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Boundary behavior of harmonic functions for
truncated stable processes

Kim, Panki, Seoul National University

June 26, 2007

Abstract: Recently there has been a lot of interest in studying dis-
continuous stable processes due to their importance in theory as well
as applications. Many deep results have been established. However
in a lot of applications one needs to use discontinuous Markov pro-
cesses which are not stable processes. For example, in mathematical
finance, it has been observed that even though discontinuous stable pro-
cesses provide better representations of financial data than Gaussian
processes financial data tend to become more Gaussian over a longer
time-scale. The so called tempered stable processes have this required
property: they behave like discontinuous stable processes in small scale
and behave like Brownian motion in large scale. These processes are
obtained by “tempering” stable processes, that is, by multiplying the
Levy densities of stable processes with strictly positive and completely
monotone decreasing factors. However, no matter how much we tem-
per the stable process, it still can make any size of jumps with positive
probability.

In this talk, we considered an extreme case of “tempering”: we trun-
cated the Levy densities of stable processes and obtained a class of
Levy processes called truncated stable processes. For any « € (0,2), a
truncated symmetric a-stable process is a symmetric Lévy process with
no diffusion part and with a Lévy density I(x) given by ¢/~ 1{j,j<1
for some constant c¢. Levy density I(z) coincides with the Levy den-
sity of a symmetric stable process for |z| < 1 and is equal to zero for
|z| > 1. Truncated stable processes are very natural and important in
applications where only jumps up to a certain size are allowed. Jointly
with Renming Song, in [4] we have studied the potential theory of
truncated symmetric stable processes. Among other things, we proved
that the boundary Harnack principle is valid for the positive harmonic
functions of this process in any bounded convex domain and showed
that the Martin boundary of any bounded convex domain with respect



to this process is the same as the Euclidean boundary. However, for
truncated symmetric stable processes, the boundary Harnack principle
is not valid in non-convex domains.

In this talk, we show that, for a large class of not necessarily convex
bounded open sets called bounded roughly connected r-fat open sets
(including bounded non-convex k-fat domains), the Martin boundary
with respect to any truncated symmetric stable process is still the same
as the Euclidean boundary. The main tool for establishing this is the
fact that, for any bounded roughly connected k-fat open set, the Green
function of a truncated symmetric a-stable process is comparable to
that of a symmetric a-stable process.

Recently, a relative Fatou type theorem has been established for
symmetric stable processes. It is known that if u and h are positive
harmonic function for a symmetric a-stable process in a bounded x-fat
open set D with A vanishing on D¢, then the non-tangential limit of u/h
exists almost everywhere with respect to the Martin measure of h [3]
(see also [2, 6]. The assumption that i vanishes on D€ is necessary (see
[1]). In this talk, we also show that, for truncated symmetric stable
processes a relative Fatou type theorem is true in bounded roughly
connected k-fat open sets.

This is a joint work with Renming Song [5].
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LP-independence of Spectral Bounds of Non-local
Feynman-Kac Semigroups

Yoshihiro TAWARA*f
June 26, 2007

Let M = (2, P,, X;) be the symmetric a-stable process on R?, the pure jump
process generated by £ := —(1/2)(=A)*/2? (0 < a < 2). Let F be a symmetric
function on R? x R? vanishing on the diagonal A and define an operator F by

Ff(a) = K(d.a) [

[ (P00 1) F)le =y,

where

ozF(d*Ta)
K(d, Oé) = 21—0471-d/2r‘(1 — %) .

We consider a Schrodinger type operator, H := £+F on LP(R?), and study the
growth of the operator norm of its semigroup pf" := exp(—tH"). The semigroup
pl" is expressed as a non-local Feynman-Kac semigroup:

Pt f(@) = Eo (exp(A(F)) f(X0)), Ad(F) = D F(X,-, X,).

0<s<t
We then define the spectral bound of p!" by
1 F
Ap(F) = _tEHolo glog Pt pp, 1< p< o0,

where ||pf’||,, is the operator norm of pf" from LP(R?) to LP(R?).

Definition. (1) A positive Radon measure ;1 on R? is said to be in the Kato
class (in notation pu € ), if

d

lim sup S —
d—a

=0 2eRrd J)z—y|<e lz -yl

(2) A measure p € K is said to be Green tight (in notation p € K), if

d
lim sup / 'ui(yd)_a =
R0 yega Jiy>r |T — Yl
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(3) A bounded symmetric Borel function F' on R? x R? vanishing on the
diagonal A is said to be in J, if

Loyt €
The main theorem in this talk is as follows:
Theorem. If the function F € J, then
Ap(F) = X2(F), 1<p< oo
Corollary. If the function F' € J, then

Jim 2108 B (exp(44(F)) = —Aa(F).

We use arguments in Donsker-Varadhan’s large deviation theory. To prove
this theorem, we extend M to the Markov process M on the one-point compact-
ification R by making the adjoined point co a trap. Then M has the Feller
property. In the proof of the large deviation upper bound for Markov processes
with compact state space, we need only the Feller property. We thus have the
following upper bound; let P(R%) be the set of probability measures on R%
and define a function Ir on P(R%) by

o HE
0= o, g

where

D (HE) :={¢=REg:a>k(F),gc C,(R?) with g > 3e > 0}.
Here k(F) is a certain constant defined by F and C,,(R?) is the space of bounded
and uniformly continuous functions on R%. Then

lim sup 1log sup E; (exp(A:(F))) < — inf Ip(v). (1)

t—oo L zER veP(RL)

For the proof of (1), we can not directly use the Donsker-Varadhan large
deviation theory because the functional A;(F') is not a function of the normalized
occupation time L; € P(R%) defined for each Borel set A € R? by

Lo(A) = 1/; 14(X,)ds.

However, D. Kim extended it to Markov processes with multiplicative functional
exp(A:(F)). We here apply the upper bound. We also emphasis that the func-
tion Ir is defined on the space of probability measures on R% not on R¢. In
this sense, the adjoined point co makes a contribution to the rate function Ip.
We will prove that if A(F') <0, then

(150 = (),
which implies that Ao (F) > A2(F') because the left hand side of (1) is equal to
—Aoo(F). On the other hand, the inequality, Ao (F') < A3(F'), always holds by
the symmetry and the positivity of pf. As a result, we see that if A\o(F) < 0,
then A\, (F) is independent of p. We will prove that A\o(F) < 0 for F € J». In
this way, we obtain the main theorem stated above.



STOCHASTIC FLOWS OF SDES WITH NON-LIPSCHTZIAN
COEFFICIENTS DRIVEN BY SYMMETRIC o« STABLE
PROCESSES

TAKAHIRO TSUCHIYA

The construction of flows in the case of Brownian motion was investigated in the
beginning of the 80’s by lots of people. They considered the SDE,

Xt = O'(Xt)dBt, X() =X,

and assumed that the coefficients o are sufficiently smooth. Then we obtain that
the mapping, from the initial value to the solution at time ¢, x — X;(z), has
modification of homeomorphism. In the case of more general Lévy driven SDE,
the problem of construction of a stochastic flow was studied in depth by Fujiwara-
Kunita and Applebaum-Kunita etc. They considered especially the stochastic flows
of diffeomorphism when the coefficients o are sufficiently smooth.

In this presentation, we consider the stochastic flow problem in the case of jump-
type SDE,

)/t = O'()/t—)dZta }/0 =Y

where Z is a symmetric « stable process under non-Lipschitz conditions of the
coefficients. The case of Brownian motion is studied by Yamada and Ogura and
developed by Fang and Zhang. The reason why we select symmetric a processes
to replace Brownian motions is due to its interesting property depending on index
a. When « is equal to two it is just Brownian motion SDE, and when « is smaller
than two, it turns to be a jump type SDE. The goal is to describe how stochastic
flows are affected by the index of a.

This talk is organized as follows. In the first section, we discuss non-contact
problems of solutions where the Riesz potential operator plays an essential role.
The Riesz potential I, is defined by

@ = [ Ay - (

1
«f) (@),
R [ =y |- e )

for f € Co(R?). In the second section, we summarize the results of the pathwise
uniqueness property. Pathwise uniquness guarantees the well-definedness of the
mapping from initial data to the solution, y — Y;(y). In the third section, we
show the continuity of the map with respect to initial data using following the
lemma, Here, hypergeometric functions and Bessel functions are the key to the
proof of the lemma. The fourth section is devoted to the behavior of the mapping
at infinity, limsup), . [Y+(y)| = oo a.s.. Finally, in the last section, combining
these properties and applying Jordan’s curve theorem, we construct stochastic flows.

Theorem 1. If p(u) = u(log %)%, then, for every o such that

lo(x) = a(y)| < p(lz —yl) for z,y € RY,
the map y — Yi(y) has a homeomorphic modification for every t > 0.



This is an answer to determine the possibility of constructing stochastic flows

y +— Y;(y) under non-Lipschitz coefficients and characterize the possibility by index

.

REFERENCES

(1] [AK] AppLEBAUM, DAvVID AND KuUNITA, HIROSHI (1993). Lévy flows on manifolds and Lévy

[2

(3

processes on Lie groups. J. Math. Kyoto Univ. 33 no. 4, 1103—-1123.

[B] Bass, RICHARD F. (2003). Stochastic differential equations driven by symmetric stable
processes. Séminaire de Probablitités, XXXVI, 302-313, Lecture Notes in Math., 1801,
Springer, Berlin, 2003.

[FZ] FANG, SHIZAN AND ZHANG, TUSHENG (2005). A study of a class of stochastic differential
equations with non-Lipschitzian coefficients. Probab. Theory Related Fields 132 | no. 3, 356—
390.

[4] FANG, SHIZAN AND ZHANG, TUSHENG (2004). Stochastic differential equations with non-

Lipschitz coefficients. preprint

[5] [FK] FusiwaRrRA, TSUKASA AND KUNITA, HIROSHI (1985). Stochastic differential equations of

jump type and Lévy processes in diffeomorphisms group. J. Math. Kyoto Univ. 25 , no. 1,
71-106.

[6] [K] KomaTsu, TAkAsHI (1982). On the pathwise uniqueness of solutions of one-dimensional

stochastic differential equations of jump type. Proc. Japan Acad. Ser. A Math. Sci. 58, no.
8, 353-356.

[7] [Ku] Kunita, HirROsHI (1997). Stochastic flows and stochastic differential equations. Reprint

of the 1990 original. Cambridge Studies in Advanced Mathematics, 24. Cambridge University
Press, Cambridge, xiv+346 pp. ISBN: 0-521-35050-6; 0-521-59925-3.

[8] [S] K. SAaTO (1999). Lévy Processes and infinityly divisible distributions. Cambridge Univer-

=

sity Press, Cambridge, 63 .

[T] TAKAHIRO, TSUCHIYA (2006). On the pathwise uniqueness of solutions of stochastic differ-
ential equations driven by multi-dimensional symmetric « stable class. J. Math. Kyoto Univ.
46, no. 1, 107-121.

[10] [WY] WATANABE, SHINZO AND YAMADA, TOSHIO (1971). On the uniqueness of solutions of

stochastic differential equations. II. J. Math. Kyoto Univ. 11 553-563.

[11] [W] WaTsoN, G. N. (1944). A treatise on the theory of Bessel functions. Reprint of the second

(1944) edition. Cambridge Mathematical Library. Cambridge University Press, Cambridge,
viii4+-804 pp. ISBN: 0-521-48391-3.

[12] [YW] YAMADA, TOSHIO AND WATANABE, SHINZO (1971). On the uniqueness of solutions of

(13]

stochastic differential equations. J. Math. Kyoto Univ. 11 155-167.
[YO] YamADA, TosHIO AND OGURA, YUKIO (1981). On the strong comparison theorems for
solutions of stochastic differential equations. Z. Wahrsch. Verw. Gebiete 56, no. 1, 3—19.

E-mail address: suci@probab.com

JSPS RESEARCH FELLOW (PD) FROM TOKYO INSTITUTE OF TECHNOLOGY



Asymptotic properties of branching symmetric Markov
processes

Yuichi Shiozawa*

In this talk, we study the asymptotic properties of a branching symmetric Markov process
such as the extinction problem, the growth of the numbers of particles and the asymptotic
distribution of particles. In particular, we characterize them in terms of the principal eigen-
value and the ground state of the Schrodinger operator associated with underlying Markov
process, branching rate measure and branching mechanism function. We finally apply our
results to branching Brownian motions and branching symmetric a-stable processes.

Let X be a locally compact separable metric space and m a positive Radon measure on
X with full support. We denote by M = (X, P,, () an m-symmetric Hunt process on X.
Throughout this talk, we assume that the associated semigroup p, f(x) = E, [f(X;)] satisfies
the following:

Assumption 0.1. (i) (Irreducibility) If a Borel set A is pi-invariant, that is, p;(xaf) =
xapef(x) for any f € L?*(X;m) N By(X) and ¢t > 0, then m(A) = 0 or m(X \ A) = 0. Here
B, (X) stands for the set of bounded Borel measurable functions on X.

(ii) (Strong Feller property) For any f € By(X), p.f is a bounded and continuous function
on X.

(iii) (Ultracontractivity) For any ¢ > 0, it holds that ||p¢||1,.o < oo , where || - ||, denotes
the operator norm from LP(X;m) to LY(X;m).

Note that Assumption 0.1 (ii) implies the absolutely continuity of the transition probabil-
ity of M with respect to m by the m-symmetry of p;. Let G, (z,y), a > 0, be the a-resolvent
of M. If M is transient, then we set G(x,y) := Go(z,y).

Definition 0.2. A positive smooth Radon measure on X is said to be in Koo(Gq), if
for any € > 0, there exist a compact set K C X and a positive constant 6 > 0 such
that sup,¢ x fX\K Go(z,y) u(dy) < e, and for all measurable sets B C K with u(B) < 9§,

sUP,ex [ Gal2,y) u(dy) < e. Further, the class Ko is defined by

. — Keo(G), M s transient
< ﬂa>o Koo(Ga), M is recurrent.

Let M = (22, X,, P,) be the branching symmetric Markov process on X with motion com-
ponent M, branching rate measure u € Ko and branching mechanism function {p,(x)},
so that > p,(z) = 1. Namely, if we denote by T the splitting time of a particle, then the
law of T" is determined by

P.(T' > t]o(X)) = exp (=4;),

*Address: College of Science and Engineering, Ritsumeikan University, 1-1-1 Noji Higashi, Kusatsu,
Shiga, 525-8577, Japan. E-mail: shio@se.ritsumei.ac.jp




where A} is the positive continuous additive functional corresponding to the measure pu €
Koo. A particle of M starts at z € X according to the law P, and then splits into n particles
with probability p,(Xr_) at time T. After that, each particle moves independently according
to the law of Py, .

Let Z; denote the total number of particles at time ¢ and ey := inf{t > 0 : Z, = 0}.
Here we say that M goes extinct, if P,(eg < co) = 1 for any € X. Denote by Q(x) :=
Yoo o () the expected number of particles at branching site z € X. We assume that
sup,cx Q(z) < oco. Since Qu and p denote the intensity of creations and the intensity of
killings respectively, we say that the operator £@~D# := £ 4 (Q — 1) expresses the balance
between these intensities, where £ denotes the L?(X)-generator of M. In fact, if we denote
by A the principal eigenvalue of —£(©@~D# then we obtain the following:

Theorem 0.3. Assume that P,(( < oo) = 1 for all x € X. Then the branching pro-
cess M goes extinct if and only if \y > 1. Moreover, if \y < 1, then it holds that
P, (limy .o Z; =00 | eg=00) =1 forallz € X.

We are now concerned with the growth rate of Z; and the asymptotic distribution of
particles. In the sequel, we assume that \; < 0. If we denote by h the corresponding ground
state, then M, := eM' [\ h(x) Z,(dz) is a P,-martingale for any z € X, and thus M :=
limy_,o M exists P,-a.s. Let R(z) := Y °  n(n — 1)p,(z) and assume that sup,.y R(z) <
o0o. We then have

Theorem 0.4. (with Z.-Q. Chen) There exists a subspace Qg C 2 of full P,-probability for
any x € X such that, for any w € 2y and for every bounded Borel measurable function f on
X with compact support whose set of discontinuous points has zero m-measure, it holds that

M Z,(F)(w) = Mao(w) /X Fhdm.

Theorem 0.4 says that the number of particles on a bounded set grows exponentially
with rate —\; and the ground state determines the asymptotic distribution of particles.

Example 0.5. Let 1 < o < 2 and denote by M the absorbing symmetric a-stable process on
an interval (—R, R). We consider the binary branching process with motion component M.
Let us take the Dirac measure at the origin as branching rate. We then see from Theorem
0.3 that M goes extinct if and only if

o 2) YD)
0<R< {(a—l)za—2r (5) } .

1/(a-1)
Furthermore, if R > {(a —1)20721 (%)2} , then Theorem 0.4 implies that for any

x € (—R,R), P,-as.
lim M Z,((—r.1)
C(a,R) . L o B
_ @ sinh{2y/—2\; R} (Slnh {V/—2M R} — sinh*{/ =2\ (R — r)}) M, a=2
([ e o ((r—ryer) ) g o

o0

We can further show that M, is strictly positive P, -a.s. on the event that {e; = oo}.



ON THE STRONG FELLER PROPERTY OF FEYNMAN-KAC
SEMIGROUP FOR CAF OF ZERO ENERGY UNDER HEAT
KERNEL ESTIMATES

Kazuhiro Kuwae (Kumamoto University)

1. FRAMEWORK

Throughout this talk, we fix d, 5 €]0, o[ and ¢y €]0,00]. Let (X, d) be a locally
compact separable metric space, m a positive Radon measure on X with full
support. We consider a one point compactification X with a cemetery point A.
Let By(X) be a family of bounded Borel measurable functions. In what follows,
f denotes a function in By(X). Let (£, F) be a symmetric regular Dirichlet form
on L?*(X;m) and M = (Q, Xy, (,P,) the associated m-symmetric Hunt process.
Here ¢ := inf{t > 0 | X; = A} is the life time. We further assume that there
exists a properly exceptional set N and M|x\y admits a heat kernel p;(z,vy),
z,y € X\ N,t > 0: E[f(X))] = [z y)f(y)ym(dy), x € X\ N, t > 0,
f e By(X).

Condition 1.1 (Ahlfors regularity). °rq €]0,0c], °C > 0 st. C7lrd <
m(B,(x)) < Cré for Yz € X, Yr €]0,ro[.

Condition 1.2 (Heat Kernel Estimates). Let ®, ¥ be positive decreasing
functions on [0, co| with ®(0) = ¥(0) = 1. Further assume the condition H(®):
SUD,c (0,00 8°®(5) < 00 and the condition (PEyg): 7M > 0, z,y € X\N, t €]0, to

Mo (d(x,y) M _ (d(z,y)
+d/B q’( 178 ><pf($ y) < td/ﬁq)( am )

Condition 1.3. For V(r) := sup,cy m(B,(z)) < oo, r > 0, it holds that 3y > 0
s.t. [TV (s)s71®(s)ds < oo, where @ is the function specified in Condition 1.2,

Theorem 1.1 (Doubly Feller Property). Under Conditions 1.1 and 1.2, the
heat kernel p,(x,y) has a continuOUS extension on 10, 00[xX x X and the semi-
group (Py)iso defined by P,f(x) := [y pe(x,y) f(y)m(dy) x € X using this exten-
siton has a doubly Feller property (z e. it has strong Feller and Feller properties).

2. GIRSANOV TRANSFORMATION

Definition 2.1 (Kato class measure S%). A positive Borel measure z on X is

said to be in the Kato class (write p € S%) if hm sup/ / ps(z,y)p(dy)ds = 0.

0zex
In Lemmas 4.4 and 4.5 of [6], we show SY C 51 under (PE, ), where S is the

family of smooth measures in the strict sense ([3]).

Take u € Fp, and let p := e". Then p — 1 € F. Let M? be the MAF of finite
energy appears as the martingale part in the Fukushima decomposition for p — 1.

Set M; := f ! éjy ),t < ¢ and let L7 be the solution of Doleans-Dade equation:




Ly = 1+ [y LidM,, t < (. Define B f(x) := E,[L{f(X})], € X \ N, with
some properly exceptional set IV, appears in the above Fukushima decomposition.
Chen-Zhang proved that the semigroup (]St) is p*m-symmetric and determined
the domain of the associated Dirichlet form on L*(X; p*m).

Theorem 2.1. Under Conditions 1.1 and 1.2, if pu(y € Sk, then (P,) admits a
continuous heat kernel pf(z,y), t > 0,z,y € X and the semigroup (P}) defined
by P f(x) :== [ ! (z,y)f(y)m(dy), x € X has a doubly Feller property.

3. FEYNMAN-KAC SEMIGROUP FOR CAF OF ZERO ENERGY

Suppose that (€, F) has no killing part. If u € F N Cy(X) satisfies py € Sk,
then u admits the Fukushima decomposition in the strict sense: u(X;) —u(Xy) =
M + NVt < { Py-a.s. for all z € X, where N* is a CAF of zero energy, and a
local CAF in the strict sense ([2]). Set QVf(x) := E,[eM f(X})], v € X.

Theorem 3.1. Under Conditions 1.1 and 1.2, the semigroup (Q}) admits a con-
tinuous integral kernel ¢i'(z,y), t > 0,2,y € X. If further the Condition 1.3 is
satisfied, then (Q}) has the strong Feller property (write SFP).

Remark 3.1. The SFP of (Q}) yields the same result as in [8]. The existence
of the continuous integral kernel ¢}*(z,y), ¢ > 0,z,y € X is shown in [4] for
Brownian motions and in [7] for symmetric stable-like processes. The SFP of
(Q}) is also proved in [8] (resp. in [9]) for Brownian motions (resp. for symmetric
Lévy processes under some additional conditions).

We have many examples: Relativistic a-stable processes, stable like processes
on d-sets, Brownian motion on smooth complete Riemannian manifolds with Ricci
curvature lower bound and with positive injectivity radius, diffusions on nested
fractals or Sierpinski Carpet and so on.
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Schramm-Lowner’s Equation Driven by Stable Processes

Zhen-Qing Chen (University of Washington)

Stochastic Lowner evolution (SLE) driven by Brownian motion, based on the classi-
cal deterministic Lowner equation, was introduced by Oded Schramm in 2000. It played
a fundamental role in recent breakthroughs by Greg Lawler, Oded Schramm, Wendelin
Werner as well as others in settling the Brownian intersection exponent problem and in
mathematically rigorous proof for the existence and conformal invariance of continuum
limit of various two-dimensional lattice models in statistical physics. However the Brow-
nian SLFEs exclude physical models that exhibit branching phenomena such as branching
polymers and diffusion-limited aggregation. Studying such models call for SLE driven by
discontinuous Lévy processes, in particular, stable processes.

Stable processes is a family of discontinuous random processes indexed by a parameter
a € (0,2), which itself is a focus of recent research activities in probability theory, due to
its importance in theory and in applications. The importance of a-stable processes can be
illustrated by the central limit theorem: stable distributions together with Gaussian dis-
tributions are the only limiting distribution of normalized sums of independent, identically
distributed random variables. Stable distributions and stable processes have recently been
used quite successfully to model certain physical systems that exhibit large deviation and
high variability.

In this talk, we will present some recent results on Schramm-Lowner’s equation driven
by symmetric stable processes.

Let W; be a right continuous real-valued function. For each initial point z € C\ {0},
the Lowner differential equation

2

Orgi(z) = 5(2) =W,

go(2) = 2 (1)
has a unique solution up to a time 0 < T, < oo where g;(z) = W;. More precisely, let
T, = sup{t : inf,cpo 4 9s(2) — Ws| > 0}, then the initial value problem (1) has a unique
solution on [0,7%) and if T, < oo then liminf; 7 |g:(2) — W;| = 0. The subset

K,={zeH:T, <t}

is a compact subset of the upper half plane H and is called the hull of the Lowner equation
(1). It is well-known that the map z — ¢;(2) is a conformal map (i.e., analytic and one-
to-one) from H \ K, onto H, with Laurent series g;(z) = z + 2 4+ O(1/2?) near co. By
Riemann mapping theorem, the Lowner’s equation is characterized by the compact hulls
{K¢,t > 0}.



When W; = kB;, where B; is standard Brownian motion on R and x > 0, equation
(1) is called Schramm-Léwner’s equation, whose hulls {K;,¢ > 0} are found to be related
to various two-dimensional lattice models in statistical physics.

Now let W; be the sample path of symmetric a-stable process on R with 0 < a < 2.
To investigate the geometry of its random hulls {K;,¢ > 0}, we look at the inverse map
fi(2) := g;*(2) : C — C\ K, of (1). We prove that for each fixed ¢ > 0, almost surely,
z — fi(z) is Holder continuous in z = z + iy with 0 < y < 1 and so z — f;(2) can be
extended continuously to OH. We then use it to show that K; has Hausdorff dimension 1
and that {K;,t > 0} has tree-like structure almost surely.

Joint work with Steffen Rohde.
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