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Abstract

We construct critical percolation clusters on the diamond hierarchical lattice and show
that the scaling limit is a graph directed random recursive fractal. A Dirichlet form can
be constructed on the limit set and we consider the properties of the associated Laplace
operator and diffusion process. In particular we contrast and compare the behaviour of the
high frequency asymptotics of the spectrum and the short time behaviour of the on-diagonal
heat kernel for the percolation clusters and for the underlying lattice. In this setting a number

of features of the lattice are inherited by the critical cluster.

1 Introduction

There has been extensive recent work on gaining a mathematical understanding of random walk
on the clusters of Bernoulli bond percolation in 7% for d > 2. In the percolation model each edge
of Z¢ is open independently with probability p. The system exhibits a phase transition in that
at a critical probability p. € (0,1) there exists an (unique) infinite connected component C., of
the set of open edges. In the supercritical case, where p > p., there are now annealed [16] and
quenched [10, 39, 43] invariance principles, full Gaussian heat kernel bounds [4] and a local limit
theorem [5] for the random walk on C for any p > p. in any dimension.

The transport properties of the percolation cluster ‘at criticality’ have been studied in the
physics literature in great detail through heuristics and numerical work, [25] however they are
much less well understood mathematically. Let Y = (Y;,¢ > 0) be the (continuous time) simple
random walk on the critical cluster C, and p;(x, y) be its heat kernel. Define the spectral dimension
of C by

4.(C) = —2 1im 28PAT:2)
t—o0 logt

if this limit exists. Alexander and Orbach [1] conjectured that, for any d > 2, ds(Cza) = 4/3.
While it is now thought that this is unlikely to be true for small d, it has been proved for the

)

mean field regime [33], that is for sufficiently high dimension, or in d > 6 when the lattice is
sufficiently spread out. The first issue is to construct a critical cluster as the probability of the

existence of such an infinite cluster is 0 (this is proved for d = 2,d > 19). In the two dimensional
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case the incipient infinite cluster (IIC), the critical cluster, was first constructed in [27] and the
first result on the random walk on this cluster [28], showed that it was subdiffusive. The only
recent work on the random walk on the two dimensional IIC is an estimate for the resistance of
the IIC, which leads to bounds on the random walk exponent®. Although the scaling limit will
have a description in terms of SLE, there is no conjecture regarding the dynamic exponents in two
dimensions. In high dimensions more detailed results such as subdiffusive heat kernel estimates
are now available for the random walk on the incipient infinite cluster on d-ary trees [8], oriented
and unoriented spread out percolation clusters in dimension greater than 6 [6, 33]. In all cases, it
is proved that the Alexander-Orbach conjecture is true. Spectral properties [15] and heat kernel
estimates [14] are also known for the continuum random tree, a set closely related to the scaling
limit of the IIC on the tree.

Our aim is to investigate a simpler lattice than 7% and consider the analogue of the infinite
cluster from critical bond percolation on this lattice and study its transport properties. The recent
progress on the high dimensional critical cluster makes use of the fact that in the mean field the
percolation clusters are close to trees, in that there are very few loops, which makes resistance
calculations easier. The lattice we consider here has features not seen in the mean field regime in
that there are loops at all scales but, due to exact self-similarity, it is easier to handle than 7
for low dimensions.

The diamond hierarchical lattice was initially investigated in the physics literature, for instance
in [11], [44] and [17] and more recently for random polymers in [12, 19, 36], and random conductors
[45]. It is constructed in a self-similar manner and the first few stages in the construction are
shown in Figure 1. The self-similarity allows for the straightforward computation of a number
of exponents for the lattice, for example the dimension is 2. Thus we may hope that the lattice
has some similarities to the two-dimensional integer lattice. However detailed properties are more
difficult to obtain as it is not a finitely ramified fractal lattice and can be viewed as having a

multifractal structure.
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Figure 1: The first 3 stages of the construction of the diamond hierarchical lattice

At each stage of construction the lattice is a finite graph D,, and Bernoulli bond percolation
can be performed. We define percolation as the existence of an open cluster in D,, joining the

two vertices of Dy in the limit as n — oco. The exact construction and definition will be given
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in Section 2. A picture of the level 3 lattice after percolation (which contains two non-trivial

open clusters and 10 single point clusters) is shown in Figure 2. In this setting there is no need

Figure 2: The first 3 stages of the diamond hierarchical lattice after percolation where a thick

line indicates an open edge and a dot indicates an isolated vertex

to construct an IIC as, for our model on this lattice, an infinite cluster will exist with positive
probability at the critical probability. Once we have shown that there is such a cluster we will
give an alternative probabilistic description of the infinite cluster via the tree associated with a
multitype branching random walk. This structure is the key to our analysis as we can apply
techniques that have been developed for handling random recursive fractals. We will write (2, P)
for the probability space of clusters and C(w) for the critical cluster.

We will proceed to construct a Dirichlet form on the critical percolation cluster and then to
show that it can be renormalized to produce a Dirichlet form (£, F*) on L?*(C(w), f1,,) (where
I 1S a natural measure defined later) for the scaling limit. This scaling limit is a graph directed
random recursive fractal set viewed as a self-sufficient metric space. The approach is to choose
weights associated with each edge in the lattice in such a way that the effective resistance across
the whole lattice remains at one. This mimics the construction of Dirichlet forms on random
recursive Sierpinski gaskets as in [20].

The first results we obtain are to indicate the properties of the scaling limit of the diamond
hierarchical lattice (which we denote by K) itself. We focus on two aspects. Firstly the behaviour
of the heat kernel, where we can obtain only weak bounds. As there is no volume doubling for
the natural measure it is difficult to get sharp uniform estimates for the heat kernel and we only
give an upper bound and a diagonal lower bound. The other property that we consider is the
high frequency asymptotics of the spectrum of the Laplacian. As the scaling limit of the lattice
is similar to a finitely ramified fractal we can show that there are strictly localized eigenfunctions
and that these dominate the spectrum.

For the scaling limit of the critical percolation cluster C, we can obtain results for the on-

diagonal heat kernel and also for the spectral asymptotics.

Theorem 1.1 Let N ()) and Np(A) be the number of eigenvalues less than X for the Laplacian
(Dirichlet or Neumann) on K and C respectively. Then, there exist periodic functions p and p1,
a mean one random variable W > 0 and a constant 6 = 5.2654.. such that the following hold as

A — 00,
Nk() = Ap(logA) + oA, (1.1)
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Ne(\) = WAV p (logA) + oA TV P —a.s.. (1.2)
Further, p is not a constant function.
Note that 0 is the dimension of the cluster with respect to the effective resistance metric.

Theorem 1.2 (i) There exist jointly continuous heat kernels p(x,y) for the Laplacian on K and
q¥ (z,y) for the Laplacian on C = C(w) such that the following on-diagonal estimates hold: For
€ >0, for a.e. x € K, there exists T(x) > 0, constants c1,co and random constants cz,cq such
that

cit M logt| 27 < py(x,2) < eot™h, ae x € KVt < T(x),
cgtfo/(0+1)| 1og t|72(20+3)(9+2)*6 < Qf (:C I) < C4t79/(9+1)| log | logtH(Gfl)/(GJrl)7

7

pe —a.e. x € C(w), P—a.s., Vt <1.

(ii) For the vertex 0 (which is in both K and C), there are constants cs,cg > 0, random constants
cr,cg >0, and 0’ = 3.927.. such that the following hold:

est ™2 < pi(0,0) < gt ™2, vt < 1,

ert 01O < g0, 0) < gt~/ O, P—ae w, Vt <.

This theorem shows that while the diamond hierarchical lattice itself behaves, at the level of expo-
nents, like Z2, a version of the Alexander-Orbach conjecture does not hold for this critical cluster.
We have no reason to believe that the spectral dimension of the critical cluster in the diamond
lattice should be the same as that for the IIC in Z*. We would expect that this exponent would
depend upon the local geometry which is quite different between the two lattices. The spectral
exponent we have computed here is also determined by the particular Laplace operator we have
chosen on our limit cluster which enables us to perform the renormalization in a straightforward
fashion.

We also remark here that the diamond hierarchical lattice is just one hierarchical lattice with
two boundary points which could be constructed. Our approach can be applied to other families
of hierarchical substitution rules but we note that in order to apply some of the techniques used
here it is important that the spectral dimension is less than 2.

The structure of the paper is as follows. In Section 2 we describe the diamond hierarchical
lattice and introduce percolation on it. The percolation problem leads to an exact renormalization
map and we give explicit results on the percolation probability and show that the infinite cluster
at criticality will exist with positive probability and can be described by a branching process.
This leads to a description of the scaling limit of both the diamond hierarchical lattice and the
infinite critical percolation cluster in Section 3. In Section 4 we consider the properties of the
diamond hierarchical lattice itself. Then we consider the same properties for the scaling limit of
the infinite cluster in Section 5. We complete the paper by discussing some open problems in
Section 6.

Note that throughout the paper we will write, ¢, ¢/, C, C’ for constants whose value may vary

from line to line. Constants marked c¢; are fixed within a given argument.
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2 Percolation on the diamond hierarchical lattice and its
scaling limit

The diamond hierarchical lattice is a recursively constructed graph. We begin with Dy = (Vj, Ep),
where V; consists of two vertices and Ej an edge between them. The graph D11 = (Vii1, Ent1)
is constructed by replacing each edge in F,, of D, by a diamond, that is two sets of edges, each
set consisting of two edges in series with a vertex between them, in parallel as shown in Figure 1.
We may also think of this as taking 4 copies of the graph D,, and attaching them in a diamond
configuration to form D, ;.

We note that E,, has 4™ edges and that the local geometry varies radically from point to point.
The original two vertices, which we label 0 and 1, have 2™ edges leaving them in D,,, while each

of the new vertices in V,,\V;,—1 (those added at the n-th level) have only two edges leaving them.

2.1 Percolation on D,

Now we perform percolation on the n-th graph D,,. Let , = {0,1}¥~, p € [0,1], and P,,, be
the probability measure on 2, which makes w(e), for each e € E,,, an i.i.d. Bernoulli r.v. with
P, p(w(e) = 1) = p. The edges e with w(e) = 1 are called open and the open cluster C,(z)
containing x is the set of y € D,, such that < y, that is  and y are connected by an open path
in D,,. Let D? be the graph whose components are the open clusters of D,,.

From D? we can construct Di,n for k =n—1,...,0 by considering each copy of Dy, a subgraph
of 4 edges in Dy between a connected pair of vertices, say z,y in Dj_1, and setting w(e) = 1
for each edge e in szl’n if the edges of that subgraph of DZ’H form an open path between the
vertices x,y of Dy_1. If the subgraph does not form an open path between these vertices, then

we set w(e) = 0 for that edge in DY As the edges of D,, are subject to independent Bernoulli

—1in
bond percolation and the procedure of determining if the subgraphs are connected only depends
on the four bonds in each subgraph, the edges of Dy will be subjected to independent Bernoulli
bond percolation for each k =n —1,...,0. However the probability of an edge being present will
be modified. We can compute the effect in that at level 1 we have 7 combinations of edges which

give a connection between 0 and 1 and hence the overall connection probability is py = f(p) where

flp) = 2p°(1—p)*+4p°(1 —p) +p*,

2p2 — p4.

Thus we have a map on the percolation probability as the graph is decimated. We see that P, ,

induces a probability measure Py tn-k(,) on Q, where f™(p) is the m-fold composition of f with

)

itself, which makes w(e) independent Bernoulli random variables for each e € Ej and hence we
n—k

have that DY == D,{ ®) in distribution. It is easy to see that the map f has 3 fixed points in

the interval [0,1]. Those at 0 and 1 are attracting and the one at p. = (v/5 —1)/2 is repulsive. It

is therefore simple to deduce the following.

Lemma 2.1 If the graph D,, is subject to Bernoulli bond percolation with p = p., then there is

percolation in the sense that the vertices 0 and 1 are connected by an open path with probability
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Pc-
If p > pc, then P(0 and 1 are connected in Dy) — 1 as n — oo.
If p < pc, then P(0 and 1 are connected in D,) — 0 as n — oo.

2.2 A tree description of the critical percolation cluster

We can now build a branching tree model of (D2¢)2° . We first give an informal description by
labelling the sequence of graphs D,,. For any graph D,, we label each edge as one of two types
- a ¢, for connected and a d for disconnected. Now to produce the labelling on D, ;1 we use
the following reproduction rule for the two types of edges. We first observe that applying bond

percolation to D; gives 16 possible configurations of labelled edges.

1. If we have a ¢, then to ensure that the graph remains connected, the replacement graph for
that edge comes from one of the 7 possible connected graph structures, shown on the left of

Figure 3, with the original probabilities normalized by dividing by p..

2. If we have a d, then the replacement graph for that non-edge is chosen from the 9 possible
disconnected configurations, shown on the right of Figure 3, with the original probabilities

normalized by dividing by 1 — p,.

NN
VAN

A%

Figure 3: The 7 connected and 9 disconnected configurations

Thus we view our sequence of percolation configurations (G,,) as starting from the initial edge
Gy, that is Dy labelled with a ¢, and then each graph G,, is the subgraph of the labelled graph
D,, where we only keep the edges with labels c.



We now set this up more formally. Let I = {1,2,3,4} and assign each number to an edge of
the four which form D;. let I® = (), and T,, = U?_,I* denote the quaternary tree to level n and
the full quaternary tree as T' = U, T;,. We write i = (i1,...,4,) where i; € I for a vertex i € T,,.
We will write 0T for the boundary of the tree, that is the infinite sequences of elements of I. For
any i = (i1,92,...) € Um>nT U OT we will write i|,, for (i1,...,4,). Let U = {c,d} denote the
possible types for each vertex in the tree. If the tree has a c¢ at vertex i € T, this corresponds
to the edge in D,, with label i being present after percolation and a d at the vertex to the edge
labelled i being absent.

We can construct a probability space (£2,P) by setting 2 = UT, and taking as a probability
measure P, that for a multitype branching process where an element of U represents the type of an
individual. The offspring distribution is always four and the type distribution is straightforward to
compute. If we have a type ¢ individual then we have one of the 7 possible connected configurations
with probability given by the following. For each i = 1,2,3,4 we choose independently a ¢ with
probability p. or a d with probability 1—p, and then renormalize. Similarly for a type d individual.
The distribution will be given explicitly in (2.1) for a slightly extended type space.

Lemma 2.2 The probabilistic structure of the sequence of graphs (Gp)o<n<n generated above
is the same as that of the decimated sequence of Bernoulli bond percolated graphs (foN)OénSN
derived from DXs. If the branching process starts from an individual of type c, then the vertices 0
and 1 in Gy, are connected and (Gp)n>0 corresponds to a sequence of graphs (DPe),>o in which

we have percolation.

Proof: The probability measure for the percolation on Dy is P, ,, the Bernoulli product
measure on the edges of Dy . The labels on level N induce a labelling on the sequence of decimated
graphs DflfN. At the critical probability we know that the measure induced on the tree has the
property that it is invariant under decimation so Dﬁf y = DPe in distribution. Indeed, (Qn,Pn,p.),
the probability space for Dy with critical Bernoulli product measure projects onto (€2, Py, ,.) for
all 0 < n < N. Thus we have the same measure on the labels as given by the multitype branching
process. Thus if we start the branching process with a ¢ corresponding to a connected edge for
Gy, then this leads to each G,, having the same distribution as DP- given that under decimation

D¢ is connected. ]

Thus, by Kolmogorov’s extension theorem, there is a DPs which has the property that if it is
subject to Bernoulli bond percolation it produces a finite lattice DP¢ with the property that the
vertices 0 and 1 are connected with probability p.. This infinite object is then described by the
limiting behaviour of the multitype branching process. We will use the notation DZe for the bond

percolation graph arising at the critical probability on D,, however it is constructed.

2.3 The critical cluster

The critical cluster is now obtained by considering only the connected component of DEs between
0 and 1. As the existence of the critical cluster has positive probability we can condition on its

existence and thus we will work on a subset €. C Q of our probability space which starts with
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the label ¢ at the root of the tree corresponding to a connected structure. The critical cluster
is described by a sub-branching structure contained within the full description of the diamond
hierarchical lattice subject to Bernoulli bond percolation.

We now reconsider our construction of (DP¢)o<,<n and extend it to produce a description of
the infinite cluster at criticality. Start with the sequence of graphs (szN)OSnS ~ which leads to
a connected Dy. Now we consider C,(0), which we just write as C,,, by removing all the edges of
the graph DX¢ that are not connected by an open path to the vertices 0 and 1. From this form the
sequence of graphs (Cp)o<n<n in the same way as we formed (DZTN)OSHSN. This is a sequence
of graphs, each of which is the connected component of DPe containing 0 and 1. Thus as n — oo,
this leads to the infinite cluster at criticality.

This graph can also be described by a branching tree. We now choose a different labelling of
the edges to ensure that the branching tree only retains and produces edges that are connected
to the two outermost vertices. We label connected edges by a ¢ as before but now split the
disconnected case up into two types. Firstly d(;) for those disconnected edges which have one
end connected to the infinite cluster and dyy for those disconnected edges which have two ends

connected to the infinite cluster. We now have the following replacement rules:

1. If we have a ¢, then the replacement graph for that edge comes from one of the 7 possible

connected graph structures.

2. If we have a d 1), then the replacement graph for that non-edge is chosen from the 4 possible

disconnected configurations which only have one vertex in the infinite cluster.

3. If we have a d(3), then the replacement graph for the non-edge is one of the 9 possible

replacement disconnected graphs available.

4. Edges in Dy which are not connected to the infinite cluster do not reproduce.

The configurations for ¢ and d(3) are the same as for the original model shown in Figure 3.
The new configurations for d(;) are shown in Figure 4 in the case when the image of vertex 0 is
part of the cluster. We also have the reflections of these configurations when the image of vertex

1 is part of the cluster.

d(l)

Figure 4: The 4 extra disconnected configurations



The probability distribution for the evolution of the types is given by

(26, 2d(1), Od(g)) 2 conﬁgs p(l - p)2
c— (3¢,0d(1y, 1d(2y) 4 configs p?(1—p) ,
(4¢,0d(1y,0d(2)) 1 config p?

(1c,2d(1),0d(2y) 2 configs p(1—p)
day — § (2¢,2d(),0d2)) 1 config p?(1—p) , (2.1)
(0c,2d(1y,0d(2y) 1 config 1—p
(1¢,2dy,1d(s)) 4 configs p(1—p)?
d@) = (2¢,0d(1),2d2)) 4 configs p?(1 —p)
(0c,4d(1),0d(5)) 1 config (1 —p)®.

For example, the transition distribution for ¢ — (2c, 2d(1y, 0d(2)) can be computed as p?(1-p)?/p =
p(1 — p)?, since the initial state is conditioned on c. Noting that 2p? — p* = p (because p = p..),
when we fix the initial state, the sum of the probabilities for each possible evolution is equal to 1.

Using these replacement rules and starting from an initial graph Gg = Dy we produce a
sequence of connected subgraphs (G, )o<n<n of the diamond hierarchical lattice by retaining only

those edges of D,, for n =0, .., N which are labelled ¢ at the large scale.

Lemma 2.3 The sequence of graphs (Gn)o<n<n has the same distribution as (Cp)o<n<n, the
sequence of graphs which grow to be the infinite cluster in the Bernoulli bond percolation model

for the diamond hierarchical lattice conditional upon connecting the vertices 0 and 1.

Proof: As in the case of the Bernoulli bond percolation graph constructed on the graph D,, in

Lemma 2.2, this follows from the construction. 1

From now on we will write C,, for the subgraph of D,, which is the level n percolation cluster
connected to the origin. (Note that G,, = U,C, () is a collection of connected components, so

Cn =Cyn(0) C Gy. We will not need to use G,, any more.)

3 Scaling Limits

3.1 The scaling limit of the diamond hierarchical lattice

We begin by discussing the diamond hierarchical lattice. The sequence of graphs (D,,) can be
rescaled to give each edge length 27" and the resulting limit can be regarded as a fractal in that
it is a self-sufficient metric space built from 4 contraction maps. This is not a finitely ramified
fractal as in the limit there will be a countable infinity of connections at any vertex in V,, for a
given n. It is a simple fractal in the sense of [40] and thus there exists a diffusion on the scaling
limit via the methods of [40]. We will take a different approach here.

Let (K, d) be a compact metric space containing two points labelled 0,1 and {v; : i = 1,2, 3,4}

be a set of contractions ¢; : K — K, with contraction factor 1/2 with respect to the metric d, and
the following properties: 1 (0) = ¥2(0) = 0, 13(1) = 14(1) = 1 and 91 (1) = ¥3(0), 2(1) = 14(0)



and ¢; (int(K)) N4, (int(K)) = 0 for all i # j, where intK = K\{0,1}. This defines the scaling

limit of the diamond hierarchical lattice as a self-similar set in that

We recall that the limit set can be regarded as the image space of the boundary of the tree 0T
viaw: 0T — K, where {m(i)} = Np>0¢i, 0 ... 0 ¢y, (K).

We can observe that in the framework of [30] the post critical set is countably infinite (it
consists of all possible addresses of the points 0 and 1) but we can still regard the fractal as
having a boundary consisting of two points, as the countable collection of addresses only point to
the two vertices 0 and 1. We recall that Vj is the set of vertices of Dy and that we can embed V,,,
the vertices of D,,, in K by setting V;, = Ui 9;(V;,,_1) forn = 1,2, ...

We note that the diamond hierarchical lattice has similar dimension properties to R?. If we
compute the Hausdorff dimension of the set it is 2, the resistance does not scale in the sense that
unit resistances on each edge lead to a unit resistance across the whole set and hence the walk

dimension and the spectral dimension are also 2.

Definition 3.1 We define the natural metric on K. For x,y € V,, let m,(x,y) denote the set of
paths from x toy in the graph Dy,. Let d,(x,y) = min{|¢| : & € m,(z,y)} be the number of edges
in the shortest path on V,, between x and y. Then, the following limit exists;

d(z,y) == lim 27"d,(2n, yn), Vr,y e K

n—oo

where T,,y, € V,, converge to x,y respectively as n — oo. The limit is independent of the choice

of the approximating sequence. It is easy to see that d is a geodesic metric.

Definition 3.2 Let p be the Hausdorff measure on K. It satisfies the following for alli € I™;
p(K;) =471

Note that g does NOT satisfy the volume doubling property with respect to the natural
distance on K. Denote the volume of a ball by V(x,r) = u(B(z,r)). Note also that the following
does NOT hold; ¢;r? < Viz,r) < cor? for all x € K,0 < r < 1, because otherwise 1 would satisfy
the volume doubling property.

We will discuss the properties of this set in Section 4

3.2 The scaling limit of the critical percolation cluster

The scaling limit for the critical percolation cluster itself will be a random recursive graph directed
fractal. As for the diamond hierarchical lattice we define the limit as a self sufficient metric space
and we take the same contraction maps as for the diamond hierarchical lattice. Now however we
will only use the composition of all the maps leading to the individuals labelled ¢ in the multitype
branching process.

We recall the labelling of the infinite cluster branching process as given in Section 2.3. Each

vertex i € T has four edges out labelled 1,...,4 and we associate the map 1; with the label i. The
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probability space (£2,P) introduced in Section 2.2 can now be viewed as a probability space for
the random recursive graph directed fractal C(w). This random recursive graph directed fractal is
determined by a construction graph with three vertices, each corresponding to a type (labelled as
before ¢, d,d®). The edges of the construction graph determine how a given type of fractal is
composed of subtypes. The random recursive set is viewed as a vector of sets, one for each type,
each of which is a random set composed of copies of the random sets of the possible types, see for
example [41].

We write w € Q as w = {u; : i € T} for the tree with its labels. Then for a given w € Q the
fractal C(w), which we will often denote C(*?) to indicate the type ugy of the set, will satisfy

4

et = [ Jwa€™) = [Ji(Clow)),

i=1 i=1
where C(™) is the random recursive fractal corresponding to type 7 and o; is the shift along the
tree down the branch labelled ¢ in that if w = {(j,@;),j =1, ..,4,®; € Q}, then o,w = @;.

The Hausdorff measure on the limit will also satisfy a recursive formula in that for w € €,

foo (1) = plo () = Zuﬁi (¥i(.) = ZMin(wi('»'

Now ], is a measure on a set of type 7, the type corresponding to the root of the tree w.

3.3 The dimension of the critical cluster

The branching structure underlying the construction means that it is possible to use branching
processes to describe the volume growth of the infinite cluster. If we consider the scaling limit,
in which we scale the length of each edge in C,,, the critical cluster on D,, by 27", we obtain
a sequence of graphs which can be embedded in a fractal. Indeed this is a random recursive
graph directed simple fractal space. The computation of the Hausdorfl dimension (in fact the
multifractal spectrum) of such fractals is described in [41]. Here we use the connection with
multitype branching processes. We note that as the length scaling is always 1/2, we just need to
compute the number of edges in C,,. These can be described by a multitype branching process with
three types, corresponding to ¢, d(1),d(2). The number of edges in the graph C,, is the number of
type c individuals in our branching process. It is straightforward to write down the mean matrix
of the process and thus to compute the growth of type ¢ individuals.

In order to compute the dimension of the set we do not need the labels for the individuals,
we just record the number of each type as this is the offspring distribution for the multitype
branching process which describes the growth. Let X be the random vector of the number of
offspring of each type. We write P7 (X, = n., Xa,, = Ny Xdgy) = nd(2)) for the probability that

an individual of type 7 has n¢, nq4,,, nd.,, offspring of types c,d(1),d(2). From (2.1), we have the

following,
Pe(X,=2,Xq,, =2,Xq, =0) = 2p(1-p)°
Pe(X,=3,Xq,, =0Xq, =1) = 4p°(1—p)
PY(X.=4,Xq, =0,Xq, =0) = p’
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PO(X,=1,Xq, =2,Xaq, =0) = 2p(1-p)
PO (X, =2,Xa, =2,Xaq, =0) = p*(1—p)
PO (X, =0,Xa,, =2,Xq, =0) = 1—p
Pl (X, =1,Xq, =2,Xaq, =1) = 4p(1-p)
Pl (X, =2,Xq,, =0,Xq, =2) = 4p°(1-p)
P (X, =0,Xq, =4,Xq, =0 = (1-p)?°

From this we can compute the mean matrix, which simplifies by using the fact that at p = p,

we have 2p — p® = p+p? =1, and writing ¢ = 1 — p = p?,

8¢ 4pg*® 4¢? 8p* 4p°  4p*
EX=1|2 2 0 |[=|2?* 2 0
4q 4pq  4q 4p*  4p®  4p?

For example, the (1,1)-component of the matrix can be computed as follows,
2% 2p(1 —p)2 +3 x4p*(1 —p) +4 x p* = 4pq(q + 3p+ 1) = 8pq(1 + p) = 8¢ = 8p*.

The rate of growth of the number of individuals is the maximum eigenvalue of this matrix

which is the largest root of
2% + (6V5 — 20)2” + (365 — 68)z + 64 — 32¢/5 = 0.
This can be computed numerically as xy.x = 3.8425....

Theorem 3.3 The fractal which is the scaling limit of the infinite Bernoulli bond percolation clus-

ter on the diamond hierarchical lattice has Hausdorff dimension df = log Zmax/log?2 = 1.8993....

Remark 3.4 Thus the dimension of the critical cluster in the diamond lattice is different from

that of the IIC in Z® which is known to be 91/48 = 1.8959....

The natural geometric measure on the fractal can be described by the branching process in
that the limit measure will be random with the total mass given by the limit random variable
in the multitype branching process. When we consider the analytic properties of the percolation
cluster we will need to work in the effective resistance metric and in this setting we will use a
similar construction but based on a multitype branching random walk. We discuss this further in

Section 5.

4 The diamond hierarchical lattice and its properties

In this section, we will discuss the construction of the Dirichlet form on the diamond hierarchical

lattice as well as the spectral asymptotics and heat kernel estimates associated with this form.
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4.1 Construction of the Dirichlet form

The construction of a Dirichlet form on this limit is straightforward, even though we do not have
finite ramification, as the approach of [29, 35] is still applicable.
Let )
Eo(f,9) = 5(f(0) = f(1))(9(0) — g(1)). (4.1)
We then define ,
gl(fa g) = Zgo(f © ¢l7g © %)7
i=1
and note that inf{€1(g,9) : glv, = f} = Eo(f, f) for any f: V) — R. Thus we can extend this to
write
4
Enlf9) = En1(fothigoty),
i=1

and put
E(fvf):nangogn(fvf)a Vfo* = {f:UmZOVm*)R‘ supé'n(f,f)<oo}.

We denote Fp, = {f € F: flv, =0}.

We recall that the diamond hierarchical lattice is not a p.c.f. self-similar set in the sense of
[30], and note that the harmonic structure is not regular. Nevertheless, we can construct a regular
local Dirichlet form on L?(K, 1) in the same way as the non-regular harmonic structure case (see
[35] section 3 or [30] section 3.4). Below, we will state the key proposition for the construction

without proof.

Proposition 4.1 (i) For each m € N and h : V,, — R, there exists a unique function P,h €
C(K) such that the following holds,

Puhly,, =h, and  E((Pnh)|u,,soVis (Pmh)|U,s0vi) = Em(h, h).
(ii) For any f € F*, {Ppf}m converges in L*(K,u) as m — oc.

The proof of (i) is the same as that of Corollary 3.2.15 in [30] and the proof of (ii) is the same as
that of Lemma 3.4.3 in [30]. (Note that in this case r; = 1 fori = 1,---, 4 and pu(K;) = p; := 4711)
For f € F*, let ¢, (u) be the limit of {P,, f},, in L*(K, u) as m — oo.

Lemma 4.2 ¢, : F* — L*(K, p) is injective and it is a compact operator. Here the norm on F*

is given by E(-,-) + || - ||2..

The proof is the same as those of Lemma 3.4.4 and Lemma 3.4.5 in [30].
Let F := 1, (F*) € L*(K,u) and Fp = ¢,(Fp) C L*(K,p). Then, the following can be
proved in a similar way to Theorem 3.4.6 and Corollary 3.4.7 in [30].

Theorem 4.3 The pair (€,F) is a local reqular Dirichlet form on L?(K,u) with the following

self-similarity,
4

E(f.9)=> E(fotigots), Vf.geF.

i=1
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The corresponding non-negative self-adjoint operator Hy on L?(K, 1) has compact resolvent.
Similarly (€, Fp) is a local regular Dirichlet form and the corresponding non-negative self-adjoint

operator Hp on L?(K, i) has compact resolvent.

From the construction, it is easy to check that £(f, f) = 0if and only if f is a constant function,
in particular 1 € F and £(1,1) = 0. So (£, F) is conservative. We note that the Dirichlet form is

not a resistance form.

4.2 Spectral properties

By Theorem 4.3, the self-adjoint operators Hy and Hp have compact resolvents. Therefore the
Neumann eigenvalues (and also the Dirichlet eigenvalues) are non-negative, of finite multiplicity
and their only accumulation point is co. Let Ny (z) and Np(x) be the Neumann and Dirichlet

eigenvalue counting functions respectively. That is, for b= N and D,
Ny(x) = max{k : \} < z},
where {A\’};>1 is the non-decreasing sequence of eigenvalues (including the multiplicity) for Hy.

Definition 4.4 u € F is called a pre-localized eigenfunction of € belonging to the eigenvalue A if
uw€ Fp, uZz0 and
E(u,v) = AMu,v) ez, Yo e F.

We then have the following asymptotics for Ny(z) as © — oo.

Theorem 4.5 The following holds for b= N and D,

Ny N
0 < liminf Nolz) < limsup No(x) < oo0. (4.2)
x

Further, (1.1) in Theorem 1.1 holds where p in (1.1) is a non-constant periodic function.

Proof: Again we can apply the proof for p.c.f. self-similar sets in [30]. The proof of 0 <
liminf, oo Np(x)/z < limsup,_,., Np(z)/x < oo and (1.1) without the knowledge of p being a
non-constant, are the same as that of Theorem 4.1.5 (2) in [30]. To prove the strict inequality
in the middle (and thus prove that p is non-constant), we use the existence of pre-localized
eigenfunctions.

By Theorem 4.1.5 (2) and Theorem 4.3.4 in [30], the strict inequality in the middle of (4.2) is
equivalent to the existence of a pre-localized eigenfunction. Let h : K — K be a homeomorphism
such that h(n(i)) = 7(i), where i € I*® is determined by i € I by exchanging letters 1 to 2,
and 3 to 4 in each element. (So, h is a “reflection” of K with respect to the “hypersurface”
that contains V4.) By Proposition 4.4.3 in [30], this h guarantees the existence of a pre-localized

eigenfunction. ]

Remark 4.6 In [30], pre-localized eigenfunctions are defined for the Laplace operators instead
of the Dirichlet form. Using Definition 4.4, the above arguments still work in a similar way to
those in [30].

We note that a complete description of the spectrum for the diamond lattice is given in [2].
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4.3 Heat kernel estimates

In this subsection, we obtain detailed heat kernel estimates for the diffusion process {X;} corre-

sponding to the Dirichlet form (&, F) given in Theorem 4.3. Our main theorem is the following.

Theorem 4.7 There exists a jointly continuous function pi(x,y), t € (0,1),z,y € K such that

Hf@%jépd%wﬂwuww, Vi€ (0,1),x € K, and [ € L3(K, ). (4.3)

Further pi(x,y) enjoys the following estimates: There are strictly positive constants ¢, ca,C3,Cy
such that for all z,y € K, t € (0,1),

d(z,r)?
0<pi(z,y) < Ct—l exp ( — o (J:tr) ) (4.4)
Cc3
r,x) > — 45
pule ) V(z,caV't) (+5)
In order to prove this theorem, we will discuss various properties of {X;}.

(I) Poincaré inequality

Since the self-adjoint operator Hy has a compact resolvent (Theorem 4.3), there is a spectral gap.
Thus, 0 < Amin = inf e 7 consty €S H/IfN3. Since 1 € F and £(1,h) = 0 for all h € F, we

have the following.

Proposition 4.8 There exists ¢c; > 0 such that
[ -iPa<acgn.  vier (PI)
K

where f = [ fdp.

(II) Ultracontractivity

We will use (PI) and the self-similarity of the form to establish the following ultracontractivity.

Proposition 4.9 There exists ¢c; > 0 such that for each t € (0,1),

C1
1Pel[1—00 < —-
t
Remark 4.10 Note that we cannot expect to obtain the following sharp upper bound:

pi(z,x) < m Vo e K t € (0,1]. (4.6)

Indeed, Lemma 3.5.4 and Theorem C.3 in [31], (4.6), and the self-similarity of the Dirichlet form

imply volume doubling, which is a contradiction.

Proof of Proposition 4.9: The following argument is a modification of the proof of Proposition 5.1
in [7]. For i € I write f; = f o; and define

ﬁémmmm;qﬁwjmwm
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Note that forv € Fandl > 0,7 = [vdu = Y ;. Uipi- Let ug € D(L) with ug > 0 and [lugll; = 1.
Set us(z) = (Pyug)(x) and g(t) = |lu¢]|3. We remark that g is continuous and decreasing. As the

semigroup is symmetric and Markov,

llutllr = /PtuodM = /uoPtldu < luglly = 1.

For each [ > 0,

Eg(t) = 2(Lug,up) = —2E (ug, up)
= =2 E(uz oy, up0t)
ielt
< —20) / (ui — i) 2dp (by (PI))
= 2 ) pi / (ur)dpp + 2¢5 (ufl/ wpdp)®
Z Vi(K) Z i (K)
= —2cod!|juy|3 + 2c4% / wpdp)?
Z i (K)
< —2c04lg(t) + 2247 Z / wydp)?
i (K)
< =204l (g(t) — 4Y).
Therefore p
— 7 log (g(t) — 4y > ezl if g(t) > 4% (4.7)

Let s; = inf{t > 0: g(t) < 4!} for I € N. Thus (4.7) holds for 0 < t < s;. Note that s; — 0 as

[ — oco. Integrating (4.7) from s;19 to ;41 we obtain

csd (si41 — si42) < —log(g(si41) —4") +log (g(s142) — 4"
= log (4?2 —4h)/(4*! — 4l < ey

Thus s;41 — Si+2 < cs47% and iterating this we have
o
Sy S Cs Z 4_k S 064_l.
k=i—1

This implies that g(cs4™!) < g(s;) = 4. Let n be such that 4™ < t/cg < 47"+1. Taking | = n,
it follows that
g(t) <4" < et

Using the fact that || P;]j1—00 < || P35, we deduce the result. 1

(ITI) Bxit times
For A C K, let
Ta=7a(X)=inf{t >0: X, ¢ A}.

We then have the following.
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Lemma 4.11 There exist c1,co > 0 such that for all z € K and 0 <r <1,

cer? < E*Tp@r < cor?. (Es)

Proof: Let Pr be the projection from K onto [0,1] defined as follows; Pr(n(i)) = 7 (i), where
ie {1,3}°° is determined from i € I*° by swapping the letters 2 to 1, and 4 to 3 in each element
and 7 : {1,3}> — [0, 1] is the natural projection from the word space to [0, 1]. It is easy to see
that Pr(X;) =: X, is a reflected Brownian motion on [0, 1] and

Pr(B(z,r)) C B(Pr(z),r),
A(z,7/4) := (Connected component of Pr—Y(B(Pr(z),r/4)) containing ) C B(z,r),

where B(Pr(z),r) is a ball in [0,1] centred at Pr(x) and radius r. Further, it is well known that

e3r? < EPT(I)[TB,(PT@)’T)(X)] < eyr?.
Combining these, we have

Epar) < BT p (X)) < ear?,

esr?/16 < EP@) (T8(Pr(x) /2y (K)] = E¥[Ta(z,r/0)(X)] < E*Tp(g ).

Thus we obtain (F5). 1
From (FE5) a standard argument gives the following. See, for example, Lemma 3.16 and (3.21)
in [3].
Proposition 4.12 There exist c1,co > 0 such that for allz € K and 0 < r,t <1,
2

P*(rp(ap) < 1) < 1 exp(—20). (ELD)

(IV) Existence and continuity of the heat kernel

As in Proposition 4.9, the semigroup is ultracontractive. This fact together with (Es) and the
structure of K allow us to deduce that there is a jointly continuous heat kernel for {X;}. Let
{AN}k>1 be the increasing sequence of eigenvalues for Hy and {¢y} be a complete orthonormal

system for L2(K, u1) such that Hyor = AN ¢y

Proposition 4.13 There exists pi(x,y), t € (0,1),z,y € K that satisfies (4.3). Further ¢y €
C(K) for allk > 1 and
e N
pela,y) =Y e lgp(x)dr(y) >0, (4.8)
k=1

where the sum is absolutely and uniformly convergent on [Ty, 1] x K x K for any Ty € (0,1). In

particular py(x,y) is jointly continuous.

Proof: First, since u(K) < oo and {P,;}; is ultracontractive, by general theory we know that
¢r € L and (4.8) holds where the sum is absolutely and uniformly convergent on [Ty, 1] x K x K
for any Ty € (0,1) (see for example, [31, Theorem A.3]).
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We next show that ¢y, is continuous (then the joint continuity of p;(z,y) can be deduced). Note
that harmonic functions are continuous in this case. (This can be proved similarly to [30, Theorem
3.2.4].) For each A > 0, let U* be the A-order Green operator, i.e. U* f(z) = E*[[;° e7* f(X;)dt).
Then, by the continuity of harmonic functions and (Es), U*f is continuous for any bounded
function f. We will show this following [9, Proposition 3.3]. Fix z, let 7 < 1/2, and suppose
x,y € B(xo,r/2). By the strong Markov property,

UM (x) = E7[ /0 e N f(Xy)dt] + E* (e N = 1)U f(X5,) + B*UAN (X)) = L+ o + I,
where 7, = Tg(,,r). By (F2), we have
I+ L] < ([ fllac E*7r + AE" 7 U fll oo < e[| f|sc,
where |[U*f||so < || fllso is used in the last inequality. So
UA (@) = UM ()] < er| flloo + [B°UANf(X7,) — BYUP (X, ). (4.9)

But z — E*U*f(X,,) is bounded in K and harmonic in B(zg,r), so it is continuous. Set
r = d(z,y)"/?, then we see that the right hand side of (4.9) is small when d(z,y) is small and the
continuity of U*f is deduced. Now, since Py = e‘AthqSk a.e., we have UM, = (A + AN) Loy
a.e., in other words ¢y, = (A + A\Y)U?¢y, a.e.. Since ¢y, € L, the right hand side is continuous,
so we have a continuous version of ¢y.

Given the above results, the positivity of p:(z,y) can be deduced by a standard argument; see

for example, [31, Theorem A.4]. ]

(V) Full upper bound

By Proposition 4.9 and (ELD), a standard argument gives the full upper bound in (4.4). See, for
example, the first half of the proof of Theorem 3.11 in [3].

(VI) On-diagonal lower bound

Since {X;} is conservative, (ELD) gives the on-diagonal lower bound of the heat kernel (4.5).

Lemma 4.14 There exist ¢c1,co > 0 such that for allx € K and 0 < r,;t < 1,

pilz, ) = m (DLHK)

Proof: The proof is standard. Using (ELD) we have that
2

CoT
P2(Y; ¢ B(x,7)) < P(tpesy <t) <1 eXp(—QT).

Hence by choosing r such that c3r? < t < cyqr? for some c3,cq > 0, we have
P*(Y; ¢ B(x,r)) <cs < 1.

Since {X;} is conservative, this gives P*(Y; € B(x,r)) > 1 — ¢; > 0. By Cauchy-Schwarz,

(1—c5)*> < P*(Y; € B(x,7))?* = (/B( )pt(x,z)du(z))Q <V(x,r)p2t(z,x).

Now, using the lower bound of our choice of ¢, we obtain the result. 1
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Remark 4.15 Note that the elliptic Harnack inequality (EHI for short) does not hold in this
case. Recall that (€, F) satisfies EHI if there exists ¢ > 0 such that for any non-negative harmonic
function h on B(x,2r) and any 0 <r <1,

sup h(y) <c inf h(y). (EHI)

yeB(z,r) yEB(z,r)

Let x =0, 2r =27™ and let N = 2". Then B(0,2r) consists of N copies of small diamonds with
length 2r, which we label Cy, Cy,---,Cn—_1. Consider a harmonic function whose boundary value
at each x € dB(0,2r)NC; is 2° when i > 1 and the value at 9B(0,2r) N Cp is 0. Then, its value at
0 is Zf\]:—ll 2t /N which is of order 2V /N. So, the value of the harmonic function at dB(0,7) N Cy
is of order 2N/N whereas the value at 9B(0,7) N Cn_1 is of order 2N These two values are not

comparable when n (so N) varies, thus (EHI) does not hold.

(VII) Proof of Theorem 1.2 for p(-,-)
(i) First, a sequence {x1,x2, --,2;} C V,, is called an m-walk if {x;, 2,41} € E,, for all i =
1,2,---,1 = 1. For z = ¢;(0) € K \ U;>oV; where i € I*°, define 0D, (z) = 15,,(Vp). (Here

i|l, =412« iy if i = 4192 ---.) Now, for z € K\ U;>oV; and n,m > 0, let n, ., (x) be the smallest

number of steps by an (n + m)-walk from z to dD,,(x), where we take z1 to be the nearest point
to & in Dy4pp, (with an arbitrary choice for ties). Then, we can prove the following in the same

way as Proposition 3.3 of [7]: there exists g : K — [0, 00) such that for a.e. z € K,

c(nm) ™2™ < nyy o (20), Vn > 0,m > g(x). (4.10)

(Note that in [7] we needed to define a A,-complex since the self-similar maps did not necessarily
have the same contraction rates, but we do not need this notion in our setting. Further, it is easy
to see that « in Proposition 3.3 of [7] is 2 in this case.) Now take m = ¢'logn where ¢ > 0.
Then, the distance between z and V,, is no less than 27"~ x ¢(nm)~22™ = C27"(nlogn) 2.

So, taking r = C27"(nlogn)~2, we have
V(z,r)<4™" = r2(n logn)Q/C < C'r2| 10g7"|2| log log r|2.

Using this together with (4.4) and (4.5), we obtain the desired estimate.

(ii) Since p¢(z,y) is jointly continuous, we have for each t < 1,

. 1 0

It is easy to see V(0,7) = r. Furthermore, if we consider the projection of X; onto [0,1] as in

Lemma 4.11, then we see that
PY(X, € B(0,r)) = P°(X, € B(0,r)).

So the desired estimate can be obtained from that of the heat kernel of reflected Brownian motion
in [0, 1]. 1
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5 The critical percolation cluster

We give a multitype branching random walk description of the set and use this to construct a
natural measure on the scaling limit of the critical percolation cluster. The branching random
walk allows us to describe the sizes of all sets of a particular size in our cluster.

We begin with some notation. For i € I"™ we write K; for the set ¢;, o... o0, (C(ow)) of
type u; with address i and call this an n-cell. We write N, (i) = {j € I" : K; N K; # 0} for the

addresses of the n-neighbours of i. For an n-cell we write

Ki= |J K
3N
and call this the n-neighbourhood of the n-cell K;.

We now set up a multitype branching random walk which describes the fractal’s properties
in the resistance metric (which we define later). The basic types of the individuals are given by
c if the connection is present, d(;) where the connection is absent but a vertex is in the infinite
cluster, d(3) where the connection is absent but both vertices are in the infinite cluster.

We need to extend the labelling from that in Section 2.2. We now split the type ¢ individuals
into types c¢(1) and c(9) in order to keep track of the property that the resistance of a connected
edge depends on the offspring. For each edge previously labelled ¢ we let its label be c(2) with
probability 5 = p? (this corresponds to the configuration with all four edges present), otherwise
it is labelled c¢(1). Note that ¢ in c¢(;) stands for the number of connections between the two end
points of the edge. Now the offspring distribution of type c(z) has all four offspring of type ¢ and
then the labels are determined independently according to p. For type c(;) the offspring are of the
other 6 types of connected configuration, with all ¢ labels determined independently according to
D.

Let the type space for our branching process be S = {c(1),¢(2),d1),d2)}. We consider the
probability space of labelled trees Q = ST (This is an abuse of notation since 2 was UT, but from
now on, we let @ = ST.) Thus if w € Q we have w = {u; }ier where u; € S fori € T = U2, I'U{}.

The distribution for the vector of types X = (Xc(l), ~C(2),
terms of the previous distribution as X = (X, —Y,Y, Xy, Xdg,) where Y is a Binomial(X,, p?)

Xy Xdg,) can be expressed in

random variable.

In order to prove our results we let our individuals evolve as a branching random walk. Let
Zf 7" denote the position of the i-th individual offspring who is of type j arising from a parent of
type k. We write Zik I for the position of the individual i € T of type j with initial ancestor of
type k. We now define the distribution of the positions of the offspring in order that position of
an individual is the logarithm of the electrical resistance of the corresponding edge.

By considering the effective resistance across the different configurations we define the resis-

1 uyj=c
Puy = { @ (5.1)

tance scale factors

2 otherwise

Note that the resistance scale factor for ¢(z) is 1 NOT 2. Then set the position of the i-th offspring
of a k-type individual, if the offspring is type j, to be Zf i = log pr(which is independent of 7).
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Now define

which gives the mean matrix

4pg(1+2p)27° 2¢°(1 +2p)27% 2pg27% 2¢27°

A0) = 4 — 4p3 4p3 0 0
4p?q2~° 2pq?2~9 22-¢ 0
8q>2~7 4pg?2~? dpg2=0 4¢q27°

For example, the (1,1)-component of the matrix can be computed as follows,

4p%(1 — (1 — p)2
( pl(_p?)p) X 3+ pl(_pf) X 2) X (171)3) X 2*9 :2(1+2p)p(17p3)2—9:4pq(1+2p>2,0
We choose 6 to be such that the maximum eigenvalue of the matrix A(0) = [Ax;(0)]x; is 1.

Let ¢ be the corresponding right eigenvector. Now put

Wh=3"S"e 4y, vkes.

jESieln

A standard result from the theory of branching processes for the multitype branching random

walk is the following.

Theorem 5.1 For each k € S, the process {WF :n =0,1,2,...} is a positive martingale, hence
has a limit such that

Wk = Wer, asn — oo,

where ¢ is the left eigenvector of A and W is a real valued random variable with mean one. The

random variable W satisfies the following decomposition

4 .
W¢k = Z Z 6_0Zf.7 Wigéj, (52)

je§ =1

where Wi, i =1,..,4 are i.i.d. copies of W.

Remark 5.2 An alternative view is that we can consider the Galton Watson branching process
for the type c(2), which generates types c(;) and c¢(3). As the expected number of offspring of
type c(2) generated by a parent of type c() is 4p? < 1, the process is subcritical. If we consider
the total progeny generated by a type c() individual, it generates a random number of type (1)
individuals. We then let these reproduce as usual. Now we consider the whole collection of progeny
to be the offspring of the original type c(s) individual as they correspond to the stopping line in
the branching random walk of the first hitting of the point log 2 to the right from the position of
the type c(z). In this way we have a multitype branching process where each generation counts

the number of cells of size 27" in the infinite cluster. We will use this idea later.
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5.1 The Dirichlet form

We give a short discussion of how to construct a Dirichlet form on the critical percolation cluster.
This form is built in the same way as was done in [20]. We put resistances on each cell to ensure
that the global resistance remains at 1. Thus, for w = {u;}icT, We set
L= Y. Eolf oo bi)pu,
iui€leqy e}
where Ey(f, g) is the Dirichlet form corresponding to a two state Markov chain given in (4.1). The
resistance scale factor was defined in (5.1) and is chosen to ensure that the resistance across level
0 corresponding to the form on the first level vertices C; is 1. We now repeat this construction

by setting
4
(W) f’ ZEU Owl?gowl)puma
i=1

where 0w = {uji}ier; (where T} is the subtree of T descended from branch j). Thus we have a

sequence of compatible resistance networks and we can define the limit Dirichlet form
EWN(f,f) = lim E(f,f), Vf € F = {f :supEW)(f, f) < oo}.

We now define a measure on the scaling limit of the critical cluster. For any set measurable

set A C C we define

Ho(A) = mlil%oz Z “ %I{Tr(J)EA} (5.3)
Jj ojerm

First for an n-cell with address i the measure of type k is defined to be
(K _mlﬁnooz 2 Aol ek}
J ‘]EI"L
A simple calculation and use of Theorem 5.1 gives
kuj uij
ph(G) = AT m 3T 3T ey
Joj€lm(i)
pg_iWi¢k7 (54)

where for m >n

I,i)={jeI™:j=1iint1...im},
(for m < n it is 0), pi = PuyPuy - - - Pus» and {Wiktier» are ii.d. with the same distribution as
W. By standard branching process results this is a measure with total mass Wy . Thus for our
critical cluster which is a 0-cell of type c (either c(1y or ¢(2)) we have our random measure p,.

This has a self-similar decomposition as

ZZ 04 (07 0):

If we write p, without a superscript we will mean pf,. We will usually drop the w and simply
write p for the measure we work with.
Our Dirichlet form will be defined on L?(C(w), f1,). In order to show that we have a resistance

form we need some preliminary lemmas.
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Lemma 5.3 There exist constants ¢1 = c1(w), A > 1 such that P-a.s.
inf{p; :1i€T,} > A", Yn>1.
Proof: We begin by estimating pi_l and consider, for x > 1, and s > 0,
P(inf{p;:ie€T,} <z) = P(inf logp; < logz)

ieT,

= P(sup exp(—slogpi) > z7°)
ieT,

P()  exp(—slogp) > a°)

ieT,
2 B( ) exp(—slog ps))
ieT,
2 B(D_ exp(—slogp;))"
€Ty
< 2%(4p+4(1 — p)2=)". (5.5)

IN

IN

IN

We now observe that, for large enough s and setting x = A" for A close enough to 1, we have

A*(4p+4(1 — p)27*%) = ¢ < 1. Thus we can apply Borel-Cantelli to obtain the result. ]

Remark 5.4 Note that we must have
A< (4P+4(1—p)27°) 70,

where s is large enough such that A*(4p+4(1 —p)27°) = ¢ < 1. Maximizing the bound on A over
s we see that s = 8.6079... and hence \ < 1.005718...

We now define the effective resistance between points in the graph C,, as
Ro(@,y) = [Inf{E(f, /) : f(2) =0, f(y) = 3], Va,y € Cp.

Lemma 5.5 If z,y € C,, are connected by an edge and x,y € K;, then

1
ipi_l < Ru(z,y) <p;t, YieT,, n>0.

Proof: By the definition of the resistance metric

b
Ry (z,y)

Now for the upper bound on R, (x,y) we just use the particular edge connecting x,y so that

=inf{EW(f, ) : fx) =0, f(y) = 1}.

EWf, )

> Eo(f oy, f o 5)p;

jeTrL:uje{C(1)7c(2)}
= 50(f0¢i7f0¢i)pi
> pi

\%

for all f:C,, — R such that f(x) =0, f(y) = 1.
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For the lower bound we choose a particular function f. As one of either = or y must be a newly
added vertex at level n, it will have only two neighbours. We assume without loss of generality
that it is y, and that f(y) = 1. Then we set all the other vertices in C,, to have value 0. Thus for
this f we have

ENL ) = > Eolf oy, foty)p;
jGTn:qu{c(l),c(Z)}
< 2pb
which gives the lower bound. ]

Lemma 5.6 If x,, = sup, veC R, (z,y), then x = lim,,_, Xn exists and has finite moments.

Proof: We first observe that for any pair of points z,y € D, there is a sequence of points
{ = 0, o Th(ay)s Yk(ayy)s -+ Yn = Y}, Where 3, y; € D;, the pairs x;, ;41 and y;, ;41 are
either the same point or are connected by an edge in D;y; and k(z,y) := sup{l : (z,y) €
K, for some i € I;}. Thus, by the triangle inequality for the metric R, we have that

n—1 n—1
Ry (z,y) < Z Ro(zi, vig1) + R(T(o,y)s Ye(ay) T Z Ry (Yiv1,9i)-
i=k(z,y) i=k(z,y)

It is straightforward to see that, by construction of the Dirichlet form and the definition of R,

R, (xi,iv1) = Riy1(xy, xi41) and hence, by Lemma 5.5,

R, (i, xiq1) < cg sup pfl < Ceo)\™%, P —a.s.
ieritt

and hence for all n and z,y € D,,,

CCQ

= P—a.s.

Ru(z,y)<Cey Y AN'<C'=
i=k(z,y)
Thus
Xn = sup R, (z,y) < C',

where C’ is independent of n and hence we have the existence of y almost surely.
Now we obtain moment bounds on y. Firstly, an upper bound for y,, is

n

Xn < 2 sup Rn(x,y)

m:Ow,yEDm
n
—1
Y
= ieTn,
< eynsup p; (5.6)
ieT,

From (5.5) we have that for large y

P(n -Squ pfl >y) < E(s)"(eqn)’y ™2,
1€1y,
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where £(s) = 4p + 4(1 — p)27*°. Thus, for s sufficiently large such that £(s) < 1, we have

P(x >y) < P(supx, >y)
< Y Pl >y)
n=1

oo
< Y Plansuppt > y)
ot T,

< oyt

Thus, with this tail estimate, we see that E(x") < oo for all kK < s but as s can be chosen

arbitrarily large we have E(x") < oo for all &. I

We can now show that the Dirichlet form is a resistance form as this is a question about
controlling the asymptotic growth of the products of the resistance scale factors along each branch
of the tree.

Theorem 5.7 (i) There exists a Dirichlet form (€“), F*) on L*(C(w), py) for all w € Q.
(ii) The form (£, F*) is a resistance form for P-almost every w € Q.
(iii) For each w € Q the Dirichlet form (5(“’),.7-"“’) satisfies the self-similarity condition

4
E(W)(fa g) = Z E(in) (f © ’l/)ia go 1/%‘)/’%7 v.fmq S fw'
i=1
Proof: (i) The fact that the limiting form is a Dirichlet form is a standard application of the
techniques of [30].
(ii) In order to show that we have a resistance form, by [30] Section 2.3, under the conditions
we have here all we need is to observe that P-a.s.

x = lim sup R,(z,y) < oco.

=X ayeD,

(iii) The self-similarity is obtained by decomposing the set at the first level. 1

5.2 The measure on the critical cluster

The Hausdorff dimension of the set in the resistance metric can be calculated by following the
same procedure as for random recursive graph directed fractals. Following [41] the dimension is,
P-a.s. given by

b =inf{s: ®(s) = 1},

where ®(s) is the spectral radius of the matrix A, defined to be

dpq(1+2p)2=° +4p®  4pg?2~° 4¢%27°
A, = 22~* 225 0
4¢27° dpg2=°  4q27°
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We note that this is effectively the same calculation required to obtain 6, the Malthusian parameter
of our branching process and hence we have that d} = 6.

Note that the only difference between this and the previous estimate of the dimension in the
natural length scale is the term in the element A4(1,1). A numerical calculation shows that in this
case the dimension has changed dramatically to 5.2654...! This then gives us the walk dimension
in the resistance metric as we must have d,, = dy + 1, that is d,, = 6.2654.... The spectral
dimension will therefore be ds = 2d}/(d} +1) =26/(6 + 1) = 1.6808....

Let B(z,r) denote a ball of radius r in the resistance metric at the point z. We now compute
the volume growth of a resistance ball in our measure p,, as defined in (5.3). It is easy to see
that we can write

pé (B(x,r)) = Jim > e 8 0 n e o)
jeSieT,
where
Tp={i€Tn:pi=2",piyq-1 < 2"}
We write N g, (i) = {j € Tp : K; N K; # 0}.
Lemma 5.8 P-a.s. there are constants c1,co > 0 such that for all x € C for r < 1 with 27" <
r <27t
r' Wi < u(Bla,r) < e® S W,
JEN rn ()

where W; is the limit random variable associated with i € T, as in (5.4), and x C K;.

Proof: Let i € 9T be such that x = 7 (i). We have that i|,, € 7, for some m > n, and by

construction
Ki,, € B(z,27") C Ky,,.,
hence
P Wi, Su(B@ 2 < Y g W
JEN w(ilm)
The fact that p;,, = 2" and the comparison of r and n gives the result. 1

We now use fluctuation results on the behaviour of the sequence {Wj ;n € N} to see the

fluctuations in the volume at generic points. We begin with a preliminary lemma.
Lemma 5.9 There exist constants c1, co such that
PW >z)<1/z, (5.7)

and
P(W < ) < ¢1 exp(—cpz™ /071, (5.8)

Proof: An application of Markov’s inequality and that fact that EW = 1 gives (5.7).
For (5.8) we regard our process slightly differently using the idea in Remark 5.2. Let the type

c(2) individuals reproduce until they have died out (extinction is certain as E°® X, < 1). At

€(2)
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each stage they produce a certain number of c(;y individuals and thus at the end of this process
we have a random number of type c(;) individuals (in fact 3Y" + 1, where Y is the total progeny
of the c¢(3) branching process). As they are all type c(;) their location is log2 to the right of
their parent. Let (,, denote the vector of the number of each type in this branching process after
n generations. In terms of our previous branching random walk all the particles at generation
n are at nlog?2 and hence we can view this as a standard multitype branching process. As the
process of running the c(s) type to extinction is just a stopping line for the branching random
walk, we know that the limit random variable W from the two processes will be the same. Let
@) (u) = E(e "W |(y = er), where e}, is the unit vector denoting a single individual of type k. The

Laplace transform of W, satisfies the following identity,
(I)k(u') = fk(q)c(m (U'Qie)v @0(2) (U270)a (I)d(l) (U270)a (I)d(z) (U270))7

where fj is the generating function for the offspring of an individual of type k.

In order to estimate the left tail we need to determine how slowly the process can grow. Using
ideas in [34], [26] we can see that the minimal growth rate is determined by the first terms in the
generating function fi. A simple calculation shows that the minimal growth rate is at least 2. This
can be seen from the factorization fa,, (tc (), Ue()> Udys Udgy) = uﬁ(l)gd(l) (Ueqyys Ueay s Udyy > Uy )
where gq,,, is a polynomial. This shows that, in the eigenvalue problem introduced by [34], the

maximum eigenvalue is at least 2. Thus following [34] we have constants C, ¢, such that
®p(u) < Cexp(—c,u'’?), u>0.
Once we have this Laplace transform estimate it is straightforward to deduce

PW<zllp=ecr) < e"““Pp(u)
< Ce" exp(—ciul’?)
and by optimizing u (i.e. by taking u = ez~ with ¢, > 0 small), we have for each k

PW <z|(y=e;) <1 exp(—cy:_l/(e_l)),

as required. 1

Theorem 5.10 P-a.s. for € > 0 there are positive random constants c1,ce such that, for p-a.e.

x € C, we have forr <1,
01T9| log | 10g7"||1_‘9 < w(B(z,7)) < 627’9| 10gr|2+6.

Proof: This is similar to the result in [22], where the fluctuations of the measure in such
random recursive constructions are studied in detail in the single type case. We are still in the
setting of a finite probability space, just that the number of types is more than one.

We begin with the lower bound. Given the tail estimate on W it is a simple application of the

Borel-Cantelli Lemma to establish that there is a positive constant ¢ such that
Wi, > c(logn)' =%, vn > 0.
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Combining this estimate with the estimates on the measure of B(x,r) for 27" < r < 27(n=1
from Lemma 5.8, we have the lower estimate.

For the upper estimate we need to control the number of neighbouring cells in N'g (i) for
p-a.e. i. This is done by observing that the number of neighbouring cells of a given cell depends
on the lowest level vertex to which the cell is attached. In order for a cell at level n to be attached
to a vertex at level k& < n it must be the case that the address of the cell has a string of n — k
symbols coming from either the pair (1,2) or (3,4). Let S, be the length of the sequence of
address labels coming from either (1,2) or (3,4). For a randomly chosen cell this is a Markov

chain which evolves as Sy = 0,57 = 1 and then

g Sn+1  with probability
K 1 with probability

N[ N

It is easy to estimate the tail of S,, as P(S, = k) < 27F (it is 0 if £ > n and otherwise the event
can only occur if we start at 1 and follow this by & — 1 steps up which has probability 27%) and

hence
P(S,>m)<27™
Thus |
ogn 1
P(S, 1 < ‘
(5> (1+jag) <n
and an application of Borel-Cantelli shows that
n 1
lim sup S < te a.s.

n—oo logn — log2

and hence we can conclude that P-a.s. there is an ng such that

1
n < Jrelogn7 Vn > ng.
log 2

Now returning to the neighbours of the n-cell i we have |N g, (i)| < 225=, where m is the level
for which the resistance metric is 27". From the proof of Lemma 5.3 we see that almost surely

there is a A and an mg, such that for all m > my,
pi = )\m, VieT,,.

Thus p; > 2" a.s. for all i € T, where m = [(nlog2/logA] + 1 must be larger than mg. That

is, almost surely for m > mg, the level m at which all edges are of resistance at most 27" is

m < (llggi + 1)n. Thus we deduce that for sufficiently large n

log 2
W (D] < 22050108/ 1082 — g€ < (285 1 1)1 1€ < C(log r) !,
og
for 27" < < 2-(n=1),
Now we note that from our upper tail estimate for W that by Borel-Cantelli, we have almost
surely for large enough n that
Wy, <n'te,
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and combining these two bounds with the upper bound in Lemma 5.8 we have the required upper

estimate on the measure. 1

We note that, as in [22], there will be fluctuations as r — 0.

However if we consider vertices z € C,(w) for some fixed n, then as there are lots of cells
at such points the growth of the measure will be greater and, due to averaging effects, will not
fluctuate. We begin by considering a sub-branching process of our branching process describing
the cluster. Let Z denote the multitype branching process which considers only the edges with
labels 1 and 2. The distribution for the random vector N = (Nc,Nd(l),Nd(z)), the number of
offspring with labels 1 and 2 of types ¢, d(1), d(2), descended from a parent of each type is given
by the following. (Note that for d(;), we assume that the vertex that is contained in edges with

label 1 and 2 is connected to the infinite cluster.)

P(N.=2,Ngq,, =0,Ng, =0) = p°(2—p)
P¢(Ne =1,Ng,, = 1,Ng,, =0) = 2p(1-p)
P°(N.=1,Ng, =0,Ng, =1) = 2p*(1—p)
P (N, =2,Ng,, =0,Ng, =0) = p*(1-p)
PYO (N, =1,Ng,, =1,Ng, =0) = 2p(1—p)
PYO (N, =0,Ng,, =2,Ng, =0) = 1-p
PY (N, =2,Ng, =0,Ng, =0) = p*(1-p)
PY (N, =1,Ng, =1,Ng, =0) = 2p(l—p)°
P (N, =1,Ng, =0,Nay, =1) = 2p*(1-p)
PY (N, =0,Ny, =2,Ng, =0) = (1—p)°
P (N, =0,Ng, =1,Ng, =1) = 2p(l—p)°
P (N, =0,Ng,, =0,Ng, =2) = p*(1-p)

As before we extend this to split the two types of ¢ and write our type space now as {c(1), ¢(2),
dqy,d(2)} and the distribution of the vector of offspring types as N = (N. - Y)Y, Nd(l),Nd(2)),
where Y is a Binomial(N,, p?) random variable.

Again we can make a branching random walk which we also label Z by placing offspring of
type c(2) at the same location as their parent, while all the other types have offspring at position

log 2.

Lemma 5.11 The multitype branching random walk Z has a Malthusian parameter v = 1.3384....
Let Nﬁ =|{i:i€ T,,up =k}|. Then there exists a constant vector ¢ and a mean one random

variable W such that
lim 27" N,, = cW, P —a.s.

n—oo
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Proof: Tn order to compute v we find the mean matrix, A(€) = [Ay;(€)]r;, where A;;(&) =
E(Zle exp(—ng 7)). A straightforward calculation, analogous to the discussion before Theo-
rem 5.1, which simplifies by using the fact that at p = p. we have 2p — p?> = 1, and writing
q=1—p, gives

4p — 2+ 2pq(1+2p)2=¢ 2pg?2=¢ 2¢%27¢
A(g) = 2¢2~¢ 2p2~¢ 0
2¢2¢ 2pq2=¢  2¢27¢
The Malthusian parameter of Z is then given by v = {¢ : the maximum eigenvalue of A(¢) is 1}.
A calculation shows that v = 1.3384... as claimed. We will write ¢ and ¢ for the right and left
eigenvectors of A(v).
Now recall the stopping line 7,, indexing the particles who lie strictly to the left of nlog2

with offspring at nlog2. The usual limit theorem for the multitype branching random walk gives

that if
Wn == Z Z eiuzéjgaj,

i ieT,
then W,, — W{% as n — oo. We now note that on this stopping line all particles are at position

(n —1)log2, giving the claimed result. 1

We can now state a result about the volume of balls at the vertex 0.
Lemma 5.12 P-a.s. there are constants c1,co > 0 such that for r <1,
er? W, < w(B(0,7)) < cor? VW,
where v = 1.3384... and Wy is a limit random variable for the multitype branching process Z.

Proof: Consider the point in the cluster C with label 0. If we look at the addresses which
correspond to this point we see that they are any infinite sequence consisting entirely of 1 and
2. By considering the sub-branching process of the full multitype process describing the critical
cluster we can determine the rate of growth of the number of such sequences. Let N7 denote the
number of such sequences in the resistance ball of radius 27" at 0, of type j. We will write here
Nrna(0)={i€T,:0€eK;}. As we have for 27" <r < 27nF!

YeN w5 € BO:7) CUjenr, 0K

then

S dwiuBom < S W
JeN 1. (0) JEN Rn—1(0)
Now considering the lower bound (the upper bound is exactly the same argument) we have

< 1
uBO) = Ni— 35 W

" €N .0 (0)

\TC 1 —nb
> Nigo 2 2w
njENR,n(O)

~ 1
> CT’GNC~— W
J€N . (0)
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The Wj are independent mean one random variables and independent of the process Z. Thus, by
Lemma 5.11, as Z\Nf,i ~ W({SCT”” — 00 as n — oo we can apply the strong law of large numbers
and will have the result by letting Wy = V~V¢~)c 1

5.3 Spectral properties

We begin by considering the scaling in the counting function. For this we follow the approach
originally due to [32] and extended to the random case in [21, 15]. For now we fix w € 2 and denote
(5(“’), .7-'(‘”), ty) as (€, F, u) and suppress the w from our notation unless there is the possibility
of confusion.

The Neumann eigenvalues of (€, F, u) are defined to be the numbers A which satisfy
E(u,v) = A(u,v), YveF (5.9)

for some eigenfunction u € F. We write (.,.) for the inner product on L?(C, ).

The corresponding eigenvalue counting function, IV, is obtained by setting
N(N) := #{eigenvalues of (€, F, u) < A}, (5.10)

To define the Dirichlet eigenvalues for (£, F, u), we first introduce the related Dirichlet form
(€,Fp) by setting
Fp:={fe€F: flyo=0}.

The Dirichlet eigenvalues of the original form, (£, F, u), are then defined to be the eigenvalues of
(&, Fp,p).

As we have a resistance form it is relatively straightforward, following the original arguments
in [32, 21], to deduce the spectral asymptotics.

The first observation is that the Dirichlet and Neumann spectra of (£, F, u) are discrete with
the only accumulation point at co, and so the associated eigenvalue counting functions, Np(A)
and Ny (), are well-defined and finite for all A € R. We will label these functions by the type of
the set with which it is associated; for example, NZ(\) with * = D or N is the eigenvalue counting

function for (5(‘”),.7:(“’),/%) with w = {u; }ier, up = c.

Lemma 5.13 The eigenvalue counting functions satisfy

A 4
STNE onl ) < NI () < N2 ) < 3T NE (al0).
=1

i=1
Also we have

NS () < NU9(\) < N9(A) + 2.

Proof: We can prove this result using the decomposition and scaling of the form and the
measure. This is a simple extension to the random recursive graph directed case of the random

recursive set up as given in [21, 15]. ]
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We now let X“i(t) = NJji(e') for t € R and write

Thus we have a random multitype renewal equation

4
XU0(8) = 0 () + 30 X5 (¢ — (14 6) 1og puy ),
j=1
and, by iterating, we can write
X"o(t) :Zn“‘(t— (14 0)1og(puy - - - Pu;))- (5.11)

ieT

We now set m*(t) = e ""EX"(t) and h“0(t) = e "' En“o(t). Thus

4
mU(t) = hU(t)+ Y e TEX"(t— (1+0)logpu,),

j=1

4
= hU(t)+ Y Be1UHOI08u =008 0w) EXU (1 — (14 0) log pu, ),
j=1

4 S
ENICESS / s ( — 8 (ds),
j=1"0
where v, is a matrix of measures with

l/j;wuj (dS) — Ep;g(1+9)5(1+9) lnguQ) (ds)

We choose v to ensure that the maximum eigenvalue of the matrix of distribution functions is 1.
A simple computation shows that, as 0 is the value that makes the original matrix have eigenvalue
1, we just need v(1 + 0) = 6 and hence vy =0/(0 + 1).

Thus we have a matrix renewal equation which we can write as
m(t) = h(t) + m = v(t),

where we denote the operation of convolution of a function a : R — R with a measure b by
bxa(t) =axb(t) = Z/ a(t — s)b(ds),
—~Jo
J

and hence for two matrices A, B of measures we write the ij-th element of C(t) = A x B(t) as
Cij () = 2 @ik * by (2).

The next step is to apply an appropriate matrix renewal theorem, for which we need to extend
slightly those due to [37] and [24]. Let M = [m,;] be a matrix of Radon measures on Ry. We
will write F' for the matrix of distribution functions of M, that is F;;(t) = fot m;;(ds) and we will
write Fy;(t,t + h] = F;;(t + h) — F;;(t). The indices of the matrix will be referred to as states
and are the vertices of a graph G. The graph has a directed edge between state i and j if the
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measure m;; is non-zero. Let (7, j) denote a directed path in the graph G from vertex i to vertex
J- We define the measure m.; ;) by taking the convolution of the measures associated with each
given edge in the path. We will also write m;; for the i-th column of the matrix M with the i-th
element removed, similarly, m; for the i-th row of M with the i-th element removed. Finally we
write the matrix of measures with both the i-th row and column of M removed as M;;.

We follow [37] and define the measure

oo
vy = mi +m1i*Z(M11)*k*mil- (5.12)
k=0
It is not difficult to check that, if F'(oco) has maximum eigenvalue 1 and is irreducible, this is a
probability measure with support given by U{supp(m.,) : v is a simple cycle in G}. If the support
is contained in a discrete subgroup of R we will call this measure lattice. By the irreducibility we
see that if v is lattice, then v; is lattice for all 4.

We state the lattice case of the renewal theorem (Theorem 4.2 of [37]) for the case of irreducible

Theorem 5.14 We assume that F(t) is a matriz of measures in which F(co) is irreducible, has
mazimum eigenvalue 1, F;;(0—) = O,fooo tdF;;(t) < oo for all i,j and for each j there is at least
one i such that F;;(0) < F;j(c0). Let V(t) = > 32, F**(t) denote the matriz renewal measure. If
vy s lattice, with period T, then

i (Vi (¢ +7i5 +T) = Vi (¢ + 7ij)] = AT,

o0

for any ;5 € supp(m. jy), where
ulv

T vMu’

and u,v are the unique normalized right and left 1-eigenvectors of F(oo) and M is the matriz of

first moments of F.

We also state a result concerning the asymptotic behaviour of the solution to the renewal

equation on R.

Theorem 5.15 Let z(t) satisfy the estimate, that there exist positive finite constants C,o such
that
|z (t)] < Ce M vt € R, Vi.

Let F' be a matriz of measures satisfying the assumptions of Theorem 5.1/, then the renewal
equation
r(t) = z(t) +r = F(t), (5.13)

has a unique solution, bounded on finite intervals with the property that r(t) — 0 as t — —oo. If
vy s lattice with period T, then
B(t) = lim [ri(t + 715 +nT)] = Y a(t+IT)A

n—oo
l=—0c0

exists for every t € [0,T).
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Proof: This is a simple extension of the renewal theorem of [38] to the multidimensional setting

coupled with the use of Theorem 5.14 as in [37]. I

Recall that for each type k € S, m*(t) = e " EXF¥(t) and h*(t) = e " En*(t).

Lemma 5.16 (i) The functions m* are bounded, measurable and satisfy m*(t) — 0 as t — —oc.

(ii) There exist constants C,o such that the function h satisfies
|hi(t)| < Ce~0ll vt eR,Vi.
Proof: (i) For all z,y € C we have, by the construction of the resistance

This yields the estimate
Hf”Q < bup R(Z‘ y) (fa f)?vf € ]:Dv

z,y€
and hence we have a lower bound of 1/x for the Dirichlet spectrum, where x is defined in Lemma
5.6.
As ni(t) = 0 for t < —log x we have

En'(t) < 8P(—log x < t). (5.14)
Thus we can estimate

m*(t)

IN

> e 8P(—logx <t — (1+0)log pi)

ieT
= Se ME(#{i:t— (1+0)logp; > —logx})

Thus we need to estimate this last expectation. By the rate of growth of the branching process

we have a ¢ such that
E(#{i:t>logp}) < ce?,
and hence

E(#{i:t— (1+0)logp; > —logx}) < ce”Ex".

Putting these together we have
mF(t) < 8e e Y7,

which is finite by the moment estimates on x. Thus m” is bounded. The measurability is clear.
Finally for the behaviour as ¢t — —oo we observe that for a § > 0, by Markov’s inequality and

conditional independence,

mF(t) < 286_7*?’ HG) >eh)
ieT
< 8N E(p ()
ieT
< 6 ¥ tE Zen()c
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where ¢(§) = E(pﬁf(lw)). The sum can be made finite by choice of § > 7. Observe that if § > ~,

i

then 6(1 +6) > 0. Hence ) ;. p_5(1+9) is a supermartingale. As it decays exponentially, the
sum over all n will converge. Hence we have m¥(t) — 0 as t — —oo for each type k.

(ii) By construction hi(t) = e " En’(t). Thus as n'(t) < 8 we see that, for t > 0, we have
|hi(t)] < 8e™7t. For t < 0 we use (5.14) and the tail estimate for y to see that

|t ()| < e 7ieer,

Thus as k > v we can take o = min(~, Kk — 7) to obtain the result. 1

Theorem 5.17 For each t € [0, (1 + 0)log2), there exists mad (t) such that

lim m™ (t +n(1+ 0)log2) = m ().

o0
n—oo

Proof: We can write our measures as
,/}ytmui (ds) = (1 — ﬁ)2*7(1+9)5(1+9) log 2 + pdo,

where p = 0 if ug # ¢ while p = p? if uy = c. If we consider the measure v; as defined above it
will clearly be lattice as all points are located at multiples of (1 + #)log2. By Lemma 5.16 the
conditions of the matrix renewal theorem are satisfied and the result is now a direct application
of Theorem 5.15. I

The next step is to consider the random process itself and we prove the following almost sure

limit theorem.

Theorem 5.18 For each A € [1,20079)) we have

i Ngw (}\2(1+0)n)
oo | A2 Omyo/6+1)

m (log\)W| =0, a.s.

Proof: This is a multidimensional version of similar results proved in [18], [21] and [15]. The
study of the limiting behaviour of Np can be viewed as the study of a multitype branching process
counted with random characteristic. We note that as we are in the lattice case here we could
extend the work of [18] to the multitype case but, as we can remove the need for a branching
random walk by evolving the type c() individuals, we treat the problem directly.

We now fix a t € [0, (14 0)log2) and consider the lattice t,, = t+n(1+0)log 2. We work with
the multitype branching process {Z, = (Zi(l),Zi(l), Zi(”)} of three types in which the types
S = {c1),d(1),d2)} evolve as before but if they have a type c(g) offspring, then this is evolved
forward until it has only type c(;) offspring; thus the number of type ¢y offspring is determined
by the total population size in the type c(2) process evolved to extinction along with those arising
from the other types. We note that this is the original tree looked at with the stopping lines 7,

where

Tp= A€ Tm:pi=2"u #co}
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We write 7° n(i) for the n-th generation in the tree descended from individual i. We also write
T = U, T, for the whole tree and 7 (i) for the tree started from individual i. We will be interested
in the process X,* = X“0(t,) which, by (5.11) in this setting, we can express as

Xy =i (n — i),
icT
where 7% (t) = Zj:le W(t — (1 + 0)log2), (using the notation T} for the branches of T which
have labels c(2) until the first c(y) is the sum of the original characteristic n"0(¢) and all the
characteristics 79 (¢) that arise from the type c(2) descendents which have been removed.

Firstly we truncate the functions 7%t by setting

7o () = 7 () Le<noy

where ng is to be chosen later. We can then construct the truncated process

X = 3 (o )
€T
Let mpimo = e~ MMEX "0 which converges to m%:™° as n — oo using the same arguments as in
the proof of Theorem 5.17.

Using the recursive formulation and the truncation we see that

Xpomo = 3" Xpno, (5.15)
iej;7l

up,no __

for n1 > ng. We can take expectations through this and multiply by e~7("*"1) to see mpin) =

e ""E (Zie’j’ mﬁlno) By letting ny — oo and using the convergence result Theorem 5.17 we

have

mune = emIME Z mumo | (5.16)
iej'7l
Using the decomposition (5.15) we have

|6—'y(n+7l1)X;L"3:’;’L7’10 _ mg«g),now| < Sl + SQ, (517)

where

—yn —yn Uj,M Ui, m _|,—n Ui, ug,n
Sy =le? E (e'Van;"—m‘O) and Sy = e ? E mab™0 — B no |

ni ni

ieT icT ,

- ~d ~d
We write z, = Z;(l) + an + an for the total population size. By standard multitype
branching theory, for each k € S,

677”22 — W, a.s. (5.18)
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as n — oo. Observing that A (i) = e™7™ X070 — m2i "0 are mean 0 random variables we have

- 1 i (s
St e 30 AR
€7,

~k _
Applying the strong law of large numbers, as the numbers of each type Z,,, k € S grow exponen-

tially,
~k
. Z
1 A
— D> A=) ) AL () —0
T veS Ly =1

as n — oo. Combining this with the convergence result (5.18) we have S; — 0 a.s. as n — oo.

For the second term we write, using (5.16),

S < e | S0 (e — ey | [ e [ 30w~ p | 3w | W
ieT , icT ., icT .,
~k ~k ~k
Z, z, zZ
< e YO fmbre —mirelw e YO Do mh — B mhow
keSS I=1 pes | \i=1 =1
_ ~k Lk B _k
< e Z Zn |mﬁ,1no _ ml(;,)no| + E ml(;,)no e ’YnZn —e 'ynE(Zn)W’ )

keS keS

Now, by (5.18), the boundedness of msd™ and the convergence as n; — 0o of m&"0 — mk:o for

each k € S, for any e > 0, there is a random constant C' such that Sy < Ce. Thus we have
e X0 — mEeT ] a.s.
In order to remove the truncation we write
e XN — mIOW| < e M XN0 — X100 4 |em X0 — P8O | + W med"e — mid|.

We note that mad™ is increasing in ng and bounded above, hence the last term converges to 0.

We have established the second term above converges to 0, so all that remains is to show that
e X — X0 — 0.
In order to see this

X0 = X< Y7 (0 = ) T g
ieT
< ZUW’ (n - |i|)Ilogpi<(n7no)log2
ieT
< S#{ieT:p <2,

As the branching process is supercritical with exponential growth, the total population size ever
born is controlled by the number currently alive. It is straightforward to show that there is a
constant C' such that

#eT:p <270} < Czppy.
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Hence we have

e X — XMoo < em8C 2y, < Cle” M0,
Hence by taking ng large we can make this arbitrarily small completing the proof that
e "X — mPW, a.s.

for each ¢t € [0, (1 4 0)log2) as n — .

Finally we have the result by rewriting in terms of . ]

5.4 heat kernel estimates

As the form is a resistance form all we need to do here is to use our volume estimates in order
to apply the results of Croydon [13] which give heat kernel estimates once volume estimates are
known in the setting of resistance forms. We remark that the existence and joint continuity of
the heat kernel are standard, see [13] Proposition 5.

We now state our estimates for the heat kernel. Let 6. = 2(20 4 3)(6 + 2) + ¢

Theorem 5.19 There is a positive constant c1(w) and for € > 0 positive constants ca(w), cs(w)

such that for P-a.e. w for u, —a.e.x € C and fort <1,
co|log t| 7049/ 0+D) < & (z, x)

and

log(

1/6
B ~ R(z,y)0*!
w < 0/(0+1) (0—1)/(6+1) — 7
0 < ¢*(z,y) < ert | log | log ¢]| exp | —¢3 n R(z,y)

Proof: We just use the volume estimate from Theorem 5.10 and [13] Theorem 1. We observe
that our volume estimates are exactly of the form considered in [13] where f;(r)V(r) < V(z,r) <
fu(r)V(r). We take V(r) = 7% and the oscillation terms are f;(r) = log|logr|'~? and f,(r) =

|logr|2T¢. The result is then that there are constants such that

A0 )\ .
‘ <fu(h_1(t))> y = pi(z, ) < C g

where h;(r) = rV () fi(r) and the constant ¢’ > (20 + 3)( + 2). Thus, as h(r) = r*!, the main

term in the heat kernel is h=1(t)/t = t=¢/(°+1) The lower correction term is

(%) - C<|log|1ogt|91—1|1ogt|2+e>6/

|~2(204+3)(0+2)—c.

vV

c|logt

< the/(0+1)‘ log ‘ logt‘|(971)/(0+1)
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giving the result. ]

We remark that the size of the exponent 6, that appears in the correction term for the lower
bound and off diagonal upper bound is at least 196.534! It would be interesting to know what
the size of the fluctuations actually is.

Similarly at the point 0 we can use the same approach with the volume estimate of Lemma 5.12

to obtain the following.

Theorem 5.20 For P-a.e. w and fort < 1 there are constants c1(w), ca(w) such that

Clt—(e—u)/(ﬂ—l/+1) < qzu(o,0> < C2t—(9—u)/(9—l/+1).

Note that this result will hold for any of the vertices in the approximating sequence V,,. This
means that although the heat kernel fluctuates at p-almost every point, there is a countable dense
set of points in the cluster (of u measure 0) where there are no fluctuations in the heat kernel.

The statement of (i) of Theorem 1.2 for the critical cluster is just the on-diagonal version of
Theorem 5.19. While the second part (ii) of Theorem 1.2 for the critical cluster at 0, is directly
Theorem 5.20.

6 Open Problems

There are a number of questions which arise naturally.

(i) In our construction we chose the weights on the edges to ensure that the total resistance
across the cluster was 1. It would be natural to consider the problem where we use the same fixed
resistance weight for each edge in the previous construction of a Dirichlet form for the scaling
limit. We would like to think of this in the graph setting where we have a random walk moving
on the graph with unit resistors for each edge. In order to understand this problem we need to
consider a random hierarchical system [23]. We can view this as either for the conductance or the
resistance. Using the self-similarity and independence it is clear that if R, denotes the resistance
between 0 and 1, then

R R,—1(1)+ R,-1(2) if a single series connection,

n = 1

T T T
Ry 1 (D+Rp_1(2) " Ry 1(3)+ Ry —1(4)

if there are two series connections in parallel.

Alternatively we can write this in terms of conductances as

1

N S—— — if a single series connection,
Cn — Cp—1 () " Cp_1(2)

 Sr— —— Jlr T if there are two series connections in parallel.
Cp—1 (M " Cp_1(® Cp—1d) "Cpr_1(®)

As a first question we would like to know if there exists a A such that (log R,,)/n — X as n — cc.
If there is exponential growth, is there a limit distribution such that R, A" — ¢ as n — oo.

(ii) The general case of n pairs of edges in parallel for n > 2, extending our discussion from
the case of n = 2, presents a challenge. It is clear that there will be different behaviour as the

dimension of the diamond lattice is log(2n)/log(2) and we will be in the transient case for all
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n > 2. The percolation question can be answered by solving a suitable fixed point equation and
we will see that there is a unique p. in (0, 1) at which there is percolation. When considering the
infinite critical percolation cluster the techniques we applied in the case n = 2 revolve around the
fact that we have a resistance form and can use the resistance metric. We believe that there will
not be a resistance form for larger values of n and hence new techniques for establishing existence
of the Dirichlet form and heat kernel estimates in the random transient case will be needed.

A simpler alternative is to consider different probability measures on the cluster generating
configurations, for instance the random cluster measure, which may produce resistance forms for
larger values of n. We note that if n = 3 has a resistance form, then a heuristic spectral analysis
would suggest a smoother limit result for the high frequency eigenvalues in that the normalized
limit of the eigenvalue counting function would exist.

(iii) The study of random walks on the graphs would be of interest. In particular the case
where we use a random sequence of blow ups of the set in order to remove the existence of points
of infinite degree in the graphs. For the spectral properties of such random blow ups in the finitely
ramified fractal case see [42]. This will give nicer graphs but it is not clear what to do about the
percolation problem in this setting as an incipient infinite cluster construction may be required

in order to ensure that the infinite cluster contains our initial edge.

Acknowledgement. The authors thank H. Spohn for encouraging us to work on this problem.
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