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§ 1 Resistance forms on MMD and weighted graphs

(X, d, u) metric measure space (MM space)

(X, d): connected loc. cpt complete sep. metric space

d: geodesic

p: Borel meas. on X s.t. 0 < u(B) < oo, Vball B.
Denote B(x,r) = {y : d(z,y) < r}, V(z,r) = u(B(z,r)).

For simplicity, assume X has infinite diameter.

(X, d, u, €): metric measure Dirichlet space (MMD space)

(X, d, n): MM space
(€, F): regular, strong local Dirichlet form on L*(X, p)
= —A: self-adjoint operator, {F;}: semigroup,
Y ={Y,,t >0, P", x € X}: diffusion
Assume (&, F) is conservative (stochastically complete)

(ie. P1=1,Vt>0).



(X, pu): weighted infinite graph

{2y o yex: conductance, pizy = fhyy >0, iy >0~y

E(F, ) = 5 S (F@) ~ f0) ey, VS € LX)

T~y
Mz -= Zﬂwya u(A) = Z.Ua:
Y

r€A
Y = (Y, P*,x € X): Markov chain,

P(x,y) = pgy/thz, d(-,-): graph distance on X

We assume the following.

po-condition: Ipy > 0, P(x,y) = pay/pte > po VT ~ ¥,

(VD): volume doubling condition

V(z,2R) <cV(z,R) VzeX R>1



Resistance forms on (X, d, i, )

(X, d, u,E): MMD sapce or weighted graph

It is called a resistance form if F C C(X) and

lu(p) — u(q)|”

sup { E(u,u)
forall p #q € X.

cu € F,E(u,u) >0} <oo, (1)

Define R(p, q) = (LHS of (1)) if p # q and R(p,p) = 0.

R is called a resistance metric. By (1),

(¥) |f(@) = fW)|* < R(z,y)E(f, f), Vf€F Key!

R(p,q) = (inf{E(f, f): f(p) =1, f(a) =0, f € F})~"
Indeed, by linear transform f(x) = au(x)+ 5, we can take

f(x) =1, f(y) = 0 if w is not const. So,

R(z,y) = sup{|u(32(; u()y)|2 cu € F,E(u,u) >0}
1
— s (g £ € F ) = 1) = 0)

= (inf{&(f, f): flx)=1,f(y)=0,feFH™



Examples
e Dirichlet forms on the Sierpinski gasket
e Dirichlet forms on nested fractals
(more generally, on p.c.f. self-similar sets)

e Dirichlet forms on the 2-dim. Sierpinski carpet



Dirichlet forms on 2-dim. S.G.

Fi(z) =iz, Fy(z) = Y(z+a1), F3(z) = L(z+as), z € R?
alz(l,O),CLQ:( )

G: 2-dim (compact) S.G. G = U Fi(G)

N —

Y

DN | —
[\
[

V,, vertices of triangles in G with length 27"

: (f f)
Z Z z1 zn f 1 Zn( ))2

~in=1z,yeV)
E(f, f) = hmn—)oogn(f;f)af-: {f:E(f, f) < o0}

f € F can be extended cont. to K.

~

(€, F) local regular D-form on L*(G, f1).

X = Up»02"G: unbdd 2-dim. S.G. oyf := f o F}’

£(1, ) = Jim Cf&(orf,00f), F = {f - E(f, ) <0} N I

[—o0

(€, F) local regular D-form on L*( X, p).

R(-,-) well-defined and R(F!(x), Fl(y)) = (%)ZR(QZ, Y).



3 2 Inequalities
e Poincaré inequality: (PI(5)),5 > 0

VB =B(z,R) C X and Vf € F,

/B (f(2) - F5)du(z) < e R /B It f)  (PIB)

where f = p(B)~" [ f(x)du(z).

e (Sub-)Gaussian heat kernel estimates: (HK((3))

3 Jointly continuous transition density p;(z,y) i.e.

Pf(z) = /K ol y) fW)uldy) Vo € X, f € L?

st. Ve,y € X, t > 0,

C1 x, B
(z, £1/8) eXp(—sz(d( ty) )5-1) < pi(z, y)

C3 X, B o1
men(-a(CELT. (1K ()

i

Note: If (HK(f)) holds, then 8 > 2.



o (Generalized) parabolic Harnack inequality: (PHI(())

Let Q- = (s+7‘5,s+2fr5) X B(zo,T),
Qi = (3+3rﬂ,3+47°5) X B(xg,T),
Q = (s,3+4rﬁ) X B(xg, 2r).

dc; > 0s.t., Vu : Q — R, with % = Au,

sup w(t,x) <c inf u(t, z). (PHI(B))
(t,z)eQ_ (t,2)EQ+



§ 3 Main theorem

(VG(B-)): Ja< B st. Ve e X, Vr > s >0,

Vizg,r)<C (z)aV(x, s).

S

(R(B)): Vx,y € X,

d(z,y)"

(RL(B)) if the first ineq. of (2) holds.

Theorem 1 (Barlow-Coulhon-K ’04)
(X,d, u,E): Resistance form on MMD sapce or weighted

graph. Assume (VG(B-)). Then,

(HK(B)) < (R(B)) & (RL(B)) + (PI(B)).  (3)

When (3) holds, it is strongly recurrent: dp; > 0 s.t.
P*(Ty < Tz 2r) > 11, Vx € X,7 >0,y € B(z,7r),

Ty=mf{t>0:X;€ A}, q=inf{t >0: X, ¢& A}



e The D-form on 2-dim S.G. satisfies (3) with 5 = log 5/ log 2.
(N-dim S.G. log(N + 3)/log?2).
e Dirichlet forms on nested fractals satisfy (3).

e Dirichlet forms on the 2-dim. S.C. satisfy (3).

Corollary 2 (X, u): weighted graph with ¢ < gy < co

for all x ~y. Assume that X s a tree. Then,

(VG(B))+HHK(B)) & [V(z,d(z,y)) < d(z,y)"~" Vz,y.



Idea of the proof of (R(8)) = (HK(5))

|

Step 1: Nash-type ineq. py(x,y) < (2 t17P)

(To be explained on the board.)

Step 2: cor? < E¥(rp(pr)] < csr’, Vy € B(z,r/2) (Ep)

e ar’ < gp(x,x) < VCE’T 3 (To be expl. on the board.)

Step 3: P (T < t) < co(F )1/( b (Next page.)

= From Stepl ~ Step 3, upper bound can be obtained.

Step 4: pu(w,y) >~ for d(z,y) < cst'/’.
< Upper bound +(x) etc.

Step 5: Lower bound < Step 4 + chain argument.




Lemma 3 (Barlow-Bass) {£;} non-neg. r.v.s s.t.
P(€Z§t|0(€17752—1))§p+a’t7 O<E|p<].,£|(1,>0

= log P(Y1, & < 1) < 2(22)"2 —nlog L

From (F3) and Markov prop.,
cr? < E*rg < t+E$[1{TB>t}EXtTB} < t+ecr’Pt(1p > t).
So, PP(tg <t)<p+at/r’, 0<Ip<1,3a>0.
Fix [ € N, let b = [r/l],
oiy1 = inf{t > o0; : d(X,,, X¢) > b} (09 = 0),
& =0;—0i1. Thenoy=3Y,_ & < TB(w,r)-

By Lemma 3, log P*(15 < t) < cl(lﬁr:;’f)l/2 — Col.

Optimize [ by 191 < rf /¢.

= Pw(TB(:v,T) < t) < Cﬁ(é)l/(ﬂ_l)'



