,ay} the topology induced from E by
identifying each set K, into one point af. Define ¢(a}) = af, 1 < i < N. Then ¢ is a
topological homeomorphism from D* onto D*. Moreover, ¢(X*) is, up to a time change,
BMD on D*.

Proof. In view of Theorem 1.3.1, we may assume that the domain E' is bounded with smooth
boundary and that ¢ extends contmuously to OF to be a homeomorphism from JF to OE.
Let 7 be the Lebesgue measure on D := E \ K extended to D* by setting m({a:}) = 0 for
i=1,...,n. BMD X* = (X/,P%) on D* is an extension of the absorbing Brownian motion
in D to D* and is m-symmetric. By Theorem 1.2.5, the extended Dirichlet space (F},E*)
of X* is given by

Fe={r+ Sl o f e WD), e R},
E*(u,v) = 1 [, Vu(z) - Vo(z)dx  for u,v € F;,
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where ¢;(z) := P, (XE € K;) for z € D.
We define a Markov process Y = (Y;,PY) 5. on D* by

weD*
Y= ¢(X;), PY =Py, we D" (1.4.1)

Y is clearly a diffusion process on D*. We claim that Y, after a time change, is actually a
BMD on D*.

Denote by {P;,t > 0} and {PY,¢ > 0} the transition function of X* and Y, respectively.
It then hold that PY f(w) = Pi(f o ¢)(¢~1(2)) for w € D*. Let ¢ = ¢! be the inverse
map from D* to D* and let p(dw) = |¢(w)|*1 5(w)dw, which is extended to D* by setting
,u(f( *) = 0. Recall the change-of-variables formula that for any function v > 0 defined on
D

| [ wtwtnntin) = [ utzyaz,

~

The above in particular implies that u(D) = |D| is finite. From the change-of-variable
formula, we immediately obtain HPtYme(f);u) = | P.(f © @) 12(p;m) and

(PtYf7g)L2(ﬁW) = (-PtX(.f © ¢)7 go ¢)L2(D;m)7

from which the p-symmetry of Y follows. Let (€Y, FY) be the Dirichlet form of Y on
L*(D*; ). For f € L*(D;p), we let ¢ | 0 in the equality

til(f - Ptyfa f)LQ(f)*;u) = til(f © ¢ - PtX(f o ¢)7 f o ¢)L2(D*;m)
to see that f € FY if and only if f o ¢ € F*, and in this case,
1
&0 = 5 [ Neafes
D
1 1
= 5 [ PeEI P =5 [ Vi)l
2Jp 2Jpb
The above identity also implies that f € FY if and only if f o ¢ € F7, and
Y x 1 2 Y
(SN =EFe6.g00) = [ IViwPdu tor e 7.
D
Let ((SA’ 5, F *) and .7?: denote the Dirichlet form and extended Dirichlet space of BMD on D*.
We then conclude from Theorem 1.2.5 that F) = F7. Since the finite measure u(dz) on D*

is mutually absolutely continuous with respect to m on D*, we have by [2, Theorem 5.2.7]
that YV is a time-change of BMD X* on D* (and vice verse). a
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1.5 Zero Flux Characterization of Generator

The L2-generator (£, D(L)) of (£*, F*) is defined as follows: u € D(L) if and only if u € F*
and there is some f € L*(D;dx) = L*(D*;m) so that

E(u,v) = —/ f(z)v(z)dz for every v € F~. (1.5.1)
D
We denote the above f as Lu. In view of (1.2.1), condition (1.5.1) is equivalent to

%/DVU(J:) -Vou(z)dr = — /D f(z)v(x)dz for every v € C°(D) (1.5.2)
and

%/DVu(x) -Vu,(z)dr = — /D f(x)u;(x)dz for every j=1,...,N. (1.5.3)

(1.5.2) says that Au exists on D in the distribution sense and f = $Au € L*(D;dx). Let us
define the flux NV(u)(a}) of u at aj by

N (u)(aj) = /DVu(a:) - Vu;(z)dx + /DAu(:c)uj(a:)dq:. (1.5.4)
Then (1.5.3) is equivalent to

N(u)(a?) =0.  forevery j=1,...,N. (1.5.5)

J

Hence we have established the following.

Theorem 1.5.1 A function uw € F* is in D(L) if and only if the distributional Laplacian
Au of u exists as an L?-integrable function on D and u has zero flux at every a;. Moreover,

foruwe D(L), Lu=L1Au on D.
Note that when 0K is smooth for j = 1,..., N, the by Green-Gauss formula, we have

N (@) = [ Z5 8 wotaa),

where n is the unit outward normal vector field of D on 0D and o is the surface measure on
0D. Since uj(x) =1 on K; and u;j(x) = 0 on K; with ¢ # j,

Ju(x)
K; on

N (w)(a?) = /(9 o(dz). (1.5.6)

Fix some f; € F* so that f;(aj) = 1 and fj(a;) = 0 for i # j; that is, f; € Wol’Q(E) SO
that f; =1 D-g.e. on K; and f; = 0 D-q.e. on K; for ¢ # j.
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Theorem 1.5.2 Suppose that u € WH2(D) with Au € L*(D;dx) in the distributional sense.
Then

N(u)(a;) = /DVu(a:) -V fi(z)dx + /DAu(x)fj(x)dx. (1.5.7)

Proof. Assume that the distributional Au of u exists and is in L?(D;dz). Since f; — u; €
W,*(D), one has

/Dv(fﬂ“") —uj(2)) - Vu(r)ds + /D<fj(x) — () Au(z)de = 0,
which establishes (1.5.7). O

Suppose that E is bounded. Then it is well known that the first eigenvalue of the Dirichlet
Laplacian in E is strictly positive; that is, there is \; > 0 so that

D(f,f) >\ /E f)de  for f € WPH(E).

In view of Theorem 1.2.1 and (1.2.1), this in particular implies that

E (u,u) > )\1/ u(z)*dx for u € F*.

D

It follows that (5* }"*) is transient and for every f € L*(D;dx), there is u € F* so that
E*(u,v) = — fD x)dx for every v € F*. We denote thls u by G*f It is easy to see (cf.
[2]) that G* is the 0 order resolvent of X* and G* f E. [ [~ f(X})ds] on D*.

Theorem 1.5.3 If E is bounded, then for every f € L>*(D)(= L>*(D;m)), G*f € D(L)
with LG*f = —f.

Proof. For f € L?(D;dx), by the strong Markov property of X*, we have for z € D,
oo N
G'f(a) = Gofta) 45, | [ f(Xi)ds] = Gof(a) + Y G f(a)Ex [X;,. = aj
OK* j:l
= Gpflx +Z@* (1.5.8)

Since D = E '\ K is bounded, Gp(L>(D)) C L*(D) C L*(D). In view of (1.5.8), G*
has the same property. Hence the resolvent equation G*f = Gif + G;(G*f) yields that
G*f € D(L) with LG*f = —f. O
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1.6 Harmonic Functions and Zero Period Property

Definition 1.6.1 A function u defined on a connected open subset O of D* is said to be
X*-harmonic or BMD-harmonic on O if

Ezﬂu(X:fol)H <oo and u(x)=E, [u(X;kol)} for every x € O;. (1.6.1)
Here 70, :=inf{t > 0: X} ¢ O,}.

Clearly, the restriction to O N D of any X*-harmonic function on O is harmonic there in
the classical sense (with respect to Brownian motion) and so u is continuous in O N D. It
follows that X*-harmonic functions in O; is locally bounded.

Proposition 1.6.2 If u is X*-harmonic in a connected open subset O of D*, then u is £*-
quasi-continuous on O. In fact, for every relatively compact open subset Oy of O, there is
some function f € F* so that u = f m-a.e. in O.

Proof. Without loss of generality, we may assume that 0O; C D. Since u is harmonic in
OND, uis C®-smooth in OND. Let ¢ € C(D) so that ¢ =1 in a neighborhood of 90;.
Note that up € C°(D) C F* and

u(z) = ]Ex[(uga)(X;‘Ol)] = Hp-o, (up)(x) for z € O;.

Since uy is bounded and compactly supported in D, Hpo, (up) € Fi N L*(D*;m) = F*.
It follows that u is £*-quasi-continuous in O. O

Lemma 1.6.3 Suppose that u is X*-harmonic in a connected open subset O of D*. Then
limonpsaz—. u(z) = u(aj) for D-g.e. z € K;NA(O N D) whenever aj € O.

Proof. Suppose that a} € O. Let O; be a relatively compact connected open subset of O
so that O N K* = {aj}. By Proposition 1.6.2, there is a function f € F* so that u = f
m-a.e. in a neighborhood of O;. By Theorem 1.2.2, f is the restriction to D of a function
f € Wy?(E) that takes constant value D-q.e. on each K;. Let {Dy;k > 1} be an increasing
sequence of smooth subdomains of D N O; so that Dj, C Dy 11 and Ug>1 Dy, = O1 N D. Since
f is harmonic in O N D, we have for x € O N D,

u() = f(2) = lim B, | [(Xn,)| = Ee [f(Xro,00)]
= Eo [f(Xro,n0); Xrp,np € DN OO + u(al)Py (Xry, ) € Kj) .
Since K \ K7 is semipolar, we conclude limonpsq—- u(r) = u(a}) for D-q.e. z € K;N9(0ON

D). O

If Ki C Kj for every a; € O, then every function u that is X*-harmonic in a connected
open subset O of D* is continuous in O. In particular, such v is a harmonic function in
O N D, taking boundary value u(a}) on each K; whenever a} € O.
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Theorem 1.6.4 Suppose that Dy and Dy are two connected subsets of D* and that D1N Dy #
0. If u is X*-harmonic in D; for i = 1,2, then u is X*-harmonic in Dy U Ds.

Proof. Let O be a relatively compact open subset of D; U D,. Let {U,gi); k > 1} be an
increasing sequence of relatively compact open subsets whose union is D; and 8Ul§i) is a
smooth subset in D for ¢ = 1,2. Since {U,il) uu ,52); k > 1} forms an open cover for O, there
is some ko > 1 so that O C U,E;) U U,ig). For notational simplicity, denote U,iz) by U; for
1 = 1,2. Note that O; := O N U; is a relatively compact open subset of D;, : = 1,2. We
claim that for every z € O, u(z) = E, [u(X7))]. In the following we show that the above
holds for every € O;. The case for x € O, is analogous.

Let {0t > 0} be the shift operator for BMD X* on D*. We use {F;;t > 0} to denote
the minimal augmented natural filtration generated by X*. Define a sequence of stopping
times as follows. T3 := 70,, T := 70,, and for £ > 1,

Topyr :=Tor + 70, 001, and Topyo := Topqy + 70, 001y, .

In view of (1.5.8), E, [7o] is a bounded function on O and so 7o < oo P,-a.s. for every
x € O. Note that T}, < 7o for every k > 1. Since u is X*-harmonic in both D; and Ds, we
have for x € Oy, P,-a.s.
u(X7,) = ]EX%;M [U(X:’;HI)HTJ for every k > 1.
In other words, {u(X7,);k > 1} is an {Fp, }x>1-martingale under P, for every x € O;. Let
T :=limy_ oo Tk. Since u is bounded and £*-quasi-continuous on O, we have
u(e) = lim E, [u(X7,)] = E, [u(X3)].

We next show that T' = 7. Clearly T' < 79 P,-a.s.. On {T < 70}, Xj(w) € O = O; U Oy,
say, X7(w) € Oy. There is some large ko = ko(w) so that X7, (w) € O, for all k > ko. This is
impossible as for even k > ko, X7, ¢ Oa. So we must have T' = 7o P,-a.s. and consequently,

u(z) = B, [u(X},)] for every z € Oy. This shows that u is X*-harmonic in O for every
relatively compact subdomain O of D; U Dy and so u is X*-harmonic in Dy U Ds. O

Let O be a connected open subset of F/ and v is a harmonic function in O N D. Suppose
that K; € O. Let U be any relatively compact C -smooth subdomain of O that contains K;
and that K; NU = () for any 7 # j. We define

0

the period of v at a} (or around the compact set Kj) := M(j(dx),

au 81’1

where n is the inward normal vector field of U on U and o is the surface measure on oU.
Note that by the Green-Gauss formula and the harmonicity of v in O N D, the value on the

right hand side is independent of the choice of the subdomain U. Note that £\ K; may
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be connected or disconnected; see Example 1.1.3(i) and (ii) for these two concrete cases.
The next result says that locally an X*-harmonic function can be expressed as the Green
potential of a bounded function with compact support that is supported away from that
region.

Lemma 1.6.5 Suppose that v is an X*-harmonic function in an open subset Oy of D*. For

any relatively compact open subset Oy C Oq, there is a compactly supported bounded function
f on D* with supp[f] N Oy = 0 such that v = G*f in Os.

Proof. Let A; = {j : a} € O;} for i = 1,2. There is an open subset U, of £ and a relatively
compact open subset Uy of U; so that Ujep, K; C U; and U;N D = O; N D for ¢ = 1,2. Take
some ¢ € C(Uy) so that 0 < ¢ < 1 with ¢ =1 on Us. Define f(z) = —31p(z)A(Yv)(x).
Note that f € L>(D;dz) and f =0 on D\ (O; \ Oz). Hence G*f € F* is X*-harmonic in
(Us N D)U{af,i € Ay} and so is w := v — G*f. On the other hand, (1.5.8) implies that
w is harmonic and hence X*-harmonic in D. Thus by Theorem 1.6.4, w is X*-harmonic in
D*. Since both yYv and G* f vanish on OF = 0D*, so is w. Thus by maximum principle for
the bounded X*-harmonic function w on D* (note that a}’s are interior points of D*), we
have w = 0 on D*, and in particular v = G*f in Os. O

Theorem 1.6.6 Let O be a connected open subset of D*. An £*-quasi-continuous function
v is X*-harmonic in O if and only if v is harmonic in D N O and the period of v at a} is 0
for every i such that af € O.

Proof. The assertion trivially holds if O does not contain any a;. In view of Theorem 1.3.1
and Theorem 1.6.4, without loss of generality, we may and do assume that E is bounded
with smooth boundary 0F, D* = O and that D* contains exactly one a} (that is, K consists
of exactly one compact set K7).

Since we do not assume that K C K", the function u; may not be continuous on K and
hence {x € F : ui(xz) > 1 — ¢} may not be an open set that decreases to K as ¢ | 0. We
will construct a continuous function 1; on E taking values in [0, 1] that is 1 precisely on K,
smooth in D and the open set {x € E: uy(x) > 1 — e} decreases to K as ¢ | 0. For this, we
first recall a result about the regularized distance function. Let dg () denote the Euclidean
distance between x and K. By [18, Theorem 2, p. 171], there exists a C*°-smooth function
Ok (z) in K¢ and constants ¢; > ¢o > 0 so that

codg (x) < 0g(x) < crdg(r) and |Vog(x)| < ¢ for every z € K.

Clearly, dx(z) extends to be a continuous function on R? after setting dx (z) = 0 for x € K.
Let U; and U, be relatively compact open subsets of E such that K; C U; C U, cU,cC
U, C E so that dg(7) < 1 for x € Uy. Take some 1 € C°(U,) so that 0 < 1 < 1 with ¢ =1
on Uj. Define

Ui(x) = (1= 0k ()¢ (1.6.2)
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Clearly, 1 € C*(Uy) with 0 <14y <1 4y(z) =1 if and only if z € K.

Suppose that v is X*-harmonic in D*. For € € (0,1), let n. be the boundary of the
connected component of {z € E : ¢y(x) > 1 — ¢} that contains K;. By Sard’s theorem (see,
e.g., [15]), there is a set Ny having zero Lebesgue measure so that for every € € (0,1) \ No,
e is a C*°-smooth (d — 1)-dimensional hypersurface. Take a decreasing sequence {e,,n >
1} € (0,1) \ Ny with lim,, o exy = 0. Since {z € E : ¢;(z) > 1 — g, } decreases to Ky, we
may assume that each 7., is contained inside U;. Call the connected component of R\ 7.
that contains K, the interior of 7..

By Lemma 1.6.5, there is a bounded compactly supported function f on D* with supp|[f]N
U, = 0 so that v = G*f in U;. By the Green-Gauss formula, Theorems 1.5.1, 1.5.2 and 1.5.3,
we have

: ‘ . 0G*f(£)
d of v at = 1 ——*0(d
period of v at a] lim o o(d¢€)
1 aarfe)
= Jlim o [ T e
1

n—o00 ]_ — 5n

/ (Vpr - VG* f + 0 AG* f) dw
D\int(ny)

_ /D Vi (z) - VG f(z)dx + /D () AG* f(2)da
NG ) =0,

Here n denote the unit inward normal vector field on 7., for the interior of 7., .

Conversely, assume that v is an £*-quasi-continuous function on D* that is harmonic in
D and has zero period at aj. Let the relatively compact open subsets U; C U; of E, the
smooth function ¢ and the smooth curves 7., be defined as above. Set p(z) = P,(0a: < 00).
Observe that ¢ € WH?(D) and the function w := ¥v — v(a})y is smooth in D, vanishing
D-q.e. on dD. So w = Gpf € Wy*(D), where f = —1p(z)Aw(z). We have therefore

Yv=w+uv(a))p € F* with A(yv) € L*(D;dx).

Since v has zero period at aj, we have by the Green-Gauss formula that

0 = lim/ 81}_(5)0(615): lim/ Ma(df)

n—oo f, 8n§ n—00 ang
_ 1 I(Yv)(€)
= / one 1(E)7(%)
= lim

/ (Vi V() + i A)) d
D\int(ny)
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where the last equality is due to Theorem 1.5.2. Hence we conclude by Theorem 1.5.1 that
v € D(L).

Let g :== —1p(z)2A(¢)(z), which is smooth and compactly supported. Define w; =
G*g, which by Theorem 1.5.3, is in D(£) C F* with Lw; = —g. Since
1
E (v —wy,u) = —(L(Yv —wy),u) = —i(A(wv —wy) =0 for every u € F¥,

and that (£*, F*) is transient, we have v = w = G*g. Since g = 0 and v = ¢Yv = G*g on
Uy, vis X*-harmonic in U;. This together with Theorem 1.6.4 implies that v is X* harmonic
in D*. O

Remark 1.6.7 Let Y be Brownian motion in E reflected on compact sets K;, j =1,..., N.
Then harmonic functions of Y in D = E'\ K have zero normal derivatives at K; N dD and
hence zero period around each K;. However these harmonic functions typically do not take
constant values on K; N dD. BMD-Harmonic functions in O C D* takes constant values
on K; whenever a; € O. This property is important for the Riemann mapping theorem in
multiply connected domains in C = R?; see Section 1.10.

1.7 Harmonic Conjugate

Throughout this section, the dimension d = 2. The next theorem is a consequence of
Theorem 1.6.6. Note that in multiply connected planar domains, classical harmonic functions
(i.e. with respect to Brownian motion) in D can only locally be realized as the imaginary
(or real) part of an analytic function in D. Theorem 1.7.1 shows that BMD is the right tool
to study complex analysis in multiply connected domains in R2.

Theorem 1.7.1 Suppose that D := E \ K is connected. If v is X*-harmonic on D*, then
—UlD admits a harmonic conjugate u on D uniquely up to an additive real constant in D so
that f(z) = u(z) +iv(z), z € D, is an analytic function in D.

Proof. Fix some zy € D and the value u(z). For any z € D, define

(&)
Y anﬁ

u(z) = u(zy) — o(d§), (1.7.1)
where 7 is a C?-smooth simple curve in D that connects 2y to z, o(d€) is the arc-length
measure along v and n the unit normal vector field along v in the counter-clockwise direction
(that is, if v is parameterized by (z(t),y(t)), then n is the unit vector pointing to the same
direction as (y'(t), —2/(t))). By the zero period property of v, the value of v(z) is independent
of the choice of the smooth C? simple curve 7 that joins 2z to z and hence well defined. One
checks easily that (u, v) satisfies the Cauchy-Riemann equation and hence f(z) := u(z)+iv(z)
is an analytic function in D. a
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1.8 Boundary Process

Let p be the counting measure on K* = {aj,...,ay}. Since each a} has positive capacity
with respect to the Dirichlet form (£*, F*), u is a smooth measure with respect to the BMD
X*. Let A" be the positive continuous additive functional (PCAF in abbreviation) of X*
having p as its Revuz measure. Define its inverse

7 = inf{s > 0: A¥ > t}.

The time changed process Y; := X7 is the trace (boundary) process of X* on K*. It is a
p-symmetric continuous-time finite state Markov chain on K*. Let (c‘:’ * F *) be the Dirichlet
form of Y on K*. It is known that F* = F*|g-, F* = F.NL*(K*; 1), which is just L>(K*, 1)
as K* is finite, and

N
E*(u,v) = E(Hge-u, Hye=v) Z DE (@i ¢5) for u,v € F*.
It follows that Y has infinitesimal generator £¥ in L?(K*; u)
N
==Y E(pip)o(j)  forveRN.

In other words, (¢;; := —E*(¢i, ¢j))1<ij<n is the Q-matrix for the finite-state Markov chain
Y, which in particular implies that gx; > 0 for every pair k # j and Zjvzl qr; < 0 for every
1 <k < N. We can also check the above property directly. Note that for i # j,

gj = =& (Lazy Liazy)
- 411 (& (L) = T Loy = L)) = €' By + Ly Dy + 1))
> i < “(Mgary = Ly b [ Lary = Lgany)) = € (Lagy + Lgazys Lagy + ﬂ{a;})>
- ;1 (5 (Lay + ﬂ{a;}, Liary + ﬂ{a}‘f}) — é*(ﬂ{a;} + ]l{a;_}, Loy + 1{(13?}))
= 0,

while

N
25 (Lgarys Liagy)

<
Il
—

.MZ
=2

N
= Z (Hie Lgary, Hieelary) = E"(Hg= Tqary, Hgr Tg+)
(

i Hrglg) <0
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as Hixlg(z) = P.(0kx < 00) is the zero-order equilibrium potential of K in F and ¢; > 0.
Let

N
ki = € (Liary, Tgapy) = qu
=1
Then for u € F* = L2(K*; ),
. N
> % _ * *\\ 2 *\2
& (u,u) = 5 (ula;) — u(aj))"a,; + ;U(ai) i (1.8.1)

Hence we have the following.

Theorem 1.8.1 The boundary process X* on K* is a Markov chain on K* with Q-matriz
(gij); that is, X* is a continuous-time symmetric Markov chain on K* with jumping inten-
sities q;; for i # j and killing rates k;.

1.9 Green Function and Poisson Kernel

Recall that G* is the 0-resolvent of BMD X™* in D* and GG is the Green function of Brownian
motion X? in D. The next theorem gives the explicit expression for the Green function
G*(z,y) of X*.

Theorem 1.9.1 Let ®(z) = (¢i(z),...,¢on(2)) and A an N x N-matriz whose (i,j)-
component p;; is the period of p; around the compact set K;. Then A is symmetric and
wnvertible. For any Borel measurable function f >0 on D*,

G f(x) = /D G* (2, 9) f (y)m(dy),

where

G*(z,y) = Gp(z,y) + 20(z)A~" - ®(y) forx € D*and y € D. (1.9.1)

Proof. For any f € C.(D), by Theorem 1.5.3 and (1.5.8), G*f is X*-harmonic in O :=
D* \ supp[f] and that

G f(z) = Gpf(x +ZG* (1.9.2)

By the same reasoning for the construction of the function 1, in (1.6.2), for each i €
{1,..., N}, there is a ¢; € C.(F) so that 0 < ¢y < 1, ¢; € CX(D), ¢;(z) = 1 if and only
if x € K;, and that v, and 1; have disjoint support for ¢ # j. Now fix i € {1,..., N}. For

€ (0,1), let n. be the boundary of the connected component of {z € E : ¢;(x) > 1—¢} that
contains K;. Again by Sard’s theorem, there is a set NV; having zero Lebesgue measure so that
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for every e € (0,1)\ WV, ne is a C*-smooth (d—1)-dimensional hypersurface. Take a decreas-
ing sequence {e,,n > 1} € (0,1) \ NV; with lim,, ,.oey = 0. Since {z € E : p;(x) > 1 —¢,}
decreases to K, we may assume that each 7., is contained inside O. Let us call the con-
nected component of R?\ 7. that contains K; the interior of n.. Since f € C.(D), G*f is
X*-harmonic in a neighborhood of @ and so it has zero period at a; by Theorem 1.6.6.
Moreover,

Gpf € Wy2(D) with AGpf = —2f. (1.9.3)

By computing the period of both side of (1.9.2) at a}, we deduce from the Green-Gauss
formula that

N
S fa) = - jim [ X
=1 Ne

n

—  fim / 9Gn] (y)wi(y)a(dy)

n—oo ] — En 3n

= e [ AGHI ) + V) Vo) s
2 /D i) f ) dy — /D Vin(y) - VG f(y)dy. (1.9.4)

Since 1; — ¢; is a bounded function in Wolyf(D), by (1.9.3),

/ v ). VG (y)dy / (i) — 0 (9))f (9)dy.

Thus we have from (1.9.4) that
N
> G sa) = 2 | ewiwin= [ Vo Veiwi

. /D oiy) f (9)dy.

In the last equality we used the fact that Gp f € Wolf(D) and ¢; is D-orthogonal to Wol”ez(D).
Since {¢;;1 < i < N} are linearly independent as functions on D and a}’s are non-polar,
the above identity implies that A is invertible and

(GF (@), G (a3 =247 [ 0" f0)
Here the superscript “tr” stands for vector transpose. This together with (1.9.2) establishes

(1.9.1). Since G*(z,() is symmetric in x and ¢, it follows from (1.9.1) that A~! is symmetric
and so is \A. This completes the proof of the theorem. O

We call the kernel G*(x,y) the Green function of X* in D*.
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Lemma 1.9.2 For each © € D*, y — G*(z,y) extends to be an E*-quasi-continuous X*-
harmonic function on D*\ {x}. If K; C K for each j, then y — G*(x,y) extends to be a
continuous X *-harmonic function on D*\ {z}.

Corollary 1.9.3 For each j € {1,...,N}, the period of y — Gp(z,y) and y — G*(a},y)
around K; are —2p;(x) and 20;;, respectively.

Proof. Computing the period around K; on both sides of (1.9.1), we have by Theorem 1.6.6
and Lemma 1.9.2 that for = € D, the period of y — Gp(z,y) around K; equals

—20(x) A (pj1, -, pjn) = —28(2) - e = —2¢,(z).

Here e; denotes the unit vector in the positive direction of the xj-axis. Since G*(aj,y) =
20(al) A" - ®(y), its period around Kj is

2@(@:)«471 . (pjly e 7pjn) = 2(1)(01?) . €j = 2QOJ<CL:) = Qéw
O

Without loss of generality, we may and do assume that JF is smooth. We use ¢ to denote
the Lebesgue surface measure on 0F. Define

K*(x,z) = 196w, z) for x € D* and z € OF.

2  On,
Here n, denotes the inward normal vector field for £ on 0F. Since y — G*(x,y) vanishes
continuously on 0F, K*(x,z) > 0 for x € D* and z € JF. Note that for each fixed z € OF,
x +— K*(z,z) is an X*-harmonic function in D*. We call K* the Poisson kernel of X*. For
each z € 9D, define

2  Ong

laGD(J?,Z) f e D
Kp(z,z) = e
0 for x € K*,

which is the classical Poisson kernel for Brownian motion in D (more precisely, on the part
of OF C OF). By (1.9.1), we have for z € D* and z € 0F,

K*(z,2) = Kp(z,2) + ®(x) A" - 68@—1522) (1.9.5)

Recall that X is Brownian motion in R?.

Lemma 1.9.4 For every bounded continuous function f on OF,

E.[f(X,,); X,, € OFE] = Kp(z,2)f(z)o(dz) forz e D.

oF
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Proof. When D is a bounded smooth domain, this is a classical result. So the main point of
the proof is to take care of the case when 0K may be non-smooth and that £ may be possibly
unbounded. We first assume that f € C,(OF) is nonnegative. Let Dj be an increasing
sequence of bounded smooth subdomains of D so that Uy Dy = D, DiNK ; =0, the relative
interior of 0ENODy1; contains 0ENIDy, and OF C Up>10Dy,. Clearly Gp, (z,y) < Gp(zx,y)
and limy_,. Gp, (x,y) = Gp(z,y) for x,y € D. For x € Dy and z € 0Dy, define

0Gp, (z, 2)

Kp, (z,2) = 3n§k)

9

where n*) is the unit inward normal vector field of Dy, on dDj. It is well known (cf. [16])

that

E,[f(Xrp, ); Xrp, € OE] = / Kp, (x,2)f(2)o(dz) for every x € D.  (1.9.6)
OENAD,

By the strong Markov property of X, one has
Gp(z,y) = Gp, (z,y) + Eq [GD(XTDk,y);XTDk c D] for v € Dy andy € D.  (1.9.7)

For each z € OF, let € > 0 so that B(z,2¢) N D¢ = (). Fix some yy € B(z,¢) N D. By the
boundary Harnack principle for Brownian motion, there is a constant ¢ > 1 so that

Gp(z,y) _  %on(y)

for every x € B(2,2¢)°N D and y € B(z,¢).
Gp(z,y0) — dor(yo) Y (=,2) v (:8)

Here dsg(y) denotes the Euclidean distance between y and 0F. Taking y — z along the
normal direction at z gives

Kp(z,2) < _C
Gp(@,90) ~ dor(yo)
It follows from (1.9.7)

for every x € B(z,2¢)°N D. (1.9.8)

Kp(z,2) = Kp,(z,2) + E, [KD(XTDk,z)-X eD|  forzeDandzedENID,

3 TD
Similarly, for z € Dy and z € OE N dDy,
KDkﬂ(x»Z) - KDk(x’ Z) +E, [KDk+1(XTDk’Z>;XTDk € D’H—l > KDk(mv Z)
Thus in view of (1.9.8), we have

Kp(z,z) =t kh_}rg() Kp, (z,2) for x € D and z € OF.

Now taking & — oo in (1.9.6), we have by the monotone convergence theorem that the
theorem holds for nonnegative f € Cy(0F) and hence for general f € C,(OF). O
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Theorem 1.9.5 (i) For each x € D*, [, K*(z,z)o(dz) < 1; the equality holds if E is
bounded.

(ii) For every bounded measurable function f on OF, the function
H f(x) := K*(z,2)f(2)o(dz), z¢€ D*
OF

is well defined and is a bounded X*-harmonic function in D*. Moreover, for any point
z € OF at which f is continuous,

lim H'f(x) = f(2). (1.9.9)

z—z,2€D

(iii) For every bounded continuous function f on OF,

E,[f(X[ ); X € 0FE] = K*(x,z)f(z)o(dz) for every x € D*.  (1.9.10)

OF

Proof. (i) Let U; be relatively compact smooth sub-domains of E so that K; C U;, U;NU; =
() for i # j. When F is bounded, it follows from (1.9.5) and the Green-Gauss formula that
for x € D*

K*(xz,z)o(dz) = Kp(z,2)o(dz) + ®(x) A 6’;152) o(dz)
OF OF OF z
-/ Kp(z,2z)o(dz) + ®(x) A Z/U 8nz

= Kp(z,z)o(dz) + (I)(.ZE).A_l - Al
OF

= P.(X, eaE+ZPX € K;)
— 1.

We used Lemma 1.9.4 for the second to the last equality.

When E is unbounded, let {Fy,k > 1} be an increasing sequence of bounded smooth
subdomains of E so that Uy>1Ey = E, Up>10E), = OF, the relative interior of 0Dy N OE
contains 0Dy, N OE, and that U; C E for j = 1,...,N. Let Dy := E, \ K, D = Dy U
{a3,...,ay}. The Green function of Brownian motion X in Dy is denoted by Gp, and
the Green function of the BMD in Dy is denoted as G, . Similar notations applies to the
Poisson kernels Kp, and K}, . Recall from Theorem 1.3.1 that the part process X “Dk of
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BMD X* in D* killed upon leaving D; is the BMD in Dj. By the same argument as that
for (1.9.7)-(1.9.8), we have for every z € JF, there is ¢ > 0 and yo € D N B(z,¢) so that
K*(z,2)

for every x € B(z,2¢)°N D 1.9.11
G*(z,90) ~ dar(y0) Y (= 2¢) ( )

and that
K*(z,2z) = Kp, (v,2) + E, | K*(X

* L 2iXE € D*] for # € D} and z € OE N ODy.
k k
Similar relation holds with K}, ~and Dp,, in place of K* and D* and thus we have
Kp,  (x,2) > Kp, (z,2z) forx € Dy and 2 € 0E N ID.

It follows from the above two displays that

K*(z,2z) =1 klim Kp, (v,2z) forx € D" and z € OF. (1.9.12)
—00
By Fauto’s lemma, for every z € D*,
K*(z,z)o(dz) < lim Kp, (2, 2)o(dr) < lim Kp, (z,2)o(dr) = 1.
Y] k=00 JoEnaE, k=00 JoE,

This establishes (i).
(ii) The first part follows from the fact that for each z € OF, x — K*(x, z) is X *-harmonic
in D*, (i) and Fubini’s theorem. It follows from (1.9.5) that

oF

Hf(z) = Kp(z,2)f(2)o(dz) + chgoj(x),

for some constants ¢y, ..., cn. Defining f(z) = ¢; for z € K, we then have by Lemma 1.9.4
that Hf (z) = E, [f(X,,)] for € D. Property (1.9.9) now follows from the corresponding
result for Brownian motion.

(iii) Clearly by the strong Markov property of X*, h(x) := E,[f(X}_ )] is a bounded X*-
harmonic function in D*. Since the part process X* of X* in D is just the Brownian motion
killed upon leaving D, we conclude from the corresponding classical result for Brownian
motion that h is continuous up to the boundary 0D* = OF with boundary value f. On the
other hand, we know from (ii) that Hf is also a bounded X*-harmonic function in D* that
is continuous up to the boundary 0D* = OF with the same boundary value f. Thus when F
is bounded, by the maximum principle, we must have h = Hf. When F is unbounded, let
E}. be an increasing sequence of bounded smooth domains approximating E as in the proof
of (i) above, Dy = Ei \ K and D; = DU {aj,...,ay}. Define 7 ;= inf{t > 0: X; ¢ D;}.
Since

Eo[f(X7-_); X7 € OE] = Kp, (r,2)f(2)o(dz) for every x € D*,
OF
and limg_, o f(X;“g_)IL{X;*;feaE} = f(XZ—)ﬂ{XS_EaE} P,-a.s., we have by (1.9.12) and the

monotone convergence theorem that (1.9.10) holds for nonnegative f € Cy(OF) and hence
for general f € Cy(OF). The proof of the theorem is now complete. a
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1.10 Applications to Complex Analysis

The classical Riemann mapping theorem asserts that any simply connected planar domain
can be conformally mapped onto the upper half space H. The Riemann mapping theorem
also holds for multiply connected domains. BMD can be used to give an “explicit” comformal
mapping that maps multiply connected planar domains into the canonical slit domains.

In this section, let d = 2. Denote by H the upper half plane in C = R2. We consider the
set

N
D=H\K, where K=|]K; (1.10.1)

j=1
for mutually disjoint compact continua Kq,--- , Ky contained in H such that for H \ K; is
connected for each j. Let K* = {af, -+ ,a}} obtained from H by regarding each continuum

K as a one point a}. Denote by Z" = (ZFI,IF’H) the absorbing Brownian motion on H and
by Z* — (Z},P*) the BMD on D* — DU K.
Forr>0,let', ={z=x+iy:y=r}and

v*(z) == lim r - Pi(or, < 00), 2z € D" (1.10.2)

r—00

Theorem 1.10.1 (i) The function v* on D* is well defined and is Z*-harmonic on D*.

(i)

*|, admits a unique harmonic conjugate u* such that f(z) = u*(z) +iv*(z), z € D, is
analytic on D and
a 1
f(z)=z+—+o0(-), Z — 00 (1.10.3)
z z
for some positive constant a.

(iii) Suppose that each OK; is a pzecewzse Lipschitz curve. Then the analytzc function f is
a conformal mapping from H\ UX, K; onto H \ U C’,, where C;, 1 < i < N, are
mutually disjoint horizontal line segments an H.

We refer the reader to [7] for a proof of the above theorem. We remark here that the
way of constructing v* in the above theorem is due to G. Lawler [14], where the excursion
reflected Brownian motion on the N-connected domain is utilized in place of BMD. The
condition “each JK; is a piecewise Lipschitz curve” imposed in Theorem 1.10.1(iii) is a
technical assumption. It can be dropped with some extra work.

The complex Poisson kernel K7, (z, z) presented in the previous section plays an important
role for the chordal Komatu-Loewner equation in multiply connected domains. See [7] for
details.
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Chapter 2

Boundary Trace of Symmetric
Markov Processes

Time change is one of the most basic and very useful transformations for Markov processes,
which has been studied by many authors. The following is a prototype of the problem that
will be studied in this chapter.

Example 2.0.2 Suppose X is a Lévy process in R” that is the sum of a Brownian motion
in R™ and an independent rotationally symmetric a-stable process in R", where n > 1 and
a € (0, 2). The Dirichlet form associated with X is (£, W12?(R")), where

E(9) =5 [ V@ o@ar+ 3 [ (1) - 1)) - o))

2 2 ‘ZB _y‘dJra

for f,g € WH2(R"). Denote by B(z,r) the open ball in R™ centered at x € R" with radius

r. Its Euclidean closure is denoted by B(z,7). Let F' = B(0,1) U 0B(xo, 1), where zo € R"
with |zo| = 3. What is the trace process of X on the closed set F'? See Figure 2.1.

o O

Figure 2.1: Example 2.0.2

dxdy

More precisely, let p(dz) = ﬂm(x) dx+09B(z0,1)(dx), where 0yp(z,,1) denotes the Lebesgue
surface measure of 0B(zy, 1). It is easy to see that p is a smooth measure of X and it uniquely
determines a positive continuous additive functional A* = {A}, t > 0} of X having u as its
Revuz measure. Define its inverse

7= inf{s > 0: A¥ > ¢} for t > 0.

. 1s a p-symmetric Markov process on F', which can
be regarded as the trace process of X on F. So the more precise question is

Then the time-changed process Y; := X,

Question: Can we characterize the time-changed process Y7

In this Chapter, we will answer the above question in the general setting of a symmetric
Markov process and a quasi-closed set F'.

29
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2.1 Preliminaries

Let E be a Lusin space, m a o-finite measure on it and X an m-symmetric right process on E.
Let (£, F) be the Dirichlet form on L?(E;m) associated with X, which is known to be quasi
regular. In view of the quasi homeomorphism method (see [2, §1.4], without loss of generality,
we may and do assume that E is a locally compact separable metric space, m is a positive
Radon measure on E with supp[m| = E, (£, F) is a regular symmetric Dirichlet form in
L*(E;m), and X = (X;,P,,() is an m-symmetric Hunt process associated with (&, F). We
will use (£, F.) to denote the extended Dirichlet space of (£, F) and &1 := € + (-, *) r2(5m)-
The expectation with respect to the probability measure P, will be denoted as E,. We
will use the convention that any function defined on F is extended to Ey := E U {0} by
taking value 0 at the cemetery point 0 that is added to E as a one-point compactification.
Every element v in F, then admits a quasi continuous version and we will assume that
functions in F, are always represented by their quasi continuous versions. In the sequel, the
abbreviations CAF, PCAF and MAF stands for “continuous additive functional”, “positive
continuous additive functional” and “martingale additive functional”, respectively, whose
definitions can be found both in [2]. We also refer readers to the above book for notions
such as m-polar and E-quasi everywhere (£-q.e. in abbreviation) as well as for the following
facts.

Consider a Lévy system (N(x,dy), H) for the m-symmetric Hunt process X on E. The
Revuz measure of the PCAF H of X will be denoted as puy. We define

J(dz,dy) = N(z,dy)up(dz) and k(dx) = N(z,{0})pun(dx) (2.1.1)

as the jumping measure and the killing measure of X (or, equivalently, of (£, F)). For square-
integrable martingales M and N, we use [M] to denote the quadratic variation process of
M, and define their quadratic covariation process [M, N| by ([M + N| — [M — NJ)/4. The
dual predictable projection of [M] and [M, N| are denoted as (M) and (M, N), respectively.
For u € F., the following Fukushima’s decomposition holds:

where M™ is a MAF of X of finite energy and N is a CAF of X having zero energy. Let
M be the continuous martingale part of MM, M7 and M* be the purely discontinuous
martingales with

ul,j ul,j ul,k u),k
MM — MM = (X)) — u(X ) Lgee and MU — MMF = (X )1,

respectively. Then ]\/[tM’C + MM 4 ME s an orthogonal decomposition of Mt[u}. (MM,
(MUey (MW7) and (MUF) are PCAFs of X. We use fi, iy /,Lj<u> and u’fw to denote
their Revuz measures on E, respectively. Then

+ [y (2.1.2)

fiwy = My + 1

)
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It is known that
u{w(d:c) = [E(u(a:) —u(y))*J(dz,dy) and u y(dx) = u(z)*k(dr). (2.1.3)
For u € bF,, it holds that
/f (dr) = 26(u,uf) — £, f)  for f € bF.. (2.1.4)

Let {P;,t > 0} be the transition semigroup of X.
The following facts are well-known; see [2, Chapter 4]. For u € L*(E;m), v € F if and
only if sup,. %(u — Pou, )2 (g < 00; and for u € F,

.1
E(u, U) = %E}(l) ;(u — Ptu, U)LZ(E;m)

=l 57 [0 = u(X0)?] + Ty 52 [ @)1= P@)m(da). (215

Moreover, for u € F,,

g7 [ (@)1= P@)m(da) = [ u(on(da), (2.1.6)
and .
lim — By, [(u(X2) = u(X0))*] = iy (B) + el (B) + iy (E). (2.1.7)

It follows from (2.1.6) and (2.1.7) that for u € F,

lim %]Em [(u(Xy) —u(X0))? t < (] = pfy(E) —i—/E E(u(m) —u(y))*J(dx,dy).  (2.1.8)

t—0

By (2.1.5) and (2.1.7), the following Beurling-Deny decomposition holds for the Dirichlet
form (&, F),

E(uu) = ity (E) + sy (B) + 1, (B)
= %,ufw(E) + %/E E(u(:c) —u(y))*J(dx, dy) + /Eu(a:)%(dx) for u € F..

The above Beurling-Deny decomposition can be regarded as the analogy to symmetric
Markov processes of the Lévy-Khinchin formula for Lévy processes. It characterizes the
continuous part, the pure jumping part and the killings of the strong Markov process X.
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2.2 Time Changes and Trace Dirichlet Forms

Given a PCAF A of the Hunt process X with exceptional set N, let ;1 = u4 be its Revuz
measure and define the support F of A by

F={zreE\N Py (R=0)=1}, (2.2.1)

where R(w) := inf{t > 0 : A;(w) > 0}. It is known (see [2, (A.3.11) and Theorem 3.3.3])
that F' is a nearly Borel finely closed set with respect to the Hunt process X|g\y and thus is
quasi closed. We denote F'U {0} by Fj regarding it as a topological subspace of Ejs. Recall
that X (w) is defined to be 0. The right continuous inverse 7; of the PCAF A is defined by

(W) = inf{s: As(w) >t}  ift < A¢)-(w),
t a 0 if t > Ac(w)_((.U).
We let ] .
Xi(w) = XnwyWw), t20, (W) = Agw)-(w).
It is known (see [2, Theorem A.3.9]) that X = (X, ¢, {P,}ser,) is a right process with state
space (Fy, B*(Fy)), which is called the time-changed process of the Hunt process X by the
PCAF A. Here b*(Fy) is the o-field of nearly Borel measurable subsets of Fj.

Define
Hpg(z) =E, [9(X,p);0r < 0], x€E, ge B (F). (2.2.2)

The following result is known, due to M. L. Silverstein [17] (and complemented by P.J.
Fitzsimmons [10]). See [2, Theorems 5.2.1, 5.2.2 and 5.2.15].

Theorem 2.2.1 X is an pu-symmetric right process whose associated quasi-reqular Dirichlet
form (€, F) on L*(F;u) is given by

F = fe}F NLA(F;p) and E(ulp,vlp) = EHpu, Hpv) for u,v € F.. (2.2.3)
Moreover, the extended Dirichlet space F, of (c‘f, ]:") is given by F, = }"e‘F.

Recall that by [2, Theorem 3.4.8], it holds for u € F, that H|u| < co q.e. on E, Hpu € F,
and
EMHpu,v) =0 for every v € F, p\p. (2.2.4)

A quasi-support of a measure u is the smallest (up to £-q.e. equivalence) quasi closed set
outside which the measure does not charge. The the support F' of A defined in (2.2.1) is a
quasi-support for the Revuz measure p4 of A (see [2, Theorem 5.2.1(i)]. Conversely, for a

non-&-polar quasi-closed st F', denote by § r the totality of positive Radon measures on E

charging no £-polar set whose quasi support is F'. By [2, Lemma 5.2.9], §F # (); in fact For
any strictly positive L'(E; m)-integrable function g,

w(B) =Py (X, € B,op < 00) (2.2.5)
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1S a measure in § r. Take any p € § r and let A* be the PCAF of X having Revuz measure
p. The time changed process of X by the inverse of A* can be called trace process of X on
F'. Trace process on F' is not unique. In view of Theorem 2.2.1 (with state space F' in place
of E), two trace processes on F' are related to each other by a time change. Note every quasi
closed set is finely closed g.e. Since we are only concerned with assertions holding q.e., we
may and do assume [ is finely closed.

Our goal is to derive the Buerling-Deny decomposition for the extended Dirichlet space
F, of the trace Dirichlet form (£, F) on F, as it yields information on the diffusive, jumping
and killing part of the trace process X.

Let Ey := E \ F, and for simplicity, denote Hr by H. For u € F,

E(ulp,ulp) = E(Hu,Hu)

pie () + 310 (E)

Py (F) + %MiHm(F) + M’ZH@(F)
Shgen (Bo) + 54 (o)

= i (F) 1 [ (o) = ) dn,dy) + [ alaf(as)

N— D

+

+
N | =
B
o
£
S
+
|
B
T
£
&

— Wt (F) 44 [ (ulo) =) Idedy) + [ u(e)eldo

+%/E F(Hu(x) —u(y))*J(dz, dy) + S (Eo) + 31, (Fo)-
(2.2.6)

For the remaining part of this chapter, we investigate the last three terms and their
probabilistic meanings. Denote by X° the part process of X killed upon leaving Ey. Its a-
order potential will be denoted by U?. During the investigation we need to evaluate v(Ep)
from its potential U%. Since &( Uou N=/[.71 o v(dx) for f € Fg,, heuristically, v(Ep)
is the limit of £(U%, f) by taking bounded nonnegative fe ]-"go that increases to 1. This
calls on the introduction of the energy functional, which can be viewed as an extension of
the energy form & in certain sense.

2.3 Energy functional

In this section, we introduce the notion of energy functional. Though we will only need it
for part process X, since it has independent interest, we formulate it and study its basic
properties for a general transient symmetric right process.

In this section, let £ be a Hausdorff topological space whose Borel field is generated by
continuous functions, m be o-finite measure on E with supp[m] = E, (£,F) be a quasi-
regular Dirichlet form on L?(E;m), and X = (X;,P,,() be an m-symmetric special Borel
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standard process on F that is properly associated with the form (€, F). Our basic additional
assumption in this section is the transience of (£, F), or, equivalently that of X. {P;;¢t > 0}
and {R,;a > 0} will denote the transition function and resolvent kernel of X, respectively.
The 0-order resolvent kernel Ry will be denoted by R.

Let S(E) be the space of smooth measures on F for (£, F): v € S(E) if and only if v is
a Borel measure on F charging no £-polar set and there is an E-nest {Fy, k > 1} such that

v(Fy) < oo for each k. We write as v € Séo)(E) if v € S(F) and, for some constant C' > 0.

/ w(@)|v(dz) < Cllolls, Vv € F.,
E
or, equivalently, there exists a function Uv € F, such that

E(Uv,v) = /Ev(x)z/(da:) for every v € F.. (2.3.1)

Ve Séo)(E) is called a measure of finite 0-order energy integral and Uv is called the 0-order
potential of v € Séo)(E).

For a > 0, the a-order potential U,v of v € Séo)(E) is also well defined as an element of
F satisfying the above equation with &,, F in place of £, F., respectively.

We now introduce the notion of an energy functional for the m-symmetric Borel standard
process X properly associated with (£, F). We denote by (v, f) or (f,v) the integral [, fdv
for a measure v and a function f, and by (f, g) the integral [ » fgdm for functions f, g on
E whenever they make sense.

A universally measurable function f defined q.e. on E will be called q.e. excessive relative
to X if it is finite excessive g.e. in the sense that, for some E-polar set N C E and every
reE\N,

0 < f(r) < o0, Pif(z) 1 f(z) as t 0. (2.3.2)
Without loss of generality, we can take as N a properly exceptional set in the above definition.
A q.e. excessive function f is called q.e. purely excessive if

lim Pf(x) =0, VoeE\N, (2.3.3)

for some E-polar set N. We denote by S(E) the totality of q.e. excessive functions on E
relative to X and

SPY(E) :={f € S(F) : f is q.e. purely excessive}.
For any f € SP"(FE) and g € S(F), we define

Lfs0) =1l 5 = Pifso) (234)

and call it the energy functional. Here 1 lim;)y means that it is an increasing limit as ¢ | 0.
In fact, if we denote (f — P;f, g) by e(t), then for s,t > 0,

e(t+s) = e(t)+ (Pf —Pysf.g) =e(t)+ (P(f = Psf).9)
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= e(t)+(f = .S, By). (2.3.5)

This subadditivity implies that (2.3.4) is an increasing limit.
It also holds that

L(f,g9) =1 lim a(f — aRaf,g), (2.3.6)

where 1 lim,;,, means that it is an increasing limit as a 1 co. This is because

alf —aRaf,g) = /0 e (t/a)  (f — Piof,g) tdt.

The notion L is a special case of the energy functional of a purely excessive measure and an
excessive function in the context of a general right process.

Lemma 2.3.1 (i) For any f € SP"(E), let N C E be an X -properly exceptional set outside
which (2.3.2) and (2.3.3) hold. Put

1

flz) = 2 (f(z) = Pif(z)), =€ E\N. (2.3.7)

Then, for each x € E'\ N,

Rfa) = /O Pf(e)dst f(z) t10.

(ii) For any g € S(F), there exists an increasing sequence of non-negative universally mea-
surable functions {g,,n > 1} such that for g.e. x € E,

Rg,(z) 1 g(z) asn?oo.

Proof. (i) For each T' > 0, we have for every t € (0,7)

T 1 T 1 T+t
| ittt = 5 [ ps@as—1 [ s

1 [t 1 [Tt
= —/ P, f(z)ds — —/ P, f(x)ds.

t ) t )y

Since the last term is bounded by Prf(z), we get by letting 7" — oo the identity Rf;(x) =
% fot P, f(x)ds, which in turn increases to f(z) as t | 0.

(ii) Take a strictly positive m-integrable Borel function h on E. Rh is X-excessive and
strictly positive on E. We shall show that Rh € SP"(FE). By [2, Proposition 2.1.3], Rh < oo
m-a.e. and so £-q.e. by [2, Theorem A.2.13 and Theorem 2.1.3|. Further, Rh is q.e. purely
excessive because PRh(z) = [~ P;h(x)ds < Rh(z) < oo q.e.

We now let v, = g A (nRh). Then v, € SP"(E) and v, increases to g as n — co. By
(i), R(vy); increases to v, as ¢ | 0. Since R(v,),(z) = ¢ fg P, (z)ds increases as n T and ¢ |
and admits ¢ as the supremum in two variables (n,t), we see that Rg, 1 g q.e. as n — oo
for g, = (vn)1/n- O
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Theorem 2.3.2 The energy functional L defined by (2.3.4) enjoys the following properties:

(i) If f = Rh for some h € BL(E) and f < oo g.e. on E, then f € SP"(E) and
L(f,9) = (h,g)e for every g € S(E).

(i) If fi, f» € SP™(E) satisfy fi < fo, m-a.c. on E, then
L(f1,9) < L(f2,9) for every g € S(E).
(iii) If fo, f € SP(E) with f, 1 f asn — oo, then
L(fu,9) T L(f.g) as ntoo for every g € S(E).
(iv) For f € S™(E), g € S(E),

L(f,g9) = sup{(h,g) : Rh < f, h € BL(E)}.

(v) If f € SP™(FE) and f equals the 0-order potential Uv of some measure v € Séo)(E),
then

L(f,g9) = (v,g) for every g € S(F).
(vi) If f,g € SP™(E), then L(f,g) = L(g, ).

Proof. (i) In this case, we see in the same way as in the proof of Lemma 2.3.1(ii) that
f € SP™(E). Since, for any g € S(E),

(ft.9)E = % </0 Pihds, g) T (h,g) astl]O,

we get (i).

(ii) and (iii) For any g € S(F), choose a sequence {g,} as in Lemma 2.3.1(ii). By symmetry
of R and Lemma 2.3.1, we interchange the order of taking increasing limits to get for any
f e SP™(E)

L(f,9) = lim lim (f;, Rgy) = lim Um(Rf;, gi) = lim (f, g5),
from which follow (ii) and (iii) immediately.
(iv) Let f € SP"™(FE), g € S(F). If Rh < f for h € B (FE), then (i) and (ii) imply
(h,9)g = L(Rh,g) < L(f,g). Since f; >0 and Rf; 1 f as t | 0, we obtain from (i) and (iii)
that (fi,9)p = L(Rfi.g) T L(f,g) as t | 0, yielding (iv).
(v) Let hy = a(Uv — aR,Uv), a > 0. We can then deduce from the resolvent identity that
ha = aUyv. Take a strictly positive function w € B% (E) N L*(E;m) and put gy = g A (kw).
Then we have

(haa gk) = O“c:oz(UaVa Ragk) = O‘<V7 Ragk>'
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The second identity in the above holds because R, gy is an £-quasi-continuous element of F
due to the proper association of X with (£, F). We let k — oo to get (ha, 9)r = (v, Rag) k-
It follows that

(hasg) T (v,g) as at oo,

which yields (v) in view of (2.3.6).
(vi) Define f; = %(f — Pf), g = %(g — P,g) and look at the identity

(Bfs; g1) = (fs; Rgr)-

By virtue of Lemma 2.3.1 and (2.3.4), the right hand side increases to (fs, g) as t | 0, which
then increases to L(f,g) as s | 0. Changing the order of the increasing limits, the left hand
side converges to L(g, f). O

2.4 Trace Dirichlet Forms and Feller Measures

We return to the setting and convention made at the beginning of this chapter: we consider
an m-symmetric irreducible Hunt process X = (X;,[P,) whose Dirichlet form (&£, F) on
L?(E;m) is regular and every element in F, is represented by its quasi continuous version
already. The transition function and resolvent kernel of X are denoted by {P;t > 0} and
{R.; a > 0}, respectively.

Let F' be a nearly Borel and finely closed subset F' of E having positive &;-capacity. Set
Ey=FE\F. Let

10 =T, = inf{t € [0, (] : X; ¢ Ep}, (2.4.1)

so that 7o = op A ¢ Py-a.s. for x € Ey, where op := inf{t > 0: X; € F'}. The part process
X9 of X on Ej is then defined by X° = (X7, (°, P,).er,, where

Xi(w) fort < ¢Ow);

9, for t > ((w). (24.2)

O(w) = 1(w) and X(w) = {

We refer the following facts about the basic properties of X° to Section 5.5 of [2]. The
part process X is an m-symmetric standard process on Fy. The Dirichlet form (£°, F°) of
X% on L?(Ey;m) can be identified with the part of (£, F) on FEy:

Fo={ueF:u=0 &qe on F} and &°=&|r, - (2.4.3)
(&Y, FO) is a transient quasi-regular Dirichlet form on L?*(Ep; m) and the standard process X°

is properly associated with it. Therefore, X° can be considered as a special Borel standard
process by restricting it to the complement of its suitable properly exceptional set if necessary.
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A set N C Ey is E%polar if and only if it is E-polar, and a function on E, os £-quasi-
continuous if and only if it is £%quasi-continuous. The extended Dirichlet space F° of
(€9, F0) is given by

Fo={ueF,:u=0 Eq.e. onF}. (2.4.4)

Every element in F? is represented by its quasi continuous and hence £°-quasi-continuous
version. Let S(Ep), S(()O)(Eo) denote the spaces of smooth measures and measures of finite 0-

order energy integrals on Fj, respectively. The 0-order potential of v € S(()O) (Ep) is designated
by U°v.

The transition function, the resolvent kernel, and the 0-order resolvent kernel of X° will
be denoted by {P%;t > 0}, {R%;a > 0}, and R°, respectively. S(Ey) (resp. SP™(Ep)) will
denote the space of X’-q.e. excessive functions (resp. X%-q.e. purely excessive functions)
on Ey. Finally we define the energy functional L°(f, g), f € SP™(Ey), g € S(Ey), for X° by
(2.3.4).

For a > 0, let H* denote the a-order hitting measure of F'; that is,

H*(z,B) =E, [e *™15(X,,); 0 < 00| for z € Ey and B € B(F).

When o = 0, H® will simply be denoted by H. Since F is a finely closed set, H*(x,-) is
carried by F'. For f € B* (F), define

Hf(z) :=E,[e "™ f(X,,); 7o < 9] for x € E.
It is easy to check by using the Markov property of XY that for any «, 3 > 0,
Hef(x) —H’f(z) + (o — B)RCH f(2) = 0, x € Ey, f € bB*(F). (2.4.5)

For any f € B (F) and a > 0, H*f is a-excessive with respect to the part process X°
because, for each x € Ej,

e PYH" f(z) = E,le ™ f(Xn); t <19 <oo] T H*f(z) ast]O. (2.4.6)

Therefore, Hf € SP"(Ey) whenever f € bB’ (F'). In particular, Hu is a member of SP™(Ey)
for any u € (Fe)4.

Define ¢(z) := 1 —H1(z) = P,(19 = (). For f, g € bBL(F), define
U(f®g):=L"(Hf Hg) and V(f):= L°(Hf,q). (2.4.7)

By Theorem 2.3.2, U is a symmetric bimeasure on F' X ' and V' is a measure on F'. U will
be called the Feller measure for F' and V' will be called the supplementary Feller measure
for F'. Notice that ¢ € S(Ey) but ¢ is not necessarily a member of SP*(Ey).

Recall that for u € F., the following Fukushima’s decomposition holds uniquely:

u(Xt) — u(Xo) = Mt[u] + Nt[u] fort >0,
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where M is a martingale additive functional of X having finite energy and N is a con-
tinuous additive functional of X having zero energy. In the sequel, we will use ji(,y to denote
the Revuz measure for the predictable quadratic variation (M M) for the square integrable
martingale M.

Let (N(x,dy), H) denote a Lévy system for the m-symmetric Hunt process X on E. The
Revuz measure of the PCAF H of X will be denoted as pg. As before, we define

J(dx,dy) := N(z,dy)ug(dx) and k(dx):= N(x,{0})pn(dz)

as the jumping measure and the killing measure of X (or, equivalently, of (£, F)).

Lemma 2.4.1 (i) For any u € bF,, let w = H(u*) — (Hu)?. Then w € bF2NSPY(Ey) and
w = U with v = pumuw|g, € Séo)(Eo).

(ii) Assume that m(Ey) < oo. Then
pana(Bo) + | () (a)x(do)

= lim a(H“l,w)EO+Lu($)2V(d$). (2.4.8)

a—0o0

Proof. By Cauchy-Schwarz inequality, w > 0. Since bF, is an algebra and w = 0 q.e. on
F, we have w € bF?. For v € bF?, vHu € F? and so by (2.1.4) and (2.2.4),

Ew,v) = —&((Hu)?,v) = / o) 1gsae (dr) — 26 (vHu, Hu)

E

= [ v (i) = [ olaido)

Eg

This proves that w = U’ and w is an excessive function in F°. Clearly,

lim Pw(z) =0 for z € E.

t—o0

Therefore w € SP™(E)).
We next show the identity (2.4.8). We have by Theorem 2.3.2(v), (vi) that

V(Ey) = L(w, 1) = L°(w, H1) + L°(w, q) = L°(H1,w) + L°(w, q). (2.4.9)
Thus by (2.3.6) and (2.4.5),
puipy (Bo) = lim a(HY1,w) g, + L°(w, q). (2.4.10)

a—0o0

On the other hand, owing to the assumption that m(Ey) < oo, the boundedness of u and
the symmetry of {P?}, we have

o1
LO(w, Q> = LO(H(UQ), Q) - ltl‘l%l ;((HU)Q, q— PtOQ)EO
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= /Fu(x)QV(d:z:)— Hu(z)?k(dz),

Eo

where the last equality is due to the following lemma. This together with (2.4.10) yields
2.4.8. O

Observe that as As ¢(z) = 1 — Hl(z) = P,(1 = (),

q(x) - PtOQ(x) = IED93(7—0 = C) - ]P)z(TO = C; t < 7_0) = ]P)x(t Z To = C)

Lemma 2.4.2 For u € bF,,

1
lim — Hu(2)*P,(t > 7 = ()m(dz) = Hu(z)?k(dz).
t—0 t Eo Eo
Proof. Write P,(t > 70 = () = q1(t, x) + q2(t, ), where

ql(tax) = ]P)z(t Z To = C) XC— S EO)a
QQ(t>$) = ]Px(t > Ty = Ca XC— = a)

Since Hu € F. and ¢x(t,z) < P,(t > ¢, X, = 0), it follows from [2, Proposition 4.2.3] that
(Hu)?, qo(t,-)) g, = o(t), while we get from the Lévy system formula with T' =t A7y, h = 1
and f(z,y) = 1 (2) Loy (y) that

ql(ta I) - ]E:E

> g, (Xs—)ﬂ{a}(Xs)]

s<tATg

_ E, { /O L (XN, {8}>dﬂs} |

By noting that A, := [}"™ 1, (X,)N(X,, {8})dH, is the PCAF of X° with Revuz measure
1g,(z)k(dx), we get

t—=0 t t—0

~ lim /E O (% /0 P ((Hup?) (x)ds) k(dz).

Since (Hu)? < Hu?, one has 1 [7 PO ((Hu)?) (z)ds < Hu?(z), which we will show to
be integrable with respect to the killing measure x. Hence by the dominated convergence
theorem, we obtain from the above display that

lim ~(Fu)?, ot ), — lim © /E (Hu)? (2) B, [ Ay (dz)

1m%mw@m»%aémwmwm.

t—0 t
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This combined with (2.4.10) proves identity (2.4.8) provided that

Hu?(z)k(dz) < oo.
Eo
We now show that [, Hu?(z)r(dz) < co. Note that as Hu? = (Hu)*+U% and Hu € F,
it suffices to show that U is integrable on Ej, with respect to x. Intuitively,

/ Uv(x)k(dz) :/ U’k g, (2)v(dz) < / Uk, (z)v(dr) < v(Ep) < oo.

Eo Eo Eo

Here kg, (dx) := k|p(dz) + N(z, F)pg(dx)|p is the killing measure for the part process
X0 and so U'kp,(z) = Pw(Xgo_ € Ey) <1 for x € Ey. To show it rigorously, we use
approximation. As k is a smooth measure of X, there is (cf. [2, Theorem 2.3.15]) an £-nest
{Fi} with 15,k € So, k > 1 and so that 1po-x € So(Ep) for FY = F.NEy, k> 0. The Revuz
correspondence (see [2, Proposition 4.1.10] then implies that @ — E, [ [[° e ™15, (X;)dA,]
is an £°-quasi-continuous version of the potential UJ(1go - k) € F* for each a > 0. Since

V= lWHw|E € Séo)(Eo) and E,[A,] = ¢1(c0,z) < 1 for qe. € Ey, we have

/EO Ulv(z)k(dr) = lim /EO U0u(a)(1 5o - ) (dz)

k—ro0
= lim AU v, U (1, k))
k—o0
70
= lim E. [/ e g (X;)dA; | v(dr)
k—o0 Eo 0

< v(Eo) = poeny(Bo) < 26(u,u) < oo.

As a ] 0, U increases to Uy q.e. on Ey and so we conclude by the monotone convergence
theorem that [ 5 U Ov(x)r(dz) < co. The proof of the lemma is now complete. O

For a > 0, define the a-order Feller measure U, on F' x F' by
Udf ®g):=alH"f,Hg)g, for f, g € bBL(F). (2.4.11)

By (2.4.5), it is easy to see that U, is symmetric in f,g € bB,(F). It follows from H%g =
Hg — aR’Hg, g € bB(F), and (2.3.6) that

TiiTrilan(f(X)g):U(f@g) for f, g € bBL(F). (2.4.12)

Both U, and U are bimeasures on F' x F', which can be extended to measures on B(F x F')
in the following way. Choose a sequence {D,,} of Borel subsets of Ey increasing to Fy with
mo(D,) < oo for every n > 1. For functions w,v on D,, denote by (u,v), the integral
[p, w(x)v(z)mo(dz). Then Ug(f,g) = a(H"f,Hg),, f,g € bB,(F), is a finite symmetric
bimeasure on F' x F which can be extended uniquely to a finite symmetric measure U on
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B(F x F). The extended measures are increasing in n on B(F x F'). Then the measure
defined by
Us(B) =1 lim U (B), BeB(FxF),
n—o0

extends the bimeasure U,. The constructed measure U, is easily seen to be increasing in «
on B(F x F) so that U(B) =1 limyjeo Ua(B), B € B(F x F), gives a measure on B(F x F)
extending the symmetric bimeasure U.

The Feller measure U satisfies a property that

if a A Borel set N C F'is E-polar, then U(N x F) =0, (2.4.13)

because if N is E-polar, then it is m-polar with respect to X by [2, Theorem 3.1.3] and
Hly(z) =P, (on < o0) = 0 for m-a.e. z € Ey.

Lemma 2.4.3 For a > 0 and for u € bB*(F), let w = H(u*) — (Hu)?. Then

a(H1L, w)g, + a/ (Hu(z) — u(£))*H(x, d)m(dz)

E0><F

= [ )~ ul)PUa(ds.dn) + () )
Proof. For {D,} as above,

a(H*1, Hu? — (Hu)?), + oz/D F(Hu(x) —u(&))*H*(x, d¢)m(dx)

= U1, u?) —2U%(u, u) + a(Hu?, 1),
- / (Wl ~ u)U (o) + a(HE, ),

It then suffices to let n — oo. O

The proof of the next localization formula will be given in Section 2.6.

Theorem 2.4.4 For v = Hu with u € bF,,

lim S, [(0(Xe) — 0(Xo))% 1 < 7]

t—0 t

= iy B+ [ (0(o) ~ o)), (2.4.14)

E()XEQ

Lemma 2.4.5 For v = Hu with u € F., we have

v(Xy) —v(Xp) = MY fort €0, 7).
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Proof. Denote by F" the set of all regular points of F. Since F'\ F" is E-polar by [2,
Theorem 3.1.10], we can choose a properly exceptional set N D F'\ F". It then holds P,-a.s.
for x € E\ N that X,, € F"U{0} and 15060, (w) = 0. This means that v(Xin,) — v(Xo) =
E. [u(Xr)|Finr] — v(Xo) P-as. z € E\ N; namely, v(Xirrn,) — v(Xo) is a martingale
relative to {Fiar, } under P, for each x € E'\ N.

Thus if we let C; = v(Xinr,) — v(Xo) — Mt[X}TO, then C; = Nt[x]m, t >0, and {Ci}yzoy is
a continuous P,-martingale relative to the filtration {F;,,,} for q.e. x € E. Since N has
zero energy, we have for each fixed t > 0,

NS (vl )
Eipym [(C)e t <70] = Eigm 7}1_{{}02 (th/n - N(k—l)t/n) <10
k=1

n

o] o] 2
Z (th/n - N(kq)t/n) = 0.

k=1

< lim E,,

n—oo

Hence, for every t > 0, (C); = 0 Py, m-a.e. on {t < 7o}. By the continuity of (C), we have

(C)ry =0 Py m-ace. Thus Py, p-ae., Cp = 0, namely, v(Xing,) — v(Xo) = Mt[}’\]m for every
t> 0. O

The next theorem relates Feller measures to the jumping measure J and the killing
measure x of (£, F).

Theorem 2.4.6 Assume that m(Ey) < oco. For any u € Fe,

fqu) (Eo) + /

E0><F

(Fu(x) — u(€))2](dx, d) + / (FLu)?(2)n(dx)

Eo

= [ e —umyPus.an +2 [ uePvide)

F

Proof. Without loss of generality, we may assume that u € bF, since otherwise we consider
u, = ((—n) V u) An and then pass n — oo. For a > 0, by Lemma 2.4.3,

/F (W)~ ul)Ualde, i) + a(H (), )

— a("Lu)s, +a [ (Hule) - u()H o, d¢)m{do)

EoxF
(2.4.15)
where w = H(u?) — (Hu)? and ¢ = 1 — H1.
It follows from (2.4.12) that
tin [ (@)~ ) 2Ualdeedn) = [ (@O )P Uldedn). (2410
FxF FxF
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By definition (2.4.7) and (2.3.6), we have

lim o (H"(u?), g)p, — /F w(€)2V (de). (2.4.17)

a—0o0

The limit in « of the first term of the right hand side of (2.4.15) has the expression as is
exhibited in (2.4.8) under the assumption m(Ey) < co. Moreover, the last term in (2.4.15)
can be rewritten as

1, = alE,, [67&7’0 (Hu(Xo) — U(XTo))QIL{TKC}] :

Hence it only remains to prove that

lim I, :/E F(Hu(a;) —u(€))?J(dw, d€). (2.4.18)

a—00

Let v := Hu, which is a bounded function in F.. Note that u(X,,) = Hu(X,,) Pp,-a.s.
By a change of variable r = as,

lim aE,,, [e™*(u(Xr,) — Hu(X0))? 10 < (]

a—0o0

= lim aFE,, [/ ae” ¥ (v(X,) — U(Xo))Ql{szfo;m«}dS]
0

a—00

SR S P Crm—
0

a—0o0

o0

= ah_{f)lo re”" (a/7)Ep, [(U<X7'o) - U(XO))Ql{r/aZTo;TMC}} dr.
0

(2.4.19)

By Lemma 2.4.5, v(Xinr) — v(Xo) = Mt[f\]m Then by Lemma 2.4.2 and Theorem 2.4.4, we
have

1
lim %Emo [(U<XT0> - U(XO))Ql{tZTo;To<C}}
o1 9
= lim n (Emo [(v(Xinry) — v(X0))? Ltzrgy | = Pozamg (t > 70:70 = €))

=t (B [OIEL ] — B 0050 = (50 L)

—/Eo v(x)?k(dz)
— () = (wig (B + [ (o) = 0(0) (s w)- [ ol ()
-/ (0o o) )

This together with (2.4.19) and the dominated convergence theorem establish the claim
(2.4.18) and hence the theorem. O
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Theorem 2.4.7 For any u € F,,
E(ulr,ulp) = E(Hu,Hu)

= Mg (F) 45 [ (o) = u()? (U(dn,dy) + T(da. )

+ /F u(@)?(V(dz) + k(dz) ). (2.4.20)

Proof. When m(Ey) < oo, the conclusion of the theorem follows from (2.1.4) and Theorem
2.4.6. The general case can be dealt with by a time change argument; see the proof of [2,
Theorem 5.5.9]. O

2.5 Beurling-Deny Decomposition

We now show that the decomposition (2.4.20) is the Beurling-Deny decomposition for the
extended trace Dirichlet form (£, F.). For this, we take a positive Radon measure ; on
E charging no £-polar set whose quasi support is F'; for example, the measure p given in
(2.2.5). Let F™* be the topological support of u. Clearly, F* is a closed set, F' C F* £-q.e.,
p(F*AF) =0 and so L*(F; u) = L*(F*; p). Denote by (€%, F*) the form (£, F, N L*(F; u))
being considered as a Dirichlet form on L*(F*; u) rather than on L*(F;p). It is easy to see
that (£*, F*) is a regular Dirichlet form on L?(F*; ) possessing C.(F*) N F as its core and
that the set F'*\ F'is £*-polar (see [2, Theorem 5.2.13(i)]). Moreover, by a suitable choice of
a properly exceptional set N of A* and by redefining F' to be the support of A, it holds that
F C F* and the time-changed process Y living on F' becomes just a Hunt process properly
associated with the regular Dirichlet form (£*, F*). Clearly, the inclusion map i : F' +— F*
is a quasi-homeomorphism between the quasi-regular Dirichlet form (£, F) on L?*(F; i) and
the regular Dirichlet form on L*(F*; p).

Theorem 2.5.1 The bilinear form (u,v) — H?Hu,Hv)(F> has the strongly local property on

F*; that is, if u,v € F N C(F*) and u is constant in a neighborhood of supp[v], then
{10y (F) = 0. In other words,

g*c(uu U) = %M?HU,H”U> (F) fOT’ u,v € 'F:
Hence (2.4.20) is the Beurling-Deny decomposition of (€, F).

Proof. Let u € bF N C.(F*) such that u = ¢ for some ¢ € R on a relative open subset [
of F*. I = DN F* for some open set D C E. Take a relatively compact open set D; with
Dy C D and let I, = Dy N F*. Since (€, F) is a regular Dirichlet space on L?(E;m), there is
ap € FNC.(F)such that ¢ =1 on Dy and ¢ =0 on D°. Let v = co + (1 — ¢)Hu. Then
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v € bF, and v is constant on D;. Hence ,u‘<3v>(D1) = 0 by [2, Proposition 4.3.1] and thus we
conclude

gy (1) = 0. (2.5.1)

Since v = u q.e. on F, we have Hv = Hu q.e. Define vg = v —Hwv, which is in bF?. Since

F is quasi closed, there exists an E-nest {K,,n > 1} so that F'N K, is a closed set. Let

(&, FPAINEKR)) bhe the Dirichlet space for the part process of X killed upon leaving £\ (F N

K,,). Clearly vy € bF? C bF2 M) Since (€, FEVFNKW) is regular on L2(E\ (FNK,,): m)

by [2, Theorem 3.3.9] and uf, (F'N K,) = 0 for any ¢ € FNC(E\ (FNK,)) by [2,

Proposition 4.3.1], we have xf, ,(F'N K,) = 0, and passing n to infinity we get uf, \(F) = 0.

) Vo
In particular, pf, (I N F) = 0.
On the other hand,

1oy (LN F) = Wyt (1 N F)
= N’?Hv)(ll ﬂF) +2M?Hv,v0>(ll mF) +/"’?’U0>(Il ﬂF)

Thus by (2.5.1), ufy, (11 N F) = 0. By letting Dy T D, we get
ey (I N F) = 0. (2.5.2)

Now for u,v € F N C.(F*) such that u is constant in a neighborhood of supp[v], we let
F) = supp[v] and Fy, = F*\ Fy. By (2.5.2),

Wy (FINF) =0 and  pfgy, (FaNF) = 0.
Since F' C F* q.e. and :u?Hu,Hv) does not charge on £-polar sets, it follows then that
< it (Fy 0 F) gy (Fr N F)

0.

This proves the theorem. O

As is described above, the time-changed process Y of X with respect to a PCAF A¥
(under a suitable choice of an exceptional set of A*) becomes a p-symmetric Hunt process
on F(C F*) which is properly associated with the regular Dirichlet form (£*, F*).

Let (]V JH ) be a Lévy system of the Hunt process Y. Then the jumping measure J and
the killing measure £ of Y are defined by

J(d, dy) = Nz, dy)jig(dz), #(dz) = Nz, {0})j(de),
where /i denotes the Revuz measure on F* of the PCAF H of Y relative to p. Thus
we conclude from Theorems 2.4.7 and 2.5.1 the following identification of the jumping and
killing measures of the time-changed process Y.
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Theorem 2.5.2 [t holds that

{J(d:r, dy) = U(dw,dy) + J(dz, dy)|, . (2.5.3)
i(dz) = V(dz) + k(dz)| . B

The jumping measure J of Y is carried on F x F and F is a subset of F* as is stated
above. On account of the Beurling-Deny decomposition of the regular Dirichlet form &%, it
holds that if ¢,¢ € F. N C.(F*) are of disjoint support, then

[ etwtm iy = &) <

which means that .J is a o-finite measure on F' x F'\ d. By combining this with (2.5.3) and
(2.4.13), we can draw the following properties of the Feller measure U:

(U.1) U|FxF\d is o-finite .

(U.2) For B € B(F x F'\d), U(B) =0 whenever its projection on the factor F' is E-polar.

2.6 A Localization Formula

This section is devoted to the proof of Theorem 2.4.4

Lemma 2.6.1 Suppose v € bF.. Then

lim sup%EmO [(v(Xy) — v(X0))% ¢ < 0]

t—0

< B+ [ (0() o) (dndy),

EoXEQ
Proof. First note that
Ew |:<Mt[7\]7'0)2] = ]E:E [<M[v}>t/\m} .

By [2, Proposition 4.1.10], t — (M), is a PCAF of X° with Revuz measure i, z,-
Thus

.1 v
lim ~ oy [(M®)err,] = o) (Bo)

t—0

— iy B+ [ (vla) = o) PN o dypn(ds). (261)

EoxEy

Define, for t > 0, A; := (v(X;,) — v(X7—))Liz>r >0y, and let AP be its dual predictable
projection. Since A is a process of bounded variation, AP can be expressed as

= (0l0) = (LN X, )i, (262)
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Moreover, M := A — AP is a purely discontinuous square integrable martingale that is
orthogonal to M[X]TO — M in the sense that [M, M[X]TO — M| = 0. We claim that

lim 1IEmO [(47)?] = 0. (2.6.3)

t—0 ¢
To prove it, for k£ > 1, define
A = (0(X ) = (X)) L ju(y) -0y ) 51/k) L{tzro>0)
and

tATo
A= [ ] 0 = oK) 1 VKoo )
el

Then M* := A*— A*? is a purely discontinuous square integrable martingale and [M —M*];, =
(A; — AF)2. Therefore, by the Lévy system formula mentioned above,

1
lim sup ;Emo [(Af — Af’p)ﬂ

t—0

2 2
< limsup ;Emo [(M; — M[)?] + limsup ;Emo [(A: — A})?]

t—0 t—0
< 4 / (v(@) = v(¥))* Ljo(e) o) <1/my ] (d, dy), (2.6.4)
E()XF@
which tends to 0 as k — oo. Now define

By = [0(Xry) = 0(Xry )| L) ~0(Xry > 1/k} Litzro>0}

and ”
70
Bf? = / ; [v(y) — (X)L (o) —v(xa)>1/8y N (X, dy)dHs.
0 p)

Then
E,[BI""] = E,[BF] < 2||v||oPs(t > 79)  for z € Ey (2.6.5)

and B*? is a PCAF of X° having Revuz measure j;, with
(B = [ @) = o) or-aom Ve dy)n ()
EQXF@

< kj/E ; (v(x) —v(y))?N(z, dy)pg(dz) < co.

By the Markov property of X (2.6.5), and Revuz correspondence,

B, [(AF")] < By [(BE9)] = 2B, [ /0 t ( / tdBf’p) dvap]
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t
— 9E,, { / Exo [Bff;} dgg,p]
0

t
ol | [ 0= P2 1002
0

IN

t
< ol [ ((PPL ) = (PPLPL- ) ds.
0
It then follows from the dominated convergence theorem that

1
limsup B, [(AF7)?] < 4lol|oc (10 Eo) = jux(Eo)) = 0.

t—0

This together with (2.6.4) establishes the claim (2.6.3).
Next by Fukushima’s decomposition, (2.6.3), the stated martingale orthogonality between

M and M[X}m — M, the identity [M]; = AZ, and finally by (2.6.1) and the Lévy system formula,
we have

lim sup%]Em0 [(0(Xy) — v(X0o))? t < 7o)

t—0

1 [/l
= limsup n E., (MJ/\]TO)Q; t< TQ:|

t—0

1 [l
= lim sup gEmO (Mt[/\]To — Mt — Af)Q, t < ’7—0:|

t—0

1 [/ v
< limsup - E,,, (Mt[/\]m — Mt)g]
t—0 t -
) 1 [v] \2 1 2
= lll?jélp n ]Emo[(Mt/\To) |- }g% ;Emo [A7]

— wig(B)+ [ (0) ~ o) NG g (o).

EQXEO

This completes the proof of the lemma. a

Proof of Theorem 2.4.4. It suffices to prove the theorem for v = R,g for some bounded
g € L?(E;m), as such functions v are £-dense in F, and the upper bound in Lemma 2.6.1
can be utilized.

For f € F° C F, let Fukushima’s decomposition of f(X?) — f(XJ) be denoted as
Mto’[f] + Nf’[f], while Fukushima’s decomposition for f(X;) — f(Xo) by th + Ntm. Since
f(Xipm) = f(Xo) = f(X}) = f(X7), we have

Mgl ~ MR NP L 020
It is easy to check (see [2, Exercise 4.1.9]) that M U is a square-integrable martingale with
respect to the filtration {Fian,t > 0} and so is MY — M2V Since NUT (resp. NOU)) s a

ATo
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CAF of X (resp. X) of zero energy, we have

E, [<M[{]TO MOt < TO} ~E, [<N[{l0 NN, ¢ < ro]

m()

2
1), A0l ,
nlglgoz ( kt/n k Dt/n th/n + N(k 1)t/n> 1< 7'0]

(ol % ~ (ol ol )2
Z (th/n N(k—l)t/n) Z (th/n - N(k—l)t/n) ] = 0.
k=1

k=1

< lim 2E,,

n—00

+ lim 2E,,,

n—o0

By the continuity of (MY — M%), we conclude that (MY — 1O =0 and therefore
Mt[/{]m = Mto’m. Consequently, NK]TO = Nto’[f].

Now let f = aR%1 g,k € F for a fixed compact set K C E. Note that 0 < f < 1. By
Fukushima’s decomposition and the fact that ¢ — (M), is a PCAF of X° with Revuz

measure [iw)|g,,

1
15% ;Emo [(v(Xy) — v(X0))%t < 70
1 v
= lim ~Bo [(M,)% ¢ < 70]
> lim LE [(MM )2 f(XO)]
e t%Ot mo tATO t
_hml]E [(M[”] )2} +lim [(MM V2(F(X0) — f(XO))}
t—>0 fmo tATy 150 ¢ mo tATo t 0
v : 1
— Lty 5B oy [ 1] + Lty 5 Bony [(ME )7 (i) = £(X)]

. 1 ) f
= [ @ )+ g S, [(ME)2 ML
=: f (@) pgy (de) 4 1. (2.6.6)
Ey

In the second to the last equality, we used the fact that

tATo
NYL = NoU / a(f = Tiyore)(Xa)ds,
0

whose absolute value is bounded by at. By It6’s formula,

tATo
I = hmlEm MY_d{M e priiley (M2 — (MY (T — ply
t—0 t 0 S S S S
0 s<t/\7’0
1 tATo . .
_ Pr%tEmo[ ME_d(Phe ey 13 an (- Py — )
- 0 s<tATg

+ 3 (= Ml - v

s<tATg
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Since v = R,g for some bounded g € L*(E;m),
t
Mt[v] =v(X;) —v(Xo) — / (au — g)(X;)ds.
0

Observe that [|au — glle < 2||9]|s and so |f0t(ozu — 9)(X,)ds| < 2|9l t- We then have by
the Revuz formula in Proposition 4.1.10 of [2], the Lévy system formula,

1 tATo
.[ — hm ;Emo |:/ (U(XS) — U(XO))d<M[U]7C M[f]vc>s
0

+ ) 2(0(Xen) — v(X0)) (0(Xy) — (X)) (F(Xe) — F(Xim))
+ 37 WX — oK )P(FX) — F(X))]
= 0B |2 [ 000 [ 00) )00 — )N CE i

) 1 tATo ’
St Be 2 [ [ 000) o)) = F)N O dpat,
) 1 tATo N
+lim 1, { [ ) = oK) - f<Xs>>N<Xs,dy>st]
= [ olo) = o@) ) — F) N o dy)dun ()

= [ @)@ = )N dpdun(),

In the last equality above, we used the symmetry of J and the fact that f = 0 q.e. on F.
Thus we have by (2.6.6),

.1 9

lim -E,,, [(U(Xt) —v(Xp))%t < 7'0}

t—0 t

: f (@) iy (dir) —/E i f(@)(v(@) = v(y))*N(z, dy)dp (dz)

Vv

= [ i) + /E @) (0ta) = o) PN dy)dunda).

Since this is true for all f = aR%1p,~nx where @ > 0 and K is a compact subset of E, we

conclude by first letting K 1 E and then « 1 oo that
1 .
lim ;Emo [(v(X;) — v(X0))%t < 7o) > 1) (E0) +/ (v(x) — v(y))?N(x, dy)dug(dz).

t—0 EoxEo

This together with Lemma 2.6.1 completes the proof of the theorem. O
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Chapter 3

Notes

Chapter 1 is a self-contained introduction to Brownian motion with darning (BMD) and
its basic properties. BMD is a particular case of symmetric Markov processes with darning
presented in Chapter 7 of Chen and Fukushima [2]. Some material presented in sections §1.1,
§1.2, §1.4 and §1.5 can be derived from the more general results in [2, Chapter 7]. But the
presentation here (including some of the proofs) is new and more direct. We took the view
point that BMD is obtained from Brownian motion by “shorting” on each compact set Kj,
in spirit with “shorting” in electric network or excursion-reflected random walk described
in the first paragraph of [14, Section 5.1]. Theorem 1.2.1 is taken from [2, Theorem 4.3.8],
which is an extension of Theorems 1.5.2.3 and 1.7.1.1 in Bouleau-Hirsh [1]. Some of the
results presented in sections §1.1, §1.2, §1.4 and §1.5 are new; for example, Theorem 1.2.2
holds for any compact sets K; without additional regular points assumption on K;. Most
examples in §1.1 appeared here for the first time. Theorems 1.3.2 and 1.3.3 are new. Section
§1.6 is new and holds for any dimension. Some of its two-dimensional version has been given
in [7]. Sections §1.7 and §1.9 are based on [7], while some of its presentation here is new.
Section §1.8 is new.

As mentioned in the text, most of the results covered in Sections §1.1-1.6 can be extended
easily to diffusions with darns and even to Markov processes with darns. We plan to spell
these out in a future expansion of this Lecture Notes.

The first five sections of Chapter 2 are based on Chapter 5 of Chen and Fukushima [2],
but the presentation here has been reorganized. Section 2.6 is based on [3].

93



o4

CHAPTER 3. NOTES



Bibliography

1]
2]

[3]

N. Bouleau and F. Hirsch, Dirichlet Forms and Analysis on Wiener Space. De Gruyter, 1991.

Z.-Q. Chen and M. Fukushima, Symmetric Markov Processes, Time Change, and Boundary
Theory. Princeton Univ. Press, 2012.

Z.-Q. Chen and M. Fukushima, A localization formula in Dirichlet form theory. Proc. Amer.
Math. Soc. 140 (2012), 1815-1822.

Z.-Q. Chen and M. Fukushima, One-point extensions of Markov processes by darning. Probab.
Theory Relat. Fields 141 (2008), 61-112.

Z.-Q. Chen and M. Fukushima, On Feller’s boundary problem for Markov processes in weak
duality. J. Funct. Anal. 252 (2007), 710-733.

Z.-Q. Chen and M. Fukushima, Flux and lateral conditions for symmetric Markov processes.
Potential Analysis 29 (2008), 241-269.

Z.-Q. Chen, M. Fukushima and S. Rohde, On chordal Komatu-Lowner equation and Brownian
motion with darning for multiply connected domains. In preparation.

Z.-Q. Chen, M. Fukushima and J. Ying, Traces of symmetric Markov processes and their
characterizations. Ann. Probab. 34 (2006), 1052-1102.

Z.-Q. Chen, M. Fukushima and J. Ying, Extending Markov processes in weak duality by
Poisson point processes of excursions. Proceedings of the Abel Symposium 2005, Stochastic
Analysis and Applications—A Symposium in Honor of Kiyosi Ité. (Eds) F.E. Benth, G. Di
Nunno, T. Lindstrom, B. Oksendal and T. Zhang, Springer, 2007, pp153-196.

P. J. Fitzsimmons, Time changes of symmetric Markov processes and a Feynman-Kac formula.
J. Theor. Probab. 2 (1989), 485-501.

M. Fukushima, On boundary conditions for multi-dimensional Brownian motions with sym-
metric resolvent densities. J. Math. Soc. Japan 21 (1969), 58-93.

M. Fukushima, P. He and J. Ying, Time changes of symmetric diffusions and Feller measures.
Ann. Probab. 32 (2004), 3138-3166.

M. Fukushima and H. Tanaka, Poisson point processes attached to symmetric diffuions. Ann.
Inst. Henri Poincaré Probab. Statist. 41 (2005), 419-459.

95



o6 BIBLIOGRAPHY

[14] G. F. Lawler, The Laplacian-b random walk and the Schramm-Loewner evolution. Illinois J.
Math. 50 (2006), 701-746. (Special volume in memory of Joseph Doob)

[15] J. Milnor, Topology From the Differentiable Viewpoint, Princeton University Press, 1965.

[16] S. C. Port and C. J. Stone, Brownian Motion and Classical Potential Theory. Academic Press,
1978

[17] M. L. Silverstein, Symmetric Markov Processes. Lect. Notes Math. vol. 426. Springer, 1974.

[18] E.M. Stein, Singular Integrals and Differentiability Properties of Functions. Princeton Univ.
Press, Princeton, New Jersey, 1970.



