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Abstract

In this paper, we consider symmetric jump processes of mixed-type on metric measure
spaces under general volume doubling condition, and establish stability of two-sided heat
kernel estimates and heat kernel upper bounds. We obtain their stable equivalent charac-
terizations in terms of the jumping kernels, variants of cut-off Sobolev inequalities, and the
Faber-Krahn inequalities. In particular, we establish stability of heat kernel estimates for
a-stable-like processes even with a > 2 when the underlying spaces have walk dimensions
larger than 2, which has been one of the major open problems in this area.
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1 Introduction and Main Results

1.1 Setting

Let (M,d) be a locally compact separable metric space, and let 1 be a positive Radon measure
on M with full support. We will refer to such a triple (M, d, ) as a metric measure space, and
denote by (-, -) the inner product in L?(M; u). Throughout the paper, we assume for simplicity
that pu(M) = co. We would emphasize that in this paper we do not assume M to be connected
nor (M,d) to be geodesic.

We consider a regular Dirichlet form (£,F) on L?>(M;u). By the Beurling-Deny formula,
such form can be decomposed into three terms — the strongly local term, the pure-jump term
and the killing term (see [FOT, Theorem 4.5.2]). Throughout this paper, we consider the form
that consists of the pure-jump term only; namely there exists a symmetric Radon measure J(-, -)
on M x M \ diag, where diag denotes the diagonal set {(x,z) : x € M}, such that

Sh.= [ (@)~ F)ole) - 9) Tdrdy), fig € F. (L)
M x M\diag
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Since (€,F) is regular, each function f € F admits a quasi-continuous version ]? on M
(see [FOT, Theorem 2.1.3]). Throughout the paper, we will abuse notation and take the quasi-
continuous version of f without writing f. Let £ be the (negative definite) L2-generator of
(€,F) on L2(M; p); this is, £ is the self-adjoint operator in L?(M; i) such that

E(f,9) =—(Lf,g) forall feD(L)andge F.

Let {P;}+>0 be the associated semigroup. Associated with the regular Dirichlet form (€, F) on
L?(M; i) is an p-symmetric Hunt process X = { X, t > 0; P* 2 € M\N'}. Here N is a properly
exceptional set for (£, F) in the sense that pu(N) = 0 and P*(X; € N for some t > 0) = 0 for all
x € M\ N. This Hunt process is unique up to a properly exceptional set — see [FOT, Theorem
4.2.8]. We fix X and N, and write My = M \ V. While the semigroup { P, };>¢ associated with £
is defined on L2(M; i), a more precise version with better regularity properties can be obtained,
if we set, for any bounded Borel measurable function f on M,

Fif(z) = E*f(Xy), € Mo.

The heat kernel associated with the semigroup {P;};>o (if it exists) is a measurable function
p(t,x,y) : My x My — (0,00) for every t > 0, such that

E*f(Xy) = Bf(z) = /p(t,wvy)f(y) u(dy), =€ Mo, f e L>(M;p), (1.2)
p(t,x,y) =p(t,y,z) forallt >0, z,y€ My, (1.3)
p(s+t,x,z) = /p(s,x,y)p(t,y, 2)p(dy) forall s >0,t >0, x,z € M. (1.4)

While (1.2) only determines p(¢,x, ) p-a.e., using the Chapman-Kolmogorov equation (1.4) one
can regularize p(t,x,y) so that (1.2)—(1.4) hold for every point in My. See [BBCK, Theorem
3.1] and [GT, Section 2.2] for details. We call p(t,z,y) the heat kernel on the metric measure
Dirichlet space (or MMD space) (M,d,n,E). By (1.2), sometime we also call p(¢,z,y) the
transition density function with respect to the measure p for the process X. Note that in some
arguments of our paper, we can extend (without further mention) p(t,z,y) to all z, y € M by
setting p(t,z,y) = 0 if = or y is outside My. The existence of the heat kernel allows to extend
the definition of P;f to all measurable functions f by choosing a Borel measurable version of f
and noticing that the integral (1.2) does not change if function f is changed on a set of measure
Z€ero.

Denote the ball centered at x with radius r by B(x,r) and pu(B(z,r)) by V(z,r). When the
metric measure space M is an Alhfors d-regular set on R™ with d € (0,n] (that is, V (z,r) < r¢
for r € (0,1]), and the Radon measure J(dz,dy) = J(x,y) p(dz) u(dy) for some non-negative
symmetric function J(x,y) such that

J(z,y) = d(z,y)” Yz ye M (1.5)

for some 0 < a < 2, it is established in [CK1] that the corresponding Markov process X has
infinite lifetime, and has a jointly Hoélder continuous transition density function p(t,x,y) with
respect to the measure p, which enjoys the following two-sided estimate

t

t,x,y) < el P —
p( € y) d(l,’y)d+a

(1.6)



for any (¢,z,y) € (0,1] x M x M. Here for two positive functions f, g, notation f =< g means
f/g is bounded between two positive constants, and a A b := min{a,b}. Moreover, if M is a
global d-set; that is, if V(z,r) < 7% holds for all » > 0, then the estimate (1.6) holds for all
(t,z,y) € (0,00) x M x M. We call the above Hunt process X an a-stable-like process on M.
Note that when M = R? and J(z,y) = c|z —y|~ 4+ for some constants a € (0,2) and ¢ > 0, X
is a rotationally symmetric a-stable Lévy process on R?. The estimate (1.6) can be regarded as
the jump process counterpart of the celebrated Aronson estimates for diffusions. Since J(x,y) is
the weak limit of p(¢, x,y)/t as t — 0, heat kernel estimate (1.6) implies (1.5). Hence the results
from [CK1] give a stable characterization for a-stable-like heat kernel estimates when « € (0, 2)
and the metric measure space M is a d-set for some constant d > 0. This result has later been
extended to mixed stable-like processes [CK2] and to diffusions with jumps [CK3], with some
growth condition on the rate function ¢ such as

T g ?"2
/0 ) ds < Cgb(r) for r > 0. (1.7)
For a-stable-like processes where ¢(r) = r“, condition (1.7) corresponds exactly to 0 < o < 2.
Some of the key methods used in [CK1] were inspired by a previous work [BL] on random walks
on integer lattice Z.

The notion of d-set arises in the theory of function spaces and in fractal geometry. Geomet-
rically, self-similar sets are typical examples of d-sets. There are many self-similar fractals on
which there exist fractal diffusions with walk dimension d,, > 2 (that is, diffusion processes with
scaling relation time ~ spaced“’). This is the case, for example, for the Sierpinski gasket in R"
(n > 2) which is a d-set with d = log(n+1)/log 2 and has walk dimension d,, = log(n+3)/log 2,
and for the Sierpinski carpet in R™ (n > 2) which is a d-set with d = log(3™ — 1)/log3 and
has walk dimension d,, > 2; see [B]. A direct calculation shows (see [BSS, Sto]) that the [-
subordination of the fractal diffusions on these fractals are jump processes whose Dirichlet forms
(€,F) are of the form given above with o = fd,, and their transition density functions have
two-sided estimate (1.6). Note that as 5 € (0,1), a € (0,dy) so a can be larger than 2. When
a > 2, the approach in [CK1] ceases to work as it is hopeless to construct good cut-off func-
tions a priori in this case. A long standing open problem in the field is whether estimate (1.6)
holds for generic jump processes with jumping kernel of the form (1.5) for any a € (0,d,,). A
related open question is to find a characterization for heat kernel estimate (1.6) that is stable
under “rough isometries”. Do they hold on general metric measure spaces with volume doubling
(VD) and reverse volume doubling (RVD) properties (see Definition 1.1 below for these two
terminologies)? These are the questions we will address in this paper.

For diffusions on manifolds with walk dimension 2, a remarkable fundamental result obtained
independently by Grigor’yan [Gr2]| and Saloff-Coste [Sa] asserts that the following are equivalent:
(i) Aronson-type Gaussian bounds for heat kernel, (ii) parabolic Harnack equality, and (iii) VD
and Poincaré inequality. This result is then extended to strongly local Dirichlet forms on metric
measure spaces in [BM, St1, St2] and to graphs in [De]. For diffusions on fractals with walk
dimension larger than 2, the above equivalence still holds but one needs to replace (iii) by
(iii’) VD, Poincaré inequality and a cut-off Sobolev inequality; see [BB2, BBK1, AB]. For heat
kernel estimates of symmetric jump processes in general metric measure spaces, as mentioned
above, when « € (0,2) and the metric measure space M is a d-set, characterizations of a-stable-
like heat kernel estimates were obtained in [CK1] which are stable under rough isometries; see
[CK2, CK3| for further extensions. For the equivalent characterizations of heat kernel estimates
for symmetric jump processes analogous to the situation when o > 2, there are some efforts



such as [BGK1, Theorem 1.2] and [GHL2, Theorem 2.3] but none of these characterizations are
stable under rough isometries. In [BGK1, Theorem 0.3], assuming that (£, F) is conservative,
V(z,7) < er? for some constant d > 0 and that p(t,z,z) < ct~%* for any € M and ¢t > 0, an
equivalent characterization for the heat kernel upper bound estimate in (1.6) is given in terms
of certain exit time estimates. Under the assumption that (£,F) is conservative, the Radon
measure J(dz,dy) = J(z,y) u(dx) p(dy) for some non-negative symmetric function J(zx,y), and
V(z,r) < cr? for some constant d > 0, it is shown in [GHL2] that heat kernel upper bound
estimate in (1.6) holds if and only if p(t,z,z) < cit¥®, J(z,y) < cod(z,y) @), and the
following survival estimate holds: there are constants d,¢ € (0,1) so that P*(rg(, ) <t) <€ for
all z € M, r >0 and t%/® < §r. In both [BGK1, GHL2], @ can be larger than 2. We note that
when a < 2, further equivalent characterizations of heat kernel estimates are given for jump
processes on graphs [BBK2, Theorem 1.5], some of which are stable under rough isometries.
Also, when the Dirichlet form of the jump process is parabolic (namely the capacity of any
non-empty compact subset of M is positive [GHL2, Definition 6.3], which is equivalent to that
every singleton has positive capacity), an equivalent characterization of heat kernel estimates is
given in [GHL2, Theorem 6.17], which is stable under rough isometries.

1.2 Heat kernel

In this paper, we are concerned with both upper bound and two-sided estimates on p(t, z,y) for
mixed stable-like processes on general metric measure spaces including a-stable-like processes
with o > 2. To state our results precisely, we need a number of definitions.

Definition 1.1. (i) We say that (M,d, u) satisfies the volume doubling property (VD) if there
exists a constant C, > 1 such that for all z € M and r > 0,

V(z,2r) < C,V(x,r). (1.8)

(ii) We say that (M,d, p) satisfies the reverse volume doubling property (RVD) if there exist
constants di > 0, ¢, > 0 such that for all z € M and 0 <r < R,

el 8

VD condition (1.8) is equivalent to the existence of do > 0 and 5“ > 0 so that

V(z,R) _~ [R\%
Vo) < CM(?) forallz € M and 0 <r <R, (1.10)

while RVD condition (1.9) is equivalent to the existence of [, > 1 and ¢, > 1 so that
V(x,lur) > ¢, V(x,r) forallze M and r > 0. (1.11)

Since p has full support on M, we have u(B(z,7)) > 0 for every € M and r > 0. Under
VD condition, we have from (1.10) that for all z € M and 0 < r < R,

~ d
V(z,R) < V(y,d(z,y) + R) < Cu<d(w,y) +R) >
Viy,r) Viy,r)
On the other hand, under RVD, we have from (1.11) that

(1.12)

r

(B (zo,1,r) \ B(wg,r)) >0 for each zg € M and r > 0.
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It is known that VD implies RVD if M is connected and unbounded. See, for example [GH,
Proposition 5.1 and Corollary 5.3].

Let Ry := [0,00), and ¢ : Ry — Ry be a strictly increasing continuous function with
#(0) =0, ¢(1) = 1 and satisfying that there exist constants ¢1,c2 > 0 and B2 > (31 > 0 such
that R\ R R\B

01<—) ' < o(R) < 02<—> ’ forall 0 <r < R. (1.13)
r o(r) r

Note that (1.13) is equivalent to the existence of constants c3,ly > 1 such that
c3to(r) < d(lor) < ez d(r) for all 7 > 0.

Definition 1.2. We say J, holds if there exists a non-negative symmetric function J(z,y) so
that for p x p-almost all x,y € M,

J(dz,dy) = J(z,y) p(dz) p(dy), (1.14)

and
Cc1 C2
Viz,d(z,y))¢(d(z, y)) Viz,d(z,y))¢(d(z, y))
We say that J, < (resp. Jg >) if (1.14) holds and the upper bound (resp. lower bound) in (1.15)
holds.

< J(z,y) < (1.15)

Remark 1.3. (i) Since changing the value of J(x,y) on a subset of M x M having zero p X -
measure does not affect the definition of the Dirichlet form (&€, F) on L?(M;u), without
loss of generality, we may and do assume that in condition Jy (J4 > and Jg4 <, respectively)
that (1.15) (and the corresponding inequality) holds for every z,y € M. In addition, by
the symmetry of J(-,-), we may and do assume that J(z,y) = J(y,z) for all z,y € M.

(ii) Note that, under VD, for every A\ > 0, there are constants 0 < ¢; < c2 so that for every
r >0,

aVy,r) <V(x,r) <cV(y,r) forxz,y € M with d(x,y) < Ar. (1.16)
T?

)
Indeed, by (1.12), we have for every » > 0 and z,y € M with d(z,y) < A

Cilll+A) "< “;Ez:;

Taking A\ = 1 and r = d(z,y) in (1.16) shows that, under VD the bounds in condition
(1.15) are consistent with the symmetry of J(x,y).

< Cu(1+ A%,

Definition 1.4. Let U C V be open sets of M with U ¢ U C V. We say a non-negative
bounded measurable function ¢ is a cut-off function forU C V,if o =1on U, ¢ =0 on V¢ and
0<p<lon M.

For f,g € F, we define the carré du-Champ operator I'(f, g) for the non-local Dirichlet form
(€,F) by

L(f, g)(dx) =/ (f(z) = fy)(g(z) — g(y)) J(dz, dy).

yeM
Clearly £(f,g) =T(f,g)(M).



Let F, = FNL*®(M,p). It can be verified (see [CKS, Lemma 3.5 and Theorem 3.7]) that
for any f € Fp, I'(f, f) is the unique Borel measure (called the energy measure) on M satisfying

| odr(rn =€t t0) - 5600, L€ R

Note that the following chain rule holds: for f,g,h € Fy,

| avtsamy = [ ravgwy+ [ garm.

Indeed, this can be easily seen by the following equality

f(@)g(z) — f(W)a(y) = f(x)(g9(z) — 9(y)) + 9(v)(f(z) = f(y)), =z,y€ M.

We now introduce a condition that controls the energy of cut-off functions.

Definition 1.5. Let ¢ be an increasing function on R.

(i)

(i)

(Condition CSJ(¢)) We say that condition CSJ(¢) holds if there exist constants Cy €
(0,1] and C1,Cy > 0 such that for every 0 < r < R, almost all zg € M and any f € F,
there exists a cut-off function ¢ € F, for B(xg, R) C B(zo, R + r) so that the following
holds:

/ 2T (p.¢) <Oy / (F(z) — ()2 T (dz, dy)
B(zo,R+(14Co)r) UxU*
e . (1.17)
- ¢(r) /B(aco,R—i—(l—i—Co)r) 1 e,

where U = B(xo, R+ 1) \ B(xo,R) and U* = B(zg, R+ (14 Cy)r) \ B(zg, R — Cor).

(Condition SCSJ(¢)) We say that condition SCSJ(¢) holds if there exist constants
Co € (0,1] and C1,C2 > 0 such that for every 0 < r < R and almost all 29 € M, there
exists a cut-off function ¢ € Fj, for B(xg, R) C B(xo, R+ r) so that (1.17) holds for any
ferF.

Clearly SCSJ(¢) = CSJ(¢).
Remark 1.6. (i) SCSJ(¢) is a modification of CSA(¢) that was introduced in [AB] for

strongly local Dirichlet forms as a weaker version of the so called cut-off Sobolev inequality
CS(¢) in [BB2, BBK1]. For strongly local Dirichlet forms the inequality corresponding to
CSJ(¢) is called generalized capacity condition in [GHL3]. As we will see in Theorem 1.15
below, SCSJ(¢) and CSJ(¢) are equivalent under FK(¢) (see Definition 1.8 below) and

J¢7S‘

The main difference between CSJ(¢) here and CSA(¢) in [AB] is that the integrals in
the left hand side and in the second term of the right hand side of the inequality (1.17)
are over B(z,R + (1 + Cp)r) (containing U*) instead of over U for [AB]|. Note that
the integral over U¢ is zero in the left hand side of (1.17) for the case of strongly local
Dirichlet forms. As we see in the arguments of the stability of heat kernel estimates for
jump processes, it is important to fatten the annulus and integrate over U* rather than
over U. Another difference from CSA(¢) is that in [AB] the first term of the right hand
side is % fU 0> dl(f, f). However, we will prove in Proposition 2.4 that CSJ(¢) implies the
stronger inequality CSJ(¢)4 under some regular conditions VD, (1.13) and J4 <. See [AB,
Lemma 5.1] for the case of strongly local Dirichlet forms.



(iii) As will be proved in Proposition 2.3 (iv), under VD and (1.13), if (1.17) holds for some
Co > 0, then it holds for all C}} > C (with possibly different Cy > 0).

(iv) By the definition above, it is clear that if ¢; < ¢, then CSJ(¢p2) implies CSJI(¢1).

Remark 1.7. Under VD, (1.13) and Jy <, SCSJ(¢) always holds if 2 < 2, where (35 is the
exponent in (1.13). In particular, SCSJ(¢) holds for ¢(r) = r® with o < 2. Indeed, for any
fixed g € M and r, R > 0, we choose a non-negative cut-off function ¢(z) = h(d(zg, z)), where
h € C1([0,00)) such that 0 < h < 1, h(s) = 1 for all s < R, h(s) = 0 for s > R+ r and
h'(s) < 2/r for all s > 0. Then, by J4 <, for almost every = € M,

(2, 9) /( () — ()2 (x,) pu(dy)

dp
4
< / s+ [ dey) ey
,y)>7“} " J{d(zy)<r}

< d(z,y)*J (z,y) p(dy

/ ,y)>r} 2 Z:/2 i—lr<d(z,y)<2~ir} ( ) ( ) ( )

=~ V(z,2” r)2 iy

< L
— ¢ go l’ 92— i— 1 (2 1—1 )

o, i(2—P2) R
<507 70 22 <50

where in the third inequality we have used Lemma 2.1 below, and the forth inequality is due to
VD and (1.13). Thus (1.17) holds.

We next introduce the Faber-Krahn inequality, see [GT, Section 3.3] for more details. For
A > 0, we define

Ef.g) = E(fog +A/ f(@)g(x) u(dz) for fg € F.

For any open set D C M, Fp is defined to be the &;-closure in F of F N C.(D). Define
M(D)=inf{E(f, f): f € Fp with ||f]l2 =1}, (1.18)
the bottom of the Dirichlet spectrum of —L on D.

Definition 1.8. The MMD space (M, d, p1, £) satisfies the Faber-Krahn inequality FK(¢), if there
exist positive constants C' and v such that for any ball B(x,r) and any open set D C B(x,r),

¢ v
(D) = ~—(V(a,r)/u(D))". (1.19)
¢(r)
We remark that since V(z,r) > u(D) for D C B(xz,r), if (1.19) holds for some v = vy > 0,
it holds for every v € (0,19). So without loss of generality, we may and do assume 0 < v < 1.

Recall that X = {X;} is the Hunt process associated with the regular Dirichlet form (&, F)
on L%(M;u) with proper exceptional set N, and Mg := M \ N. For a set A C M, define the
exit time 74 = inf{t > 0: X; € A°}.



Definition 1.9. We say that E4 holds if there is a constant ¢; > 1 such that for all » > 0 and
all z € My,
Cfl (7") < EI[TB(m,T)] < Cqu)("“)-

We say that E4 < (resp. Eg4 >) holds if the upper bound (resp. lower bound) in the inequality
above holds.

Under (1.13), it is easy to see that E4 > and Eg < imply the following statements respectively:

EY[1p(sr)] = c20(r) forallz € M, y € B(z,r/2) N My, r > 0;
EY[Tp(zrm)] < c3¢(r) forallz € M, y € My, r > 0.
Indeed, for y € B(x,r/2) N My, we have Ey[TB(aj,r)] > Ey[TB(y,r/z)] > cf1¢(r/2) > erd(r).

Similarly, for y € B(x,r) N Mo, we have E¥[rg(, ] < EY[Tpy0r)] < c16(2r) < c3¢(r) (and
Ey[TB(x,r)] =0 for Yy < My \ B(x,r)).

Definition 1.10. We say EP, < holds if there is a constant ¢ > 0 such that for all r,£ > 0 and
all z € My,

‘ q
&

IPﬂ:(TB(ac,r) < t) <

(

r
1

o S
~—

We say EPg < . holds, if there exist constants €,d € ( such that for any ball B = B(xq, )
with radius r > 0,

P*(rp < d¢p(r)) <e for all z € B(xg,r/4) N M.

It is clear that EPy < implies EPy < .. We will prove in Lemma 4.16 below that under (1.13),
E4 implies EPy < ..

Definition 1.11. (i) We say that HK(¢) holds if there exists a heat kernel p(t,z,y) of the
semigroup {P;} associated with (£, F), which has the following estimates for all ¢ > 0 and
all x,y € My,

(o T e )
V(2,07 1(1) " V(z,d(z,))o(d(z,y))

< p(t < . t
_puaw-ﬁivwﬁ4a»Avu@@w»wﬂawﬂ’

where c1,co > 0 are constants independent of z,y € My and ¢ > 0. Here the inverse
function of the strictly increasing function t +— ¢(t) is denoted by ¢~ 1(¢).

(1.20)

(ii) We say UHK(¢) (resp. LHK(¢)) holds if the upper bound (resp. the lower bound) in (1.20)
holds.

(iii) We say UHKD(¢) holds if there is a constant ¢ > 0 such that for all ¢t > 0 and all x € M,

p(t,z,z) < -

T Viz, o7l (t)

Remark 1.12. We have three remarks about this definition.



(i) First, note that under VD

1 ¢ 1 y
V(g o 1@) " Vg d@my)od@y) Vo () Vied@ y)eday) (1.21)

Therefore we can replace V(x,d(z,y)) by V(y,d(x,y)) in (1.20) by modifying the values
of ¢1 and co. This is because

1 t
V(e o 1(@) ~ Vi d(x, 9)od(zy)

if and only if d(z,y) < ¢~1(¢), and by (1.12),

S, ()N V(¢
A1+ 550)  <veem)

This together with (1.16) yields (1.21).

(ii) By the Cauchy-Schwarz inequality, one can easily see that UHKD(¢) is equivalent to the
existence of ¢; > 0 so that

p(t,z,y) < °l for z,y € My and t > 0.

ERALCR R ONYRIO)

Consequently, by Remark 1.3(ii), under VD, UHKD(¢) implies that for every ¢; > 0 there
is a constant ¢y > 0 so that

C2

W for HANTIS MO with d($7y) < Cl¢_1(t).

p(t,z,y) <

(iii) It will be implied by Theorem 1.13 and Lemma 5.6 below that if VD, (1.13) and HK(¢)
hold, then the heat kernel p(¢, z,y) is Holder continuous on (x,y) for every ¢ > 0, and so
(1.20) holds for all z,y € M.

In the following, we say (&£,F) is conservative if its associated Hunt process X has infinite
lifetime. This is equivalent to ;1 = 1 a.e. on My for every ¢t > 0. It follows from Proposition
3.1(ii) that LHK(¢) implies that (£, F) is conservative. We can now state the stability of the
heat kernel estimates HK(¢). The following is the main result of this paper.

Theorem 1.13. Assume that the metric measure space (M,d, ) satisfies VD and RVD, and ¢
satisfies (1.13). Then the following are equivalent:

(1) HK(@).

(2) Js and Ey.

(3) Jp and SCSJ(¢).

(4) Jp and CSI(¢).

Remark 1.14. (i) When ¢ satisfies (1.13) with S < 2, by Remark 1.7, SCSJ(¢) holds and
so in this case we have by Theorem 1.13 that HK(¢) <= J4. Thus Theorem 1.13 not
only recovers but also extends the main results in [CK1, CK2] except for the cases where
J(z,y) decays exponentially when d(z,y) is large, in the sense that the underlying spaces
here are general metric measure spaces satisfying VD and RVD.



(ii) A new point of Theorem 1.13 is that it gives us the stability of heat kernel estimates for
general symmetric jump processes of mixed-type, including a-stable-like processes with
a > 2, on general metric measure spaces when the underlying spaces have walk dimension
larger than 2. In particular, if (M, d, ) is a metric measure space on which there is an
anomalous diffusion with walk dimension d,, > 2 such as Sierpinski gaskets or carpets, one
can deduce from the subordinate anomalous diffusion the two-sided heat kernel estimates
of any symmetric jump processes with jumping kernel J(z,y) of a-stable type or mixed
stable type; see Section 6 for details. This in particular answers a long standing problem
in the field.

In the process of establishing Theorem 1.13, we also obtain the following characterizations
for UHK(¢).

Theorem 1.15. Assume that the metric measure space (M, d, 1) satisfies VD and RVD, and ¢
satisfies (1.13). Then the following are equivalent:

(1) UHK(¢) and (€, F) is conservative.

(2) UHKD(¢), Jg¢ < and Eg.

(3) FK(¢), Jp,< and SCSJ(¢).

(4) FK(¢), Jp< and CSI(¢).

We point out that UHK(¢) alone does not imply the conservativeness of the associated
Dirichlet form (&£,F). For example, censored (also called resurrected) a-stable processes in
upper half spaces with a € (1,2) enjoy UHK(¢) with ¢(r) = r* but have finite lifetime; see [CT,
Theorem 1.2]. We also note that RVD are only used in the proofs of UHKD(¢) = FK(¢) and
Jo.> = FK(9).

We emphasize again that in our main results above, the underlying metric measure space
(M,d, 1) is only assumed to satisfy the general VD and RVD. Neither uniform VD nor uniform
RVD property is assumed. We do not assume M to be connected nor (M, d) to be geodesic.

As mentioned earlier, parabolic Harnack inequality is equivalent to the two-sided Aronson
type heat kernel estimates for diffusion processes. In a subsequent paper [CKW], we study
stability of parabolic Harnack inequality for symmetric jump processes on metric measure spaces.

Definition 1.16. (i) We say that a Borel measurable function u(¢, ) on [0, 00) x M is parabolic
(or caloric) on D = (a,b) x B(xg,r) for the process X if there is a properly exceptional
set N, associated with the process X so that for every relatively compact open subset U
of D, u(t,x) = E®®u(Z,,,) for every (t,z) € U N ([0,00) x (M\N,)).

(ii) We say that the parabolic Harnack inequality (PHI(¢)) holds for the process X, if there
exist constants 0 < C] < Cy < U3 < Cy, C5 > 1 and Cg > 0 such that for every zg € M,
to > 0, R > 0 and for every non-negative function u = wu(t,z) on [0,00) x M that is

parabolic on cylinder Q(to, zo, p(C1R), C5R) := (to,to + ¢(C4R)) x B(zo,C5R),
esssup g u < Cgess inf g, u, (1.22)

where Q_ := (to+¢(C1R), to+¢(C2R)) X B(xg, R) and Q4 := (to+¢(CsR), to+p(CyR)) x
B({L‘(), R)

We note that the above PHI(¢) is called a weak parabolic Harnack inequality in [BGK2], in
the sense that (1.22) holds for some C1,---,C5. It is called a parabolic Harnack inequality in
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[BGK2] if (1.22) holds for any choice of positive constants C1, - - - , C5 with Cs = Cs(C1,...,C5) <
00. Since our underlying metric measure space may not be geodesic, one can not expect to deduce
parabolic Harnack inequality from weak parabolic Harnack inequality.

As a consequence of Theorem 1.13 and various equivalent characterizations of parabolic
Harnack inequality established in [CKW], we have the following.

Theorem 1.17. Suppose that the metric measure space (M, d, i) satisfies VD and RVD, and ¢
satisfies (1.13). Then
HK(¢) <= PHI(¢) + Jy >.

Thus for symmetric jump processes, parabolic Harnack inequality PHI(¢) is strictly weaker
than HK(¢). This fact was proved for symmetric jump processes on graphs with V(z,r) = r¢,

¢(r) = r* for some d > 1 and a € (0,2) in [BBK2, Theorem 1.5].

Some of the main results of this paper were presented at the 38th Conference on Stochastic
Processes and their Applications held at the University of Oxford, UK from July 13-17, 2015
and at the International Conference on Stochastic Analysis and Related Topics held at Wuhan
University, China from August 3-8, 2015. While we were at the final stage of finalizing this
paper, we received a copy of [MS1, MS2] from M. Murugan. Stability of discrete-time long
range random walks of stable-like jumps on infinite connected locally finite graphs is studied
in [MS2]. Their results are quite similar to ours when specialized to the case of ¢(r) = r® but
the techniques and the settings are somewhat different. They work on discrete-time random
walks on infinite connected locally finite graphs equipped with graph distance, while we work
on continuous-time symmetric jump processes on general metric measure space and with much
more general jumping mechanisms. Moreover, it is assumed in [MS2] that there is a constant
c > 1so that ¢=! < pu({z}) < ¢ for every x € M and the d-set condition that there are constants
C > 1 and dy > 0 so that C~rds < V(x,r) < Cr¥ for every x € M and r > 1, while we
only assume general VD and RVD. Technically, their approach is to generalize the so-called
Davies’ method (to obtain the off-diagonal heat kernel upper bound from the on-diagonal upper
bound) to be applicable when « > 2 under the assumption of cut-off Sobolev inequalities. Quite
recently, we also learned from A. Grigor’'yan [GHH] that they are also working on the same
topic of this paper on metric measure spaces with the d-set condition and the conservativeness
assumption on (&€, F). Their results are also quite similar to ours, again specialized to the case of
¢(r) = r®, but the techniques are also somewhat different. Their approach [GHH] is to deduce a
kind of weak Harnack inequalities first from Jg4 and CSJ(¢), which they call generalized capacity
condition. They then obtain uniform Hoélder continuity of harmonic functions, which plays the
key role for them to obtain the near-diagonal lower heat kernel bound that corresponds to (3.2).
As we see below, our approach is different from theirs. We emphasize here that in this paper
we do not assume a priori that (£,F) is conservative.

The rest of the paper is organized as follows. In the next section, we present some preliminary
results about J4 < and CSJ(¢). In particular, in Proposition 2.4 we show that the leading
constant in CSJ(¢) is self-improving. Sections 3, 4 and 5 are devoted to the proofs of (1) =
(3), (4) = (2) and (2) = (1) in Theorems 1.13 and 1.15, respectively. Among them, Section
4 is the most difficult part, where in Subsection 4.2 we establish the Caccioppoli inequality
and the LP-mean value inequality for subharmonic functions associated with symmetric jump
processes, and in Subsection 4.4 Meyer’s decomposition is realized for jump processes in the VD
setting. Both subsections are of interest in their own. In Section 6, some examples are given
to illustrate the applications of our results, and a counterexample is also given to indicate that

11
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Prop3.1
00

Figure 1: diagram

CSJ(¢) is necessary for HK(¢) in general setting. For reader’s convenience, some known facts
used in this paper are streamlined and collected in Subsections 7.1-7.4 of the Appendix. In
connection with the implication of (3) = (1) in Theorem 1.15, we show in Subsection 7.5 that
SCSJ(¢) + Jp,< = (€, F) is conservative; in other words FK(¢) is not needed for establishing
the conservativeness of (£, F). We remark that, in order to increase the readability of the paper,
we have tried to make the paper as self-contained as possible. Figure 1 illustrates implications
of various conditions and flow of our proofs.

Throughout this paper, we will use ¢, with or without subscripts, to denote strictly positive
finite constants whose values are insignificant and may change from line to line. For p € [1, 00,
we will use || f||, to denote the LP-norm in LP(M;pu). For B = B(xzg,r) and a > 0, we use aB
to denote the ball B(xq, ar).

2 Preliminaries

For basic properties and definitions related to Dirichlet forms, such as the relation between
regular Dirichlet forms and Hunt processes, associated semigroups, resolvents, capacity and
quasi-continuity, we refer the reader to [CF, FOT].

We begin with the following estimate, which is essentially given in [CK2, Lemma 2.1].

Lemma 2.1. Assume that VD and (1.13) hold. Then there exists a constant co > 0 such that

1 co
/B(:c,r)c V(z,d(z,y)) ¢(d(z,y)) u(dy) < —  for every x € M and r > 0. (2.1)

o(r)
Thus if, in addition, J4 < holds, then there exists a constant c1 > 0 such that

/ J(z,y) u(dy) < . for every x € M and r > 0.
B(z,r)°c (’l“)

12



Proof. For completeness, we present a proof here. By J4 < and VD, we have for every x € M
and r > 0,

1
/B(a[:,r)C V(l’, d(.TU, y)) (Z)(d(.l‘, y))

p(dy)

[

o

0 /B(m,zwlr)\B(x,gir) V(w, d(z, y)) ¢(d(w, y)) "

1
V(z, 2tr) ¢(2tr)

(2

V(z, 2i+17“)

M

<.
I

e~

IN
o

1 c > c
P B
=0

2 5@r) = (1) - o)’
where the lower bound in (1.13) is used in the second to the last inequality. O

Fix p > 0 and define a bilinear form (£), F) by
£ (u,v) = /(U(fﬂ) = u(¥)(v(x) = v(Y) Yd(ay)<p} J (d, dy). (2.2)

Clearly, the form £ (u,v) is well defined for u,v € F, and £ (u,u) < E(u,u) for all u € F.
Assume that VD, (1.13) and J4 < hold. Then we have by Lemma 2.1 that for all u € F,

£ (u,u) — £ (u, u) = / (u() — u(9))*Liagogyopy 7 (d, dy)

2.3
collul2 (23)

o(p)

2
<i [ w@ua [ L ) <

Thus & (u,w) is equivalent to gl(f’) (u,u) := EP)(u,u) + ||u||3 for every u € F. Hence (£, F)
is a regular Dirichlet form on L?(M;u). Throughout this paper, we call (€ ), F ) p-truncated
Dirichlet form. The Hunt process associated with (£(), F) can be identified in distribution with
the Hunt process of the original Dirichlet form (€, F) by removing those jumps of size larger
than p.

Assume that Jy < holds, and in particular (1.14) holds. Define J(z,dy) = J(z,y) u(dy). Let
J@) (dz, dy) = a(z,)<py/ (d, dy), JO) (z, dy) = a(zy)<py/ (2, dy), and T (f,g) be the carré
du-Champ operator of the p-truncated Dirichlet form (€ ) F ); namely,

£0)(f,g) = /M u(da) /M<f<x> @) (9() - g()) T, dy) = /M (1. g).

We now define variants of CSJ(¢).

Definition 2.2. Let ¢ be an increasing function on Ry with ¢(0) = 0, and Cy € (0,1]. For any
290 € Mand 0 < r < R, set U = B(xg, R+71)\B(zo, R), U* = B(xz9, R+(14+Cy)r)\B(xg, R—Coyr)
and U* = B(zg, R+ 2r) \ B(xg, R — ).

(i) We say that condition CSJ¥)(¢) holds if the following holds for all p > 0: there exist
constants Cy € (0,1] and C7,Cy > 0 such that for every 0 < r < R, almost all zp € M

13



and any f € F, there exists a cut-off function ¢ € F, for B(xg, R) C B(xo, R+ r) so that
the following holds for all p > 0:

Pre.0) <1 [ (@)= 1) 1o, dy)

4 L/
(' A p) JB(@o,R+(14Co)r)

L($07R+(1+CO)T) (2 4)

f2dpu.

(ii) We say that condition CSAJ(¢) holds if there exist constants Cy € (0, 1] and C1,Cs > 0
such that for every 0 < » < R, almost all zo € M and any f € F, there exists a cut-off
function ¢ € F, for B(zg, R) C B(xo, R + r) so that the following holds for all p > 0:

P < [ (@)~ fw) Hdndn) + S5 [ e @

U*
(iii) We say that condition CSAJ®)(¢) holds if the following holds for all p > 0: there exist
constants Cy € (0,1] and C7,C > 0 such that for every 0 < r < R, almost all 29 € M
and any f € F, there exists a cut-off function ¢ € F, for B(xg, R) C B(xg, R+ r) so that

the following holds for all p > 0:

f2du.

C
F2d0® (i, 0) < e /U @) = F@)? IV e dy) + = |

U*

(iv) We say that condition CSJ)(¢), holds if the following holds for all p > 0: for any & > 0,

there exists a constant c1(¢) > 0 such that for every 0 < r < R, almost all zyp € M and

any f € F, there exists a cut-off function ¢ € F, for B(zg, R) C B(zo, R+ r) so that the
following holds for all p > 0:

/ F2d00 (o, ) <e / (@) (f(z) — F)? TP (dx, dy)
B(zo,R+2r)

UxuU+
e1(e) (2.6)

2 dp.
o(r A p) /B(:vo,RJrZT)

(v) We say that condition CSAJ (p)(q§)+ holds if the following holds for all p > 0: for any € > 0,
there exists a constant ¢1(e) > 0 such that for every 0 < r» < R, almost all xg € M and
any f € F, there exists a cut-off function ¢ € F, for B(zg, R) C B(xo, R+ r) so that the
following holds for all p > 0:

U+’

01(5)
20 (o, ) <e /U S @U@ = F@) T e dy) + om0 /U £ dn

For open subsets A and B of M with A C B, and for any p > 0, define
Cap) (4, B) = inf{€W(p,0) : ¢ € F, pla =1, p|pe = 0}.

Proposition 2.3. Let ¢ be an increasing function on Ry. Assume that VD, (1.13) and Jy <
hold. The following hold.

(1) CSJ(¢) is equivalent to CSIP) ().
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(2) CSJ(@) is implied by CSAJ(¢).
(3) CSAJ(¢) is equivalent to CSAIP) ().

(4) If CSIP) (@) (resp. CSAIP) () holds for some Cy > 0, then for any C) > Cy, there exist
constants C1,Cy > 0 (where Cy depends on C) such that CSIP)(¢) (resp. CSAIP)(¢))
holds.

(5) If CSJ(¢) holds, then there is a constant co > 0 such that for every 0 <r < R, p > 0 and
almost all x € M,

V(z,R+7)

Czaup('o)(B(nv7 R),B(x,R+ 1)) <cp )

In particular, we have

V(z,R+7)

Cap(B(z,R),B(z, R+ 1)) < ¢ o)

(2.7)

Proof. (1) Letting p — oo, we see that (2.4) implies (1.17). Now, assume that (1.17) holds.
Then for any g € M, p >0 and f € F,

/[ F2drP) (g, )
B(zo,R+(14Co)r)
< /[ f2dl (¢, ¢)

B(zo,R+(1+Co)r)

C
< C - 2 J(dz,d 2 24
e /U @) = f)P Ty + S /B e
e / (F(@) — F())? TP (dz, dy) + 20, / (F2(2) + F20)) L a(agyop) J(d, dy)
UxU* U

xU*
Ca

Jrcb(?") /B(a:o,R—i-(l—i-Co)r)
< o / (F(@) — F())? JO (da, dy) +
UxU*

f*dp
C3

G i
qb(?“ A p) /B($0,R+(1+Co)r)

where Lemma 2.1 is used in the last inequality.
(2) Fix xg € M. Let ¢ € Fy be a cut-off function for B(zg, R) C B(zg, R+7r). Since p(z) =1
on = € B(xg, R), we have for f € F,

/ A, ) = / £2(2) plde) / (1= p())2J (2, y) u(dy)
B(zo,R—Cor) B(zo,R—Cor)

M

/ £2(2) pld) / J(z,y) p(dy)
B(z0,R—Cor) B(zo,R)"

/ £2(2) plde) / J(z,y) p(dy)
B(z0,R—Cor) B(z,Cor)e

C1

f2du
¢(Cor) /B(xO,R—Cor)

IN

IN
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C2

S N f2 d/%
¢(T) /B(:co,R—Cor)

where we used Lemma 2.1 and (1.13) in the last two inequalities. This together with (2.5) gives
us the desired conclusion.

(3) This can be proved in the same way as (1).

(4) This is easy. Indeed, for Cj > Cy, set D1 = B(zo, R+ (1 + C{)r) \ B(zo, R+ (1 + Cy)r)
and Dy = B(zg, R — Cor) \ B(zo, R — C{r), where we set B(zo, R — C{r) =) for C{; > R/r. Let
© € Fp be a cut-off function for B(xg, R) C B(xg, R+ r). Then for any f € F and p > 0,

P (p,0) = [ (@) pldr) / ()P (2,y) ju(dy)
D1 D1 B(zo,R+T)

< [ P ) / J(z,y) p(dy)
D, B(z,Cor)°

<c_1 24
< 50 le I

where Lemma 2.1 and (1.13) are used in the last inequality. Similarly, for any f € F and p > 0,

2 qrp) < 2 2 4.
D2f (¢7¢)_¢(T) Dgf 1

From both inequalities above we can get the desired assertion for C{, > Cj.

(5) In view of (1) and (4), CSJ)(¢) holds for every p > 0 and we can and do take Cp = 1
in (1.17). Fix 29 € M and write B, := B(xg, s) for s > 0. Let f € F such that f|p,,, =1 and
f\BgHr = 0. For any p > 0, let ¢ € F;, be the cut-off function for B C Bry, associated with

f in CSJ®)(4). Then

Cap®) (B, Brsr) < / 0@ (p,0) + / dre)(, )

BR+2"' B}C%+2r
= / F2drP (o, ) + / dr® (¢, )
BRryar Bf i o

(f(2) = f(y))? T (dz, dy)

<c1 /
(BR4+-r\BR)*(BRr42-\Br—r)

CH A oy

c2p(Bryar) | c3p(Brir)
o(r A p) o(r)
C4IU’(BR+T)
T 9(rAp)

u(dz) /B &2(y)T () uldy)

c
R+2r

where we used CSJ (p)(gb) in the second inequality and Lemma 2.1 in the third inequality.

Now let f, be the potential whose & (P)_norm gives the capacity. Then the Cesaro mean of
a subsequence of f, converges in £-norm, say to f, and £(f, f) is no less than the capacity
corresponding to p = oo. So (2.7) is proved. O
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We next show that the leading constant in CSJ®)(¢) (resp. CSAIJ?)(¢)) is self-improving in
the following sense.

Proposition 2.4. Suppose that VD, (1.13) and J4 < hold. Then the following hold.
(1) CSIW)(¢) is equivalent to CSIP) (), .
(2) CSAJIP)(¢) is equivalent to CSAIP) (), .

Proof.  We only prove (1), since (2) can be verified similarly. It is clear that CSJ®)(¢),
implies that CSJ (p)(é). Below, we assume that CSJ(¢) holds.

Fix zp e M,0<r < Rand f € F. For s > 0, set Bs = B(zo, s). The goal is to construct a
cut-off function ¢ € F, for Bg C Br4, which satisfies (2.6).

For A > 0 which is determined later, let

Sn = core "M (202)

where ¢y := ¢o(\) is chosen so that Y7 | s, =7 and (s is given in (1.13). Set 79 = 0 and

n
Tn = Zsk, n>1.
k=1

Clearly, R< R+ry < R+1712 <--- < R+r. For any n > 0, define U, := Bryr,,, \ Br4r,, and
U = BRir1tsnir \ BRirn—sni1- By CSIP)(4) (with Cy = 1; see Proposition 2.3 (4)), there
exists a cut-off function ¢, for Br,, C Brys,,, such that

J

P (o000 <C1 [ (f(@) = S0))? T o)

02 2
- du.
+¢<sn+mp>/3 I

Rtrppi1+snii

Rtrpp1+sng

(2.8)

Let b, = e " and define

Y = Z(bn—l - bn)(/)n (29)
n=1

Then ¢ is a cut-off function for Bg C By, because ¢ =1 on Bg and ¢ =0 on B, .. On U,
we have ¢ = (by—1 — byp)pn + by, so that b, < ¢ < b,_1 on U,. In particular, on U,

P(bn—1 = bn)

bn—l - bn < bn

= (et = 1o (2.10)

Below, we verify that the function ¢ defined by (2.9) satisfies (2.6) and ¢ € Fp. For this, we
will make a non-trivial and substantial modification of the proof of [AB, Lemma 5.1]. Set

Fom(2,y) = f2(2)(#n(@) = ¢a®))(@m(z) = om(y))

for any n,m > 1. Then

[e.9]

/BR+2r F2dr@ (e, ¢) = /BR+2T f*(x) /M (Z(b”—l —bp)(pn(x) — @n(y)>2 J) (dz, dy)

n=1
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co n—2

< /BMT /M [2 D> (n-1 = bn) (b1 — bin) Frm (2, 9)

n=1m=1
)
+ 2 Z(bnfl - bn)(ban - bnfl)Fn,nfl(l‘a y)
n=2
+ ) (bno1 = bn)*Frn(z,y) | T (dz, dy)
n=1

=:0L+ 1+ Is.

For n > m + 2, since F,,(z,y) = 0 for z,y € Bpyy, or 2,y &€ Bris,.,, we can deduce

that F,,,(z,y) # 0 only if + € Bryy,.1,y ¢ Bryr, O © ¢ Brir,,y € Bryr,.,. Since
| Fom (7, y)| < f?(x), using Lemma 2.1, we have

/ / Fom(2,y) J (dz, dy)
Bryor JM

- N + / /
/BR+2rmBR+rm+1 ~/B BryorNBS B

%‘H"n R+rn R4rm41 (211>
c
S E— F* () p(de)
¢(Zk:m+2 Sk) /BR+2T
c
< 2(z) p(dx).
oy P@aa
Note that, according to (1.13), we have
qb(r) r lekek)\/Q c'eA((B)‘ _ 1)1/2

B2
/ - - .
(ski2) ¢ <Co(>\)7°6_(k+2)*/(252)> ~ ) T e (b — b)

Therefore,
(b1 = b)) 2 d(sp42) 7" < ex(W)(r) " (2.12)
This together with (2.11) implies

co n—2

- - 76 2 X X
1223 St bt~ g [ P )
oo n—2
_ _ 1/2@ 2(y "
sr;;(bn_l bn) (Dm—1 — i) 0 /B . F2(x) p(dz)

< ¢(“)) | @,

because > 7 (bm—1 —bm)/? = ¢4()\) and Yol (byp—1—0by) = 1. For I, by the Cauchy-Schwarz
inequality, we have

L<? Zz ( /B
X (/ / (bn—Q - bn—l)QFn—l,n—l(xa y)2 J(P) (d(L‘, dy))
Bryor JM

1/2
/ (b1 — bn)2 Fpn(z,y)? TP (da, dy))
M

1/2
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where we used 2(ab)'/? < a + b for a,b > 0 in the last inequality. For I3,

/ /Fn,n(x,y)J(p)(dw,dy)

Bryar /M

-(/ [+ ) Funto) 79 da, )
BR+rn+1+sn+1 M BR+2T\BR+7‘"+1 +Sn+1 M

(p) ¢ 2
<[ ], Frante) 19+ 5 s [ )t
c+ Cy

) — 2 700) (da - = 2(x x
<O U@ I I+ 2 [P ),

R+T7l+1 +Sn+1

where we used Lemma 2.1 in the second line and (2.8) in the last line. Using (2.10) and (2.12),
and noting that sgy1 > spr2 and 300 (-1 — b))% + 320 (byn—1 — bm)? = c5()\), we have

heCo =12 [ P - )21y + 20 [ o),

where we used the facts that {U,} are disjoint, |J, U, = U, and U; C U*' for all n > 1. For
any ¢ > 0, we now choose \ so that 3C3(e* — 1)? = ¢, and obtain (2.6).

Next, we prove that ¢ € Fp. Let o = S (by_1 — by)pn for i > 1. Tt is clear that
o e F and ¢ — ¢ as i — co. So in order to prove ¢ € Fy, it suffices to verify that

lim E(eW — W) o — K0y = . (2.13)

4,j—00

Indeed, for any ¢ > j, we can follow the arguments above and obtain that

/ A0 (D — ), Hl0) _ )y
BR+27‘

—jA . 2 - cs(A) 2(p .
<e (cm) /U @) = T T dy) + 2 /B At >>.

On the other hand, by Lemma 2.1 and the fact that supp (¢ — o)) € Bp.,,

. 2
[ =00 < [ Y tea=ba | [ [ ety i)

c .
R+2r n=j+1 R+2r R+r

Se_j)\ C((;((;\)) M(BR-H’)'

Combining with both inequalities above, we can get that (2.13) holds true. O

As a direct consequence of Proposition 2.3(1) and Proposition 2.4(1), we have the following
corollary.
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Corollary 2.5. Suppose that VD, (1.13), Jg < and CSJ(¢) hold. Then there exists a constant
c1 > 0 such that for every 0 < r < R, almost all xg € M and any f € F, there exists a cut-off
function ¢ € Fy, for B(xg, R) C B(xg, R+ r) so that the following holds for all p € (0, 00]:

[ pavee g P - )P0
(zo,R+2r) UxU*'

(2.14)
C1

+ / fdp,
&(r A p) JBao, Rt2r) a

where U = B(xg, R+ 1)\ B(zo, R) and U*' = B(zg, R+ 2r) \ B(xo, R — ).

Remark 2.6. According to all the arguments above, we can easily obtain that Propositions 2.3,
2.4 and Corollary 2.5 with small modifications (i.e. the cut-off function ¢ € F; can be chosen
to be independent of f € F) hold for SCSJ(¢).

We close this subsection by the following statement.

Lemma 2.7. Assume that VD, (1.13) UHK(¢) hold and (£,F) is conservative. Then EPy <
holds.

Proof. We first verify that there is a constant ¢; > 0 such that for each ¢, > 0 and for almost

allz € M,
cit

/B (I’T)Cp(t,azy) n(dy) < o)

Indeed, we only need to consider the case that ¢(r) > t; otherwise, the inequality above holds
trivially with ¢; = 1. According to UHK(¢), VD and (1.13), for any ¢, > 0 with ¢(r) >t and
almost all z € M,

| sty =Y / | btz y) p(dy)
B(z,r)c i—0 Y B(2,20F 1)\ B(x,2ir)
0 2z+1

Z c;;t i2 i < C4t
V(z, 21 - ’

Now, since (£, F) is conservative, by the strong Markov property, for any each ¢, > 0 and
for almost all z € M,

IPﬂ(’]—B(x,r) < t) = PI(TB(I,T) <t,Xo € B(IE, T/Q)C) + IP)x(’rB(:tm) <t,Xot € B($7 T/2>)

<P*(Xy € B(x,r/2)°) +  sup  P*(Xas € B(z,7/2)°)
z¢B(z,r)¢,s<t

et
=50

which yields EP4 <. (Note that the conservativeness of (£,F) is used in the equality above.
Indeed, without the conservativeness, there must be an extra term P*(7p(,,) < t,( < 2t) in the
right hand side of the above equality, where ( is the lifetime of X.) O
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3 Implications of heat kernel estimates

In this section, we will prove (1) = (3) in Theorems 1.13 and 1.15. We point out that, under
VD, RVD and (1.13), UHK(¢) = FK(¢) is given in Proposition 7.6 in the Appendix.

3.1 UHK(¢) + (£, F) is conservative = J, <, and HK(¢) = J,4

We first show the following, where, for future reference, it is formulated for a general Hunt
process Y that admits no killings inside.

Proposition 3.1. Suppose that Y = {Y;,t > 0,P* & € E} is an arbitrary Hunt process on a
locally compact separable metric space E that admits no killings inside E. Denote its lifetime

by C.
(i) If there is a constant co > 0 so that
P*(( =o0) > cy for every xz € E, (3.1)
then P*(( = o0) = 1 for every x € E.

(ii) Suppose that VD holds, the heat kernel p(t,x,y) of the process Y exists, and there exist
constants € € (0,1) and ¢; > 0 such that for any x € E and t > 0,

p(t,z,y) > m fory € B(:U,agzﬁfl(t)), (3.2)

where ¢ : Ry — Ry is a strictly increasing continuous function with ¢(0) = 0. Then
P*({ = 00) =1 for every x € E. In particular, LHK(¢) implies { = co a.s.

Proof. (i) Let {F};t > 0} be the minimal augmented filtration generated by the Hunt process
Y, and set u(z) := P*({ = 00). Then we have u(z) > ¢y > 0 for x € E. Note that

u(Yy) = Liespnu(Vy) = E* [1{<:oo}|}—ty}

is a bounded martingale with lim; .o u(Y;) = 1{c—}. Let {Kj;j > 1} be an increasing sequence
of compact sets so that U2, K; = E and define 7; = inf{t > 0 : V; ¢ K;}. Since the Hunt
process Y admits no killings inside F, we have 7; < ¢ a.s. for every j > 1. Clearly lim; .o 7; = (.
By the optional stopping theorem, we have for x € F,

Jj—0o0 J—00 j—00

> coP"(¢ < 0) + P¥(¢ = o0) = ¢oP*(¢ < 00) + u(x).

It follows that P*(¢ < oo0) = 0 for every = € E.
(ii) By (3.2) and the equivalent characterization (1.10) of VD, we have for every = € E and
t>0,

P*(( >t) > / wu(dy) > ca > 0.

B(z,ep~1(1))

1
p(t, 7, y) p(dy) > /B wnorc V. 65E)

Passing t — oo, we get P*({ = 00) > ¢o for every z € E. The conclusion now follows immediately
from (i). O

21



Remark 3.2. (i) The condition that Y admits no killings inside E is needed for Proposition

(i)

3.1 to hold. That is, condition (3.1) alone does not guarantee Y is conservative. Here is
a counterexample. Let Y be the process obtained from a Brownian motion W = {W;} in
R? killed according to the potential g(z) := 1p(0,1)(z). That is, for f >0 on R3,

B 00)] = B [rvg e (- | Lo (W) s)|. (33)

Denote by ( the lifetime of Y. We claim that (3.1) holds for Y. Indeed, for three-
dimensional Brownian motion W, we have

1 1
inf P,y =00)=1— sup Pom,,y<oo)=1— sup — ==,
z€R3:|z[>2 BO.) z€R3:|z|>2 Bo.1) z€R3:|z|>2 |.’L’| 2
where Ugf(o’l) =inf{t >0:W; € B(0,1)}. Clearly for z € B(0,2)°,
1
P*(¢ = 00) > P*(0504) = 00) > . (3.4)

On the other hand, if we use p(t,z,y) and p°(¢,z,y) to denote the transition density
function of Y and W with respect to the Lebesgue measure on R? respectively, then we
have by (3.3) that

e 'p°(t,z,y) < p(t,a,y) <p°(t,w,y) fort>0and 2,y e R
Hence there is a constant ¢; € (0, 1) so that
P (Yy € R*\ B(0,2)) > ¢; for every z € B(0,1).

Using the Markov property of Y at time 1, we have from (3.4) that P*(¢ = o0) > ¢1/2
for every z € B(0,1). This establishes (3.1) with ¢p = ¢1/2. However P*({ < oco) > 0 for
every x € R3.

In the setting of this paper, X is the symmetric Hunt process associated with the regular
Dirichlet form (£,F) given by (1.1) that has no killing term. So X always admits no
killings inside M.

The next proposition in particular shows that UHK(¢) implies (1.14).

Proposition 3.3. Under VD and (1.13),

and

UHK(¢) and (€,F) is conservative = Jg <,

HK (¢) = J.

Proof. The proof is easy and standard, and we only consider HK(¢) = J4 for simplicity.
Consider the form EX(f, g) := (f — P;f,g)/t. Since (€, F) is conservative by Proposition 3.1(ii),
we can write

£0(10) = 57 [ [ (1@) = F0)0() = alu)ptt.2.0) ) ).
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It is well known that lim;_q W (f,g) = E(f, g) for all f,g € F. Let A, B be disjoint compact
sets, and take f,g € F such that supp f C A and suppg C B. Then

£0(f, g :——//f p(t 2, y) p(dy) p(dz) =0 — //f J(dx, dy).

Using HK(¢), we obtain

//f J(dz,dy) =< // mdmy ()d< ))u(dy)u(dx‘),

for all f, g € F such that supp f C A and suppg C B. Since A, B are arbitrary disjoint compact
sets, it follows that J(dz, dy) is absolutely continuous w.r.t. u(dz) p(dy), and Jg holds. O

3.2 UHK(¢) and (£, F) is conservative = SCSJ(¢)

In this subsection, we give the proof that UHK(¢) and the conservativeness of (£,F) imply
SCSJ(¢). For D C M and A > 0, define

TD
GPf(x) = Ex/ e MF(X)dt, xe M.
0

Lemma 3.4. Suppose that VD, (1.13) and UHK(¢) hold, and (£, F) is conservative. Let xy €
M, 0<r <R, and define
Doy = B(zo, R+ 9r/10) \ B(xo, R + r/10),
D = B($0,R+47‘/5) \E( 0,R+7"/5)
D2 = B(l’o,R-}- 37’/5) \E(SEQ,R‘F 27“/5)

Let X = ¢(r)~Y, and set h = G?‘)lpl. Then h € Fp, and h(x) < ¢(r) for all x € My.
Moreover, there ezists a constant c; > 0, independent of xg, r and R, so that h(z) > c1¢(r) for
all x € Dy N My.

Proof. That h € Fp, follows by [FOT, Theorem 4.4.1]. The definition of h implies that

h(xz) = 0 for z ¢ Dy, and the upper bound on h is elementary, since h < G¥1 = A1 = ¢(r).
By Lemma 2.7, we can choose a constant d; /5 > 0 such that for all > 0 and all z € M,

PY(TB(z,) < 01/20(r)) <

For any x € Dy N My, By := B(x,r/5) C D;. Hence

N =

o\
h(z) = E* / M1y (X)) dt
0
B
. [ [ e n o de 7, > 51/2¢<r/5>}
0

81/20(r/5) v
> P (rp, > 61,2(r/5)) /0 eMdt| > crp(r),

where we used (1.13) in the last inequality. O
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We also need the following property for non-local Dirichlet forms.

Lemma 3.5. For each f,g € Fp, n > 0 and any subset D C M,
A=) [ Pa)oa) - o) Tdo.dy)
S/ (9(@)f2(x) — 9() 2 () (9(x) — 9(y)) J (d, dy) (3.5)
DxD

w0 [ @@ = 1) Ide.dy)
Proof. For any f,g € Fp, we can easily get that
[ Pae - ow)? s, dy)
DxD
~ [ 6@ @) - s) ) ata) ~ 9(0) I, d) (3.6
5 [ (@ PO - ) I, dy).
DxD
Then according to the Cauchy-Schwarz inequality, for any n > 0,

[ (@) - PO - ) (o dy)
DxD
<

1/2
< < [ ntata) + 9?7 - ) J(dw,dw)
DxD

1/2

. ( [ @)+ 1) ate) - o)) J(dm,dw)
1/2
< < [ an @)@ - 1) s dy>>
1/2

‘ ( [ P - sw)? J(dx,dw)
<oy /D @)~ ) T(do.dy)

Lot / F2(2)(9(x) — g(9))? J(dz, dy),

DxD

where we have used the fact ab < %(az + b%) for all a,b > 0 in the last inequality. Plugging this
into (3.6), we obtain (3.5). O

Proposition 3.6. Suppose that VD, (1.13) and UHK(¢) hold, and (€,F) is conservative. Then
SCSJ(¢) holds.

Proof. By the dominated convergence theorem, we only need to verify that SCSJ(¢) holds for
any f € Fp. For any g € M and s > 0, let By = B(zp,s). For 0 <r < R, let U = Bry, \ Br
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and U* = Bgy3,/2 \ Br—y/2- Let D; be those as in Lemma 3.4, and \ = é(\) 7. For z € My,
set

G1
gla) = A _—r Dl(x),
c*o(r)
o(z) = 1A g(x) if z € By, N Mo,
1 ifxEBR+r/2ﬁM0,

where c* is the constant ¢; in Lemma 3.4. Then by Lemma 3.4, ¢ =0 on B, and ¢ =1 on

Bg.
We first claim

2d 2d L[ 24 . .
| racos< | paeor s [ fa ren (37)

Indeed, by decomposing the regions of integrals, we have

f2dr (g, ) =/ / +/ /
U+ Brir/2\Br—r/2 Y BR4+\BRi+r/2 Bpry3sr/2\Br1r/2 Y Bryr/2

Bry3r/2\Br4r/2 Y BR++\BRyr/2 Bprysr/2\Br—r/2 /B

=L+ Ia+ I3+ Iy,

c
R+1r

where the first integral of each term in the right hand side is with respect to . Here we used
the fact
Puds) [ (ola) = o) w,y) ndy) =0,

Brir/2\Br—r/2 BRrir)2

because ¢(r) = ¢(y) = 1 when x,y € Bg,,/2. By Lemma 2.1 and (1.13), we have

h= /BR+T/2\BRT/2 fQ(x) :“(dx)/ (1- (p(y))QJ(JJ,y) p(dy)

Brir\BR+t3r/5
C1

< / < / f2dp.
¢(r/10) Brir/2\Br—r/2 (r) Brir/2\Br—r/2

Similarly,
- [ P =17l [ Iyl
BR+3'I’/2\BR+3T‘/5 BR+'I’/2
C3 / 2
< —= I dp,
qb(r) BR+37"/2\BR+31"/5
I = P utdn) [ Iy uldy)
Bryor/10\Br—r/2 Goir
<L / f2dp.
(r) Bryor/10\Br—r/2

Finally, we have

fs= /BR+3'V'/2\BR+7‘/2 f2 (x) p(dx) / (o(z) — ‘P(y))g*](x’ y) u(dy)

Bryr\BRrtr/2
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2 B 5 .
- /BRHT/Q\BRH/? Fle) wldz) /BR+T\BR+T/2 (9(2) = g(y))"J (z, y) u(dy)

2
S/U*f dl'(g,9),

so that (3.7) is proved.
Next, using Lemma 2.1 and (3.5) with n = 2, we have for any f € F,

f2dr(g,9) < / P (@) (g(z) — g(y))? J (da, dy) + / f2(2)g (z) J(d, dy)
U* U*xU* U

* 5 [J*€

<2 (P - LW - 9(w) Jd,dy) (33)
U*xU*
caf U@ - S I+ [ P

where in the last inequality we have used the fact that g is zero outside U.
With A = ¢(r)~!, we have for any f € F,

/U*XU* (f2(2)g(x) = F()aw)(9(x) = g(y)) J(dz, dy)

/ (f(x)g(z) — 2 ()9 (W) (9(x) — g(y)) J(dx, dy)
(U xU*)U(U*xU*)U(U*xU*°)

dr(f?g,9) = E(f*9,9) < Ex(F?9,9) (3.9)

= (c*(r))~ 18A<f29,GD01D1>
= (c"¢(r)) " (%9, 1p,)

< (c*p(r) / FPgdu.

I
i\

Here we used [FOT, Theorem 4.4.1] and the fact that f2g € Fp, to obtain the third equality.
Plugging (3.9) into (3.8), and using the facts that g < cg and g is zero outside U, we obtain

f2dr(g,g) < 4 / (@) (f(x) — F))? I (dz, dy) + / Pgdu+ S / 2 du

U*

This and (3.7) imply CSAJ(¢) for any f € F, with the strong form (i.e. the cut-off function is
independent of f € Fp) with Cy = % Therefore, the desired assertion follows from Proposition
2.3(2) and Remark 2.6. O

As mentioned in the beginning of this section, UHK(¢) implies FK(¢) by Proposition 7.6
under VD, RVD and (1.13). This completes the proof of (1) = (3) part in Theorems 1.13 and
1.15. Note also that (3) = (4) part in Theorems 1.13 and 1.15 holds trivially.

4 TImplications of CSJ(¢) and J4 >

In this section, we will prove (4) = (2) in Theorems 1.13 and 1.15.
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4.1 Jd,,Z — FK(¢)

We first prove that under VD and (1.13), J, > implies the local Nash inequality introduced by
Kigami ([Ki]). Note that for the uniform VD case, the following lemma was proved in [CK2,
Theorem 3.1]. The proof below is similar to that of [CK2, Theorem 3.1].

Lemma 4.1. Under VD, (1.13) and Jy >, there is a constant co > 0 such that for any s > 0,

9 [Jul|F
ully < 00<.
el infcsuppu V (2, 5)

+Wﬁ&w@) Yu € F 0 LY(M; p).

Proof. For any v € F N L' (M;p) and s > 0, define

1

us(x) = Vs

/ u(z) p(dz) for x € M.
B(zx,s)

For A C M and s > 0, denote A® := {z € M :d(z, A) < s}. Using (1.12), we have

Hu H ClHUHl C/1HuH1 C’1HUHI
Sl = . = . = .
inf e (suppuys V (20,8) ~ infresuppu V(2,25) ~ infoesuppu V (2, 5)

and

1
Usg §/ /Ld:L‘/ u(z)| pu(dz
< [ ) [ e
1
[t p(dz) < cslul.
Zuppu (supp u)*NB(z,s) V($, 5)

2 C3HU||%
< < )
HUSHQ N HUSHOOHUSHI o infzesuppuv(zus)

In particular,

Therefore, for u € F N LY (M;p), by Jg >,

lull3 < 2w = usll3 + 2llus3

1 o e el
<2/ (Ws) [, @ = uw) u(dy)> pl) + 5=

1
<ef (T /B ()~ u) ) 9V ) M(dy)> u(de)

x,s)
%ﬂMP
lnfzesuppu
<eols) [ / u(y))2J (2, y) p(dy) ()
%ﬂﬁﬁ

infcsuppu V (2, 5)

<o (90010 + Il ).

inf,csuppu V (2, 5)

We thus obtain the desired inequality. O
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We then conclude by Proposition 7.4 that J, > = FK(¢) under VD, RVD and (1.13).

By Proposition 7.7 in Appendix (see also [BBCK, Theorem 3.1] and [GT, Section 2.2]), it
follows that there is a proper exceptional set A/ so that the Hunt process { X;} has a transition
density function p(¢,z,y) for every z,y € M\ N.

4.2 Caccioppoli and L'-mean value inequalities

In this subsection, we establish mean value inequalities for subharmonic functions. Though in
this paper, we only need mean value inequalities for the p-truncated Dirichlet form (€ ), F ), we
choose to first establish these inequalities for subharmonic functions of the original Dirichlet form
(€,F) and then indicate how these proofs can be modified to establish similar inequalities for
subharmonic functions of the p-truncated Dirichlet form (£), F). There are several reasons for
doing so: (i) the mean value inequalities for the original Dirichlet form (€, F) will be used as one
of the key tools in the study of the stability of parabolic Harnack inequality in our subsequent
paper [CKW]; (ii) since the proofs share many common parts and ideas in the truncated and
non-truncated settings, it is more efficient to do it in this way; (iii) although they share many
common ideas in these two settings, there are also some differences; see the paragraph proceeding
the statement of Proposition 4.11, by putting together in one place clearly reveals differences
and difficulties in the setting of jump processes as for the diffusion case.

We first need to introduce the analytic characterization of subharmonic functions and to
extend the definition of bilinear form £. Let D be an open subset of M. Recall that a function
f is said to be locally in Fp, denoted as f € ]:]lgc, if for every relatively compact subset U of D,
there is a function g € Fp such that f = g m-a.e. on U.

The next lemma is proved in [C, Lemma 2.6].

Lemma 4.2. Let D be an open subset of M. Suppose u is a function in ]—"g’c that is locally
bounded on D and satisfies that

[ )l e dy) < oo (41)
UxVe

for any relatively compact open sets U and V of M with U C V. .C V. C D. Then for every
v € Co(D)NF, the expression

/(U(fv) — u(y))(v(z) —v(y)) J(dz, dy)

is well defined and finite; it will still be denoted as E(u,v).

As noted in [C, (2.3)], since (&, F) is a regular Dirichlet form on L?(M; 1), for any relatively
compact open sets U and V with U C V, there is a function v € F N C.(M) such that ¢ = 1
on U and ¥ = 0 on V. Consequently,

/ J(dz, dy) = / ((z) — $(y))? J(dz, dy) < E(, ) < oo,
UxVe

UxVe
so each bounded function wu satisfies (4.1).

Definition 4.3. Let D be an open subset of M.
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(i) We say that a nearly Borel measurable function u on M is £-subharmonic (resp. €-harmonic,
&E-superharmonic) in D if u € Fi$¢, satisfies condition (4.1) and

E(u,9) <0 (resp. =0, 0)
for any 0 < p € Fp.

(ii) A nearly Borel measurable function u on M is said to be subharmonic (resp. harmonic,
superharmonic) in D (with respect to the process X) if for any relatively compact sub-
set U C D, t — u(X¢nr,) is a uniformly integrable submartingale (resp. martingale,
supermartingale) under P* for q.e. x € U.

The following result is established in [C, Theorem 2.11 and Lemma 2.3] first for harmonic
functions, and then extended in [ChK, Theorem 2.9] to subharmonic functions.

Theorem 4.4. Let D be an open subset of M, and let u be a bounded function. Then u is
E-harmonic (resp. €-subharmonic) in D if and only if u is harmonic (resp. subharmonic) in D.

To establish the Caccioppoli inequality, we also need the following definition.

Definition 4.5. For a Borel measurable function v on M, we define its nonlocal tail in the ball

Blao,r) by Ju(2)]
Tail (u; 2o, 7) = ¢(r) /B(m’,,)c V(@o, d(wo, 2))¢(d(wo, 2

Suppose that VD and (1.13) hold. Observe that in view of (2.1), Tail (u; xg,r) is finite if u
is bounded. Note also that Tail (u;zg,r) is finite by the Holder inequality and (2.1) whenever
u € LP(M;p) for any p € [1,00) and 7 > 0. As mentioned in [CKP], the key-point in the present
nonlocal setting is how to manage the nonlocal tail.

We first show that CSJ(¢) enables us to prove a Caccioppoli inequality for £-subharmonic
functions. Note that the Caccioppoli inequality below is different from that in [CKP, Lemma
1.4], since our argument is heavily based on CSJ(¢).

M p(dz). (4.2)

Lemma 4.6. (Caccioppoli inequality) For xg € M and s > 0, let Bs = B(xg,s). Suppose
that VD, (1.13), CSJ(¢) and J4 < hold. For 0 <r < R, let u be an £-subharmonic function on
Brr for the Dirichlet form (€, F), andv = (u—0)" for @ > 0. Also, let p be the cut-off function
for Br—, C Bp associated with v in CSJ(¢). Then there exists a constant ¢ > 0 independent of
xg, R, 7 and 0 such that

c 2
/BRH dl' (v, vp) < o) /BRHU dp.  (4.3)

Proof. Since u is £-subharmonic on Bgy, for the Dirichlet form (£, F) and ¢?v € Fg,,,

1 R\ %2t62-01
1—1—5 <1—|——) Tail (u; zg, R+ 1)
r

0> E(u, ) = /B ()~ u)(Fw)ela) = () Tdo.dy)

N 2/ (u(z) — u(y))e*(z)v(x) J(dx, dy) (4.4)
BryrxBg, .,

=:1+ 2.
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For I, we may and do assume without loss of generality that u(z) > wu(y); otherwise just
exchange the roles of x and y below. We have

> G @)(0(2) ~ o)) + (0() — o) (@) — PW)el)
> () (0(2) — v(v)? — 5(6() + o) 2(0(@) — v(w))? — 220 (p(2) — 0lv))?
> 2P @) () — v0) ~ P W) () — o)~ 27w (e(r) — 9(0))

where the first inequality follows from the facts that for any =,y € M, u(x) —u(y) > v(z) —v(y)
and (u(z) —u(y))v(y) = (v(x) —v(y))v(y), while in the second and third equalities we used the
facts that ab > —%(12 —2b% and (a + b)? < 242 + 2b?, respectively, for all a,b € R. This together
with the symmetry of J(dx, dy) yields that

nzgf L P@ew ) e 2 v (@)(e(e) — o)) (e, dy)

BR+7‘ XBR+T

For I, note that

Note also that v < vu/6 < u?/6. Hence we have

b= (ue) - u)@)e(s) J(ds,dy)
BRXB}C{+T
2—/ vdp sup/
BR xeBR BIC?+7‘
b o |2 |
> — = u”dp | sup
0 Br T€BR JBg .,

2= 5ot [ <1 * %)Mﬁl oR+ T)/B v<xo,d<xf@§§/>)<|b<d<xo,y>> 2 (dy)] /B udn

ICQ-H“
R da+B2—p1
= ‘ [ <1 + —) Tail (u; 2o, R+ r)] / w? dp,
T Br

where the last inequality follows from the fact that v < |u|, J4 < as well as (1.12) and (1.13)
which imply that for any © € B and y € B¢

R+4r>
V(.T(], d(l’o, y))gb(d(xOv y))
V(z,d(z,y))o(d(z,y))

v(y) J(z, dy)]

v(y) J(z, dy)]

d(xo, x)>d2+ﬂz < C,,<1 n R>d2+ﬁ2

<1 -
<<( Ty

r

and
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Putting the estimates for I; and Is above into (4.4), we arrive at
o<4 V(@) (o) — p(y))? J(d, dy)
BR+7‘XBR+T

- / G2(2) (0(x) — v(y))? J(de, dy)
BrXBRr4r

r

da+B2—p1
- #(QT) { (1 - 5) Tail (u; 2o, R + 7’)] /BR u? dp (4.5)

<4 /B W2 dT(p, ) — /B L P@0@) — o) .y

Co R da+B2—p1 )
+ 1+ — Tail u;a:,R—i—r]/ u” d.
00(r) K > (o, )] [ o

On the other hand, using the inequality (a + b)? < 2(a? + b?) for all a,b € R and Lemma
2.1, we have

/ dl’ (v, ve)
BR+7‘

_ / (v(x)p(x) — v(y)e())? J(dz, dy)
BryrxM

< / (0(2) (0 () — o)) + L) (0(x) — v(y)))? J(dz, dy)
BRyrXBRtr

+/BR UQ(x)ch(w)/c J(de, dy) (4.6)

R+r

2 _ 2 J(de
gz[ /B o PR o) )

cs
- o ¢2<w><v<x>—v<y>>2J(dx,dyﬂ =y R

<9 / 2 dT (g, 0) + 2 / (@) (0() —v(y))? T(de, dy) + S5 / o dp.
BRrir BrXBpr+r ") JBr

Combining (4.5) with (4.6), we have for a > 0,

a/B dl’ (v, vy)
2 o 2 _ 2
< (2a+4) /B Pdr(ep) +20-1) [ P (o) (0(z) — o) (e dy)  (47)

BRXBR+T
ea(l+a 1 R da+B2—p1
+M[1+ <1+—>

o(r) r

Next by using (2.14) for v with p = co, we have

Tail(u;:no,R—l—r)}/ u? dp.
0 Br

[, waeasgf e ) )+ s [ @

BRXBR+T (T)
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Plugging this into (4.7) with a = 2/9 (so that (4 4+ 2a)/8 + (2a — 1) = 0), we obtain

2 cs 1 R d2+52*51 9
— dl' (v, v §—[1+—<1+—> Tail u;xo,R%—r}/ u” dy,
3 ., Moo < s g (145 ( ) s

R+1r

which proves the desired assertion. O

Remark 4.7. In order to obtain (4.3) we need that the constant in the first term on the right
hand side of (2.14) was less than 1/4. On the other hand, we note that (4.8) is weaker than
(2.14) yielded by CSJ(¢), which can strengthen the first term in the right hand side of (4.8) into

1

5| PO - o) Ids,dy)
UxU*

with U = BR \ BR—T‘ and U* = BR—i—r \ BR—27‘-

The key step in the proof of the mean value inequality is the following comparison over balls.
For a ball B = B(zg,7) C M and a function w on B, write

I(w, B) :/ w? dyu.
B

The following lemma can be proved similarly to that of [AB, Lemma 3.5] (see also [Grl, Lemma
3.2]) with very minor corrections due to Bgry, instead of Br. For completeness, we give the
proof below.

Lemma 4.8. Forxg € M and s > 0, let Bs = B(xo, s). Suppose VD, (1.13), FK(¢), CSJ(¢) and
Jo < hold. For R,ri,m9 > 0 withr € [%R, R] and ri+re2 < R, let u be an E-subharmonic function
on Bg for the Dirichlet form (£,F), and v = (u — 6)y4 for some 8 > 0. Set Iy = I(u, By +r,)
and Iy = I(v, B,,). We have

B2
C]_ 1+V 7"]_
H < ——FF—] 1+ —
L= 02V (g, R)Y O ( +7~2>

where v is the constant appearing in the FK(¢) inequality (1.19), do is the constant in (1.10)
from VD, and c1 is a constant independent of 0, xg, R,r1 and rs.

da+P2—01 .

Tail (u: 2

1+ <1 + %) - (u,;:o,R/ ) , (4.9)
2

Proof. Set
D ={x € B, 1,2 :u(x) >0}

Let ¢ be a cut-off function for By, C B, 4,/ associated with v in CSJ(¢).
As in [Grl] the proof uses the following five inequalities:

/ u? dp < I, (4.10)
Br1+r2/2
o 1 r da+B2—p1 '
/ dT (v, vp) < 14— (1 + —) Tail (u; xo, R/2)| Iy, (4.11)
BT1+7‘2 (ZS(TQ) 9 7'2
2/ dl’ (v, vp) > )q(D)/ v2o? dp, (4.12)
D D
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)‘1( ) > C:u r1+r2) ¢(7"1 +r2)_1M(D)_V> (4'13)
) <6 / u? dp. (4.14)

7‘1+7‘2/2

Of these, (4.10) holds trivially. The inequality (4.11) follows immediately from (4.3) since, by
VD and (1.13),
Tail (u; xo, 71 + 72) < c1Tail (u; xo, R/2).

Inequality (4.12) is immediate from the variational definition (1.18) of A\;(D) and the facts that
vy € Fp and

2/ dl'(vp,vp) = E(vp, vep).
D

Indeed, since v = 0 on D¢, we have

(Lo oL ] et - oot s
</D><D /Dch /CxD> x)_v(y)SO(y))ZJ(da:,dy)
(
=2

E(vp, vp)

IN

/D><M+/M><D) —v(y)p(y))” J(dz, dy)
/ M(U(ﬂf) (@) = v(y)e(y))” J(de, dy)

=2/ dI' (v, vep),
D

where the third equality follows from the symmetry of J(dx,dy). (4.13) follows from the Faber-
Krahn inequality (1.19), VD and (1.13). (4.14) is just Markov’s inequality.
Putting (4.10) into (4.14), we get

w(D) < In/6>. (4.15)

By VD, (1.13), (4.12), (4.13) and (4.15), we have

C(Bryyry)” 2 2
Jy e > GCET [ vt

Cp(Brytry)” / 2 2
= vipT dp
o(r1+r2)u(D) Jp, |,

C'V (zg, R)V 6%
Sl
50 Britry/2
" v2v
P(r1)1y B
B C”V(CEO,R)VQQV
o(r1)1g

where in the last inequality we used the fact ¢ = 1 on B,,. Combining the inequality above
with (4.11) and (1.13), we obtain the desired estimate (4.9). O

1

-[17
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We need the following elementary iteration lemma, see, e.g., [Giu, Lemma 7.1].

Lemma 4.9. Let 3 > 0 and let {A;} be a sequence of real positive numbers such that

Ajp < CobjA;w
with co > 0 and b > 1. If

AO < C(;l/ﬂb_l//627
then we have ‘

Aj < bI/B A, (4.16)
which in particular yields limj_., A; = 0.
Proof. We proceed by induction. The inequality (4.16) is obviously true for j = 0. Assume
now that holds for 5. We have
Aj < Cobjb—j(1+,3)/ﬁA(1)+,8 _ (Cobl/ﬁAg)b—(jH)/BAo < b—(j+1)/ﬂA0’

0 (4.16) holds for j + 1. O

Proposition 4.10. (L?-mean value inequality) Letxq € M and R > 0. Assume VD, (1.13),
FK(¢), CSJ(¢) and Jy < hold, and let u be a bounded E-subharmonic in B(xo, R). Then for any
0 >0,

(1+0-Hl/v 12
€ss sup p(, u<c _— u?d + 0Tail (u; xo, R/2) | , 4.17
P B(xo,R/2) 1 ( Vizo, ) /B ) u) (u; z0, R/2) (4.17)

where v is the constant appearing in the FK(¢) inequality (1.19), and ¢; > 0 is a constant
independent of xog, R and §.
In particular, there is a constant ¢ > 0 independent of x¢g and R so that

1/2
1 9 .

€ess SuUp B(a. u<c|| ——— u”d + Tail (u; zg, R/2) | . 4.18

P B(z0,R/2) <V(JZO,R) /B(:co,R) M) ( 0, 12/2) ( )

Proof.  We first set up some notations. For ¢ > 0 and § > 0, let r; = $(1 +27%)R and
0; = (1 —2790. For any zo € M and s > 0, let B; = B(xg, s). Define

Iz' = / (’U, — (91)3_ d/L, 1 > 0.
By,

By [ChK, Corollary 2.10(iv)], for any ¢ > 0, (u — 6;)+ is an £-subharmonic function for the

Dirichlet form (£,F) on Bgr. Then, thanks to Lemma 4.8, by (4.9) applied to the function

(U —6;) in BT’i+1 C B,
2

Iipn = /B (u—0i1)% dp = / [(u—0:;) = (Bir1 — 0;)] du

Tit1 BTi+1

< C9 1+V < T )ﬂ?
= (Oi1 — 0:)*V (0, R)” " Ti = Tit1

<14 < r; )d2+ﬁ2_61 Tail (u; 2o, R/2)
r

(0iv1 — 0;)
- c32(1F2v+da+232—P1)i 1o [ Tail (u; g, R/2)
=T 02V (z, R 0 '

i — Titl
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In the following, we take

: Iy
0 = 6Tail (u; )+ fesl §>0,
ail (u; o, R/2) + 4/ c Vo ) >0

where ¢, = [(1 + 6 1)cg] /2 +2vtdat262-61)/v* Tt g easy to see that

. —1/v
c3 Tall(u;xo,R/2)>] /2—(1+2u+d2+262—51)/V2.

L <|————-—(1
0= [GQVV(xO,R)V( + 6

Then by Lemma 4.9, we have I; — 0 as ¢ — co. Hence
/ (u—0)% du <infI; =0,
Br/2 !
which implies that

1/2
1 -W1/vr
ess Sup g, U < 0<cy (W) + o0Tail (u; zg, R/2)

This proves (4.17). O

In the following, we consider L? and L' mean value inequalities for £-subharmonic functions
for truncated Dirichlet forms. In the truncated situation we can no longer use the nonlocal tail
of subharmonic functions, and the remedy is to enlarge the integral regions in the right hand side
of the mean value inequalities. These mean value inequalities will be used in the next subsection
to consider the stability of heat kernel.

Proposition 4.11. (L?-mean value inequality for p-truncated Dirichlet forms) Assume
VD, (1.13), FK(¢), CSJ(¢) and Js < hold. There are positive constants ci,c2 > 0 so that
for xg € M, p,R > 0, and for any bounded EP)-subharmonic function u on B(xg, R) for the
p-truncated Dirichlet form () F), we have

9 c1 p\d2/v RN\ B2/v 9
< — — — . .
€SS SUD gz, R/2)U < Vo B) <1 + R> (1 + p> S u”dp (4.19)

Here, v is the constant in FK(¢), do and P2 are the exponents in (1.10) from VD and (1.13)
respectively.

Proof. The proof is mainly based on that of Proposition 4.10. For simplicity, we only present
the main different steps, and the details are left to the interested readers.

First, we apply the argument in the proof of Lemma 4.6 to the p-truncated Dirichlet form
(), F). In this truncated setting, we estimate the term I in (4.4) as follows.

B[ (o)~ ) @)o(e) 1O da, dy)
Brx B¢

R+r

- o) [sup | o) i)

r€BR ;:?Jrv“
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1
>5[ [sup | v(y)ﬂf’)(m,y)u(dy)]
rEBR B Retr
1
Z —

7 [ (zsetg; ) /B R+pv(y)u(dy)]
1

>- (;i)[(ij) oy Jy, M| [ 2w uae)

where in the second and third inequality we have used the fact that v < vu/6 < 42/ and the
condition J4 < respectively, while the last inequality follows from that for any = € Bg,

V(z,r) - V(z,r) N C,<R+p>—d2

V(zo,R+p) — V(2,2R+p) — r

thanks to VD.
On the other hand, we do the upper estimate for fBR+ dT' (v, vyp) just as (4.6), but using

p-truncated Dirichlet form (), F) instead. Indeed, we have

/ 0T (v, vp) < / (w(@)p(x) — v(y)e(y))? T (dz, dy)
BRir Brarx M

+2/B v (x) % (z) /d( | J(dz, dy)
R z,Y)>p
w2 Pa)dw) [ )

d(z,y)>p
<) (@) = e) + e () - o) I (d, dy)
2 (x)p?(z ) (dz i v?
+/BR ”‘O()/B;MJ (d ’dy)+<z><p>/BR s

v (x xT)— 2 70 (da
([ e ) I ey

2(2) (v(z)—v(y))? TP (dz o v?
+/BR+TXBR+TSD< ) (0() —v(y))? TP (d ,dy>)+¢(pm/BR dp

<2 /B 2P (o, 0) +2 / () (0() — v(y))? TP (de, dy)

BrXBRryr

c ( r>ﬁ2 / )
+ 1+ - u” du.
o(r) p Br

Having both two estimates above at hand, one can change (4.3) in Lemma 4.6 into

B2 dz
c r R+p 1 9
dl' (v, v §—1—|—<1+—> —|—< > / ud]/ u” dy,
/er (ve,ve) ¢(7“)[ p r 0V (zo, R+ p) JBg,, a Brir a

where ¢ > 0 is a constant independent of xg, R, 7, p and 6. This in turn gives us the following
conclusion instead of (4.9) in Lemma 4.8:

B2 B2 da
c1 140 (71 ro r1+ ,0> 1 / ]
) I — L 1+(1+2) + u|dp|.
! 92VV($07R)V 0 <T2> [ ( p > < 72 GV(anR+p) Br+p | | :
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Finally, following the argument of Proposition 4.10, we can obtain that for any bounded &(®)-
subharmonic function u associated with the p-truncated Dirichlet form (£, F) on B(zg, R), it
holds

1 2
e 5w st < 0| (0 7577 S o )

Jv Jv
* <1 * %)Ub (1 * g)& V(;), R) /B(zo,R) v du]’

where v is the constant in FK(¢), dy and (33 are the constants in VD and (1.13) respectively, and
¢p > 0 is a constant independent of xy, p and R. Hence, the desired assertion (4.19) immediately
follows from (4.20). O

(4.20)

As a consequence of Proposition 4.11, we have the following L'-mean value inequality for
truncated Dirichlet forms.

Corollary 4.12. (L'-mean value inequality for p-truncated Dirichlet forms) Assume
VD, (1.13), FK(¢), CSI(¢) and Js < hold. There are positive constants c¢i,c2 > 0 so that
for zg € M, p,R > 0, and for any nonnegative, bounded and EP)-subharmonic function u on
B(zo, R) for the p-truncated Dirichlet form (£, F), we have

2 p\d2/v RN\ B2/v
< — — — . .
PP Blao B/ = Y, R) <1 " R) <1 " p) B(wo,R-+0) el 2

Here, v is the constant in FK(¢), da and B2 are the exponents in (1.10) from VD and (1.13)
respectively.

Proof. Fix g € M and R > 0. For any s > 0, let By = B(xq,s). For n >0, let r, = R27""L.
Note that {r,} is decreasing such that 7o = R/2 and ro = 0, and {B,,} is decreasing and
{Bgr—r,} is increasing such that By = Br_,, = B(zo,R/2) and Br_,,, = B(xo,R). Take
arbitrary point £ € Br_,,_,; then since r, = r,-1/2, we have B({,r,) C Br—_y,. Applying
(4.20) with 29 = £ and R = r,,, we have

2 1 2
ue) < e [(wf, "o+ p) /B@mp) v >

* <1 * %>d2/y<1 - %)ﬂZ/VV(ﬁla Tn) /B(f,rn) v dM] ’

where ¢; > 0 does not depend on &, r, and p.
In the following, let

(4.22)

1

M,, = ess sup u and A= 7/ udt.
Br-rn V(J}O?R) B(zo,R+p)

Since B(§,ryn) C Br—y,, we have

/ u? du < M,V (20, R)A.
B(&rn)
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Note that, by VD,

V(l‘o,R)
V(fﬂ% +P)

do
< V($0,R—|—p) < CI <1+ d(.’Eo,é) +R+p> < C/I2nd2

V(& rn+p) Tn +p

and

V(a}o,R) < C///2nd2

V(& mn)
Plugging these estimates into (4.22), we have

u(€)? < 22”2 A% 1 ¢ (1 + E)dQ/V<1 + E>ﬁ2/y

MnA2nd2(1+1/u) )
R p

Since ¢ is an arbitrary point in Br_, ,, we obtain

da /v Ba/v
M2, < 04(1 n %) ’ (1 v 5) YA e W=D ek g (4.23)
o)
where b = dy log 2.
Our goal is to prove
da /v B2 /v
M(]SCO(l—I—ﬁ) ’ <1—|—E> ’ A
R P

for some constant c¢g > 0 independent of zg, R and p. If My < A, then we are done, and so we
only need to consider the case My > A. Then A < My < e /v=D A1 for all n > 0, because

{M,} is increasing and without loss of generality we may and do assume that v < 1. Therefore,
(4.23) implies

dy /v RN B2/v

M2_1 < 2C4<1 + ﬁ) ’ (1 + —) ? e”b(l‘*‘l/v)MnA.
R p

From here we can argue similarly to [CG, p. 689-690]. By iterating the inequality above, we

have

n n A Jv Ba/v
MZ" < exp (b(l +1/v) ZZQ”_Z> [2C4(1 + %)dZ’ (1 + %) 7T A

=1

1+2+22+...27L71
} M,.

So

My <cs [204 (1 + %)dz/y (1 N %)ﬂz/ﬂA} 1-2-n Mg*n

<cq [(1 + ]’;)dQ/V(l + f)ﬂw] A(M,JA)2 "

Since u is bounded in Bg, M, < c¢7 for all n > 0 and some constant ¢; > 0, so we have
lim,, oo (M, /A)*> " = 1. We thus obtain

My < c6(1 + %)dQ/”(l n %)MVA.

The proof is complete. O
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4.3 FK(¢) + Jo< + CSI(¢) = E,

The main result of this subsection is as follows.
Proposition 4.13. Assume VD, (1.13), FK(¢), Jy < and CSJ(¢) hold. Then E4 holds.
In order to prove this, we first show that

Lemma 4.14. Assume that VD, (1.13) and FK(¢) hold. Then Eg < holds.

Proof. By Proposition 7.3, under VD and (1.13), FK(¢) implies that there is a constant C' > 0
such that for any ball B := B(z,r) with z € M and r > 0,

C M\ Y
€SS Supx’,y’EBpB(th/?y,) S V((L’ T) (¢(t )> )

where v is the constant in FK(¢). Then for any T € (0,00) and all x € My,

TB_/ PP1g(z)dt = /Tpt 15(z )dt+/TthBlB(x)dt

<T+/ / (t,z,y) p(dy) dt

1/v
<T+ C/ (tr) dt <T + C’lQZ)('r')l/VTl—l/l/7
T

where in the last inequality we have used the fact that the constant v in FK(¢) can be assumed
that v € (0,1). Setting T = ¢(r), we conclude that E*7p < Ca¢(r). This proves Eg <. O

Let {X } be the Hunt process associated with the p-truncated Dirichlet form (£(), F). For
A > 0, let &, be an exponential distributed random variable with mean 1/, which is independent

of the p-truncated process {Xt(p ) }.

Lemma 4.15. Assume that VD, (1.13), FK(¢), Jo.< and CSJ(¢) hold. Then for any co € (0,1),
there exists a constant c; > 0 such that for all R > 0 and all x € My,

E* [Té(a:R /\§¢(R) 1:| > Cl¢< )
Proof. For fixed ¢y € (0,1) and R > 0, set p = coR. Set B = B(z,R), A\ = 1/¢(R) and

uy(z) = E* (T](Bp ) ANE ,\) for x € Mjy; here and in the following we make some abuse of notation

and use E for the expectation of the product measure of the truncated process {Xt(p )} and &).
(p)

Then for all x € Mjy,
T(p)/\ﬁ)\ T
/0 T x| =Ee [/O DM x () at

where Gg\p )'B ig the A-order resolvent for the truncated process {X } killed on exiting B. Clearly

u(z) = B = GV P1),

u) is bounded and is in F ](39 ), Moreover, u A(Xt(/‘z ) (») is a bounded supermartingale under P* for
B

every x € BN M.
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Set uy . = uy +¢ for any € > 0. Since t — uy . (Xt(/’z) (p>) is a bounded supermartingale under
B

P* for every x € BN My, we have by Theorem 4.4 that uy . € fl(gp)’loc and is £®)-superharmonic
in B. By Js <, CSJ(¢) and Proposition 2.3(5), we can choose a non-negative cut-off function

pE .7:](3”) for H%B C B such that

EP (g, ) < CZE%})
and so ., i
£ (0, 0) = EP (g, 9) + M, ¢) < CZ&)) +Au(B) < CZ&)) .

Furthermore, choose a continuous function g on [0, co) such that g(0) =0, g(t) = e’ fort > ¢
and |g(t) — g(t')] < |t —t'| for all t,¢' > 0. According to [FOT, Theorem 1.4.2 (v) and (iii)],
u;i = sfzg(u,\,g) € fgj)’loc and u}lgpQ € .7-"1(3’)). Thus, it follows from the fact

(ure(2) — urc(y))(urc(x) ' (@) —urc(y) ' 9*()) < (p(x) — @(y))?
that

EP (une, u3 L0?) = EP (up e, uz L) + Mune, uy Lo?) < EP(,0) + Mo, 0) = £ (¢, 9).

Therefore,

g)(\p) (uk,aau;éSoz) <
On the other hand, noticing again that u;lgﬁ € .7-"1(; ),

£V (une,ui o) = 6 (1,u519?) + € (un, uy Lo?)
= eM(1,uy %) + (1,uy L?)

-1 2 -1
> (1,u; 9% > /1+CUB“A’6 dy,
T2

and so (B)
-1 Calb

dpy < =——_2,

/“;OB“A’E "= Tom)

Since uy. > € is &) _guperharmonic in B with respect to the truncated process {Xt(p)}, it

L(x (0) ) is a bounded P*-submartingale for every z € BN Mj. Thus in view of
€ t/\T](5,p>

Theorem 4.4, u;i is £(P)-subharmonic in B. Applying the L'-mean value inequality (4.21) to

follows that Uy

u;i on 1_2603, we get that

eSS SUP 1-cq Uy - < ¢ / uytdp < ca
SN S (B Jrup "N GR)

Whence, ess inf Locg glUe > c50(R). Letting ¢ — 0, we get ess inf Locg U > c5¢(R). This
yields the desired estimate. O
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The next lemma is standard.

Lemma 4.16. If E4 holds, then for all x € My and r,t > 0,

T Clqs(T) C2t
F e SO =150 T o

In particular, if (1.13) and Eg hold, then EPy < . holds, i.e. for any ball B := B(xq,r) with
xo € M and radius r > 0, there are constants §,e € (0,1) such that

(4.24)

P*(rp <t)<e for all x € B(xo,r/4) N My (4.25)

provided that t < 6¢(r).

Proof. Suppose that there are constants co > ¢; > 0 such that for all z € My and r > 0,

Cl(ﬁ(r) < EITB(I,T) < 02(25(7')'

Since for any t > 0, 7p(r) <t + (TB(2y) — t)l{TB(z >t} We have by the Markov property

B 75w < t+E" 1y 50 B B — 1] S+ P (Tp@n) > 1) Bl BTG

<t+ Px(TB(x,r) > 1) sup EZTB(ZQT) <it+ CQPx(TB(x,r) > t)o(2r).
z€B(z,r)
Then for all x € Mo, c19(r) < E*7(p,) <t + caP? (75 > t)p(27), proving (4.24). Since
Px(TB(mo,T) < t) < IP)‘T('7—B(m,3r/4) < t)v S B(l’o,?‘/ll) N M.
inequality (4.25) follows from (4.24) and (1.13). O

Lemma 4.17. Assume that VD, (1.13), FK(¢), Js < and CSJ(¢) hold. Then there exists a
constant c¢; > 0 such that for all x € My and all R > 0,

E*Tp(s,r) > c19(R).

Proof. Let B = B(z,R), p = cR for some ¢ € (0,1) and A = 1/¢(R). Recall that &, is an
exponential distributed random variable with mean 1/X, which is independent of the p-truncated

process {Xt(p)}. Since it is clear that for all x € M),

E* [T](gp) A 5,\} < E*E = o(R),

using Lemma 4.15, we have
o [Tg) A @} = (R).

So by an argument similar to that of Lemma 4.16, we have for all x € M,

IP’”C(T](;) ANéx<t) <1—c1+ cot/9(R).
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In particular, choosing c3 > 0 small enough, we have
P (r) > e36(R)) > P* (1) A&y > e3b(R)) > ca > 0.

Next, let T, be the first time that the size of jump bigger than p occurs for the original

process {X;}, and let {Xt(p )} be the truncated process associated with {X;}. Then, as in the
proof of [BGK1, Lemma 3.1(a)], we have

t
P(T, > t|f§§(”)) = exp <—/ T (X)) ds) > e=¢st/¢p)
0

where

.7@>:1/ J(z,y) p(dy) < es/9(p),
B(z,p)°

thanks to Lemma 2.1. So
P(T, > csg(R)| FX") > co

This implies
P (Tg)) AT, > c3¢(R)) =E [1{Tgp>203¢(3)}E l{Tp>cs¢(R)}|7:o)g ’ H > cac6 > 0.

Note that 75 > 7'](3’)) NT,. (In fact, if Tép) < T,, then 75 = Tg)); if Tg)) > Ty, then, by the
fact that the truncated process {Xt(p )} coincides with the original {X;} till 7}, we also have
T8 > T,.) We obtain

P*(1 > c3¢(R)) > cacs,

and so the desired estimate holds. O

4.4 FK(¢) + E¢ + Jd%S - UHKD(¢)
If V(z,r) < r¢ for each r > 0 and x € M with some constant d > 0, then FK(¢) = UHKD(¢)

is well-known; e.g. see the remark in the proof of [GT, Theorem 4.2]. However, in non-uniform
VD settings, it is highly non-trivial to establish the on-diagonal upper bound estimate UHKD(¢)
from FK(¢). Below, we will adopt the truncating argument and significantly modify the iteration
techniques in [Ki, Proof of Theorem 2.9] and [GH, Lemma 5.6]. Without further mention,
throughout the proof we will assume that p and ¢ satisfy VD and (1.13), respectively.

Recall that for p > 0, (W), F) is the p-truncated Dirichlet form defined as in (2.2). It
is clear that for any function f, g € F with dist(supp f,suppg) > p, E¥)(f,g) = 0. For any
non-negative open set D C M, denote by {PP} and {QEP )’D} the semigroups of (£, Fp) and
(W), Fp), respectively. We write {Qgp)’M} as {Qgp)} for simplicity.

We next give the following preliminary heat kernel estimate.

Lemma 4.18. Suppose that VD, (1.13), FK(¢) and J4 < hold. For any ball B = B(z,r)

with x € M and r > 0, the semigroup {Qﬁp)’B} possesses the heat kernel ¢(P)B(t,x,y), which
satisfies that there exist constants C,co,v > 0 (independent of p) such that for all t > 0 and

',y € BN My,
C  (é(r)\ cot
0B (¢ o o) < < > exp| —— | .
) Sy P\ 500)
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Proof. First, by Proposition 7.3, FK(¢) implies that there exist constants Cq,v > 0 such that
for any ball B = B(z, ),

Vix,r)” . y
V&IV g < vy ull, v e P,
o(r)
According to (2.3), there is a constant ¢y > 0 such that
V($7T)V v —2v COHUH2
ol < oy (€9 uw) + BER) = el ), e FY.
According to Proposition 7.3 again (to the Dirichelt form E(Sg’ ; ¢(p)), this yields the required
assertion. O

Let {Xt(p )} be the Hunt process associated with the Dirichlet form (£(), F). For any subset
open set D, let Tl()p) be the first exit time from D by the Hunt process {Xt(p)}.

Lemma 4.19. Suppose that VD, (1.13), E4 and Jg < hold. Then there are constants ci,ca > 0
such that for any r,t,p > 0,

t
Pr(r®) <) <1 M.
Toen SO S1-at ooy iay “ €M
Proof. First, by (1.13), E;, and Lemma 4.16, we know that for all € My and r,t > 0,
cot
IPﬂ;(TB(gc,r) <t)<l—ec1+ m

Denote by B = B(xz,r) for z € M and r > 0. According to Lemma 7.8, for all ¢ > 0 and all

x € My,
Cgt

PP1g(z) < QP P1g(z) + ——. (4.26)
' ' ¢(p)
Combining both estimates above with the facts that
- PP1p(a) =P (rp < 1), 1- QP 1p(x) =P (rf) <),
we prove the desired assertion. [l

Lemma 4.20. Suppose that VD, (1.13), E4 and J4 < hold. Then there are constants € € (0,1)

. c
and ¢ > 0 such that for any r, A\, p > 0 with A > 0Ap)?

+(P)

E’[e MBen] <1—¢, x€ M.

Proof. Denote by B = B(x,r). Using Lemma 4.19, we have for any ¢ > 0 and all x € M),

—\ (p) o —\ (p) —\ (p)
B [ ] = [ [ [ 0,
— CQt 7)\t
SP‘T(T(’J) <t)+eM<l—ep+———te
b ¢(2r) A d(p)
Next, set ¢ = G > 0. Taking ¢t = c3¢(r A p) for some c3 > 0 such that djgi) + (;%;) < 2¢, and
A > 0 such that e < ¢ in the inequality above, we obtain the desired assertion. [
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The following lemma furthermore improves the estimate established in Lemma 4.20.

Lemma 4.21. Suppose that VD, (1.13), E4 and J4 < hold. Then there exist constants C,co > 0
such that for all x € My and R,p > 0

__c (p)
E® {e ¢(P)TBI)<%R>] < Cexp(—coR/p), (4.27)
where ¢ > 0 is the constant in Lemma 4.20. In particular, (€, F) is conservative.

Proof. We only need to consider the case that p € (0, R/2), since the conclusion holds trivially
when p > R/2. For simplicity, we drop the superscript p from 7(P), For any z € My and R > 0,
set T = Tp(s,r). For any fixed 0 < r < %, set n = [%] Let u(x) = E*[e=*7] for € My, and
my = HuHLw(mw, k=1,2,--- ,n. For any 0 < ¢’ < € where ¢ is the constant for Lemma
4.20, we can choose zy, € B(z, kr) N My such that (1 —¢&")my < u(xy) < my. For any k <n —1,
B(xzg,r) C B(z,(k+ 1)r) C B(z, R).

Next, we consider the following function in B(xy,r) N Moy:

() = E*[e ™,

where 7, = Tp(y,,)- Recall that {Xt(p)} is the Hunt process associated with the semigroup

{Qgp)}. By the strong Markov property, for any x € B(xg,r) N Mo,
u(z) = E*[e™] = E* [67,\7,@67,\(77%)}
= B [N ()] = B [ ()
<E [ Jlull o g = @l G

where we have used the fact that Xﬁf) € B(xy,r + p) in the inequality above. It follows that for
any 0 < p <'r,
w(@r) < vk(@p)l[ull oo B i < Vk(@R)MEs2,

whence
(1 — 5')mk S Uk(xk)mk—&-Q-

According to Lemma 4.20, if A > ¢(Cp) and 0 < p < r (here c is the constant in Lemma 4.20),
then
(1 —&Ymy < (1 —&)mypa,

whence it follows by iteration that

1— n—1
u(z) <mp < < E) Mman—1 < Cexp <_COE> ;
T

1—¢

where in the last inequality we have used that n > % —1,mop_1 <1and ¢y := %log 1—¢' This

1—¢
completes the proof of (4.27).
To see that this implies that (£, F) is conservative, take R — oo in (4.27). Then one has

__c _¢(p)
E* (e 5" ) =0 for all z € M), where ¢(?) is the lifetime of {Xt(p)}. So we conclude ¢(?) = o

a.s. This together with Lemma 2.1 implies that (£,F) is conservative. Indeed, the process
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{Xt} can be obtained from {Xt(p )} through Meyer’s construction as discussed in Section 7.2, and
therefore the conservativeness of (£, F) follows immediately from that of (£(?), F) corresponding

to the process {Xt(p)}. O

Since J4 > implies FK(¢) under an additional assumption RVD (see Subsection 4.1) and
FK(¢) + Jg < + CSJ(¢) imply E4 (see Subsection 4.3), together with the above lemma, we see
that each of Theorem 1.13 (2), (3), (4) and Theorem 1.15 (2), (3), (4) implies the conservativeness
of (€, F).

As a direct consequence of Lemma 4.21, we have the following corollary.

Corollary 4.22. Suppose that VD, (1.13), E4 and Jy< hold. Then there exist constants
C,c1,co > 0 such that for any R, p > 0 and for all x € My,

N R ¢
P (Tép()l,,R) <t) < Cexp (—01; + czm> : (4.28)

In particular, for any e > 0, there is a constant ¢y > 0 such that for any ball B = B(x, R) with
x € My and R >0, and any p > 0 with ¢(p) >t and R > cyp,

]P’Z(T](Bp) <t)<e forall z€ B(x,R/2)N M.

Proof. Denote by B = B(z, R) for z € M and R > 0. Using Lemma 4.21, we obtain that, for
any t,p > 0 and all x € My,

c . (p) e _(p)
Po(r) <) =P F0TE > e 50) < SHIET (e FA P )

R t
<C'exp <—clz + c—) .

¢(p)
This proves the first assertion. The second assertion immediately follows from the first one and
the fact that ]P’Z(T](Bp) <t) < IP’Z(Tg)(L Rj2) < t) for all z € B(z, R/2) N M. O

Given the above control of the exit time, we now aim to prove UHKD(¢). As the first step,

we obtain the on-diagonal upper bound for the heat kernel of {Qgp )}. The proof is a non-trivial
modification of [GH, Lemma 5.6]. For any open subset D of M and any p > 0, we define
D, ={x € M :d(xz,D) < p}. Recall that, for B = B(zg,r) and a > 0, we use aB to denote the
ball B(zg,ar)

Proposition 4.23. Suppose that VD, (1.13), FK(¢), E4 and J4 < hold. Then the semigroup

{Qﬁp)} possesses the heat kernel ¢P)(t, z,y), and there are two constants C, ¢ > 0 such that for
any x € M and p,t > 0 with ¢(p) > ct,

c  (sp)\""

Proof. Fix zgp € M. Forany t >0, R >r+pand r > p, set U = B(xo,r) and D = B(zo, R).

Then 21U, C 3U. By Corollary 4.22, for any ¢ € (0,1) (which is assumed to be chosen small
enough), there is a constant cg := ¢o(g) > 1 large enough such that for all ¢(p) > ¢ and r > cop,

ess sup xeiUp(l - Qgp)’UlU(a:)) <ess sup xe%U(l - Qgp)’UlU(a:))
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=ess sup xE;UIP’x(TL(,p) <t)<e.
2
Then by (7.2) in Lemma 7.9 with V = %Up, we have for any ¢,s > 0, ¢(p) >t and r > cop,
ess sup %ye%qu(p)’D(t + s,x,y) < ess sup %yqu(p)’U(t, x,y) + €ess sup x7yequ(p)’D(3, x,y)
< ess sup m7y€UPq(p)’Up (t,x,y) + € ess sup m7y€qu(p)’D(s, x,y).

Furthermore, due to Lemma 4.18, there exist constants c¢1, ¥ > 0 (independent of ¢y) such that
for any r, p,t > 0 with ¢(p) >t and r > cyp,

(p),U C1 ¢(T) e
ess Sup ; ey, 470 (¢ 2, y) < Vizo,r) \ ¢ = Qu(r).

According to both inequalities above, we obtain that for any ¢,s > 0, R > r + p, ¢(p) >t and
T = cop,

ess sup z,yeiUPq(p)’D(t + s, 2,y) < Qi(r) + cess sup x’yequ(”)’D(s, x,y). (4.30)

Now, for fixed ¢t > 0, let ¢(p) > ¢ and

1
ty = 5(1 +27Mt, rp=4%cop—p, By = B(xo,r+p)

for k > 0. In particular, tg = t, ro = (co — 1)p and By = B(zo, cop).
Applying (4.30) with r = rgyq1, s = tg11 and t + s = ¢y yielding that

D(tk-‘rlvxvy)v (431)

where we have used the facts that ¢(p) > ¢ > ¢, and ry > cop for all k£ > 0. Note that, by (1.13),

1/v
c o(r
Qo (h+2) (Tk+1) = - <2_((::21))t)

V(xo, ri+1)

< 1 o(r) 1/V21/uc/ Tk41 Balv
= V(zo, k) 2—(k+1)¢ Tk

< LQqy k1) (Tk),

D
ess SUp e 5, 07 (th, 7, 9) < Qo2 (Thy1) +eesssup, ep, a7

where L is a constant independent of ¢y and xg. Without loss of generality, we may and do
assume that e is small enough and L > 21/ such that e < % By this inequality, we can get
that

Qo2 (Th41) < LQy i1y (1) € L2Qo-ry(15—1) < -+ < LF2Qy(ro).

Hence, it follows from (4.31) that
ess sup ;e g, 477 (b, ,y) < LF2Qu(ro) + e ess sup e, 077 (try1, 7, 0),
which gives by iteration that for any positive integer n,

ess Sup ;. e, 07 (to, ¢, y) SL*(1+ Le + (Le)* + -+ )Qu(ro)
+e"ess sup , yep, dPP (b, 2, y) (4.32)
§2L2Qt(rﬂ) + 871 €55 sup z,yeEBy, q(p),D (tna xZ, y)a
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as long as B, C D.
By Lemma 4.18, VD and (1.13), there exists a constant L; > 0 (also independent of ¢p) such
that

ess Sup 4 e s, 47" (b 2, y) < €"Qu, (rn) < ¢ LIQu(ro).

Again, without loss of generality, we may and do assume that L1 < L and so 0 < eL; < %;
otherwise, we replace L with L + L; below. In particular,

lim " ess sup m’yeBnq(p)’Bn (tn, z,y) < "Q4(r0) nlil{.lo(aLﬁn =0.

n—oo

Putting both estimates above into (4.32) with D = B,,, we find that

lim sup ess sup x7yeBOq(p)’B” (t,x,y) < 2L*Q¢((co — 1)p). (4.33)

n—oo

Having (4.33) at hand, we can follow the argument of [GH, Lemma 5.6] to complete the proof,
see [GH, p. 540]. Indeed, the sequence {q(")Bn(t,-,-)} increases as n — co and converges almost
everywhere on M x M to a non-negative measurable function ¢\)(t, -, -); see [GT, Theorem 2.12
(b) and (c)]. The function ¢(#)(t, -, ) is finite almost everywhere since

/ ¢\ PP (t,x,y) p(dy) < 1.

n

For any non-negative function f € L?(M; u), we have by the monotone convergence theorem,

lim [ ¢t z,y) f(y) pldy) = / 4O (&, 2,9) () p(dy).

n—oo B
n

On the other hand,

lim [ gt 2,y) f(y) pldy) = lim Q" f(a) = Q f(a),

n—oo B
n

see [GT, Theorem 2.12(c)] again. Hence, ¢\)(t, z, %) is the heat kernel of {Qgp )}. Thus it follows
from (4.33) that there exist constants C, ¢ > 0 (independent of p) such that (4.29) holds for all
2o € M, t >0 and ¢(p) > ct. O

For any p > 0 and z,y € M, set

Jo(x,y) = J(may)l{d(x,y)>P}'

Using the Meyer’s decomposition and Lemma 7.2(i), we have the following estimate

t
pta) < aa) + B [ [ 0@ d]. eyedn. (430

The following is a key proposition.

Proposition 4.24. Suppose that VD, (1.13), E4 and Js < hold. Then there exists a constant
c1 > 0 such that the following estimate holds for all t,p > 0 and all x € M,

cit

o [/0 /M (X 2p(t = 5,2,y) '“(dz)] < Vi, p)é(p) " (01%).
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Proof. By Js <, Jy(z,y) < W for all z,y € M. By the fact that p(t, z,y) = p(t,y, 2),
for all x € My,

e[ [ To(XP, 2)p(t — s, 2,y) p(dz)
L, |

/ S ds]
o V(X p)o(p)

oo
=C Z]Ex
k=1
[e.e]
=:C Zlk.
k=1

It < 74 ). then (X, 5) < kp for all s < t. This along with VD yields that for all
k> 1, ’

§ ClEm

()
2t> TBp(x,w—l)p)]

t 1 (
—ds;T P)
' " B(x,k
/o VXY p)ep) P

1 cokd? < cokd2
VX, p)o(p) ~ VXY 2kp)pp) ~ I0fatemy<hp V(2 2kp)0(p)
Cde2 Cgkd2

< .
"V, kp)o(p) — V(z,p)d(p)
In particular, we have

C2
= V(z,p)p(p)

Thus, by Corollary 4.22, for all k > 2,

Cgtk‘dQ
L <—
"=V, p)olp)
C4t C5L d —cek C4t
<— = ePemkMeT0 < —
“Vi(z,p)¢(p) ~ Vi(z,p)o(p)

This yields the desired assertion. O

o0 (0)
BT B e 1)) < 1)

t
% a(p) e CTk

Given all the above estimates, we can obtain the main theorem in this subsection.

Theorem 4.25. Suppose that VD, (1.13), FK(¢), E4 and J4 < hold. Then UHKD(¢) is satisfied,
i.e. there is a constant ¢ > 0 such that for all x € My and t > 0,
c

V(x,¢~1(t)

Proof. For each t > 0, set p = ¢~ !(ct), where ¢ > 0 is the constant in Proposition 4.23. Then
by Proposition 4.23, for all x € My,

p(t,z,x) <

(p) . S
g\ (t,x,x) < .
00 S Vo Tw)
Using this, (4.34) and Proposition 4.24, for all z € My, we have
cot t C3
pt,x,x Sq(p) t1x7$ T explc < )
(o) < dtmn) 4 3 o o (2565) < o)

thanks to ¢(p) = ct, VD and (1.13). O
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5 Consequences of condition J, and mean exit time condition
Ey

In this section, we will first prove (2) = (1) in Theorem 1.15 and then prove (2) = (1) in
Theorem 1.13. Without any mention, throughout the proof we will assume that p and ¢ satisfy
VD, RVD and (1.13) respectively. (Indeed, RVD is only used in the proof of J4 > = FK(¢).)
We note that (2) implies the conservativeness of (£,F) due to Lemma 4.21.

Recall again that, for any p > 0, (£, F) defined in (2.2) denotes the p-truncated Dirichlet
form obtained by p-truncation for the jump density of the original Dirichlet form (&£, F). Let

{Xt(p)} be the Hunt process associated with the p-truncated Dirichlet form (£(), F). For any
open subset D C M, let Tg) ) be the first exit time of the process {Xt(p )}. For any open subset

D cC M and p>0,set D,={x e M :d(z,D) < p}.
5.1 UHKD(¢)+ Js < + E; = UHK(¢), Js + E, = UHK(¢)
We begin with the following improved statement for UHKD(¢).

Lemma 5.1. Under VD and (1.13), if UHKD(¢), Js < and Ey hold, then there is a constant
¢ > 0 such that for any t > 0 and all x,y € My,

1 1
pte,y) < c <V(x,¢>1(t)) " v<y,¢1<t>>> |

Proof. First, using the first conclusion in Lemma 7.2(ii), Lemma 2.1 and UHKD(¢), we can
casily see that the p-truncated Dirichlet form (£(), F) has the heat kernel ¢\) (¢, z,y), and

t c t
¢<p>) < Vo) (clm)’

q(p) (t,z,z) < p(t,x,z)exp (01

for all £ > 0 and all x € My, where c1,co > 0 are independent of p. Then by the symmetry of
¢P) (t, x,y) and the Cauchy-Schwarz inequality, for all ¢ > 0 and all z,y € My,

@ exp (cli)
- \/V (2, =1 ()V (y,071(1)) o(p)/°

Second, let U and V' be two open subsets of M such that U, and V, are precompact, and
UNV =0. According to Lemma 7.10, for any ¢t > 0 and all z € U N My and y € V N My,

(5.1)

4P (t,2,y) <\t 2,2)q) (2, .y

q(p)(%vxay) SPCE( § t)ess SuPtgt'Qth(p)(t/a 'ay)HLOO(Up,#)
+PY(rif) < thess sup ey <arlla ) (# -, 0)l|o 0
(Pz( l(]p) <t)+ Py( (v) < t)) €SS sup I’EUp7y’EVp,t§t’§2tq(p) (t’,x’,y’).
Then taking U = B(x,r) and V = B(y,r) with r = id(x, y) in the inequality above, and using
Corollary 4.22 and (5.1), we find that for any ¢, p > 0 and all z,y € Mp,
1

0)(2t, 2,9) <csexp [ — ¢ +c t €ss sup /
q ( y) >C3 p( 4 5¢(,0)) P o'eB(x,r+p),y' €B(y,r+p) \/V(x’,¢_1(t))V(y’,¢—1(t))

Ce

da
V(e 6-1(0)) (1 - ¢-T<f>> exp (—eus+ C5¢<tp>)
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This along with (4.34) and Proposition 4.24 yields that for any t,p > 0 and all z,y € My,

p(t7$7y) < Cr

1 r+p\% r t ¢
vm¢4w>@+$ﬂ%>ew(‘aﬁ+vwmww]mﬂ%aﬁ)

Taking p = cg¢p~ 1 (t) with some constant cg > 0 in the inequality above and using the fact that
the function f(r) = (1+7)%e™" is bounded on [0, 00), we furthermore get that for all ¢ > 0 and

all z,y € My,
€10

Vi, ¢=1(1)

which in turn gives us the desired assertion by the symmetry of p(¢, x,y). O

p(t,z,y) <

Lemma 5.2. Under VD and (1.13), if UHKD(¢), J4 < and Ey hold, then the p-truncated
Dirichlet form (£®), F) has the heat kernel ¢\P)(t,x,y), and it satisfies that for any t > 0 and
all x,y € My,

1 1 t
) (t,z,y) < 01<V(x7¢1(t)) + vy, ¢1(t))> exp (C2¢(p) maT,

where c1, co, c3 are positive constants independent of p.
Consequently, for anyt > 0 and all x,y € My,

@1 cy d(z,y) dzex c t _Cd(a:,y)
i, ’y)SV(x,ébl(t))(lJrébl(t)) Ploggy —a =, )

Proof. (i) The existence of ¢(¥)(t,z,y) has been mentioned in the proof of Lemma 5.1.
Furthermore, according to Lemma 7.2(2), Lemma 2.1 and Lemma 5.1, there exist ¢i,co > 0
such that for all £ > 0 and all z,y € Mj,

1 1 t
— A — exp (02—>.
Viz,¢71(t)  Viy,¢ 1(t))> o(p)
Therefore, in order to prove the desired assertion, below we only need to consider the case that
d(z,y) > 2p.
By Corollary 4.22, for any ball B(z,r), t > 0 and all z € B(x, p) N My with r > p,

qu%st( (5.2)

Q1 p(me(z) <P <) <P <)

7_B(z,r) 7_B(z,rfp) —
_ ( Pt ) (5.3)
<cgexp | —cs—+c ,
’ o ()

where c3,c4 > 0 are independent of p.
(ii) Fix xzo,y0 € M and t > 0. Set r = %d(a:o, yo). By the semigroup property, we have that

") (2t, 2, y) :/M ¢ (t, 2, 2)q" ) (t, 2,y) p(dz)

S/ g\ (t, 2, 2)d" ) (t, z,y) p(dz) +/ 4 (t,2,2)q"") (t, 2, y) p(dz).
B(zo,r)° B(yo,r)°
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Using (5.2) and (5.3), we obtain that

(ogy) [, a7 w2

exp
exp (%ﬁ — 042)

(p) (p) _a

q " (t,z,z)qg"(t, z,y) p(dz) <

/B(xo,@c ( )77 Ju(dz) V(y, ¢~L(t))
C

5
< - -
~ Vg, ¢71(1)
for p-almost all = € B(zg, p) and y € M. Similarly, by the symmetry of ¢(?)(t, z,7),

©)(t,2,2)¢P(t, 2 Z #X cL P (t. » z
/B(yo,r)cq (s 2 2 ) = iy © P 2<b(p)> /B@o,r)cq (t:2,y) uldz)
S — xp ( ¢ t (p) . 5
V(x, ¢~ 1(t)) € p( 2¢(p)> /B(yo,r)cq (t,y,2) u(dz)

Ce t r

< Ve 10 (o )

for p-almost all y € B(xg,p) and x € M. Hence, since xg and yg are arbitrary, we get the first
required assertion. Then the second one immediately follows from the first one and VD. g

Now, we can prove the following main result.
Proposition 5.3. Under VD and (1.13), if UHKD(¢), Jg¢ < and E4 hold, then we have UHK(¢).

Proof. (i) We first prove that there are N € N with N > (51 + d2)/01 and Cy > 1 such that
for each t,r > 0 and all x € M,

/B(M)Cp(t, z,y) p(dy) < Co (@)9 (5.4)

where 0 = 81 — (61 + d2)/N, and dz and (; are constants from VD and (1.13) respectively.
Indeed, we only need to consider the case that r > ¢~!(¢). For any p,t > 0 and all z,y € Mo,
by (4.34) and Proposition 4.24, we have

Clt

Viz,p)dlp) " (sb(;)) ’

where ¢1,co > 0 are constants independent of p. Now, for fixed large N € N (which will be
specified later), define

p(t,z,y) < ¢V (t,z,y) +

Pn = 2nar171/N¢71(t)1/N7 n €N,
where o € (da/(dg + 41) V 1/2,1). Since r > ¢~1(¢) and 2a: > 1, we have

2n n
o ST o

In particular, by (1.13), t/¢(pn) < c3. Plugging these into Lemma 5.2, we have that there are
constants ¢y, c5 > 0 such that for every ¢ > 0 and all 2,y € My with 2"r < d(x,y) < 2"y,

SOt 2,y < 4 < oy >d2 e <_ 052n7‘>
T V(@ em (1) NN (1) pn )

51

¢ (t) < pn < 2",




Thus, there is a constant cg > 0 such that for every ¢ > 0 and all x € My,

[ st =Y [ p(t,,9) p(dy)
B(z,r)c n—0 Y B(z,2nT1r)\B(z,2"r)

> ¢ oy \ % c52"r
<2 Vo) () o (-5 ) Ve
etV (z, 2"r)
= V(@, pn)é(pn)
=1+ I

We first estimate . Take N large enough so that 51 — (81 +d2)/N > 0. Then using VD, (1.13)

and (5.5), we have
B 2np d
)G

(TN BN s
_67( r ) 712202

00 -1
I, SC7Z (¢ ; (t)
n=0 n

9

-1 — d2)/N
SCs((b (t))ﬁl (Bi+dz2)/

where in the last inequality we used the fact ds —a(d2 + 1) < 0 due to the choice of a. We next
estimate I;. Note that for each K € N, there exists a constant cx > 0 such that e ® < cxgax™K
for all x > 1. Now choose K large enough so that K/N > 2ds + 31 and (1 — a)K > 2dy. Then
using VD, (1.13) and (5.5) again, we have

I < i et (Hr) () Ve
<ci0,x ni.; (gszZt) ) 2d2 (22(_11—(§))ZJ/VN ) 3

o0

dfl(t) K/N=2d; n(2do—(1—a)K)
S e

=C10,K (
n=0

aﬁ‘;(t))K/N?d? < etk (cb‘;(t) )ﬂl'

§011,K<

Combining with all estimations above, we obtain the desired estimate (5.4).
(ii) For any ball B with radius r, by (5.4), there is a constant ¢; > 0 such that

—0
" T 1
1— PtBlB(SC) =P (TB S t) § C1 <¢T(t)> all z € ZB N M(), (56)

e.g. see the proof of Lemma 2.7. (Note that due to Lemma 4.21, (£, F) is conservative.)
Combining (5.6) with (4.26), we find that

0
1— Qgp)vBlB(x) < o [(%(t)) + %] for all z € EB N Mo, (5.7)
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where Q,(fp )'B s the semigroup for the p-truncated Dirichlet form (£), F), and the constant c;
is independent of p.

Next, we prove the following improvement of estimate in Lemma 5.2: for all ¢ > 0, k > 1,
and all xg,yo € M with d(zo,yo) > 4kp,

1 1 ; b\ e
e <o) (7 * ) 2 a) (7 w) 09

for almost all + € B(xg,p) and y € B(yo,p). By (5.2), it suffices to consider the case that
p > ¢~ (t). Indeed, fix k > 1, t > 0 and x9,y0 € M. Set r = %d(xo,yo) > 2kp. By (5.7) and
Lemma 7.11,

—0
Qgp)lB(xw)c(:c) < c5(k) [( P ) + o) for almost all x € B(xo, p).

It is easy to see that

( p >9>03L for all p > ¢~ 1(t)
o=1(t)) T Tolp) ’

t
(here ¢ is the constant in (1.13)) and so for almost all z € B(xg, p),

PR Gt
Qgp)lB(:co,r)C(x) < C6(k) <¢1(t)> :

Then using (5.2) and the estimate above, we can follow part (ii) in the proof of Lemma 5.2 to
obtain (5.8).

(iii) Finally we prove the desired upper bound for p(¢,z,y). For any fixed zo,y0 € M, let
r = 3d(xo,y0). We only need to show that

p(t.z,y) < ¢ V(%@f’_l(t))t)

1A
Viz, ¢~ (1)) ( Vi(z,r)o(r)
for all £ > 0, 0 < p < r small enough and almost all x € B(yp, p) and y € B(xo, p). As before,

by Lemma 5.1, without loss of generality we may and do assume that r/¢~1(t) is large enough.
Take k = 1+ [(2d2 + (2)/0] and p = r/(8k). Using (4.34), Proposition 4.24 and (5.8), we obtain

k) d(z,y)\“ p ke Gt
p(h2,9) < Ze o) (1 " ¢—1<t>) <¢—1<t> " 1> TV 0)o)

Cg(k)t
= Vi o)

for all t > 0, and almost all x € B(xg, p) and y € B(yo, p). The proof is complete. O

Jo,> = FK(¢) has been proved in Subsection 4.1 by the additional assumption RVD, and
FK(¢) + E4 + Jy < = UHKD(¢) has been proved in Subsection 4.4. Combining these with
Proposition 5.3, we also obtain J, + E4 = UHK(¢).
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5.2 Js+ E, = LHK(¢)
Proposition 5.4. If VD, (1.13), Ey and J4 hold, then we have LHK(¢).

Proof. The proof is split into two steps, and the first one is concerned with the near-diagonal
lower bound estimate.
(i) The argument for the near-diagonal lower bound estimate is standard; we present it here

for the sake of completeness. It follows from E4 and Lemma 4.16 that there exist constants
co > 1and ¢; € (0,1) so that for all x € My and t,r > 0 with r > cop~1(¢),

/B( | p(t,z,y) wldy) < P(Tpes) <t) < cr.
This and the conservativeness of (£, F)(which is due to Lemma 4.21) imply that
/ Pt y) u(dy) 2 1.
B(z,cod—1(t))

By the semigroup property and the Cauchy-Schwarz inequality, we get for all x € My

1 2
= T 2 7, v T
P2z, 7) = /pr(t7 )" uldy) 2 V(x,cop1(2)) </B(x,co¢_l(t)) plty) M(dy)>

(&)
ZV (o6 10)

(5.9)

Furthermore, by (5.10) below, we can take 6 > 0 small enough and find that for almost all
y € B(z,6¢7(t)),

p(2t,z,y) > p(2t, 2, 2) — mde - W

This proves that there are constants d1,cs > 0 such that for all £ > 0, almost all z € M and

y € B(z, 0107 1(t)), .

V(z, ¢71(t)
(ii) The argument below is motivated by [CZ, Section 4.4]. According to the result in

Subsection 5.1, Lemma 4.21 and Lemma 2.7, UHK(¢) and so EP4 < holds, i.e. for all € M
and ¢, > 0,

p(t,z,y) >

IP)x(TB(x,r) < t) < CGt/¢(T)'

In particular, there are a € (0,1/2) and 62 € (0,6;) (independent of ¢) such that for all ¢ > 0,
§1071((1 — a)t) > d2¢~1(t), and for all x € My and t > 0,

P (72501 (1)/3) < at) < 1/2.

For A C M, let
oa=inf{t > 0: X, € A}.

Now, for all z € My and y € M with d(z,y) > d1071(t),

P*(Xat €B(y, 019~ ((1 — a)t)))
>P*(Xat € Bly, 8207 (1))
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e (UB(y,52¢1(t)/3) < at; sup WX, Koy somrim) S 252¢_1(t)/3>
S€[0B(y.550~1(1)/3) 4]

2P (0B(y.66-1(t)/3) < at) Bl &f_l(t)/g) P (Th (22600~ 1(1)/3) > at)

=P 0B(y.60-1(1)/3) < at)
€ —1
P (X atnry sy 10 € Bl 02071()/3)).

For any z,y € M with d(z,y) > 6167 1(t) > d2¢~1(t), B(y,d20~1(t)/3) C B(x,26201(t)/3)".
Then by Jy > and Lemma 7.1, for all x € Moy,

>

N — DN -

T —1
P (Xainry s 1y € B 52071(5)/3))

—E” > L{x.eB(y0201(1)/3)}

s<(A)ATB (4 25061 ()/3)

(@)ATg (4 25061 (1)/3)
> E* / Plaeas ’ ds/ J (X, u) p(du)
0 B(y,62071(t)/3)

/(“t)MB(z,zzwl(t)/s)d

1
S/B(y,§2¢1(t)/3) V(u, d(Xs, u)p(d(Xs, u))

> csE” [(at) A Tp(z26,0-1(6)/3)) V(y,52¢*1(t)/3)v

> c7E” [ ,u(du)]

[e=]

1
(y,d(z,y))o(d(z, y))
> cgatP” [Tz 25,0-1(1)/3) = at] V(y, 52¢71(t)/3)v( !

CgtV(y, ¢_1(t))
~ Vi, d(z,y)e(d(z,y))’

where in the third inequality we have used the fact that

Y, d(z,y))p(d(z,y))

d(Xs,u) < d(Xg,2) 4+ d(z,y) + d(y,u) < d(z,y) + 620~ (1) < 2d(z, ).

Therefore, for almost all z,y € M with d(x,y) > 5107 1(¢),
ity > plat, z, 2)p((1 — a)t, z,) p(dz)
B(y,01671(t))

> inf 1—a t, 2, / at,x, z dz
ZEB(y’51¢71((1_a)t))p(( ) v) B(y,616~1((1—a)t)) 4 ) uldz)

c10 otV (y, (1))

= V(.o (1) Ve d(r.y)dldlr.y))
Cllt

V(z,d(z,y))¢(d(z,y))
The proof is complete. O

Remark 5.5. We emphasis that the on-diagonal lower bound estimate (5.9) is based on E,
only.
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The following lemma has been used in the proof above.

Lemma 5.6. Under VD, (1.13), J, and Eg, the heat kernel p(t,z,y) is Hélder continuous with
respect to (z,y). More explicitly, there exist constants 6 € (0,1) and cg > 0 such that for all
t>0andzx,y,z€ M,

C3 d(y,z) ’
p(t) ) < s (S50 ) (5.10)

Proof.  The proof is essentially the same as that of [CK1, Theorem 4.14], and we should
highlight a few different steps. Let Z := {Vj, X }s>0 be a space-time process where Vy = V) — s.
The filtration generated by Z satisfying the usual conditions will be denoted by {j-:s; s > 0}.
The law of the space-time process s — Z, starting from (¢, z) will be denoted by Pt2), For every
open subset D of [0,00) x M, define 7p = inf{s > 0: Z; ¢ D} and op = inf{t > 0: Z; € D}.

According to Subsection 5.1, J4 + Ey imply UHK(¢). Then by Lemma 2.7, EP4 < holds, i.e.
there is a constant ¢y € (0,1) such that for all x € My,

P(O’x) (TB(m,T) < CO¢(T)) < 1/2 (511)

Let Q(t,x,r) = [t,t + cop(r)] x B(x,r). Then, following the argument of [CK2, Lemma 6.2]
and using the Lévy system for the process {X;} (see Lemma 7.1), we can obtain that there is a
constant ¢; > 0 such that for all x € My, ¢,7 > 0 and any compact subset A C Q(¢,z,r)

m ® p(A)
V(z,r)e(r)’

where m ® p is a product measure of the Lebesgue measure m on Ry and g on M. Note that
unlike [CK2, Lemma 6.2], here (5.12) is satisfied for all » > 0 not only r € (0, 1], which is due
to the fact (5.11) holds for all » > 0.

Also by the Lévy system of the process { X;} (see Lemma 7.1), we find that there is a constant
co > 0 such that for all x € My, t,r > 0 and s > 2r,

p(t) (o4 < TQ(t,x,r)) > (5.12)

TQ(t,x,r)
P (X, & Bla,s) =BG / / J(Xv, u) p(du) dv
" 0 B(z,s)°

< gt [0 J(Xo, ) pu(d
< v, ) pr(du) dv (5.13)
0 B(Xy,s/2)¢
o(r)

S C2——/—>
¢(s)
where in the last inequality we have used Lemma 2.1 and Eg.
Having (5.12) and (5.13) at hand, one can follow the argument of [CK1, Theorem 4.14] to
get that the Holder continuity of bounded parabolic functions, and so the desired assertion for
the heat kernel p(t, z,y). O

Remark 5.7. The proof above is based on (5.11), (5.12) and (5.13). According to Lemma 4.16,
(5.11) is a consequence of Ey; while, from the argument above, (5.13) can be deduced from
Jo< and Eg <. (5.12) is the so called Krylov type estimate, which is a key to yield the Holder
continuity of bounded parabolic functions, and where J4 > is used.
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6 Applications and Example

6.1 Applications
We first give examples of ¢ such that condition (1.13) is satisfied (see [CK2, Example 2.3]).

Example 6.1. (1) Assume that there exist 0 < 3; < (2 < oo and a probability measure v on
[B1, B2] such that

B2
o(r) = / rP v(dp), r>0.

Then (1.13) is satisfied. Clearly, ¢ is a continuous strictly increasing function with ¢(0) =
0. Note that some additional restriction of the range of G2 should be imposed for the
corresponding Dirichlet form to be regular. (For instance, S < 2 when M = R".) In this
case,

1
V(z,d(z,y)) [5* d(z,y)? v(dB)

When 1 = B = 8 (i.e. v({8}) = 1), a symmetric jump process whose jump density is
comparable to (6.1) is called a symmetric (-stable like process.

J(z,y) =

x,y € M. (6.1)

(2) Similarly, consider the following increasing function

-1

o(r) = </i32 P y(dﬁ)) for >0, ¢(0)=0,

where v is a finite measure on [y, 2] C (0,00). Then (1.13) is satisfied. Again, ¢ is a
continuous strictly increasing function, and some additional restriction of the range of 3
should be imposed for the corresponding Dirichlet form to be regular. In this case,

1 C |
T = oy | @ gpp V) my M

A particular case is when v is a discrete measure. For example, when v(A) = Zf\; 160, (A)
for some «; € (0,00) with 1 <7< N and N > 1,

N 1

T = D G iyt g

We now give an important class of examples where (3, 32 in (1.13) could be strictly larger
than 2, and then discuss the stability of heat kernel estimates.

The first class of examples are given as subordinations of diffusion processes on fractals.
First, let us define the Sierpinski carpet as a typical example of fractals. Set Ey = [0,1]". For
any [ € N with [ > 2, let

Q = {ILi[(ki ~V/Lki/l] 1 <k <L ki €N, 1<i<nj.

For any | < N <" let F; (1 <1i < N) be orientation preserving affine maps of Fy onto some
element of Q. (Without loss of generality, let Fy(x) = [7lx for + € Ey and assume that the
sets F;(Ey) are distinct.) Set I ={1,..., N} and E; = U;erF;(Ep). Then there exists a unique
non-empty compact set M C Ej such that M = Uie IFz(]\Z[ ). M is called a Sierpinski carpet if
the following hold:
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(SC1) (Symmetry) Fj is preserved by all the isometries of the unit cube Ej.

(SC2) (Connectedness) Ej is connected.

(SC3) (Non-diagonality) Let B be a cube in Ey which is the union of 2¢ distinct elements of Q.
(So B has side length 2171.) If Int(E1 N B) # 0, then it is connected.

(SC4) (Borders included property) Ej contains the set {x : 0 <z < 1,29 =--- = x4 =0}.

Note that Sierpinski carpets are infinitely ramified in the sense that M can not be disconnected
by removing a finite number of points. Let

E. = U Fi,0---0F; (Ey), Mpe:= U I*E, and M := U IFM.
i1, i €L k>0 k>0

M, is called a pre-carpet, and M is called an unbounded carpet. Both Hausdorff dimensions of
M and M with respect to the Euclidean metric are d = log N/logl. Let u be the (normalized)
Hausdorff measure on M. The following has been proved in [BB1]:

There exists a p-symmetric conservative diffusion on M that has a symmetric jointly con-
tinuous transition density {q(t,z,y) : t > 0,z,y € M} with the following estimates for all
t>0,z,y € M:

_1

— P
Cltia/ﬂ* eXp < _ CQ ( |x y| > Bx—1

/ ) <q(t,z,y) (6.2)

P 6 P
< et exp ( B 64('"’”%) ﬁ)

where 0 < o« < nand G, > 2. In fact, it is known that there exist u-symmetric diffusion processes
with the above heat kernel estimates on various fractals including the Sierpinski gaskets and
nested fractals, and typically 8, > 2. For example, for the two-dimensional Sierpinski gasket,
a =log3/log2 and . =log5/log2 (see [B, K2] for details).

Next, let us consider a more general situation. Let (M, d,pu) be a metric measure space
as in the setting of this paper that satisfies VD and RVD. Assume that there exists a u-
symmetric diffusion process {Z;} that admits no killings inside M, and has a symmetric and
jointly continuous transition density {q(t,z,y) : t > 0,2,y € M} with the following estimates
forallt > 0,z,y € M:

o exp (= o LN < it (63

= Vi, Efgfl(t)) exp (- C4<\Il(d(f’y))>72)’

where U : Ry — R is a strictly increasing continuous function with ¥(0) = 0, ¥(1) = 1 and
satisfying (1.13). The lower bound in (6.3) implies that

cre

m for d(z,y) < ‘I’_1<t)

q(t,z,y) >

and so we conclude by Proposition 3.1(ii) that the process {Z;} has infinite lifetime.
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Clearly (6.2) is a special case of (6.3) with V (z,7) < r®, U(s) = s% and y; = 72 = 1/(B.—1).
A typical example that the local and global structures of ¥ differ is a so called fractal-like
manifold. It is a 2-dimensional Riemannian manifold whose global structure is like that of the
fractal. For example, one can construct it from M. by changing each bond to a cylinder and
smoothing the connection to make it a manifold. One can naturally construct a Brownian motion
on the surfaces of cylinders. Using the stability of heat kernel estimates like (6.3) (see for instance
[BBK1] for details), one can show that any divergence operator £ = Z?,j:l %(aij(az)%) in
local coordinates on such manifolds that satisfies the uniform elliptic condition obeys (6.3) with
U(s) = s + s%.

We now subordinate the diffusion {Z;} whose heat kernel enjoys (6.3). Let {&} be a subor-
dinator that is independent of {Z;}; namely, it is an increasing Lévy process on R,. Let ¢ be
the Laplace exponent of the subordinator, i.e.

E[exp(—)\ft)] = exp(—t&(/\)), )‘7t > 0.

It is known that ¢ is a Bernstein function, i.e. it is a C° function on R, and (—1)"D"¢ < 0 for
all n > 0. See for instance [SSV] for the general theory of subordinations. See also [BSS, K1, Sto]
for subordinations on fractals. By the general theory, there exist a,b > 0 and a measure p on
R satisfying [7°(1 At) pu(dt) < oo such that

B(N) = a+ bA+ /0 T = e p(ar). (6.4)

Below, we assume that ¢ is a complete Bernstein function; namely, the measure u(dt) has a
completely monotone density u(t), i.e. (—1)"D"u > 0 for all n > 0. Assume further that ¢
satisfies (1.13) with different (1, 52 from those for ¥, and that furthermore 1, 32 € (0,1). Then
a=0b=0in (6.4) and one can obtain u(t) < ¢(1/t)/t (see [KSV, Theorem 2.2]).

The process {X;} defined by X; = Z¢, for any ¢ > 0 is called a subordinate process. Let
{ne(u) : t > 0,u > 0} be the distribution density of {{:}. It is known (see for instance [BSS, Sto])
that the Lévy density J(-,-) and the heat kernel p(t,-,-) of X are given by

J(z,y) =/OOOQ(u,w,y)M(U) du, (6.5)
p(tz,y) = /0 T gz y)m(u) du for all £> 0, z,y € M. (6.6)

Define 1
o(r) = VIR (6.7)

Then ¢ also satisfies (1.13) (with different (31, 32 from those for ¢ and ¥). From now on, we
discuss whether p(t, -, -) satisfies HK(¢) or not. The most classical case is when (M, d, i) is the
Euclidean space R? equipped with the Lebesgue measure u, {Z;} is Brownian motion on R? (and
50 By =2 and 41 = 42 = 1), and ¢(t) = t*/? with 0 < a < 2. In this case {&} is an a/2-stable
subordinator and the corresponding subordinate process is the rotationally symmetric a-stable
process on R%. For a diffusion on a fractal whose heat kernel enjoys (6.2) for some 3, > 2, it is
proved in [BSS, Theorem 3.1] that p(t, -, -) satisfies HK(¢) with ¢(r) = %%/ when ¢(t) = t*/2.
(Note that Bya/2 > 2 when « > 4/,.) The proof uses (6.6) and some estimates of 7;(u) such
as

m(u) < estu™ "2 tu>0.
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Now let us consider the case ¥(s) = s 4 P2 with 2 < Be1 < By (e.g. the fractal-like
manifold is a special case in that 8,1 = 2), and o(t) = to1/2 4 $22/2 for some 0 < aq < a9 < 2.
For this case, {&} is a sum of independent «;/2- and asy/2-subordinators, so the distribution
density n;(u) is a convolution of their distribution densities. Hence we have

me(u) < et/ (u' /2 g ultez/?), (6.8)

By elementary but tedious computations (along similar lines as in the proof of [BSS, Theorem
3.1]), one can deduce that p(t, -, -) satisfies HK(¢) with

o(r) = Tazﬁ*’l/Zl{rgl} + 740l15*,2/21{r>1}7 (6.9)

which is (up to constant multiplicative) the same as (6.7). In fact, the computation by using (6.6)
also requires various estimates of 7;(u), which are in general rather complicatgd. An alternative
way is to prove first J, by using (6.5), which is easier since we have p(t) =< ¢(1/t)/t. Then we

can obtain
C7t

V(z,d(z,y))o(d(z,y))

by plugging (6.8) into (6.6). Integrating this, we have P*(X; ¢ B(z,r)) < cst/¢p(r) for all
x € M and r,t > 0. Note that since the diffusion process {Z;} has infinite lifetime, so does
the subordinated process {X;}. Then, following the argument of Lemma 2.7, we can get that
P*(TB(z,y < t) < cot/¢(r) for all z € M and r,t > 0. Consequently, by taking € > 0 sufficiently
small, we have

p(t,z,y) <

cop(er)
o(r)

which implies Eg>. Under VD and RVD, J, implies E4 < (which is due to Section 4.1 and
Lemma 4.14). Therefore, by Theorem 1.13, we conclude that p(t, -, -) satisfies HK(¢).

The above argument shows that HK(¢) is satisfied for the subordinated process {X;} when
P(t) = t*1/2412/2 Tt follows from our stability theorem, Theorem 1.13, that for any symmetric
pure jump process on the above mentioned space whose jumping kernel enjoys Jg with ¢ given
by (6.9), it enjoys the two-sided heat kernel estimates HK(¢).

The stability results we discuss above are new in general, especially for high dimensional
Sierpinski carpets. However, if we restrict the framework so that (roughly) a < (. in (6.2)
(which is the case for diffusions on the Sierpinski gaskets, for instance), then the stability for the
heat kernel was already established in [GHL2]. See [GHL2, Examples 6.16 and 6.20] for related
examples.

]P)x(TB(x’r) > (b(ET’)) =1- PI(TB(I7T) < ¢(6T)) >1- > c10 > 0,

6.2 Counterexample

In this subsection, we show that J, does not imply HK(¢) through the following counterexample.

Example 6.2. (J, does not imply HK(¢).) In [BBK2, CK1], it is proved in the setting
of graphs or d-sets that J, is equivalent to HK(¢), when V(x,7) < ¢ and ¢(r) = r® with
0 < a < 2. Here, we give an example that this is not the case in general.

Let M =R%, ¢(r) =r* +rf with 0 < a < 2 < 3, and

1

d
= , z,y € R%
|z —yl4(|lz —yl)

J(z,y)
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Note that ¢(r) < r® if » < 1, and ¢(r) =< 77 if r > 1. This example clearly satisfies J5. We first
prove the following

p(t,x,y) < {2?3;: ii Efi) (6.10)
Indeed, for the truncated process {Xt(l)} with
Jo(z,y) = J(2,y) Ly j<1) < a 1 Ljo—yl<1}s
|z —ylo(jz —yl)
it is proved in [CKK, Proposition 2.2] that (6.10) holds. Since (6.10) is equivalent to
0(||ull3) < c3E(u,u) for every u € F with |Jul|; = 1, (6.11)

where 0(r) = rlite/d v p142/d (see for instance [Cou, theorem IL5]), it follows from the fact
Jo(z,y) = J(z,y) that (6.11) and so (6.10) hold for the original process {X;}. So if we take
t = c4(r® V r?) for ¢4 > 0 large enough, then for all z, 2y € R and r > 0,

P*(X;y € B(xg,7)) = / plt, @, 2)dz < cs(t™Y v i)t < %
B(zo,r)

This implies P*(7p(yy,) > t) < . Using the strong Markov property of X, we have for all
x,To € Rd, PI(TB(:EO,T) > kt) < 2~k
so HK(¢) does not hold either.

and so E*71p(,, ) < cot = cace(r® V r?). Thus E, fails, and

7 Appendix

7.1 The Lévy system formula

The following formula is used many times in this paper. See, for example [CK2, Appendix A]
for the proof.

Lemma 7.1. Let f be a non-negative measurable function on Ry x M x M that vanishes along
the diagonal. Then for every t > 0, x € My and stopping time T (with respect to the filtration

Of{Xt})7
T
E* Zf(s,Xs,,Xs) =E” UO /Mf(s,Xs,y)J(Xs,dy)ds .

s<T

7.2 Meyer’s decomposition

We use the following construction of Meyer [Me] for jump processes. Assume that J(z,y) =
J'(z,y) + J"(x,y) for any x,y € M, and that there exists a constant C' > 0 such that

J(x) = /J”(ac,y) u(dy) < C  for all x € M.

Note that, by Lemma 2.1 the assumption above holds when VD, (1.13) and J, < are satisfied.
Let {Y;} be a process corresponding to the jumping kernel J'(z,y). Then we can construct a
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process {X;} corresponding to the jumping kernel J(x,y) by the following procedure. Let &;,
i > 1, be i.i.d. exponential random variables of parameter 1 independent of {Y;}. Set

J"(z,y)
J ()

We remark that {Y;} is a.s. continuous at T1. We let X; =Y, for 0 < ¢ < T3, and then define
X, with law Q(X7,—,y) u(dy) = Q(Yr,,y) p(dy). The construction now proceeds in the same
way from the new space-time starting point (71, X7,). Since J(x) is bounded, there can be a.s.
only finitely many extra jumps added in any bounded time interval. In [Me] it is proved that
the resulting process corresponds to the jumping kernel J(z,y).

In the following, we assume that both {X;} and {Y;} have transition densities. Denote by
pX(t,xz,y) and p¥ (t,z,y) the transition density of {X;} and {Y;}, respectively. The relation
below between p*X (t,x,y) and pY (¢, x,y) has been shown in [BGK1, Lemma 3.1 and (3.5)] and
[BBCK, Lemma 3.6].

t
Ht:/J(YS)ds, leinf{tz():Ht2£1} and  Q(z,y) =
0

Lemma 7.2. For almost all x,y € M, we have

(1) .
Pt z,y) < p¥(ta,y) +E"’”/ dS/J”(Ys,Z)pX(t—s,z,y)u(dZ)-
0
(2) Let A€ o(Y:,0<t<o0). Then for almost all x € M,
P*(A) < e 17lePT(AN{X, =Y, for all 0 < s < t}). (7.1)

In particular,
pY (t,x,y) < pX(t, @, y)e’ Wll=,

Note that, by (7.1), if the process {X;} has transition density functions, so does {Y;}.

7.3 Some results related to FK(¢).

The following is a general equivalence of FK(¢) for regular Dirichlet forms.
Proposition 7.3. Assume that VD and (1.13) hold. Then the following are equivalent.
(1) FK(9).
(2) Nash(¢)p; namely, there exist constants Cy,v > 0 such that for each x € M and r > 0,

Vix,r)”
o(r)

lull 372 < Cr&(u,w)ulli,  u € Fpp).

(3) There exist constants C1,v > 0 such that for any ball B = B(x,r), the Dirichlet heat
kernel pB(t,-,-) exists and satisfies that

C 1/v
ess supyyzeBpB(t,y,z) < ! (@) , t>0.
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Proof. (1) = (2) = (3) can be proved similarly to [GH, Lemmas 5.4 and 5.5] by choosing
a=CV(x,r)”/¢(r) in the paper.

(3) = (1) can be proved similarly to the approach of [GH, p. 553]. Note that [GH] discusses
the case ¢(r) = 77, but the generalization to ¢ is easy by using (1.13). O

Under VD and RVD, we have further statements for FK(¢).
Proposition 7.4. Assume that VD, RVD and (1.13) hold. Consider the following inequalities:
(1) FK(¢).

(2) There exist constants c¢1,v > 0 such that for each x € M and r > 0,

v c v
[l < et i (3 + 6()E QW) € P,

(3) Nash(¢)ioc; namely, there exists a constant ca > 0 such that for each s > 0,

lull?

Jul} < e2(;

LY(M: ).
mfzesuppuwz,s)+¢(8>5<“’“)>’ u € F LY (M;p)

We have (1) <= (2) <= (3).

Proof. (1) <= Nash(¢)p is in Proposition 7.3. (2) <= Nash(¢)p is given in [BCS, Propo-
sition 3.4.1] (they are proved for the case ¢(t) = t? but the modifications are easy), while
(3) = (2) is given in [BCS, Proposition 3.1.4]. We note that in all the proofs above RVD
is used only in (2) = Nash(¢)p, and (2) <= Nash(¢)p holds trivially. We thus obtain the
desired results. O

We now define the weak Poincaré inequality which will be used in the forthcoming paper
[CKW].

Definition 7.5. We say that the weak Poincaré inequality (PI(¢)) holds if there exist constants
C > 0 and k > 1 such that for any ball B, = B(z,r) with z € M and for any f € Fy,

/ (f — F)? du < Co(r) / (F) — F(x))? J(dz, dy),

B,,. BKTXBNT
where ?Br = ﬁ i) B, | dp is the average value of f on B,.

Proposition 7.6. Assume that VD and (1.13) hold. Then either PI(¢) or UHKD(¢) implies
Nash(¢)joc. Consequently, if VD, RVD and (1.13) are satisfied, then either PI(¢) or UHKD(¢)
implies FK(¢).

Proof. (i) When ¢(t) = t2, this fact that PI(¢) = Nash(¢)ec is well-known; see for example
[Sa, Theorem 2.1]. Generalization to this setting is a line by line modification. Then the second
assertion follows from Proposition 7.4.

(ii) That UHKD(¢) implies Nash(¢)ioc can be proved similarly to [Ki, Corollary 2.4]. (We
note that in [Ki, Corollary 2.4] it is proved for the case ¢(t) = ¢°, but the modifications are
easy.) One also can prove this similarly to the approach of [GH, p. 551-552]. Note that [GH]
discusses the case ¢(r) = r®, but the generalization to ¢ is also easy. O
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Proposition 7.7. Under VD and (1.13), FK(¢) implies that the semigroup {P,} is locally
ultracontractive, which in turn yields that

(1) there exists a properly exceptional set N C M such that, for any open subset D C M, the
semigroup { PP} possesses the heat kernel pP(t,z,y) with domain D\ N x D\ N.

(2) Let p(z,y) : My x My — [0,00] be a upper semi-continuous function such that for some
open set D C M and for somet > 0,

PPt z,y) < o(z,y)

for almost all x,y € D. Then the inequality above holds for all x,y € D\ N.

Proof. The statement of Proposition 7.3 tells us that, under VD, (1.13) and FK(¢), there exist
constants C7, v > 0 such that for any ball B = B(z,r) with x € M and r > 0, and any t > 0,

C, (o)
B

Therefore, the semigroup {P;} is locally ultracontractive. The other assertions follow from
[BBCK, Theorem 6.1] and [GT, Theorem 2.12].

7.4 Some results related to the (Dirichlet) heat kernel

Recall that for any p > 0, (8(p),.7: ) is the p-truncated Dirichlet form, which is obtained by
p-truncation for the jump density of the original Dirichlet form (&, F), i.e.

£0)(f,g) = / (F(@) — 1)) — 90)Liae)<py J(da, dy).

As mentioned in Section 2, if VD, (1.13) and J4 < hold, then (£(), F) is a regular Dirichlet
form on L?(M;p). Let {Xt(p)} be the process associated with (£, F). For any non-negative
open set D C M, as before we denote by {PP”} and {Qgp)’D} the semigroups of (£,Fp) and

(), Fp), respectively. (We write {Qgp )’M} as {Qgp )} for simplicity.) Most of results in this
subsection have been proved in [GHL2]. To be self-contained, we present new proofs by making
full use of the probabilistic ideas.

The following lemma was proved in [GHL2, Proposition 4.6].

Lemma 7.8. Suppose that VD, (1.13) and J4 < hold. Let D be the open subset of M. Then
there exists a constant ¢ > 0 such that for any t > 0, almost all x € D and any non-negative
f € L*(D; ) N L®(D; ),

PP f(x) — QPP f(a)| < c||f|roo@.

Proof. Note that PP f(z) = E*(f(Xi)1irpsry) and Q7 f(x) = E*(f(X ") . Let

1{T(Dp)>t})
T, =inf {t > 0: d(X;, X¢—) > p}.
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It is clear that X, = X\ for all t < T,. Thus by [BGK1, Lemma 3.1(a)),

PP f(@) = QP F @) < [B*(F (X0 iz, <eamp) |+ (B (P o))
< 2| flloo P(T, < 1)

< 2[[ flloo (1 — exp (—tess SUP e /B( | J(zay)u(dy)»
2,p)¢

< 9| lloot €55 SUD o 01 / J(zy) uldy),
B(z,p)¢

where the inequality 1 — e™ < r for all » > 0 was used in the last inequality. The desired
conclusion now follows from Lemma 2.1. O

We need the following comparison of heat kernels in different domains.

Lemma 7.9. Let V, U and D be open subsets of M such that U, :== {z € M : d(z,U) < p} is
precompact, V C U and U, C D. Then for all t, s > 0,
Pt + s,2,y) <esssup , yeq ! (t 2, y)

+ ess sup o P* ) < t)ess sup gD $,T,Y).
zeV U z,yelU,

(n),
€ess sup ,, q
vev (7.2)

Proof. For simplicity, in the proof {Xt(p )} denotes the subprocess of {Xt(p )} on exiting D. For
any fixed z, y € V, one can choose r > 0 small enough such that B(xz,r) C V and B(y,r) C V.
Let 0 < f,g € L'(D; i) be such that supp f C B(x,7) and supp g C B(y,r). Then we have

E [ £(X¢7)9(X/0))]
=B [ f(X)g(X2) i 7 >t + B [[(xPg(x(0) : 7P <]

(p)

[ (p)
—F _f(X(gp))l{T[(Jp>>t}EXt P

X(P)
9X)] +E | X1 B g(x”) TW)]
- U

=E[f(x{)n {T[(Jp>>t}ng(X§”))] +E

- X(P)
7U T
= E[#(X)Q (Quo) (X +E [ SN 0B

S
—
»
<
=
N—

| IS

< HfHLl(D;u) HQSQHLl(D;u) €8S Sup x’,y’EUq(p)’U(tv x/’ y/)
+ Hf”Ll(D;u) ess Sup ey P (T[(Jp) < t)||9||L1(D;#) €8S sup x',y'eUﬂ,sgt'§t+sq(p)’D(tla a, y')
< HfHLl(D;p,) ||gHL1(D;u) €ss sup a:’7y’EUq(p)7U(t7 $l, y/)
+ ||f||L1(D;;L) €SS sup z’EV]P)w (T[(Jp) < t)”g”Ll(D;,u) €8S Sup x’,y’GUP,sgt’§t+sq(p)7D(tla .ZU/, y,)v
where we have used the strong Markov property and the fact that X (fg) e U® in the first

U
inequality.
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Furthermore, by the Cauchy-Schwarz inequality,

q(p)vD(t7 CC/7 y/) = / q(p)’D(t/2, ﬂf/, Z)q(p)’D(t/Qa 2 y/) ,U,(dZ)

\// D(t/2,a,2))" p(dz \// (01D (t/2, 4/, z)) w(dz)
Z\/q PID(t, o, w’)\/q PLP(t, 'y,

and so
€ss sup xlvy/equ(p)’D(t, @', y') = ess sup epoq PP (t, 2! ).
Therefore,
D ,D ,D
esssup pepeq Pt ) = s QUL = s (QTRQNT),
||f||L1(Up;ll)§1 Hf”Ll(Up N)SI

which implies that the function s — ess sup z/ﬂylequ(p)’D (s,2’,y’) is decreasing, i.e.

p),D

A AN ,D i
ess sup m/’y/eUp,sSt,SHSq( (t',x',y") = ess sup m/ﬂ/equ(p) (s,z',y").

Hence,

E[f(x)g(x(2))]
”f”Ll(D;p)HgHLl(D )

< ess sup x/7y/€Uq(p)’U(t, 2y
+ ess sup oy P° ( (P) < t)ess sup . . Equ( PP (s 2! o).
Taking the esssup with respect to f, ¢ and letting » — 0, we can get

q(p)’D(t + s,x,y) <ess sup y,qu(f’)’U(t 2y

+ ess sup oy P (7 (P) < t) ess sup ey, dPP (s, 2 y)

proving the desired assertion. O

The following lemma gives us the way to get heat kernel estimates in term of the exit time
and the on-diagonal heat kernel estimates, e.g. see [GHL1, Theorem 5.1 and (5.13)].

Lemma 7.10. Let U and V' be open subsets of M such that UNV = 0. For any t,s > 0 and
almost allx € U andy €V,

gD (t+s,2,y) <P(rf) < t)ess sup yeperpslld® (t o 9) | oo ()

+ ]Py(T\(/p) < S) €SS sup t§t’§s+t”q(p) (tla '7 x)HLoo(VpW)'

Proof. For any fixed x € U and y € V, choose 0 < r < ld(:E y), and let f = 1p(y,, and

g = 1p(y,- Then by the time reversal property of the symmetric process {X } and the strong
Markov property,

E[f(x)g(X00)] =B [1(X)g(x )il < 1] + B [F(XEg(x )i rf = 1]
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=B | F(xPg(X0)snf) < ] + B [g(x) (X 2)imf < o]

x{°) (p)
E* v g(XHHg)) )]

< E [f(Xép))l{T[(JP)St}

[ (») x) (»)
TE |90 g BTV (XHST‘(,M)}

<E [f(Xép))l{T[(Jp)gt}] €8S sup ZEUp,SSt’§t+sEZg [Xt(’p)i|

+E _g(X(gp))l{T‘(/p)Ss}} €ss SUp ey, t<p<ipsB f [Xt(,p)].

Dividing both sides with p(B(z,7))u(B(y,r)) and letting » — 0, we can obtain the desired

estimate. U
The following result was proved in [GHL2, Theorem 3.1].

Lemma 7.11. Assume that for any ball B with radius v > 0 and any t > 0,

PZ(Tg)) <t)<(r,t) for almost all z € %B,

where Y(r,+) is a non-decreasing function for all r > 0. Then for any ball B(x,r), t > 0 and any
integer k > 1,

QEP)IB(%k(,,«_i_p))c(z) <Y(r,t)*  for almost all z € B(x,7/4). (7.3)
Consequently, for any ball B(z, R) with R > p, t > 0 and any integer k > 1,

Qgp)lB(x,kR)c(z) <Y(R—p,t)*t  for almost all z € B(z, R).
Proof. We prove (7.3) by induction in k. Indeed, for k =1,
Qgp)lB(%Hp)c(z) < PZ(TEP()I’T) <t) <(r,t) for almost all z € B(z,r/4).

For the inductive step from k to k + 1, we use the strong Markov property and get that for
almost all z € B(x,r/4),

(p)
Q(p)l () =E* |1 P Tg()zf) X(p) ¢ B(z, (k+1)(r +p))
t +B(z,(k+1)(r+p))° { (p) <t} () ) P

TB(“”’T) _TB(ac,r)

< PZ(Tg)()x,r) < t) ess sup yeB(r,r+p),s§thp)1B(yvk(r+p))c(y)
< w(r7 t)k+1.

Here, in the first inequality above we have used the facts that X (’()2) € B(z,r + p), and for

TB(I,T‘)

z ¢ B(z,(k+1)(r+p)) and y € B(x,r + p), it holds d(z,y) > d(x, z) — d(y, z) > k(r + p). The
last inequality above follows from the assumption that ¢ (r,-) is a non-decreasing function for
all » > 0. This proves (7.3).

Finally, let r = R — p > 0. Then by (7.3), for any y € B(z, R) and k > 1,

QM ek (2) < QP 1p(ar)e(2) < G(R — p,t)"  for almost all = € B(y,r/4).

Covering B(z, R) by a countable family of balls like B(y,r/4) with y € B(x, R) and renaming
k to k — 1, we prove the second assertion. [l
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7.5 SCSJ(¢) + Js< = (£,F) is conservative

We will prove the following statement in this subsection of the Appendix. Although this theorem
is not used in the main body of the paper, we include it here since it indicates that FK(¢) is
not required to deduce the conservativeness. See the paragraph after the statement of Theorem
1.15 for related discussions.

Theorem 7.12. Assume that VD and (1.13) hold. Then,
SCSJ(¢) + Jp< = (€, F) is conservative.

Under VD, (1.13) and J4 <, in view of Lemma 2.1 and Meyer’s construction of adding and
removing jumps in Subsection 7.2, (€, F) is conservative if and only if so is (£, F) for some
(and hence for any) p > 0. Therefore, to prove the conservativeness of (€, F), it suffices to
establish it for (£(), F) for some p > 0. Our proof is based on Davies’ method [Da], similar to
what is done in [AB, Section 6] for diffusion processes.

We first give some notations. Fix g € M and r > 0, let B, = B(zo,r). Suppose SCSJ(¢)
holds. Let ¢, be the associated cut-off function for By, C B(,41), in SCSJ(¢), and {a,;n > —1}
an increasing sequence with a_; = ag > 0. Set

e.9]
Y =ao+ Z(an—H —an)(1 = p). (7'4>
n=0
Note that
n—1
p=ap+ Z(ak—i-l —ag)(1 =) <ap, on By, (7.5)
k=0
and for 0 < j < n,
j—1
®>ap+ Z(ak+1 —ax)(1 — k) =a; on M\ Bj,. (7.6)
k=0

We have the following statement.

Lemma 7.13. Assume that VD, (1.13), J4 < and CSJ(¢) hold. Then for any f € Fy,

2 0 (5 5 L Co [ 2 )
/Mf de(w,w)SAo<8/Mso dT"(f,f)+¢(p) /Mw fHdp ), (7.7)
where
aAn+1 — a 2
Ap = sup <M> . (7.8)
n>0 Gp—1

Proof. By considering fy, in place of f and then taking n — oo if needed, we may assume
without loss of generality that f € Fp, has compact support. Thus in view of (7.5), the right
hand side of (7.7) is finite. Let U, = B(n41), \ Bnp and Uy, = B(,19), \ B(n—1),- Note that

F(p)(l —on, 1 —pm) = F(p)(SDnv ©m) =0
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for any m > n + 3, and T®W (1 — ,,1 — ¢,) = T®(p,,¢,) = 0 outside U*. Then using the

Cauchy-Schwarz inequality, CSJ(¢) and Proposition 2.4(2) (with & = 45 in CSAJ Sf])), we have

/M ParOG3) <253 (anst — an)(amsr — am) /M 7240 (5, 1)

n=0n<m

=2 Z Z (an+1 = an)(ams1 — am) /M f? dr(p)(@m ©m)

n=0n<m<n+2

= Z Z (an+1 - an)Q /M f2 dr(p) (@n, (70”)

n=0n<m<n+2

+3 > (amg1 — am)? /M F2d0P (o, o)

n=0n<m<n+2
[e9)

§ 6 Z(an-i-l - an)2 /M f2 dF(p) (90717 (Pn)

n=0

=6 (ane1—an)? [ f2dD (on, on)
n=0 Un

n

> BSRCY (») o 2
S;(arﬂrl an) (8/{] ar (f7f)+q5(p) /U:Lf d:“)

n

oo 2
n+1 — On 1 =2 Jr(p) a ~2 2
gzzjo( p) (8/Unso ar <f,f>+¢(p)/(meofdu>,

where in the last inequality we have used the fact that a,—1 < @ < apy2 on U} from (7.5) and
(7.6). The proof is complete. O

We also need the following lemma.

Lemma 7.14. Assume that VD, (1.13), J4 < and SCSJ(¢) hold. Let ¢ and Ag be as in (7.4)

and (7.8), respectively. Suppose that Ay < 1. Let f have compact support, and set u(t) = Qgp)f.
Then, we have

t 40yt
[ s [ s, ue) < et (3. (79)
0 M o(p)
Proof. Let (a,),>—1 and ¢, as above. For any N > 1, set
N
Pon = ao+ Y _(ant1—an)(1 = on)
n=0

and
hn(t) = |lu(t)@o,n|l3-

We write u(t, ) = gp)f(x). Since u(t) and &a]\,u(t) eF,

hiy () = — 2@ (u(t), §§ yu(t))
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I
|
DO

(u(t, ) — u(t, ) (3w (2)ult, 2) = & v (y)ult,y)) TP (dz, dy)

X
g

I
|
N

|
TSN

X
S

(ult, ) = ult,y)* @ n (x) TP (dz, dy)

X
S

(@b, (@) — B v (W)ult,y)(u(t, ) — ult,y)) TP (dz, dy)

X
S

IN
|
)

(ult,z) = ult,y))*@ v (x) ]V (d, dy)

b [ o)+ o)t o) - ult ) (e, dy
Mx M

4 / u(t, y)*(Gon (@) — Bo(y)) T (dz, dy)
M x M

<2 / (ult, ) — ult,y))* @Ry (x) O (dz, dy)

MxM

by [ G+ Gt o) — ult ) TP o, dy)
MxM

+4 / u(t, y)*(@on(x) — Gon(y)? TP (dz, dy)
Mx M
<- / (ult, z) — ult, )@ x () IO (de, dy)
Mx M
4 / u(t, )2 (0on (@) — won ()2 TP (dx, dy)
Mx M
- / 53 0O (u(t), u(t)) + 4 / w(t) AT (00,5, o),
Mx M

MxM

where in the first inequality we used the fact that 2ab < %2 +4b? for all a,b € R, and in the last
inequality

N
PoN = Y (Gnt1 — an)pn = —PoN + an41.
n=0
So by (the proof of) Lemma 7.13 and the assumption Ay < 1,
1 4C
Melt) < =5 [ @ n At u) + S Shx o). (7.10)
2/ o(p)
In particular,
, 4C)y
< ——hn
N 6(p)
and hence ACrt ACrt
hn(t) < hy(0)exp (—0> = || fPo,n 2 exp <—O> .

Using the inequality above and integrating (7.10), we obtain

1/t B i
h(t) = hn(0) + 5 / ds /M G2 n AT (u(s), u(s)) < || fon][3( 090 — 1),
0

Since hn(0) = || fPo.n |3, letting N — oo gives us the desired assertion. O
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Proof of Theorem 7.12.  We mainly follow the argument of [Da, Theorem 7] and make
use of Lemma 7.14 above. Let f > 0 be a bounded function with compact support and let
u(t) = Q(p f. As mentioned in the remark below Theorem 7 12, it is sufficient to verify that

(p)l =1 p-a.e for every t > 0. Since [, Qt fd,u Jur fQ )1 dp, it reduces to show that

/ fdu < / u(t) du (7.11)
M M
for some t > 0.

For any n > 0, let a, = s with s > 1 such that s(s — 1) < 1, and set a_; = 1. In
particular, with Ay defined by (7.8), we have Ay = s%(1 — s)2 < 1. Let ¢, and ¢ be defined
as in the paragraph containing (7.4). Set Uy = B(,12), \ B(n—1),- Then for t € (0,1}, by the
Cauchy-Schwarz inequality and Lemma 7.14, for any t € (0, 1),

(f. o) — (u <>son>——/ © {u(s), ) ds

t
/ds 10 (u(s), on)
0 M
t
/ds 51T (u(s), o)
0 M

<([ i [ pavu o) ([ o[ 52O, o)

< V2| £ p||2e20t ) (sup g 1) (/ F(”)(son,son)> :
Uy

1/2

*

where in the last inequality we used again the fact that ') (¢, ,) = 0 outside U;. Note that
on U, we have from (7.5) and (7.6) that a,—1 < @ < an42 and so Supyx ol < a;il. On the
other hand, using SCSJ(¢) with f € F N Cc(M) such that f|p,,, =1, we find that

T (0, 0n) < U
. T o) < S,
Combining all all the conclusions above, we get
~ QCOt 1 C1
con) — (u(t), on) < V2 exp<—+—lo (— Uf{)—lo an_>.
(fsen) = (ult), pn) 1l o) tale ¢(p)u( ) gan—1

Noting that due to VD, u(Uy) < u(By2),) < ca(p)n® for any n > 0, and a,, = s" for s > 1,
one can easily see that the right hand side of the inequality above converges to 0 when n — oco.
Since

/u(t)du: lim u(t)en dp  and /fdu: lim/ fondpu,
M M M n—oo M

n—oo

we get (7.11) and the conservativeness of (€, F). O

Remark 7.15. By using the arguments above, one can study the stochastic completeness in
terms of SCSJ(¢) for jump processes in general settings, namely to obtain some sufficient con-
dition for the stochastic completeness without VD assumption. See [AB, Theorem 1.16 and
Section 7] for related discussions about diffusions.
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