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題　目：  高次元における自己回避歩行の臨界現象と極限定理
　　　   -　レース展開によるアプローチ　-
  Critical behavior and limit theorems for self-avoiding walk 
  in high dimensions: The lace-expansion approach

講　師：  坂井　哲 氏 （北海道大学）
場　所：  京都大学理学研究科３号館 １０８号室
日　時：  １１月１１日（火）：１０：００-１２：００
  １１月１２日（水）：１３：００-１５：００
  １１月１３日（木）：１０：００-１２：００

下記の予定で連続講演を行います。09年2月から１ヶ月半程、G.Slade教授
（UBC）が京都大学に来られる予定ですが、この連続講演は、Slade教授来日に向
けて、レース展開の入門的講義を行うものです。皆様奮ってご参加下さい。
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Abstract

Self-avoiding walk (SAW) is a statistical-mechanical model for a linear polymer in a good
solvent. We consider SAW on Zd and say that a path ω = (ω0, ω1, . . . , ωn) of length |ω| = n
is self-avoiding if ωi ̸= ωj for all i ̸= j. Let

cn(x) =
∑

ω:o→x
|ω|=n

1{ω is self-avoiding}

n∏
i=1

D(ωi − ωi−1), c0(x) = δo,x,

where D is a Zd-symmetric probability distribution. If the indicator 1{ω is self-avoiding} is
absent, then cn(x) is reduced to the n-step transition probability for random walk generated
by the 1-step distribution D. Let ĉn(k) =

∑
x∈Zd eik·xcn(x).

Many researchers in mathematics and physics have been attracted to this model, due to
the fact that it exhibits critical behavior. Since its introduction, SAW has been investigated
actively for decades. For the nearest-neighbor model (i.e., D(x) ∝ 1{|x|=1}), in particular,
Hara and Slade finally prove in 1992 using the lace expansion that it exhibits Gaussian mean-
field behavior for all d ≥ 5: e.g., ∃A = A(d) ∈ (0,∞) such that ĉn(k/

√
n)/ĉn(0) → e−A|k|2

as n → ∞. For d ≤ 4, on the other hand, we do not expect such simple behavior. In fact, in
2 dimensions, it has been discovered that, if there is a conformal-invariant continuum-limit,
it must be described by the Schramm-Loewner evelution with parameter 8/3 (SLE8/3 for
short). At the upper-critical dimension d = 4, it has been conjectured that there are log
corrections to the Gaussian mean-field behavior. Brydges and Slade have been working on
this issue using a renormalization-group method. (A seminar series by Slade is planned in
winter 2009 at Kyoto University.)

In my series of talks, I will explain the most recent and most efficient form of the lace-
expansion analysis, which is also applicable to long-range SAW defined by D(x) ≈ |x/L|−d−α

with α > 0, where L < ∞ is the spread-out parameter that is taken to be large in the
analysis. Notice that the variance of D does not exist if α ≤ 2. Among the results obtained
so far is the following limit theorem: ∀d > 2(α ∧ 2) and L ≫ 1 (depending on d and α),
∃A = A(d, α, L) ∈ (0,∞) such that

lim
n→∞

ĉn(kn)
ĉn(0)

= e−A|k|α∧2
, where kn = k ×

{
n− 1

α∧2 (α ̸= 2),
(n log n)−1/2 (α = 2).

The material covered is based on my recent joint work with Chen, Heydenreich, and van
der Hofstad.
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