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Laws of the Iterated Logarithm for random walks on
Random Conductance Models

By

TAKASHI KUMAGAT* and CHIKARA NAKAMURA™**

Abstract

We derive laws of the iterated logarithm for random walks on random conductance mod-
els under the assumption that the random walks enjoy long time sub-Gaussian heat kernel
estimates.

§1. Introduction

Random walks in random environments have been extensively studied for several
decades in probability and mathematical physics. Random conductance model (RCM)
is a specific class in that random walks on the RCMs are reversible, and that the class
includes many important examples. Recently, there has been significant progress in the
study of asymptotic behaviors of random walks on RCMs. In particular, asymptotic
behaviors such as invariance principles and heat kernel estimates are obtained in the
quenched sense, namely almost surely with respect to the randomness of the environ-
ments, even for degenerate cases. One of the typical examples is the random walk on the
supercritical percolation cluster on Z?. In this case, Barlow [3] obtained quenched long
time Gaussian heat kernel estimates such as (1.3) and (1.4) below with a = d, 3 = 2.
Soon after that, the quenched invariance principle was proved in [22] for d > 4 and later
extended to all d > 2 in [6, 18]. Namely, for a simple random walk {Y,*},>0 on the
cluster, it was proved that 5Y[f/ c2] COnverges as € — 0 to Brownian motion on R? with
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covariance 021, o > 0, for almost all environment w. We note that the proof for d > 3
uses the heat kernel estimates given in [3].

The RCM on a graph is a family of non-negative random variables indexed by edges
of the graph. Supercritical bond percolation cluster is a typical (degenerate) RCM which
endows each edge of Z¢ with i.i.d. Bernoulli random variable. The quenched Gaussian
heat kernel estimates are established for various other RCMs, for example

(a) uniformly elliptic conductances ([10]),

(b) i.i.d. unbounded conductances bounded from below by a strictly positive constant

([4)),

(¢) i.i.d. conductances bounded from above and some tail condition near 0 ([9]),

(d) random walks on the level sets of Gaussian free fields and the framework of random
interlacements ([21]),

(e) positive conductances with some integrability condition ([1]).

Note that conductances in (a), (d), (e) are not necessarily i.i.d. Note also that, while
(b)-(d) are discussed on Z¢, (a) and (e) are discussed for more general graphs with some
analytic properties. Quenched invariance principles for the random walks on RCMs are
also established extensively. For more details, see [7, 16] and the references therein.

We are interested in further quenched asymptotic behaviors of the random walks
on RCMs. The aim of this paper is to establish the laws of the iterated logarithm
(LILs) for the sample paths of the random walk such as (1.6) and (1.7) below in the
quenched level. In fact, for the random walk on the supercritical percolation cluster,
Duminil-Copin [11] obtained the standard LIL (limsup version as in (1.6)) by using the
results of [3]. Also, in [15] the LIL is obtained for a class of transient random walk in
random environments. The novelty of this paper is twofold.

e We establish another law of the iterated logarithm (liminf version as in (1.7)).
e We establish quenched LILs for random walks on much more general RCMs.

Our approach is through the heat kernel estimates. Namely, we assume the quenched
heat kernel estimates (Assumption 1.1) and establish the quenched LILs (Theorem 1.2).
Since the quenched heat kernel estimates are established for many RCMs, our theorem
applies for those examples as we discuss in Section 1.2.

The organization of the paper is as follows. We first explain the framework and
main results of this paper. In Section 2, we give the preliminary estimates to prove the
main results. In Section 3 we prove the LIL and in Section 4 we prove another LIL.
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Finally in Section 5, we assume the ergodicity of the media when G = Z¢ and prove
that the constants appearing in the limsup and liminf in the LILs are deterministic.

§1.1. Framework and main results

Let G = (V, E) be the countably infinite, locally finite and connected graph. We
can define the graph distance d : V x V' — [0,00) in the usual way, i.e. the shortest
length of path in G. Write B(z,r) = {y € V(G) | d(x,y) < r}. Throughout this paper
we assume that there exist @ > 1 and ¢1, co > 0 such that

(1.1) cr® < B(z,r) < cor®

holds for all z € V(G) and r > 1.

We assume that the graph G is endowed with the non-negative weights (or con-
ductance) w = {w(e) | e € E} which are defined on a probability space (2, F,P).
We write w(e) = we = wgy if e = xy. We take the base point zy of G and set
V(GY) = {v € V(GQ) | 2o +> v}, where x5 <= v means that there exists a path
v = eres - e from zp to v such that w(e;) > 0 for all i = 1,2,--- | k. We also define
C(w) as the set of all vertices = which satisfy =+ oo, i.e. there exists an infinite
length and self-avoiding path v = ejes -+ starting at x which satisfies w(e;) > 0 for
all . Note that if each weight w(e) is strictly positive, then V(G¥) = C(w) = V(G).
Let p*(x) = 3_,. s Way De the weight of z, V¥(A) = Z 1 (y) be the volume

yeANV (G*)
of A C V(G) and V¥(z,r) = V¥(B(z,r)) be the volume of the ball B(x,r). We also

denote B¥(z,r) = B(z,r) NV (G¥).
Next we define the random walk on the weighted graph. Let {X},>¢ be the

discrete time random walk on V(G*) whose transition probability is given by P¥(x,y) =

%. We write PY(z,y) = P¥(X% = y). The heat kernel is denoted by p%(z,y) =
e (x
Pz, y)

1 (y)
For our main results, we assume the following conditions. Note that @ > 1 is the

same as in (1.1).

Assumption 1.1.  There exist Qy € F with P(Qy) = 1, positive constants
€1.1,€1.2,* ,C1.6, 03, € with e+1 < B and random variables Ny (w) (z € V(G),w € Q)
such that the following hold.

(1) For allw € Qy, x € V(G¥) and r > Ny (w), it holds that

(1.2) c1ar® < V¥ (z,r) < cpor®.
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(2) For all w € Qo, {X¥}n>0 enjoys the following heat kernel estimates;

B/(B-1)
w C1.3 d(%@/)
(1.3) P (z,y) < nelB exp [—01.4 (W) ]

for d(z,y) V Ny (w) <n, and

B/(B=1)
" w C1.5 d(z,y)
(1.4) P (T, y) + 05 (2,y) > /8 OXP [—01.6 ( ni/ ) ]

for d(z,y)' ¢V N, (w) < n.
(8) There exists a non-increasing function f.(n) which satisfies

(1.5) P(Nye>n) < fe(n) and Y n*’f(n) < oo.

n>1
Now we state the main result of this paper.

Theorem 1.2.  Suppose that Assumption 1.1 holds. Then for almost all envi-
ronment w € S there exist positive constants C1 = C1(w) and Cy = Cy(w) such that the
following hold.

. d(X§, X57)
1.6 lim o
(16) P nt/B(loglogn)i—1/8

.. pMaXp<e<n d(XSJ? XZO)
(1.7) lim inf nt/B(loglogn)—1/8

= C}, P¥-a.s. for all x € V(G*),

= (s, P?-a.s. for all x € V(GY).

We note that we can replace d(X§, X%) in (1.6) to max d(X§, X7 ) with possibly
different C;. We also note that if the random walk can be embedded into Brownian
motion in some strong sense (which seems plausible in various concrete models), then
(1.6),(1.7) can be shown as a consequence ([8]). It would be very interesting to prove
such a strong approximation theorem.

The constants C'; above may depend on the environment w. In order to guarantee
that they are deterministic constants, we need to assume the ergodicity of the media.
For the purpose, we now consider the case G = Z%. In this case, we can define the shift
operators 7, : 2 — Q (z € Z9) as

(Tiw)yz = Wytz,z4z-
We assume the following ergodicity of the media.

Assumption 1.3.  Assume that (2, F,P) satisfies the following conditions;
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(1) P is ergodic with respect to the translation operators T, i.e. Po1, =P and for any
A € F with 7,(A) = A for all z € Z¢ then P(A) = 0 or 1.

(2) For almost all environment w, C(w) contains an unique infinite connected compo-
nent.

Theorem 1.4.  Suppose that Assumption 1.1 and Assumption 1.3 hold. Then
we can take C1,Co in Theorem 1.2 as deterministic constants (which do not depend on

w).

Remark 1.5. In this paper, we only consider discrete time Markov chains, but
similar results hold for continuous time Markov chains (constant speed random walks

and variable speed random walks); see [19].

§1.2. Examples

In this subsection, we give examples for which our results hold.

Example 1.6 (Bernoulli supercritical percolation cluster).  Barlow [3, Theorem
1] proved that heat kernels of simple random walks on the super-critical percolation
cluster for Z4, d > 2 satisfy Assumption 1.1 with o = d, 8 = 2 and f.(n) = cexp(—c'n?)
for some ¢, ¢, 6 > 0. (In [3], heat kernels for continuous time random walk were obtained.
See the remark after [3, Theorem 1] and [6, Section A] for discrete time modifications.)
Since the media is i.i.d. and there exists an unique infinite connected component, we
can obtain the LILs (1.6) and (1.7) with deterministic constants. Note that (1.6) for
the supercritical percolation cluster was already obtained by [11, Theorem 1.1].

Example 1.7 (Uniform elliptic case).  Suppose the graph G = (V, E) endowed
with weight 1 on each edge satisfies (1.1) and the scaled Poincaré inequalities. Put
random conductance on each edge so that ¢; < w(e) < ¢ for all e € E and for almost
all w, where ¢1,co > 0 are deterministic constants. Then Assumption 1.1 holds with
f=2and N, =1. So the LILs (1.6) and (1.7) hold.

Example 1.8 (Gaussian free fields and random interlacements).  Sapozhnikov

[21, Theorem 1.15] proved that for Z?, d > 3, the random walks on (i) certain level
sets of Gaussian free fields; (ii) random interlacements at level w > 0; (iii) vacant
sets of random interlacements for suitable level sets, satisfy our Assumption 1.1 with
a = d, B = 2 and the tail estimates of N, .(w) as f.(n) = cexp(—c(logn)'*°) for some
¢, c’,§ > 0. This subexponential tail estimate is sufficient for Assumption 1.1 (3). Since
the media is ergodic and there is an unique infinite connected components (see [20], [23,
Corollary 2.3] and [24, Theorem 1.1]), the LILs (1.6) and (1.7) hold with deterministic
constants.
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Example 1.9 (Uniform elliptic RCM on fractals). Let a; = (0,0),a2 = (1,0),
az = (1/2,4/3/2), I = {1,2,3} and set Fy(x) = (x — a;)/2 + a; for i € I. Define

V= U (2" U F; o---0F; (a ), E = U (2" U F; O"'OFil(BO)>7

neN 1,81, ,in €1 neN 81,0, tn €1

where By = {{z,y} : ® #y € {a1,a2,a3}}. G = (V, E) is called the 2-dimensional pre-
Sierpinski gasket. Put random conductance on each edge so that ¢; < w(e) < ¢y for all
e € F and almost all w, where ¢1,co > 0 are deterministic constants. Then Assumption
1.1 holds with a =log3/log2, 8 =logb/log2 > 2 and N, = 1. (In fact, this can be
generalized to the uniform finitely ramified graphs for some o« > 1 and g > 2; see [12].)
So the LILs (1.6) and (1.7) hold.

We note that among the examples mentioned at the beginning of this paper, (b),
(c) and (e) are for continuous time Markov chains, so the LILs will be discussed in [19].

§2. Consequences of Assumption 1.1

In this section, we prepare the preliminary results of Assumption 1.1.

§2.1. Consequences of heat kernel estimates

We first give consequences of the heat kernel estimates (1.3) and (1.4).
Lemma 2.1.

(1) There exist c¢1,co > 0 such that for almost all w € €,

y N
Py (orggaé(n d(x, X7) > 3r> <ciexp | —ca (?)

holds for alln > 1,r > 1 and x,y € V(G*) with gl(aXQ )NZ (W) <randd(z,y) <
zeB(y,2r
r.

(2) There exist c3,cq, Ry > 0 such that for almost all w € €2,
w w n
Py (Or<nja<xn d(Xg, X7) < ) < c3exp <—C4r—ﬁ)

holds for alln > 1,7 > Ry and z € V(GY) with Igz(ix )Ny e(w) < 2r.
e x,r

(3) Suppose € +1 < . Then there exist cs5,c6 > 0 and n > 1 such that for almost all
w € Q,

Py ( max d(Xg, X;) < ) > 5 exp (—06%)
"

0<5<n

holds for all x € V(G¥) and n > 1,r > 1 with ]gr(laé )Nzye(w) < ri/B,
zeB(x,3nr
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Since the computations are standard, we omit the proof. Indeed, (1) can be proved
by simple modifications of [2, Lemma 3.9], and (2) can be proved similarly to [17, Lemma
3.2]. (3) is simple modification of [17, Proposition 3.3] respectively.

Let ¢5,c6 > 0 be as in Lemma 2.1 (3). Define ay, bi, Ak, ug, oy, as follows:

k—1
(2.1) af = ekz, bf =k A\ = cgl log(cs(1 + k)z/?’), up = )\kaf, oL = Zuz
i=1

Corollary 2.2 (Corollary of Lemma 2.1(3)).  Letn > 1 be as in Lemma 2.1 (3).

Then the following holds for almost all w € Q, all x € V(G¥) and k > 1 with

max N, .(w) < a,ﬁ/ﬁ,
z€B(z,4nay)

. W w w 1 S
min PZ ( max d(X07Xs)§ (lk;) Z (1_|_k;)2/3

zEBY(z,ar) 0<s<ug
The heat kernel estimates (1.3) and (1.4) also give the triviality of tail events.

Theorem 2.3 (0 — 1 law for tail events).  For almost all w € Q, the following

holds; Let A be a tail event, i.e. A € ﬂ o{ Xy : k> n}. Then either P¥(A¥) =0

n=0
for all x or P¥(A¥) =1 for all x holds.

The proof of Theorem 2.3 is quite similar to that of [5, Proposition 2.3|, so we omit

the proof.
§2.2. Consequences of the tail estimate (1.5)
We next give simple consequences of the tail estimate (1.5). Recall the notations

in (2.1), and set ®(q) = ¢"/#(loglog )~ /.

Lemma 2.4.
(1) Suppose that f.(n) satisfies Zno‘fg(n) < oo. Then for any ~v1,v2 > 0 and for

almost all w € Q, there exists Ly e ~, ~,(w) > 0 such that the following hold for all

N2 Ly ey vy (w)r

Nz,e(w)v 'Ylbn > max Nz,e(w)-

Y1iGn = Max
ZGB(x,’Yzbn)

ZGB(I,’Ygan)

(2) Suppose that fc(n) satisfies Zno‘fe(n) < 00. Then for any y1,72 >0, ¢ > 1 and
for almost all w € Q, there exists Ly ¢ v, ~y,q(w) > 0 such that the following hold for

alln > Ly e vy vy q(w),

@ Y > max Nze w), (n_l)/ﬁ > nax Nze w)-
N (q ) T 2€B(z,72®(q™)) ( ) e "~ z€B(w,y2qnm1/8) ( )
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(3) Suppose that f.(n) satisfies Zno‘ﬁfe(n) < oo. Then for all v1,7v2 > 0 and for

almost all w € §1, there exists Ky ¢ 5, ~,(w) > 0 such that the following holds for all
n Z Km7€,71772 ((A)),

va? > max N, (w).
z€B(x,y2a4,) ’

Proof. We only prove the first inequality in (1). It is easy to see that

P ( max N,.> ’yln) < Z P(N..e>mn) < ci(y2n)®fd(yin).

z€B(xz,vy2n) € B (mman)
The assumption implies ) n®fc(yin) < oo, so the conclusion follows by the Borel-

Cantelli Lemma. O

§3. Proof of LIL

In this section, we prove (1.6) in Theorem 1.2. We continue to use the notation
P(q) = ql/ﬁ(log log q)l_l/ﬁ in this section.

Theorem 3.1.  Suppose that Assumption 1.1 holds. Then there exists ¢4 > 0
such that the following holds for almost all w € 2,

L A(XE, X
limn sup 22X0Sk< (X, XP)

nooo ni/P(loglogn)l=1/P < G, Pr-a.s. for all z € V(GY).

Proof. By Lemma 2.1 (1) we have

p;( max d(Xg, X{) > ncp(q”)) < ¢rexp [—c2 (M) ]

0<k<qm q"

can/B=1)

_ . 1

for all ¢ > 1, almost all w and n with max N, .(w) < ®(¢"). Therefore the
2€B(2,28(q")

above estimate holds for n > L, (12 4(w) by Lemma 2.4 (2).
So taking 1 > 0 large enough and using the Borel-Cantelli Lemma, we have

Jimn sup 22Xosk<an UXG, X¥) <
n—00 ‘I)(q")

We can easily obtain the conclusion from the above inequality. O
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Theorem 3.2.  Suppose that Assumption 1.1 holds. Then there exists c. > 0
such that the following holds for almost all w € €,
d(X¢, X37)

li > c_ P -a.s. “).
im sup 2177 (log log n) 1177 >c_, w-a.s. for all z € V(G*)

Proof.  Note that d(Xg', Xgn) > d(Xgn-1, Xgn) — d(Xg, Xn-1) for any ¢ > 1. By
Theorem 3.1, for almost all w € 2 and Py-a.s. there exists a constant M, such that

d(X§, Xgn)  dXE, X0 0) ®(g™Y) 2y

= <
®(q") o(gnt)  B(¢7) T gY/P
holds for any n > M,, where c; is as in Theorem 3.1. The right hand side of the above

inequality can be small enough by taking ¢ sufficiently large. So it is enough to show
that there exists a positive constant c_ independent of ¢ such that the following holds,
. d(Xwn—hX:;}")

(3.1) hrrzn—>solip zb(q”) >c_.

We may and do take ¢ > 2. To prove (3.1), let 7Y = o (X |k <n) and ¢, =
q" —q" 1. Set kK > 0 so that ¢; 1k* —c12 > 1. Let A > 0 be a small constant so that
£A < 1. By Theorem 3.1 there exists a constant ¢/, such that d(Xg’, X, 1) < D"t
for almost all w and for sufficiently large n. We first note that

o)

q

P (d(X;n_l,X;”n) > A®(q")

> pe (d(x;;,l,xgn) > AD(g"), d(XE, X% 1) < cgé(qn—l)]f;n,l)

= 1{d(X817X;dn_1)Sc;é(qn*1)}P§':ﬂ71 (d(X(CJU,X;;) Z A@(qn))

. > : w w w > n .
<3 2) - (yeBw(wI’Icli%(qn—l)) Py (d(XO ’th> - )\(I)<q ))> 1{d(X6°»X;’n,1)§c’+<I>(Q"71)}

We estimate the first term of (3.2). For any n with A®(¢") > N, ((w), using (1.2) we
have

pe(Bly, sA®(q")) \ By, A®(¢"))) = c11(rA(¢"))" — cL2(A(¢"))" = (AD(¢"))".

So for such n and for y € B¥(xz, ¢/, ®(¢" ")) we have

Py (A®(¢") < d(Xg, X)) < kAD(¢")) > > e (y, 2)u” (2)
z€B¥ (y,kA2(q™))\B“ (y,A®(q"))
1
cr. KAD(g™)P\ P 1| " "
> e [— (AR T e\ Bl o))

1 (32(&)\)6/(571)
Z C1 (_) 9
n
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where we can take c1, co as the constants which do not depend on ¢q. Therefore for any

n with max N, (w) < A\®(g") we have
yeB(x.c, d(q" 1)) elw) (@)

L 20/ D
min PY (d(XE, XE) > 0(¢™)) >c1 | — _
yGB“J(x,c;_{)(qnfl)) Y ( ( 0 tn) = (q )) = €1 <TL)

By Lemma 2.4 (2), max Ny (w) < AP(¢") for all n > L,y o(Ww). As
Y ( ) yeB($,C;¢>(q"_1)) Y ( ) (q ) 6N, +7CI( )

we mentioned before, d(Xy, X;n-1) < . ®(q" ") for sufficiently large n. Thus for

sufficiently small A we have

f“’nﬂ) = 0.

q

> Py (AXg, X)) = A0(g")

Hence by the second Borel-Cantelli lemma, we have

lim sup d(X;"n_l,X;“’n) >\

We thus complete the proof. Ol

By Theorem 2.3, Theorem 3.1 and Theorem 3.2, we complete the proof of (1.6) in
Theorem 1.2.

8§4. Proof of another LIL

In this section, we prove (1.7) of Theorem 1.2.

Theorem 4.1.  Suppose that Assumption 1.1 holds. Then for almost all w € 2
there exists ¢ = c(w) > 0 such that the following holds,

.. maxop<¢<n d(X(‘s)? XZU) _ w w
(4.1) hnnilgf W17 (loglogn)-177 c, P?-a.s. for all x € V(GY).
Proof. We follow the strategy in [13]. It is enough to prove that there exist positive
constants ¢y, co > 0 such that the following holds,

. Tg(cc,r) w w
(4.2) c < llﬁs;ip A loglog 1) < ¢, P?-a.s. for all x € V(G*¥),
where 75,y = inf{n > 0 [ X3 & B(z,r)}. Indeed, putting n = 78 (loglog r?) into
(4.2) and using Theorem 2.3, we can easily obtain (4.1). In the following, we use the
notation in (2.1).
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Lower bound of (4.2); It is enough to show that there exist constants n > 0 and
J(w) > 0 such that

w 5 (z,r) 1/4
4. P — < < —
(4.3) * (amg@igm rB(loglogrf) — 77) < exp(=m ™)
holds for all m > J(w), since the lower bound of (4.2) follows by (4.3) and the Borel-
Cantelli Lemma.

First, we estimate the left hand side of (4.3) as follows,
TCU TLL)
p;) max __ B@r) <n) <P max _B(z,2ax) <1
24, <r<2azm 7P (loglogrP) m<k<2m U

T(JJ
< Py ( max -—2®20) o 1) <P/ m { max d(Xy,XS) > Zak}
mSk‘SQm O-k m<k<2m 0§S§0k+1
(4.4)
= P (A%),

0<s<0k+1

2m
where we define Dy = { max d(X{,XS) > 2ak} and use Aj, = ﬂ DY in the last
k=m

equation. In order to estimate P (A% ), set

z’z{ max d(XY

O
Ok <8<Ok41 k

X;u) > ak,d(Xf)”?X;Jk) < ak} ,

Hy, {Og‘gk d(X§, X)) _ak}

We can easily see Dy C GY U Hy. Let n > 1 be as in Corollary 2.2. For any k with
max N, .(w) < ai/ﬁ, we have
z€B(z,4nay,)

PE(GE) = B2 Lt o P, (o dX7.X9)> a1

<  max Pf( max d(z, X?) > ak)

zEBY(z,ar) 0<s<ug

=1—  min P/ ( max d(z, X?) < ak>
z€EBY(z,ar) 0<s<ug

1

- - —ea—2/3
<1 (1+k)2/3§exp( csk >,

where we use Corollary 2.2 in the forth inequality. So, it holds that

(4.5) max PS(GY) < exp (—03l<:_2/3>

zEBY(z,ar)
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for any k with Br(nax )Nz,e(w) < a;/ﬁ. Hence, by Lemma 2.4 (3), (4.5) holds for
ze€B(x,5nay

k>m > Kge15y(w). Forany k> m > L, ¢ 2/31/3(w) we have

[ e\ MY
P?(Hy) < cgexp |—cs (—k>
ok
i 5 1/(8-1)
< cgexp | —cy k
((k - 1)Ak_1a§j_1>
[ o2k N\ /(-1
4. < —
(4.6) < cgexp | —co (klogk) ,

where we use Lemma 2.1 (1) and Lemma 2.4 (1) in the first inequality. We can easily

(fi)(57)

Using the Markov property, (4.5) and (4.6) we have

see

2m 23 2m o2k 1/(B-1)
Pr(AY) < H exp(—csk™ 7)) 4+ cs Z exp [—09 (klogk) ]
(4.7) < exp(—cigmt’%)

for any m > Ky c1,50(w) V Ly 2/3,1/3(w). By (4.4) and (4.7) we obtain

Tg(x r)
P A
%: z (2amg}“aﬁx2a2m Tﬁ(loglog T’B) o n) =

and thus by the Borel-Cantelli lemma, we obtain the lower bound of (4.3).

. w Tg(xﬂ“)
Upper bound; Define B} = {bkgr?giﬂ W > n}. Then by Lemma

2.1(2) and Lemma 2.4 (1), for any k > L, . 21(w) we have

P?(ByY) < P? (TB(:C brs1) = nby, log10g5/3>

max d(Xg5, X)) < brt
O<s<17b5 loglogbB
( C11 )01277/6

d(XE, X2) b | < (S
0<s< bk_Hlogk: k
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Since the right hand side of the above is summable for sufficient large n, by the Borel-
Cantelli lemma we have

,rw
1 B(z,r) "
fim su e VT P Py R ; PY-a.s.
k_>oop br<r<bpii TP (log log T,B) =1 z

We can easily obtain the upper bound of (4.2) from the above inequality. We thus
complete the proof. O

8§ 5. Ergodic media

In this section, we consider the case G = (V,E) = Z¢ and obtain Theorem 1.4

under Assumption 1.1 and Assumption 1.3.

§5.1. Ergodicity of the shift operator on Q7

Let Q = [0,00)” and define £ as the natural o-algebra (generated by coordinate
maps). We write X = Q% 2" = $%% and denote a shift operator by 7., i.e. (T,w)e =
Wyte. If each conductance may take the value 0, we regard 0 as the base point and
define Co(w) = {x € Z¢ | 0 % z}, where 0 <2+ 2 means that there exists a path
v =ejes--- e from 0 to z such that w(e;) > 0 forall i =1,2,--- k. Define Qy = {w €
Q| #Co(w) = oo} and Py = P(- | Qo).

Next we consider the Markov chain on the random environment (called the envi-
ronment seen from the particle) according to Kipnis and Varadhan [14]. Let w,(:) =
w(-+ X)) = 7xww(-) € Q. We can regard this Markov chain {wy,},>0 as being defined
on X = QZ. We define a probability kernel Q : Qg x & — [0,1] as

1
Q(W7A) == m Z wovl{vaeA}.
e':le’|=1""e

v:lv|=1

This is nothing but the transition probability of the Markov chain {wy, }n>0.
Next we define the probability measure on (X, 2Z") as

w((wep, -+ wp) € B) = /B Po(dw—pn)Q(w—pn,dw_pt1) - Q(wp—1,dwy).

By the above definition, {7xsw}r>0 has the same law in Eo(F5'(+)) as (wo, w1, -+ ) has
in p, that is,
(51) EO [Péu({TXI:JW}kZO < B)} = ,u((wo,wl, .- ) c B)

holds for any B € %2 .
We need the following theorem to derive Theorem 1.4. Let T : X — & be a shift
operator of X, that is,

(TW)n = Wn+1-
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Theorem 5.1. Under Assumption 1.3, T is ergodic with respect to .

The proof is similar to [6, Proposition 3.5], so we omit it.

§5.2. The Zero-One law

The purpose of this subsection is to give the proof of Theorem 1.4. We need the
following version of the 0-1 law. Let a > 0 and A¥ (a), A (a) be the events

o d(Xg, X2)
Aila) = {hﬂsolip n'/B(loglogn)t—1/8 - a} ’

w . .. maXogkgnd(Xﬁj,XZf)
A3 (a) = {lgggéf nt/B(loglogn)—1/8 “

Define
Ai(a) = {w e Q| A¥(a) holds for P¥-a.s. and for all z € Co(w)} .

Proposition 5.2.  Py(A;(a)) is either 0 or 1.

Proof. We follow the proof of [11, Corollary 3.2]. Let F; : Q — [0,1] be F;(w) =
F§(AY (a)). By the Markov property of {w, = Txw(w)}n we have

By (A7 (a) | F) = Fi(wn),

where Fy = o(Xy | k < n). So {Fi(wn)}n is F¥-martingale. By the martingale

convergence theorem we see
Fi(wn) = Law(a) Py-a.s.

Therefore

Eo

N-1
w : 1
Py (NIgnOON > Filwn) = 1A7(a>>] =1

Next we define F; : Q% — [0,1] by Fi(@) = F;(@). Since T is ergodic w.r.t. u,
Birkhoft’s ergodic theorem gives

By (5.1) we see
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So, either A¥(a) holds almost surely or it does not hold almost surely. We thus complete
the proof. O

[

[13]

[14]

Theorem 1.2 and Proposition 5.2 immediately give Theorem 1.4.

References

Andres, S., Deuschel, J-D. and Slowik, M., Harnack inequalities on weighted graphs
and some applications for the random conductance model, Probab. Theory Related Fields
164 (2016), no. 3, 931-977.

Barlow, M. T., Diffusions on fractals, Lect. Notes in Math. 1690, Ecole d’Eté de Proba-
bilités de Saint-Flour XXV—1995, Springer, New York, (1998).

Barlow, M. T., Random walks on supercritical percolation clusters, Ann. Probab. 32
(2004), no. 4, 3024-3084.

Barlow, M. T. and Deuschel, J.-D., Invariance principle for the random conductance
model with unbounded conductances, Ann. Probab. 38 (2010), no. 1, 234-276.

Bass, R. F. and Kumagai, T., Laws of the iterated logarithm for some symmetric diffusion
processes, Osaka J. Math. 37 (2000), no. 3, 625-650.

Berger, N. and Biskup, M., Quenched invariance principle for simple random walk on
percolation clusters, Probab. Theory Related Fields 137 (2007), no. 1-2, 83—-120.

Biskup, M., Recent progress on the random conductance model, Probab. Surv. 8 (2011),
294-373.

Biskup, M., personal communication 2016.

Boukhadra, O., Kumagai, T. and Mathieu, P., Harnack inequalities and local central
limit theorem for the polynomial lower tail random conductance model, J. Math. Soc.
Japan 67 (2015), no. 4, 1413-1448.

Delmotte, T., Parabolic Harnack inequality and estimates of Markov chains on graphs,
Rev. Mat. Iberoamericana 15 (1999), no. 1, 181-232.

Duminil-Copin, H., Law of the iterated logarithm for the random walk on the infinite
percolation cluster, preprint 2008, available at arXiv:0809.4380.

Hambly, B. M. and Kumagai, T., Heat kernel estimates for symmetric random walks on
a class of fractal graphs and stability under rough isometries, Proc. of Symposia in Pure
Math. 72, Part 2, pp. 233-260, Amer. Math. Soc., Providence, (2004).

Kim, P., Kumagai, T. and Wang, J., Laws of the iterated logarithm for symmetric jump
processes, to appear Bernoulls.

Kipnis, C. and Varadhan, S. R. S., A central limit theorem for additive functionals of
reversible markov processes and applications to simple exclusions, Commun. Math. Phys.
104 (1986), no. 1, 1-19.

Kubota, N., The law of the iterated logarithm for a class of transient random walk in
random environment, Journal of Research Institute of Science and Technology, College Sci-
ence and Technology, Nihon University, 127 (2012), 29-32, available at arXiv:1004.5015.
Kumagai, T., Random walks on disordered media and their scaling limits, Lect. Notes in
Math. 2101, Ecole d’Eté de Probabilités de Saint-Flour XL-2010, Springer, New York,
(2014).

Kumagai, T. and Nakamura, C., Lamplighter random walks on Fractals, preprint 2015,
available at arXiv:1505.00861.



16

[18]
[19]
[20]
[21]

[22]

TAkASHI KUMAGAI, CHIKARA NAKAMURA

Mathieu, P. and Piatnitski, A., Quenched invariance principles for random walks on
percolation clusters, Proc. Roy. Soc. A 463 (2007), 2287—2307.

Nakamura, C., Rate functions for random walks on Random conductance models and
related topics, in preparation.

Rodriguez, P.-F. and Sznitman, A.-S., Phase transition and level-set percolation for the
Gaussian free field, Comm. Math. Phys. 320 (2013), no. 2, 571-601.

Sapozhnikov, A., Random walks on infinite percolation clusters in models with long-range
correlations, to appear Ann. Probab..

Sidoravicius, V. and Sznitman, A.-S., Quenched invariance principles for walks on clusters
of percolation or among random conductances, Probab. Theory Relat. Fields 129 (2004),
219-244.

Sznitman, A.-S., Vacant set of random interlacements and percolation, Ann. of Math.
(2) 171 (2010), no. 3, 2039-2087.

Teixeira, A. On the uniqueness of the infinite cluster of the vacant set of random inter-
lacements, Ann. Appl. Probab. 19 (2009), no. 1, 454-466.



