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Abstract

The notion of d-set arises in the theory of function spaces and in fractal geometry. Geometri-
cally self-similar sets are typical examples of d-sets. In this paper stable-like processes on d-sets
are investigated, which include reflected stable processes in Euclidean domains as a special case.
More precisely, we establish parabolic Harnack principle and derive sharp two-sided heat kernel
estimate for such stable-like processes. Results on the exact Hausdorff dimensions for the range
of stable-like processes are also obtained.
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1 Introduction

Let F' be a closed d-set in R™ with n > 2 and 0 < d < n. That is, there is a positive Borel measure
u on F such that there exist Cy > Cy > 0 so that

Cyre < u(B(z,r)) < Cyrd forall z € F, 0 <r<1. (1.1)

Here B(z,r) :=={y € F : |z —y| < r} and | - | is the Euclidean metric in R". Such a measure yu is
called a d-measure (which is also called Ahlfors regular in some literatures) on F. The notion of
d-set arises in the theory of function spaces and in fractal geometry. Geometrically self-similar sets
are typical examples of d-sets. It is known (cf. Jonsson and Wallin [22]) that F' is a d-set if and
only if (1.1) holds with p being the d-dimensional Hausdorff measure my restricted to F, and that

if F'is a d-set and p1 and po are two d-measures on F' then there are positive constants ¢; and ¢y
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such that cipug < py < copug on F. On F, one can define a symmetric bilinear form (8(0‘),.7-"(6“)) as
follows. Fix a d-measure p on F and 0 < o < 2. Define

u\zr)—u 2

FxF |$ - y|d—|—a

fn) = L[ A0 - ) - o)

2 |£E _ y|d—|—a

p(dz)p(dy) (1.3)

foru, v e F (O‘), where ¢(z,y) is a symmetric function on F x F' that is bounded between two strictly

positive constants Cy > C5 > 0, that is,
C3 < c(z,y) < Cy for u-a.e. z,y € F. (1.4)

It is easy to check that (£(®) F(®)) is a regular Dirichlet form on L2(F,u) and therefore there
is an associated p-symmetric Hunt process Y on F starting from every point in F' except for an
exceptional set that has zero capacity. We call such kind of process a stable-like process on F.
(Note that some authors use the terminology ”stable-like process” for a jump process on R™ whose
generator at z € R™ is —(—A)*®) where § < a(z) < 1. See [20] and the references therein.)

The study of stable-like processes on d-sets is motivated by the work of function space theory on
d-sets. Indeed, there have been intensive study of Besov spaces by Triebel [32], Jonsson and Wallin
[22], and others on d-sets. They have extended trace and restriction theorems (such as Theorem
2.1) and Sobolev-type embedding theorems to such disordered spaces. This enables them to obtain
results on the asymptotic behavior of eigenvalues for the corresponding self-adjoint operators on
these fractal-like spaces. Recently, it has become clear that there is natural correspondence between
Besov spaces on d-sets and non-local regular Dirichlet spaces (1.2)-(1.3) on these sets. For example,
the reflected stable processes in a Euclidean domain studied in Bogdan, Burdzy and Chen [5] and
the subordination of reflecting Brownian motion in a Euclidean domains studied in Farkas and
Jacob [14] and in Jacob and Schilling [19] are examples of processes associated with Dirichlet space
of the form (1.2)-(1.3).

Various results of Dirichlet forms have been shown on d-sets. Fukushima and Uemura [16]
obtained capacitary inequalities on contractive Besov spaces including F (@), Stés [29] and Kumagai
[25] defined several stable-like processes on a d-set F' as a subordination of some nice diffusions on
F or as the trace of the n-dimensional Brownian motion on F' and proved that the corresponding
Dirichlet forms are comparable. As a related work of Besov spaces on d-sets, Caetano [8] and Farkas
and Jacob [14] study the question whether the space of smooth functions with compact support in
a Euclidean domain is dense in the Besov or Triebel-Lizorkin type spaces. In the fractal contexts,
the domain of local regular Dirichlet forms which correspond to Brownian motion are shown to be

function spaces of Besov and Lipschitz types (see [21, 24, 27, 17]). There are also related work by



Strichartz [30] on relations between various function spaces of Holder-Zygmond, Besov and Sobolev
types and by Zihle [35] studying pseudo-differential operators through Riesz potentials on fractals.

The purpose of this paper is to establish a parabolic Harnack principle and to give two-sided
sharp estimate for the transition density function of Y. As a consequence, we show that Y can be

refined to be a Feller process starting from every point in F'. Here is the main result of this paper.

Theorem 1.1 Suppose that F is a closed d-set satisfying
w(B(z,r)) < Cyrt for every x € F and r > 0. (1.5)

Then, for 0 < a < 2, there is a Feller process Y on F associated with the Dirichlet form (€ (@) .7:(0‘))
on L2(F, 1) andY has a Hélder continuous transition density function p(t,x,vy). Furthermore, there
are constants cg > c¢1 > 0 that depend only on n, d, o, and the constants C1 and Cs in (1.1). such
that

. _ t ) _ t
¢ mln{(t ie, m} < p(t,z,y) < cpmin {t ife, W}’ (1.6)

for all x,y € F and 0 < t < 1. Moreover, except for the case of 0 < a = d < 2, the constants

¢1 and ¢y can be chosen to depend only on (n,d,a) and on the constants (C1,Cs,Cs3,Cy) in (1.1),
(1.5) and (1.4) respectively.

It is known (cf. Jonsson and Wallin [22]) that if F is a closed set satisfying (1.1) then for every
finite 79 > 0, inequality (1.1) holds for every r < r¢, possibly with different values of C; and Cs.
Hence any bounded d-set satisfies condition (1.5).

As an application of Theorem 1.1, we show the following.

Theorem 1.2 Under the assumption of Theorem 1.1, for every x € F, P®-a.s., the Hausdorff
dimension of Y[0,1] :=={Y;: 0 <t <1} is min{a, d}.

We remark that when F' is the Euclidean closure of an open n-set in R", ¢(x, y) is constant and
i is the Lebesgue measure on R", the corresponding process Y is the reflected a-stable process on
F studied in Bogdan, Burdzy and Chen [5]. In particular, when F' = R" and p is the Lebesgue
measure on R"”, Y is a symmetric a-stable process in R"™. Note that our results are applicable to
Riemannian manifolds setting, since any compact Riemannian manifold ' can be embedded into

a higher dimensional Euclidean space R" as a d-set.

The program of this paper is to study the two-sided heat kernel estimates for the processes
given by Dirichlet forms (1.2)-(1.3). For this, we first derive the on-diagonal heat kernel estimates

by establishing the Nash’s inequality in Section 3. We next establish various estimates on hitting



probabilities and prove the parabolic Harnack inequality in Section 4. The heat kernel estimates
(1.6) then follows from these hitting probability estimates and the parabolic Harnack inequality.
We point out that if we assume a priori that the transition density function p(¢, x, y) of a symmetric
Markov process Y on F has estimate (1.6), then it is quite standard to show that the parabolic
Harnack inequality holds for Y and that parabolic harmonic functions of Y are Hélder continuous
(see the approach in Fabes and Stroock [12]. Alternatively, using the two-sided estimate (1.6), one
can easily check that the tightness results in Section 4 holds and thus yield the parabolic Harnack

inequality.

As mentioned previously, stable-like processes on a d-set also arise from diffusion processes on
fractal sets through subordination. For this connection, assume that there exists a p-symmetric
conservative Feller diffusion {B;};>¢ on F which has a jointly continuous symmetric transition
density p(t,z,y) with the following estimates: there are constants ¢; > 0 for i = 1,2,3,4, ds > 0
and d,, > 2 such that

1/(dw—1)
et exp (—ex (jo—al /1) ) < pttan) (1.7
1/(dw—1)
< gt %/ exp (—64 (|a: — y|d“’/t) ) forall0 <¢<1and z,y € F.

It is known that certain fractals such as Sierpinski gaskets and Sierpinski carpets admit such
diffusion processes. For 0 < s < 2/dy, let {&}i>0 be the strictly s-stable subordinator, i.e.,
it is a one dimensional non-negative Lévy process independent of {B;};>o with {§ = 0 and
Elexp(—A(&4s — &5)] = exp(—tA®) for all positive A,¢ and s. Then, as it is shown in Stés [29]
and Kumagai [25], the s-subordinated process Y; := B¢, of B is a p-symmetric strong Markov
process on F' whose Dirichlet form has the form of (1.2)-(1.3) with a = sd,,.

Harnack inequalities and two-sided heat kernel estimates for general stable-like processes in
R? have only been studied very recently. In [23], Kolokoltsov obtained (1.6) for certain stable-like
processes in R%. Bass and Levin [4] used a completely different approach to obtain a similar estimate
and a parabolic Harnack inequality for discrete time Markov chain on Z¢ where the conductance
between = and y is comparable to |z — y|~(4T®) for 0 < a < 2. In a closely related work [3], Bass
and Levin established an elliptic Harnack inequality for stable-like processes in R%. Later Song
and Vondracek [28] applied their technique to extend the Harnack inequality to certain class of
jump-type processes in RY.

The approach of this paper is very much influenced by those in Bass and Levin [3, 4]. However
there are some new twists for stable-like processes on d-sets, which also yield some new results even
in the R"™ case. For example, in general even with F' = R", the space CJ°(R") of smooth functions

with compact support in R™ may not be contained in the domains of the infinitesimal generators



of the processes considered in this paper and the processes may not be a semimartingale. In this
sense, the parabolic Harnack inequality established in Proposition 4.3 below extends the Harnack
inequality derived in Bass and Levin [3], whose result when applies to symmetric process Y requires
that ¢(z,y) in the Dirichlet form (1.3) of Y with FF = R" and ¢(z,y) be of the form of f(z,y — ),
where f(x,h) is an even function in h. That extra assumption in ¢(z,y) enables them to write
down the infinitesimal generator of Y in terms of the principle value of an integral. In this paper,
no such condition is imposed on ¢(z, y).

In this paper, we use “:=” as a way of definition, which is read as “is defined to be” and “=:

»
means “is denoted by”. For two real numbers a and b, a A b := min{a, b}. For functions f and g,
notation “f = ¢” means that there exist constants co > ¢; > 0 such that ¢;1 g < f < o g. We will
use ¢, with or without subscripts, to denote strictly positive constants whose values are insignificant
and may change from line to line. For a set A C R", we will use diam(A) and dimg A to denote

the diameter and the Hausdorff dimension of A, respectively.

2 Besov Spaces on d-Sets

In this section we recall the definitions and some basic properties of Besov spaces on F. Throughout

this section, F' is a closed d-set in R™, which can be unbounded.

For 0 < s < 1, the Besov space BE’Z(F) on F' is defined by

B2*(F) = {u: u is measurable on F, |u|B2>*(F)|| < o}, (2.1)
where
9 1/2
u(z) — u(y
[l BEA(E)] = [[ullzae + ( | wuuxmdw) . (2.2)
X

For each f € L}, (R™) and = € R™, define

. 1
Rf(z) = lﬁﬁ)l m /B(:c,r) f(y)dy,

if the limit exists, where m is the Lebesgue measure in R". It is well-known that the limit exists
quasi-everywhere in R™ with respect to the Newtonian capacity if n > 3 or logarithmic capacity if
n = 2 and coincides with f(z) almost everywhere in R"™. For each 3 > 0, denote by B;’Q(R") the
classical Besov space on R™ (see Remark 2.2 below for its definition). The following trace theorem
plays an important role in the study of Besov spaces on d-sets (see, for instance, Chapters V and
VI in [22] or Section 20 in [32]).



Theorem 2.1 For 0 < s <1, the trace operator Trp : f — Rf is a bounded linear surjection from

2.2
Bs-l—(n—d)/Z

the extension operator in literature) so that Try o Ep is the identity map on B?’Q(F). The operator

(R™) onto BZ*(F) and it has a bounded linear right inverse operator Ep (which is called

norm of the extension operator Er s bounded by a constant that depends only on the constants C1
and Cy in (1.1).

Remark 2.2 (i) The last assertion of Theorem 2.1 is not explicitly stated in [22]. However if
following the proof there in section V.1.3 carefully, one sees easily that the operator norm of the
extension operator Er is bounded by a constant that depends only on the constants C; and Cs in
(1.1).

(ii) Note that for § > 0 with integer k¥ < 8 < k+1, the classical Besov space B;’Q(Rn) is defined
to be

2,2/mn kpn j ||AhD]f||% 12
By (R")=<ueC*R"): HUHBEQ = Z \|D u||2+z R Wdh <o,
0<ljl<k lil=k
where for j = (j1, 2, ,jn) € Z%, |j| = X0_, jx and DI = % A}, is the difference
T - 0Ty

operator so that for h € R", (Axf)(z) = f(z + h) — f(x), and || - ||2 denotes the L?-norm in
L%(R™,m) (see, for instance, section I.1.5 in [22].) It is known (cf. Section V.1.1 in [22]) that
when 0 < f < 1, norm [lull 22 is equivalent to Hu | B22(R")| defined by (2.2) with F = R™,
and therefore B;’Z(R") is the same as the space defined by (2.1) with F = R". Furthermore,

space B;’Q(Rn) coincides with the classical Bessel potential space on R"™ (also called the fractional

Sobolev space or the Liouville space); see, for instance, p. 8 in Section I.1.5 of [22]. O

Clearly F(® in (1.2) is just Bi/ZQ(F) and by Theorem 2.1, it is easy to check that (£(®), Bi’/22(F))
is a regular Dirichlet space on L2(F, i) (a detailed proof for this is given, for instance, in Theorem
3 of [29]). We note that when F' is the Euclidean closure of an open n-set in R", ¢(x,y) is constant
and p is the Lebesgue measure in R", the associated process Y is a reflected a-stable process on
F studied in Bogdan, Burdzy and Chen [5]. When F' = R" and p is the Lebesgue measure on R",

Y is a symmetric a-stable process in R".

By the trace theorem stated in Theorem 2.1 above and the Adams’ embedding theorem for
Besov space B;’Q(R") (see Theorem on p. 8 and Lemma 1 on p.214 in Jonsson and Wallin [22]),
the following Sobolev inequality holds on a d-set F' when 0 < a < d A 2:

el g2armo gy < ¢llul Byp(F)|| - for all w € BR(F), (2.3)



where ¢ depends only on d, «, and the constants C; and Cy in (1.1). Using this and the Varopoulos
theorem (see [33] or Corollary 2.4.3 in [10]), one concludes that for 0 < oo < dA2, there is a Borel set
N C F having zero capacity with respect to ((®) B2/22(F)) so that the symmetric strong Markov
process Y(®) associated with (£(%) Bi /22( )) in (1.2)-(1.3) has a density functions p( )( y) with
respect to the measure p for every z € F'\ N and that the following upper bound holds:

—t (a)(ac y) < ct™¥° for every t > 0, z € F\ N, and for y-a.e. z,€ F. (2.4)

3 Nash Inequality for Besov Spaces on d-Sets

Throughout this section, F' is a closed d-set in R™ with 0 < d < n. We will show that the upper
bound estimate (2.4) holds for the transition density function of Y(®) with 0 < d < o < 2 as well.
Note that the equivalence between the heat kernel on-diagonal upper bound estimate (2.4) and the
Sobolev inequality (2.3) holds only for @ < d A 2, while it is known that (2.4) is equivalent to the
Nash inequality 3.1 below for every a € (0, 2) and d € (0, n] (see Theorem 2.1 in Carlen, Kusuoka
and Stroock [9]). So we will establish a Nash’s inequality for Besov space Bi’/22(F). In the case
of a > d, the Nash’s inequality will be obtained by using Sobolev embedding theorem for Besov
space on R"™, while for the case of a = d, it will be derived by using a combination of complex

interpolation method and probabilistic subordination technique.

Proposition 3.1 Suppose that d < o < 2. There exists a constant ¢ > 0 that depends only on n,
d, a, and the constants C1 and Cy in (1.1) such that

2t 2 2a
259 < Hu|Ba/2 )H Aull for all we BY(F), (3.1)
where || - ||Le s the LP-norm in LP(F, ).

Proof. First we claim that, with d < a < 2, every function u in BZ’/Qz (F) is a continuous function
on F' that vanishes at infinity. Indeed, by Theorem 2.1, there is a bounded extension operator from
Bi’/22( ) into B(n+a d)/2( "), while according to Theorem 2.8.1 in [31], the following embedding
holds:

B’ (R™) ¢ C™D2(Rm), (3.2)

(n+a—d)/2

Here for 0 < 8 < 1,

ChRY = {ue ORY ¢ Jullga = sup, fua)] +sup 40 oo
zeR" sty =l



So B2%,(F) can be continuously embedded into the Holder space Cfy~¥/*(R™). As C(R") is

dense in B(21;2—|—a—d)/2 (R™) (see, e.g., Theorem 4.1.3 in [1]) and the latter space can be continuously
embedded into the Holder space Cl(,?fd)/z(R”) by (3.2), we have B(2ﬁ2+a—d)/2 (R™) C Cx(R™), the

space of continuous functions vanishing at infinity. It now follows from Theorem 2.1 that
2,2
B2 (F) C C(F),

where Co(F') is the space of continuous functions on F' vanishing at infinity.

Next we show that the Nash’s inequality holds. To simplify notations, set Q1(u) = ||U|Bi’/22 (F)||?

for u € Bi’/QZ(F). By (3.2) and Theorem 2.1, there is ¢; > 0 that depends only on n, d, a, and the
constants C; and Cy in (1.1) such that

lu(z) — u(y)] < a1/ Q1 (w)|z — y|? for all u € Bi’/22(F) and z,y € F, (3.3)
where § = (o — d)/2. Note that for u € Bi’/22(F) C Cx(F), there is z, € F such that
[u(zu)] = [Jullco := max |u(w)|. (3.4)
zeF

Without loss of generality, we may and do assume that ||u|loc = 1. From (3.3), we have
[u(za)] = u(y)] < elzy —y*VQu(w).

So |u(y)| > 1/2 on theset {y € F : |y—za| < (2¢11/Q1(w) YA}, Letro = min{(201 01 ()18, 1}.
Then

Qi () > /B e u) 2 (B ro)) > 1 O

It follows that Q1(u) > cp, where ¢y > 0 is a constant that depends only on (¢, 3, d), which in turn

depend only on (n,d, «). Hence it follows from the lower bound in (1.1),

1
lullfe > 70 ({y € F i ly = oul’ < Cev/Quw) ™' }) 2 caQu(u) ™4, (3.5)
where ¢y = iCl (261)7d/’8. Now, with pu = 2d/«,
4 4 _
[ullZ87% =l ulPF < fullE, 7 ) A2 a2

< (caQu(u) YOOIy | FE = () ul[HE.

—2/u

Clearly c3 = c; is a constant that depends only on n, d, a, and the constants C; and Cs in

(1.1). This proves the proposition. O



By Theorem 2.1 of [9], Proposition 3.1 implies that the upper bound estimate (2.4) holds when
d < a < 2. However the proof in Proposition 3.1 breaks down when d = a. In Proposition 3.3, we
will show that the Nash’s inequality (3.1) holds for the critical case d = o < 2 as well.

Recall that a Borel set N C F is called properly exceptional (with respect to Y) if u(N) =0
and for every z € F\ N,

P*(there is some t > 0 such that Y; € N or Y;_ € N) = 0.

Theorem 3.2 For every 0 < a < 2 and o # d, there exists a properly exceptional set N of Y and

a jointly measurable symmetric function p(t,z,y) on [0,00) X F x F such that

E*[f(Y1)] = /ﬁp(t,w,y)f (y)u(dy)  for every x € F and f >0,

and satisfies the Chapman-Kolmogorov equation
p(t+s,z,y) = /ﬁp(s,x, 2)p(t, z,y)pu(dz) for every s, t >0 and z,y € Fv,
and that
e tp(t,z,y) < ct=¥° for every t > 0 and z,y € F, (3.6)

where F := F \ N and ¢ > 0 is a constant that depends only on n, d, o, and the constants C1, Cs,
C3 and Cy in (1.1) and (1.4) respectively. So when the process Y is restricted on F, p(t,x,y) is its

transition density function.

Proof. Using the Sobolev inequality (2.3) when a < d and the Nash’s inequality when d < o < 2
and by the same argument as those on page 52 in Barlow [2] (while using Theorem 2 of [34]), one
concludes that process Y(® admits a properly exceptional set N and such a jointly measurable

symmetric function p(¢,z,y) on [0, 00) X FxF. O

Now we show that the Nash’s inequality (3.1) and therefore (3.6) holds for the critical case
d = o < 2 as well, by using an interpolation method and a probabilistic subordination technique.

We will suppress ~ from F and write F as F.

Proposition 3.3 For the case of 0 < d = a < 2, there exists ¢ > 0 such that

2
2,2
lullfe < e JulBZ,@)|| |

a2 |u||31 for every u € B>*(F). (3.7)



Proof. Fix some § € («,2). It follows from the complex interpolation (see [22]),

B}, (F) = [L*(F), By}, (F)] .

where § = «/f3. Let Y be the 1-subprocess of Y#) on F associated with (€(ﬂ),B§’/22)(F)) in
(1.2)-(1.3) with § in place of « there. As d < f < 2, it follows from Proposition 3.1 and Theorem
3.2 that V?) has transition density function ﬁgﬂ)(x,y) with ﬁgﬁ)(x,y) < e1t™%B for t > 0. If we
use Y to denote the process obtained from Y(®) through #-subordination, then the domain of the
Dirichlet space of Y is BZ’/22(F) and its &1-norm is equivalent to that of Bi’/zz (F) (cf. Farkas and
Jacob [14]). Hence to establish (3.7), it suffices to show (cf. Theorem 2.1 in Carlen, Kusuoka and
Stroock [9]) that the heat kernel p,(x,y) of Y has the upper bound cpt~! for ¢ < 1.

Let 7(t, z) be the density function for the #-subordinator, i.e.
*° 0
/ e My(t,z)dz = e " for any A > 0.
0
Function 7 has the scaling property n(\t, z) = A\=/0(t, \='/92). Tt follows that for 0 < ¢ < 1,

1 [e'e)
me::Ap@mwwmm+[zﬁmwmmws

1
< /ﬁ@wwwﬂ%@fwww+@
0
—1/6

- A 20, (@ y)n(1,r)dr + ¢

t71/9

<o [ @ W+
0
< a t_l/ r=UBy(1,7)dr + c3.
0

Here in the last inequality we used the fact that § = o/ and that d = a. Asd < <2, 7(1,7) is

continuous and 7(1,7) < cgr 17 for large 7,

o
/ =1, r)dr < co.
0

Thus we have proved that there is a constant ¢y > 0 such that p,(x,y) < cat ! for ¢ < 1. O
Since the Nash’s inequality holds for the critical case 0 < d = a < 2, we see that, by exactly

the same argument, Theorem 3.2 holds for 0 < d = a < 2 as well. In other words, Theorem 3.2

holds for every 0 < a < 2.

10



4 Heat Kernel Estimates

Throughout the remaining of this paper, we assume that F' is a closed d-set in R"™ satisfying
condition (1.5).

In this section, we will prove Theorem 1.1, the main theorem of this paper. For notational
convenience we will suppress the superscript («) from Y@ and £® when there is no danger of
confusions.

Our approach is motivated by the work of Bass and Levin [3, 4] on stable-like processes on Z" and
on R"™. However there are some new twists for processes on d-sets, as paper [3] deals with stable-like
processes on R", when restricted to the symmetric processes case, requiring c(z,y) = f(z,y — )
and f(z,h) be an even function in h, while paper [4] is concerned about the transition density
function estimates for discrete time stable-like Markov chains on Z".

To keep the exposition as transparent as possible, we first state three key propositions that are
needed to prove Theorem 1.1, followed by the proof of Theorem 1.1, and then give proofs for these
three propositions. Let p(¢,z,y) be the transition density function of ¥ on F:=F \ N, where
N is the properly exceptional set in Theorem 3.2. Propositions 4.1-4.3 will imply the heat kernel
estimate (1.6) of p(¢,z,y) for z, y € F. In Theorem 4.14, we will show that such p(¢, z,y) is jointly
Hoélder continuous in (¢,z,y) and therefore it can be extended continuously to [0,00) X F' x F', which
proves Theorem 1.1. In the remaining of this section, we will suppress ~ from F and write F as
F.

The first proposition is a tightness result for Y;. For a subset K C F', we let o := inf{t > 0:
Y, € K} and 7 :=inf{t > 0: Y; ¢ K} to denote the first entering and exiting time of K by Y.

We will use B(z,r) to denote a ball centered at = with Euclidean radius 7.

Proposition 4.1 For each rg > 0, A > 0 and 0 < B < 1, there exists 0 < v < 1 such that for

every 0 <7 < 7o,
P? (Tp(z, ary < 77%) < B.

Moreover, except for the case of 0 < a = d < 2, the constant v can be chosen to depend only on
(ro, A, B,n,d,«) and the constants (C1,Cs,C3,Cy) in (1.1), (1.5) and (1.4) respectively.

The next proposition is an analogy of two inequalities in Proposition 4.7 and in the proof of

Theorem 5.2 in Bass and Levin [4].

Proposition 4.2 (i) For each a > 0, there ezists c1 > 0 such that

d+a
P* (oB(y’aT) < ro‘) < ( ) for every r € (0, 21/0‘]. (4.1)

|z — 9]

11



Moreover, except for the case of 0 < a = d < 2, the constant c1 above can be chosen to depend only
on (a,n,d,a) and on the constants (C1,C2,C3,Cy) in (1.1), (1.5) and (1.4) respectively.
(ii) For each a,b > 0, there exists cg > 0 such that

. N r d+a
P (UB(y,ar) <r ) Z C9 H 3 (42)

for every r € (0, 2Y/%] and such that |z—y| > br. Moreover, except for the case of 0 < a = d < 2, the

constant ca above can be chosen to depend only on (a,b,n,d,a) and on the constants (C1,Cs, C3, Cy)
in (1.1), (1.5) and (1.4) respectively.

The last key proposition is a parabolic Harnack inequality. For this we need to introduce space-
time process Zs := (Vs,Ys), where Vi = Vi + s. The filtration generated by Z satisfying the usual
condition will be denoted as {.7-" s; $ > 0}. The law of the space-time process s — Z; starting from
(t,) will be denoted as P(»#). We say that a non-negative Borel measurable function ¢(t,z) on
[0, 00) X F is parabolic in a relatively open subset D of [0, c0) X F' if for every relatively compact open
subset Dy of D, ¢(t,z) = E®%) [q(ZTD1 )] for every (t,z) € Dy, where 7p, = inf{s > 0: Z, ¢ D;}.

For each Ry > 0, we denote g, := 7(Ro,1/2,1/2) < 1 the constant in Proposition 4.1 corre-
sponding to rg = Ry and A = B =1/2. For t <1 and r < Ry, we define

Qro(t,z,7) = [t,t + Yr,v"] X B(z,T).

Proposition 4.3 For every Ry > 0, 0 < 6 < ~g,, there exists ¢ > 0 such that for every z € F,
0 < R < Ry and every non-negative function q on [0,00) X F that is parabolic and bounded on
[0, 3vr, R*] X B(z, R),

sup q(t,y) <c inf  ¢(0,y).
(t,¥)€QRry (6R*,2,R/3) ye€B(z,R/3)

Moreover, except for the case of 0 < @ = d < 2, the constant ¢ above can be chosen to depend only

on (Ry,6,m,d,a) and on the constants (C1,Cs,C3,Cy) in (1.1), (1.5) and (1.4) respectively.

Remark 4.4 Note that the parabolic Harnack inequality implies the elliptic Harnack inequality.
O

It is easy to see the following.

Lemma 4.5 For each to > 0 and xg € F, q(t,z) := p(to — t,z,x0) is parabolic on [0,ty) X F.

12



Proof. For every (t,z) € [0,t9) X F and 0 <7 < s < ty — t, we have by Markov property of Y,
G [g(2)|F,] = E” [plto — t = 5, Vs, 0)|F,] = BY [p(to =t — 5, Y-y, 0)]

- / (s — 7 Yo, 2)plto —t — 5, 2, 20)du(z) = plto — t — 1, Y, 20) = a(Zy),
F

where Z; = (t + s,Ys). So {q(ZS),JN-"S; 0<s<ty— t} is a P®?)_martingale for every (t,x) €
[0,%9) x F and hence it is parabolic on [0,%9) X F' as it is shown in the last section that ¢(s,y) <
c(to —s)~%. O

We now give the proof of Theorem 1.1 by assuming Propositions 4.1-4.3.
Proof of Theorem 1.1 (Upper bound). Let A = |z — y|. By Theorem 3.2, we only need to
consider the case that A > t'/®. Let to = (1 + 71)t. By Proposition 4.2(i),

t(l)/a t1+d/a
p(to, x, 2) p(dz) < P* | Y; hits ball B |y, ——————— | by time ¢y | < ¢;1——.
ey P2 21002 s e o) <elora
(4.3)

Set q(s, z) :== p(to — s,2,2) = p(to — s,x,2). By Lemma 4.5, ¢ is parabolic in [0,%y) X F. It follows
from (4.3) and the fact that u(B(y,t1/*/3)) > ¢y t¥/®,

. . Cgt
inf q(0,2) = inf p(to, x,2) <
2€B(y,5t1/*) (0,2) 2€B(y,5t/*) ( ) Adte
Now by Proposition 4.3 with Ry =1 and § = 1,
t
p(t,z,y) = q(nt,y) < sup as,2) e inf - q(0,2) < 7
(5,2)€Q1(mty, 3t1/) z€B(y, 3t'/*)
and the proof is completed. O

To prove the lower bound, we need the following lemma, which corresponds to Proposition 5.1
of Bass and Levin [4].

Lemma 4.6 There exist c1, co > 0 such that
p(t,z,y) > et/

forall0 <t <1 and z,y € F with |z —y| < a1 tY/®. Moreover, except for the case of 0 < a =
d < 2, the constants c¢; and ¢y can be chosen to depend only on (n,d,a) and on the constants

(C1,C9,C5,Cy) in (1.1), (1.5) and (1.4) respectively.
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Proof. By Proposition 4.1, there exists c3 > 1 such that

P (sup |V, — z| > est'/®) < 1/2 forall0 <t <1.
s<t

On the other hand, using the upper bound in Theorem 3.2, there exist 0 < ¢4 < c3/2 such that
PZ(Y; € B(z,cst/®)) <1/4  forall 0 < ¢ < 1.
Thus, if we set E(t) = B(z, c3t'/®) \ B(z, c4t’/®), then
P*(Y, € E)>1/4 forall0 <t <1.

Now for an arbitrary but fixed ¢ € (0, 1], define ¢tp = (1 — 71)t. Applying to above with ¢y in
place of ¢ yields p(to, z,2) > c(;tad/cE for some z € E(ty), since u(E(ty)) < esto®®. Now applying
Proposition 4.3 with Ry = 1 and § = ~; to the parabolic function ¢(s,-) := p(t — s, x, -), we have
that for all y with |y — z| < clt(l)/a, where ¢; := (v1/4)'/°,

pt,z,y) > inf  q(0,w) > cs sup q(s,w) > csplto, x,2) > et ¥,
weB(z, c1to/*) (8,w)EQ1(71to, T, c1tol/e)
where ¢cg :=cgc5 (1 — 'yl)_d/"‘. O

Proof of Theorem 1.1 (Lower bound). Due to Lemma 4.6, it is enough to prove the theorem
for |z — y| > ¢y t1/®. By Proposition 4.1, starting at z € B(y,t'/®), there is a positive probability
(independent of z and ¢) such that the process Y does not move more than 1t/ by time t. Thus,

by Proposition 4.2 (ii) and the strong Markov property of Y,

1 tlt+d/o
x «

P*(Y; € B(y, cst'?)) Z%m-

Applying above with tg = (1 — 1)t in place of ¢, we have

t1+d/a

P*(Y,, € B(y, cst'/*)) > 6T — e

As pu(B(y, c5tt/®)) < ¢7t%®, the above implies p(tg, z, z) > cgt/|z—y|*+* for some z € B(y, c5t™/®).
By applying Proposition 4.3 as in the proof of Lemma 4.6, we obtain the desired result.

Thus we have proved estimate (1.6) for z,y € F. The Holder continuity of p(t,z,y) will be
proved in Theorem 4.14. m|

In the remaining of this section, we are going to prove Propositions 4.1-4.3.
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Recall that since Y is a symmetric strong Markov process on F', its jump behavior is described
by a pair (N, H), a Lévy system of Y, in which N is a kernel from (F,B(F)) to itself satisfying
N(z,{z}) =0 for any = € F, and H a positive continuous additive functional of ¥ with bounded
1-potential, such that for any positive B(E x E)-measurable function F, the dual predictable

projection (or compensator) of the homogeneous random measure

n(w,dt) := ZF ))1{Y5 (w);éYs(w)}Es(dt) (4.4)
s>0
is [y NF(Y,)dH,, where NF(x fE (z,dy)F(z,y). [Here €, is the unit point mass at s.] Let

pug denote the Revuz measure of H. Then it is known (see, for example, Appendix A.3 of [15])
that J(dz,dy) := 1 pu(dz)N(z,dy) is the jump measure in the Beurling-Deny decomposition of
the Dirichlet form for Y and therefore

()N o, ) = 1 (o))

c(z,y)
[a—y|dFe P

So one can take N(z,dy) = u(dy) and Hy =t as a Lévy system for Y.

Lemma 4.7 Let f be a non-negative measurable function on Ry X FXF | vanishing on the diagonal.

Then for every t > 0, x € F and predictable stopping time T of {F}1>0,

S (v vy | = [ [0 [ AICTD) gy,

s<T

Proof. By the Lévy system, the lemma holds for f(¢,z,y) of the form 1) fo(z,y) for some
0 < a < b and measurable fy > 0. Using monotone class theorem, the lemma holds for general
measurable f on Ry x F' x F. |

Proof of Proposition 4.1. We divide this long proof into several steps.
Step 1. First of all, note that it is enough to consider the case ¢ty > 1. For § € (0, 1], define measure
p® on 6 1F :={6'x: x€ F} by

pO(A) = 679u(5A) for every A C 6 'F. (4.5)

Clearly 1 is a d-measure on §—'F satisfying (1.1) and (1.5) with the same constants Cy >
C1 > 0 since 6 < 1. By somewhat abusing the notations a little bit, it is easy to check that
Y® = {6 Wsay; t > 0} is an p®-symmetric Hunt process on § 'F whose Dirichlet form is
(E® B /2( ~1F)), where

1 c(6z, 6y)(u(z) — u(y))? _
£ (u,u) = 5 /6 st p : \ya:)(_;|3l+a W) O (d) u® (dy) or u € BY,(67'F). (4.6)
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Note that for u € B /2(6_1F), by a change of variable, f(z) := u(6~'z) € B> (F) and

EO (u,u) = 6“74E(S, f), (4.7)

ullgas-1mwey = 6~ U Fllie wy  and  (ullrz-1p, wo) = 5~ £l - (4.8)

Recall that for each s > 0, 526)(u,u) = EO(u,u) + s fs-1p lu(y)]? 1®(dy). Note that by the
equivalence of the heat kernel upper bound estimate in Theorem 3.2 with the Nash’s inequality
(3.1) (see Theorem 2.1 in [9]),

242 20
”f”]_,?(ldryu) <eali(f, f) HfHI:jl(F,u) for every f € Ba/z(F)

Thus we have by (4.7)-(4.8) that for every § > 0 and u € B2/22(5_1F),

242« 2a
||“||L2(5 LF, u®) < a (5(6)(%“)+5a||“||i2(5—lp,u(6))) HuHLdl(é’lF,u(&))
5 2a
< e &) ulld o1 oy (4.9)

In other words, the Nash inequality (4.9) holds for (£(%), Bi’/22(6_1F)) with a universal constant c;

for every 6 > 0.

Step 2. Consider the p(®)-symmetric Hunt process X on 6~'F associated with the Dirichlet form

(C(é) Bi/22(6*1F)), where
1 c(6z, 6y)(u(z) — u(y))?
O =5 [ (O, S)(ue) ~ WD) 0 a) u (@), (1.20)
(3,9)€6=1 Fx6-1F: |z—y|<1} |z — vl

Note that for u € B /2(6*1F),

0 < EOu,u)—CO(u,u)
1

2 /{(z,y)eé—lFxé—lF: |lz—y|>1}

<of uwr(f & — 2@ (dy) | 4 (da)
§-1F {yeé=1F:|y—z|>1}

c(6x u(z) — u(y))?
. 763(—;‘3%-@ W 0 d) u®(ay)

< ¢ / u(z)? ' (dz), (4.11)
6-1F
where ¢ > 0 is a constant independent of § > 0. This, together with (4.9), implies that there is a
constant cs > 0 such that for every § > 0 and u € Ba/2(6_1F),
() T
||u||L2((5 1F H(&)) < C2 C§a+c(ua U) ||u||Ldl(5—1F7 “(5))'
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So by Theorem 2.1 in Carlen, Kusuoka and Stroock [9], there is a constant ¢ > 0 such that for
every § > 0, the transition density function p(®)(¢,z,y) of X(®) with respect to measure p(®) has an
upper bound

p(é)(t,x,y) < o8 ot for every z,y € 6~ F and t > 0.

By Theorem 3.25 of [9], we can get the following off-diagonal estimate of p(®(z,): there is a
constant cg > 0, independent of 6 > 0, such that

PO, z,y) < eyt e By +E+e)t fort > 0and z,y € 6 'F, (4.12)
where
E(t,z,y) = sup{|¢(x) — P(y)| — tA(¥)* : A(y) < oo}
with
AW = max {7, e)lon [T (e, e}
1 c(6z, 6y)(e¥®) — e¥(¥))2
L(e¥, e¥)(z) := —/ ’ 1D (dy).
( (@) 2 Jiyes—1F: y—a|<1} |z — yl|dte (dy)

Now for any = # y in 6 'F, take ¢ € Cl(67'F) C Bi’/zz(é_lF) with ||[V9]lee < 1 such that

(&) =B-({ —z) for [ — z| < 2|y — x| with B = (y —z)/|y — z|. Then

) 1 o(8E, 6m)(eVM—¥©O) _ 12
e 2¢(§)F 61/}7 e"/) 6 _ _/ ,u(é) d/r’
O e piregen =GR (dn)
C
/{7165_1F: In—€|<1} |£ — 77|d+a—2 ( )
< o

where ¢ € (0, c0) is a constant that is independent of § > 0 and z, y € §~'F. Similarly, the same
bound holds with —% in place of ¥. On the other hand,

Y(y) —Y(z) = |z —yl-
Hence it follows from (4.12) that there are constants c4, c5 > 0 independent of § > 0 such that

p(é)(t,x,y) < cqt~HaemlomylH(es+6%)t fort > 0 and z,y € 6~ 'F. (4.13)

Step 3. It follows from (4.13) that for ¢ € [1/4, to] and A > 0,

7 (1x7 — > 1) = / PO (t,2,9)u® (dy) < cem VAT (414
{y€6=1F: |y—z|>A}

17



Define oy := inf{t > 0 : |X§6) - X(g&)| > A}. Then by (4.14) and the strong Markov property of
X ()

P% (o) <1/2) < P? (o)\ <tp/2 and [ X&) — o] < ,\/2) +Pe (|X§f) — > ,\/2)

< P* (w\ < tp/2 and |X§(f) _ X((;i)‘ > )\/2) 4 ce—OVA+Hes+8%)to

to/2 . Q)
A ]Ehﬁ OXm

IN

to—s

— X > A/2); o € ds| 4 ce” Ve

S c ei(A/4)+(05 +6a)t0 B

Here in the second and the last inequalities, we used (4.14). By the strong Markov property of
X© for every A > 0,

IN

p? (SUP P%(ox <10/2) + P*(t0/2 < ox < o)

s<to

x® - x| > A)

o (6)
< e/ L PI(g, ) < 19/2) + BT |PY0/2(0yy < 10/2)

< c e~ (A/8)+(es+8%)to (4.15)

The constant ¢ > 0 above is independent of § > 0, z € 6~'F and A > 0.

Step 4. We now transfer the tightness result obtained in (4.15) for X ) to process Y®. Note that
2,2 r¢—1
for u, v € Ba/2(5 F),

EO (u,v)

I TR c(8z, 8y)(u(z) — u(y))(v(@) —v(¥))  (5)( 4 ,(®
o)+ /{(w,y)eé—lFxé—lF:x—y>1} |z — yldte p e i )

= o)~ [ BOu(w) @) u® (da),

where

BOu(z) := /{ . 1}@(3/)-%(@)%#(”(@)- (4.16)
yeo— Llr—y|>

It follows that, if we use £(%) and A®) to denote the L2-infinitesimal generator of ¥ and X (%)
respectively, then (cf. [15]) Dom(£(®)) = Dom(A®)) and

£6) — A4®) 4 BO).
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For u € L2(6 'F, u®), by Cauchy-Schwarz inequality,

bz, by)(u(y) — u(x))?
BOwu2, < / / (o, ®) (g
| e (871 F, ul®) §-1F \ J{yes—1F: |z—y|>1} |z — y|dte p ()

\ocst / T gata b (2Y dz
($66—1F (ye6—1F: jo—y|>1} |Z — y|ot p?(dy) | pt? (dzx)

c(6z, 6y)(u(z) — u(y))?
C/ ( y)( ( ()H_a (y)) /L(é)(d.’lj) /,L(é)(dy)
{(z,y)€6- 1 Fx6—1F: |z—y[>1} lz -yl

< c6/ u(z)? p® (da),
§-1F

<

where in the last inequality we used (4.11). Here cg > 0 is a constant that is independent of § > 0
and u € L2(67'F, 4(®). Denote by {Qgé); t > 0} the transition semigroup of X(® and define

t
So(t) = ga) and Sk(t):/ Sk,l(s)B(‘s)Qgé_)s ds for k> 1. (4.17)
0

It is easy to see by using induction that each Sk(t) is a bounded linear operator on L2(6 1 F, (%))
with operator norm ||Sk(t)|l2,2 < (cst)*/k!. Hence > 32, Sk(t) = Pt(é) defines a bounded linear
operator on L2(6~1F, (%), In fact by the proofs for Lemma 2.1, Theorems 3.2 and 3.6 in Leviatan
[26], {Pt(é); t > 0} is a strongly continuous semigroup on L%(6 ' F, u(®)) whose infinitesimal gener-
ator is A©® + B@ = £ (Note that although the framework in [26] is for semigroups on space
of continuous functions vanishing at infinite, its proof works for L2-semigroups. See also Theorems
4.10.2 and 4.10.3 in Ethier and Kurtz [11].) Hence {Pt(é); t > 0} is the semigroup for process Y.

On the other hand, there is a constant ¢y > 0 that is independent of § > 0 such that

1
1B ulloe < cllulleo sup / 1Oy < erllul
* Ooa:eé—lF {y€é—1F:|z—y|>1} |x_y|d+a =

for all bounded function u. Hence by reduction it is easy to show that each Sk(t) is a bounded linear
operator on L®(671F, ;) with operator norm ||Sg(t)|loo,00 < (c7t)¥/k!. Hence Pt(é) is also the

limit of Y_7* , Sk(t) as m — oo with respect to the operator norm in L®(§71F, p®). In particular,

for any bounded function f on § 1 F,

C7t k ¢
T | oo < erte™ |l

) 8 >
1P~ QP flloo <
k=1

It follows that there is a constant cg > 0 that depends on ¢y, but is independent of § > 0 such that
for p®-a.e. zin 671F, every t < ty and § > 0,

P” (|Y;(6) —z| > /\> <P* (|Xt(6) —z| > /\) + cgt. (4.18)
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Asz — P* (|Yt(6) —z| > A) is a quasi-continuous function with respect to the process V(¥ by
looking at rational A > 0 and rational ¢ > 0 first, we conclude that there is a properly exceptional
set N of Y(®) such that (4.18) holds for all A > 0 and for = € § ' F\ N©). Now, we take § € (0, 1].
Applying the same argument as that in Step 3, we conclude there are positive constants cg, c1g that
depend on t;, but are independent of 6 € (0,1] such that for z € § *F \ N,

P (sup YO — | > /\) < cge 0N 4ot for every A > 1 and t < %o. (4.19)
s<t

As Y;(&) = 61 Yyoy, SN is an exceptional set of Y and so by enlarge the properly exceptional set

N in Theorem 3.2 if necessary, we may assume (cf. [15])
N> |J &N,
6€Qn(0,1]

Recall that F here is taken to be F'\ N, so (4.19) implies that for every z € F, 6 € QN (0,1] and
A>1,

| ( sup |Ys; —z| > (5/\> < cge 0N f et for every A > 1 and t < #. (4.20)
s<éxt

Clearly by the continuity in 4, the above holds for every 6 € (0, 1] as well.

Step 5. For 1o > 0, A > 0 and B € (0, 1), we choose A > Arg and so < (r§/2) A ro so that
coe 10N 4 ¢g 59 < B and therefore by (4.20),

P$<sup |Y5—a:|2<5/\>§B for every 0 < 6 < 1.

$<6% 59

Now for r € (0,7¢], letting 6 = Ar/\, we have

P* ( sup |Y; — z| >Ar> < B,
s<yre

where v = 59 A%/A*. This proves Proposition 4.1. Keeping a carefully track of the constants

appeared in the above argument, we see that, except for the case of 0 < a = d < 2, the constant

~ above can be chosen to depend only on (A, B,n,d,a) and on the constants (Cq,Cs,C3,Cy) in

(1.1), (1.5) and (1.4) respectively. O

We now turn to the proof of Proposition 4.2. In order to bound P*(Y;, € B(y,at(l)/a)) for

1/ _
0 < tp < 2, it is convenient to look at W} := Y;(to ) = to l/aYEOt and to estimate P*(W; € B(y,a))
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for z,y € t, ep. et 0o = tl/a The Dirichlet form corresponding to {W;} is (€ £(60) 32/22(50_1F))
defined by (4.6).
Fix XA > 0 and define
1 _ 2
6(50,)\)(11,,11,) = _/ C((S()LL', 50y)(u(-§—)'— u(y)) /L(éo)(dl‘) H(éo)(dy). (4'21)
{(.’L‘,y)eéalFx561F; |z—y|<AL/6} ‘g; — y| a

Let Q; : Q(‘SO’)‘) be the transition semigroup corresponding to the Dirichlet form (C (0,2) B2 o2 ((5 LEY).
Define operator B := Bg\éo) by

O () (82, b09)  (éo)
BOUD = [ e (00— ) TR ) (4.22)

If we use .Ag\éo) to denote the infinitesimal generator of (C(%oY), Bi’/22 (6,1 F)) then the infinitesimal
generator of {W;} is Ag\éo) + Bg\éo) (see Step 4 in the proof of Proposition 4.1).
Let K be the smallest integer greater than 6(d + o)/« and set

_n_

ap, = )\%"'41(.
We say that a function g € L(y,n,c) for some y € 50_1F if

1 1 _
lg(2)| < C{)‘d+a + P y|d+a13(y’an)c(z) +H(z)} for every z € §;'F,

where H is a non-negative function supported in B(y,a,) with |H||; + ||H|leoe < 1. To prove
Proposition 4.2(i), we prepare the following lemma, which is a d-set version of Proposition 4.4 and
Lemma 4.5 in Bass and Levin [4]. Note that we change several exponents from the original proof
of [4] (for instance, \'/® in (4.21)-(4.22) corresponding to E = D'/? in [4]). This is because our
estimates (4.13) and (4.15) are weaker than the corresponding results in Proposition 2.4 and 2.5 of
[4].

Lemma 4.8 (i) For each t <1,

1Qcfllr <Nl 1Qeflloe < [I.floo- (4.23)

There is a constant ¢ > 0 that depends only on the constants (C1,Ca,C3,C4) in (1.1), (1.5) and
(1.4) sucu that

C C
1871 < 5glifls, 157 llo < sorg 1o (4.24)

(ii) Suppose that X > 4*K where K is the smallest integer greater than 6(d + a)/a. There exists
c¢1 > 0 such that if g € L(y,n,c) for somey € 65 F, ¢ >0 and n > 1, then Bg € L(y,n + 1, cic)
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and Qsg € L(y,n+ 1,c1¢) for each s < 1. Moreover, except for the case of 0 < a = d < 2, the
constant ¢y can be chosen to depend only on (n,d, ) and on the constants (C1,Cy,Cs,Cy) in (1.1),
(1.5) and (1.4) respectively.

Proof. Since @; is a symmetric Markovian semigroup, it is clear that (4.23) holds. As

dox, b
/ C(L’;fgu“‘”(dy) <A™, (4:25)
{yeéglF: |y—z\>)\1/6} |‘,E o y|

the second inequality of (4.24) holds. To get the first inequality of (4.24), note that by the triangle

inequality and the symmetry of function ¢(z,y),

c(bgx, 6
/_ 1B (@) (dr) < 2 / F@ ) [ 0oz 508)  (60)( 1y
6LF 6LF {yeéo Ly |yf:c|>/\1/6} ‘1' y|
< 2|,

where in the last inequality we used (4.25) and Fubini theorem. This proves the Part (i) of the
lemma.

We now prove Part (ii) of this lemma. By (4.23)-(4.24), |BOA~(@2)|| < ¢1 A=(47®) and the
same bound holds with @y in place of B. Set v(z) = 1g(y, q,)(2)/]2 — y|+® for some y € 6, ' F. As

A > 4 o1 + ||v]|eo < co for some constant cg > 0 that is independent of n and . Define

J0(2) = 1B(y,a,41)(2)|B(v + H)(2)|

and J(z) := Jo(2)/(||[Joll1+|Jollec)- By (4.24), ||Joll1+||Jol/co is bounded by a constant independent
of n and A and J is a non-negative function supported on B(y, an+1) with ||J]|1 + ||J]|cc < 1. The
same argument holds for @) in place of B.
It remains to estimate 1p(, 4,,,)c(2) |Bv(2)| and 1p(y, 4, ,,)c(2) [BH(2)|. Note that for |z —y| >
an+1,
B < [ Do ) + [ o) o) (guy),
{wesy P jw—z|>A1/6} [w — 2|7 {wesy 1 F:jw—z/>21/6} [w — 2]
(4.26)
The second term is clearly bounded by csv(z). We thus consider the first term. Let C :=
{wesy'F:|w—2 >|w—y|}. fwe C, it follows from planar geometry that |w —z| > |y —z[/2.

Hence
v(w) (60) 1 1 6 )
= (dw) < p% (dw)
/{wec,|w—z>,\1/6} lw — z[¢te {(weC,w—z|>A1/6} |[w — 2]@Te Jw — y|dte
c 1
. ° - - (%)
7 (dw)
|y - z|d+a /{w66()_1F: |w—y|>)\1/6} |U) - y|d+a
c
|,y _ Z|d+a )
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If w € C¢ then |w —y| > |y — 2|/2 so we get a similar bound. Combining these results yields that

1By, ant) (2) [Bu(z)] < ¢1B(y, any1)e (z) v(x).

Recall that as A > 4*% qa, 1 > 4a,. For |BH(z)| with |z — y| > a,41, we have (4.26) with v
replaced by H and the second term is 0 since H is supported in B(y, ay). For the first term, since

lw—1y| < ap <apy1/2 < |z—1y|/2, it follows that |w — z| > |z —y| — |y — w| > |z — y|/2 and so

/ H(w) 160) (duy) < c|Hlx < ¢
By, an) [

This says that
1B(y, ans1)e(2) [BH(2)| < ey, a, 1) (2) v(2).

So we have proved that there is c¢i, independent of A, such that for any ¢ € L(y,n,c), Bg €
E(y, n+ 1; 1 C)'
Finally, we examine Q;v(z) and Q:H(z) when |z — y| > apy1. Write

W= [y (UG [ o(w)@u(z, dw), (421)

{we&o_lF: |z—w|>an+1/2}

where Q¢(z, dw) is the transition measure for Q. For |z —y| > an41 and |z — w| < ap41/2, we have

lw—y| > |z —y|/2. For such w, v(w) < c5/|z —y|?t®, so that the first term in (4.27) is bounded by

Cs5

cs
W Qt(z, d’U)) <

55F = |z —ylite

Let XY be the symmetric Markov process on 0y LF associated with the Dirichlet form
/

(C<‘5°’)‘),Bi’/22(60_1(F)). By definition, we see that Xt(‘SO’A) and Al/GXffgii;) have the same dis-

tribution. Thus, using v(w) < a,%"* < ¢, the second term in (4.27) is less than or equal to

06/ Qu(z, dw) < CGPZ(|Xt(60’A) —z| > any1/2)
{wE&ElF: |z—w|>an+1/2}

-1/6, SoA1/6 _
= PV (IXIN = AT > g /(201/5))

IA

c7 eXp (—cs(an+1/)\1/6) +c+ (60)\1/6)a)

< cgexp (—Cg)\(1/3)+(n+1)/(4K) + c10)\a/6) ,
where we apply (4.15) in the second inequality (note that ¢/A%/6 < 1) and use the fact 6% = t; < 2
in the last inequality. Since 0 < « < 2, the last term is less than cg exp(—cy1 /\1/3) < ¢192 %@ when

A is large. Combining these estimates proves the result for Q;v(z). The estimate for Q.H(z) when

|z — y| > ap+1 goes in the same way. We have (4.27) with v replaced by H and the first term is 0
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since H is supported in B(y, a,) and a,4+1 > 4a,. The second term can be estimated in the same

way as that of v and the result is obtained. O

Proof of Proposition 4.2. We first prove (i). Recall that W; = ¢, lY(sgt. We claim that there

exists cg > 0 such that

P*(W; € B(y,1)) < co/|z — y|*™® for every =,y € §;"'F. (4.28)

To prove this, let A = |z — y|. Since the result is clear for A < )g := 44K

, we assume that A > ).
Here K is the smallest integer that is greater than 6(d + «)/a. Let f = 1pg(, 1), then clearly there
exists ¢ > 0 such that f € L(y,1,¢). Thus, by Lemma 4.8(ii), Q:f € L(y,2,c1¢) for all t < 1. Set,

as in (4.17),

t t
So(t) :==Q¢, S1(t) ::/0 Qs BQi_sds and Ski1(t) ::/0 Sk(s) BQi_sds for k > 1.

Since Q1f € L(y,2,c1c) and |z — y| = A > ag, we have |Sp(1)f(z)| < cA~9®. By Lemma 4.8(ii),
QsBQi—sf € L(y,4,c3c) for each 0 < s < 1 so that |Qs BQi—sf(z)| < cA™%7 (note that a, < A
for all n < 2K).
Integrating over s < ¢, we have |S1(¢)f(z)| < cA~9"*. Again by Lemma 4.8(ii),
QT BQS—T BQt—Sf € £(ya 67 C?C)
and therefore |Q, BQs_» BQi_sf(z)| < cA~47%. Integrating over 7 and s, we have |Sa(t)f(z)| <
c¢A~%=2_ Continuing in this way, we have

1Su (1) f(z)] < ea(n) A4 for every n < K. (4.29)

On the other hand, by Lemma 4.8 (i), || Bloo,co < c3 A™*/5. Increase the value of A if necessary

so that c3 A;®/? < 1/2. We have by induction that for A > Ag

1S (1) flloo < (e3/X*/®)™.

Consequently,
o0
S [Sa()f ()] < e/ATKSS < egx 0o, (4:30)
n=K
As mentioned in the Step 4 in the proof of Proposition 4.1, if we set Pt(‘so) = 1o Sk(t), then

{Pt(éo)} is the semigroup corresponding to {W;}. By (4.29) and (4.30), we have
K
P f ()] < (Z ca() + ) AT = g A,
n=0
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which proves (4.28). Since W; = 50_1%6” and 8y = t(l]/a, (4.28) can be written as

1/a

d+a

t

P <Yto € B(y,t(l)/a)) < ¢ (‘ 0 |) for every x,y € F. (4.31)
r—=y

Now we prove (4.1). Since we can cover B(y, at(l)/ “) by a finite number (which depends only on a

and the dimension d) of balls of the form B(z, t(l)/ %), it is enough to prove it when a = 1. Further,

there is nothing to prove unless A/ t(l)/ “ is large where A = |z — y|. Define for t5 < 2

A= {Y} hits B(y,t(l)/a) before to} and C:= {sup |Ys — Yo| < cst(l)/a} .
t<to

By Proposition 4.1, P*(C) > 1/2 if ¢g is large enough (note that cg does not depend on ¢y as long
as tg < 2). By the strong Markov property,

p® (Yto € B(y,(1+ c(,-)t(l)/a)> > E® [PY5(C); 4] >

N | =

P2(A), (4.32)

where S :=inf{t > 0:Y; € B(y,t(l)/a)}. As before, ball B (y,(l + Cﬁ)t(l)/a) can be covered by a

finite number (which depends only on ¢ and d) of balls of radii t(l)/ % so that by (4.31), the left
hand side of (4.32) is bounded by 07(t(1)/a/)\)d+°‘. Letting r = t(l)/a establishes (4.1). Keeping a
carefully track of the constants appeared in the above argument, we see that, except for the case
of 0 < @ = d < 2, the constant ¢y in (4.1) can be chosen to depend only on (a,n,d,«) and on the
constants (C1,Cy, Cs,Cy) in (1.1), (1.5) and (1.4) respectively.

The proof of (ii) is relatively easier. It is sufficient to show

tl/a d+a
P® (Y{; hits ball B(y,t(l)/a) before to) > cg <|$0_ y|) , (4.33)

for all tg € (0,2] and |z —y| > Qté/a. This is because, first we can take b = 2 by regarding bty /2%
(note that here it is enough to consider the case b < 2) as to. Secondly, when a > 1, (4.2) clearly

follows from (4.33); when a < 1,
x : 1/04 x . l/a
P (Y{g hits ball B(y, at,’”) before to) >P (Y} hits ball B(y, T;,") before TO) ,

where Ty = a®ty.

Now with B, := B(x, t(l)/a), By := B(y, t(l)/a) and 7, := Tp,, it follows from Proposition 4.1

(with tg = 21/* and A = B = 1/2),

E® [to A 7o] > Ya1/ato P* (T2 > Ya1/0t0) 2 Ya1/at0/2, (4.34)
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for each ¢y < 2, where Y170 1= v(2/%,1/2,1/2). Thus, from Lemma 4.7,

P” (Yt hits ball B(y, tl/a) before to) > P¥(Yinr, € B(y,tl/a))

toNATs Y;,u
el |Y— |d+a pldu)ds

> CEm[to/\Tz]/ m
1
o H(B )
= U0 —yldte
t1+d/a
0
= Dz — y|dte

Here in the second to the third inequality, (4.34) is used. This establishes (4.33). Again keeping a
carefully track of the constants appeared in the above argument, we see that, except for the case
of 0 < @ = d < 2, the constant ¢y in (4.2) can be chosen to depend only on (a, b, n,d, @) and on the
constants (C1,Cs,C3,Cy4) in (1.1), (1.5) and (1.4) respectively. O

To prove Proposition 4.3, we need three lemmas.

Lemma 4.9 Let Ry > 0. There exists C5 > 0 independent of Ry such that for every x € F,

r < Ry, y € B(z, r/3) and a bounded nonnegative function h on [0,00) X F that is supported in
[0, 00) x B(z,2r)*,

EC?) [h(r,,¥,)] < GEOY [h(r,, Yy, )] (4.35)

where T, = TQry(0,2,7)" Moreover, the constant C5 above can be chosen to depend only on (n,d, o)
and on the constants (C1,Cy,Cs,Cy) in (1.1), (1.5) and (1.4) respectively.

Proof. Note that under P(%%) 7. .= inf{t > 0: Y, ¢ B(z,7)} A yg,r® = TB(z,r) N TReT®- Recall
that yg, := v(Rp,1/2,1/2). Since h is supported on (0,00) x B(z,2r)¢, for any z € B(z, r/3)

EOD [h(ry, Yy,)] = BOD [h(ry, Yy, ); Voo # Y]
So by Lemma 4.7 with T' = 7,,,

B [h(r,, ¥,

c(Ys, u)h(s, u)
————— pu(du)ds
/ /B(:c 2r)e |Y — uldte uldu) ]
/ / d) pu(du)ds
B(z,2r)c |.’13 _ul +a b
TR h(s,u) PO¥)(s < 7,)
= du) ds.
B ™ e )

26

— E(O Z)

~ E(0?)




Here, as mentioned at the end of the introduction, two functions f =~ g means that there is a
constant A > 1 such that A™!g < f < A g. On the other hand, by Proposition 4.1, for all s < yg,r%,
r < Ry and z € B(z,r/3),

1/2 < P*(s < Tp(yry) < POA(s < 1) < 1.

This implies that the values of the function z +— E? [h(7,, Y, )] are all comparable with each other

with a universal constant multiple for any z € B(z,7), and therefore proves the lemma. O

Remark 4.10 The above lemma is a continuous time version of Lemma 3.5 in Bass and Levin [4],
which concerns about discrete time Markov chain on Z%. The proof of Lemma 3.5 in Bass and Levin
[4] contains a minor gap, which can be easily remedied as follows. In line 2 and line 6 after (3.3) in [4],
the term EC¥)[7,]—1 and E®)[r,] should be PO¥) (7, > k—1) and PO®) (7, > k—1), respectively.
Using the tightness result, Theorem 2.8 in [4], one concludes that values of PO¥)(k —1 < 7,.) for
y € B(z,r/3) are all comparable to each other. With this modification, the proof of Lemma 3.5 in
[4] goes through. O

For each A C [0,00) X F, denote o4 :=inf{t >0:Z; € A} and A;:={y € F: (s,y) € A}.

Lemma 4.11 Let Ry > 0. There exists Cg > 0 independent of Ry such that for allz € F, r < Ry
and any compact subset A C Qg,(0,2,7/2),

m® u(A)

0,
P( w)(O'A < 7—7') > Cﬁ rdta ’

where T, = TQry(0,2,7) and m @ p s a product measure of the Lebesque measure m on Ry and the
d-measure p on F. Moreover, except for the case of 0 < a = d < 2, the constant Cy above can be
chosen to depend only on (n,d, ) and on the constants (C1,Ca,Cs,Cy) in (1.1), (1.5) and (1.4)

respectively.

Proof. The conclusion of the lemma holds if P*(o4 < 7,) > 1/4. So we will assume P*(04 <
1) <1/4. Let T =04 A7,. Then

PO (gp < 7) = POD(T,Yr) € A) > POO(T,Yr) € A; Yr_ # Yr).
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Applying Lemma 4.7 with f(s, z,y) = Liz£,314(s,y) and T = 0o AT, we have, with tg := yg,(r/2)*

and r < Ry,
_o(Ys,u)
(0,z) — EO2) 8
P oy < 1) [/ /A A p(du) ds]

¢ E0®) [/ / e p(du)ds; oa A1 > to}
0 Ja,

m ® p(A)
= a rdta

Y

P(O’g”)(aA AT > 1),

where in the second to the last inequality, we used the fact that |u — y| < 3r/2 for y € B(z,r) and
u € Ay C B(z,r/2). By Proposition 4.1,

P(O’I)(TT < t()) < PI(TB(J;,T/Q) < tO) < 1/27
and so
P(o,z)(aA ATy >t0)>1— P(O,w)(aA <7)— P(O,zc)(n < tg) >1/4,

which proves the lemma. O

Define U(t,z,r) = {t} x B(z,r).

Corollary 4.12 Let Ry > 0. For any 0 < 6 < 7g,, there exists C7 > 0 such that for every
0 < R< Ry, (t,z) € Qry(0,2,R/3), r < R/4 and t > 6r°
Td—l—a

Pp0:2) (UU(t,;c,'r) < TQRO(O,Z,R)) > C7—Rd—|—a'

Moreover, except for the case of 0 < @ = d < 2, the constant C7 above can be chosen to depend
only on (6,n,d,a) and on the constants (C1,Cy,Cs,Cy) in (1.1), (1.5) and (1.4) respectively.

Proof. Let Q' := [t — 6r%, t]| X B(z,7/2) C Qg,(0,2,R/2). By Lemma 4.11,
p(©2) (UQ’ < TQRO(O;Z,R)) 2 Cle+a/Rd+a-

Starting from a point in @', by Proposition 4.1 there is a probability at least ¢ = £(6) that the
process Y stays in B(z,r) for at least 6r® amount of time. Thus, by the strong Markov property,
with probability at least c;erdt®/(2R%+®), the process hits Q' before exiting Qg,(0,2, R) and

stays within B(z,r) for an additional 67® amount of time, and hence hits U(t, z,r) before exiting
Qr, (0, Z, R). a

Recall that Z; = (Vs,Ys) is the space-time process of Y, where V; = V) + s.
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Lemma 4.13 For any bounded Borel measurable function q(t, z) that is parabolic in an open subset
D of Ry X F, 5+ q(Zsnryp) is Tight continuous PE®)-a.s. for every (t,z) € D. Here p = inf{s >
0:Zs ¢ D}.

Proof. Note that according to the definition of parabolicity, for every relatively compact open
subset Dy of D, q(t,x) = E®®) [‘J(Zml)] for every (t,x) € D;. By the strong Markov property of
Z, for every stopping time S of {F,,s > 0},

Q(ZS/\Tpl) == E(t’m) (Q(ZTDl)“%S/\TDl) P(t’m)—a.s..

Here the martingale s +— E®®) [q(ZTDl)“%S/\TD] is taken to be its right continuous version. As
s +— Zg is right continuous and having left limits and that ¢ is Borel measurable, the process
s+ q(Zs/\TDl) is optional. Hence by an application of the Optional Section Theorem (cf. Theorem
4.10 in [18]), one has

p®2) (q(Zs,\TDl) = E2) (q(ZTD1 )|.A753ATD1> for all s > 0) =1.

This shows that s — ¢(Zsarp, ) is right continuous P2)_as. for every (t,z) € D;. Since the above

holds for every relatively compact subset Dy of D, the lemma is proved. O

Proof of Proposition 4.3. By Lemma 4.9 and its proof, we see that inf,cp(, r/3)9(0,9) > 0
unless ¢ is identically zero. Taking a constant multiple of ¢ if needed, we may assume that

inf 0,y)=1/2.
senih, /3)q( y)=1/

Let v € B(z,R/3) be such that ¢(0,v) < 1. We want to show that ¢(¢, x) is bounded from above in
Qr,(6R*,z,R/3) by a constant that is independent of the function ¢. In this proof, we suppress
the subscript Ry from g, and Qg, (-, -,")-

By Lemma 4.11, there exists ¢; < 1/2 such that if » < R/4 and C C Q(t,z,7/3) having
m & p(C)/{m & w(Q(t,z,7/3))} > 2/3, then

PO (0o < 1) > e, (4.36)
where 7 1= 7q(4 4,r)- Define
1
n= 63—1 and &= 3 A (Csm), (4.37)

where C5 is the constant in Lemma 4.9. We claim that there is a universal constant K = K (§) to
be determined later, which is independent of R and function ¢, such that ¢ < K on Q(6R%, z, R/3).
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We are going to prove this by contradiction. Suppose it is not, then there is some point (¢,z) €
Q(6R*, z, R/3) such that ¢(t,z) > K. We will show that there is a constant S > 0 and there is
a sequence of points {(tx,zx)} in @(O,z,R) := [0,37R®] x B(z, R) so that q(tg,zx) > (1 + B)*K,
which contradicts to the assumption that ¢ is bounded on @(O, z, R).

Let r > 0 to be the smallest 7 such that

m®pQ0,z,1/3)) 3 rdto S 2. 3dta
Rd+o = 06§K’ Ri+a — CréK ?

(4.38)

where Cg and C'7 are the constants in Lemma 4.11 and Corollary 4.12 respectively. With K being

sufficiently large, such r exists and can be made less than R/9. In fact the following estimate holds:

e K7Y0He) < /R < a1/ (dHe) (4.39)

31+1/(d+a) 3.91/(d+a) d o 31+1/(d+a) 3.91/(d+a) h
(7-Cy-Co §)/@FaY (Crg)/@de) f ARE €3 = MAXA [0, Cogy7@ra) (Crg)/(@re) [r WHETE
Cy and C3 are the constants in (1.1). Let U = {t} x B(z,r/3). Were function ¢ > ¢K on U, we

would have by Corollary 4.12 that

with ¢ = max {

07 (T/3)d—|—a

1> q(0,9) = B [0 Zoy nrg)] > EK PO (01 < 7q) > €K ——pi—,

where @ := Q(0,z, R), which contradicts to our choice of 7 in (4.39). Thus, there must be at least
one point in U on which ¢ takes a value less than (K.

We next claim that
E(*) la(ry,Yr,) : Yo, & B(x,2r)] < 9K, (4.40)

Tr = TQ(t,z)- 1f not, then by Lemma 4.9, we would have for all y € B(z,7/3),

a(t,y) > EWV(g(r,,Y;,): Y, ¢ B(z,2r)]
> Cy'E"g(n,Yy,) : Vs, ¢ Bz, 2r)]
> C5'nK
> ¢K,

a contradiction to the fact that obtained in the preceding paragraph. So (4.40) holds.
Let A be any compact subset of

A= {(s,y) € Qt,z,7/3) : q(s,y) > (K}

By Lemma 4.11

Cem® /L(A)

1> q(0,0) > BOV[(Z,,) : 04 < 7] > ¢KPO) (04 <7q) > €K =
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So by (4.38),
m® N(A) < Rita
m & u(Q(t,z,7/3)) ~ Co-m @ pu(Q(t, z,r/3))EK
Since (4.41) holds for every compact subset A of A, it holds for A in place of A.
Let C = Q(t,x,7/3)\ A and M = SUP(s y)eQ(t,z,2r) 1(5, ). We write

IA

%. (4.41)

Q(tax) = E(t’w) [Q(UC’; Yac) oo < Tr] + E(t’z)[Q(ThYTT) i < UC7YTT ¢ B(.’II, 2T)]
+E(t’$) [Q(TT)YTT) 1T < UCaYTr € B(Ia 2T)]

The first term on the right is bounded by ¢ K P(“®) (¢ < 7,) in view of Lemma 4.13, the second term
is bounded by 7K according to (4.40), and the third term is clearly bounded by MP®?) (7, < ().

Therefore,
K < (K P (00 < 1) + K + MPED) (60 > 7).

It follows from (4.41) and (4.36)-(4.37)

_p_epta) —n— _
M/Kzl n—§&P (UC’<TT)21 n 50121 (2¢1)/3 =142,
P(t’m)(O'C > 7) 1—¢c 1—0¢
where 3 = ﬁ. Hence there exists a point (t1,21) € Q(t,z,2r) C @(0, z, R) such that q(t1, 1) >
1+ 8K =: K.

We now iterate the above procedure to obtain a sequence of points {(tx,zx)} in the following
way. Using the above argument (with (¢;,21) and Kj in place of (¢,z) and K), there exists
(t2,x2) € Q(t1,21,2r1) such that q(ta,z2) > (1 + B)K1 =: K2. We continue this procedure to

obtain a sequence of points {(tx,zx)} such that (txi1,zxt1) € Q(tg, Tk, 2rk) and q(tg+1, Tp+1) >
(14 B)FK = Kppq. As 0 < tpp1 —ty < v(2rk)%, |Tp1 — 21| < 27, and

i < R KGO < ey(14 pyTH@re) g @ R

by (4.39), we can take K large enough (independent of R and g¢) so that (tg, 1) € Q(0, z, R) for all
k. This is a contradiction because q(tx,zx) > (1 + B)¥K goes to infinity as k — oo. We conclude
that ¢ is bounded by K in Q(6R®, z, R/3), which completes the proof of the Proposition. Keeping
a carefully track of the constants appeared in the above argument, we see that, except for the case
of 0 < @ =d < 2, the constant c in this proposition can be chosen to depend only on (Ry, §,n, d, @)
and on the constants (C1, Cy, Cs,Cy) in (1.1), (1.5) and (1.4) respectively. O

Now we prove that the heat kernel p(t,z,y) is Holder continuous in (¢,z,y). Recall that for
(t,x) € [0,00)x F and 7 > 0, Qg, (¢, x,7) := [t, t+7vr,r*| X B(z, R), where yg, := v(Ro,1/2,1/2) <
1 is the constant in Proposition 4.1 corresponding to to = Ry and A = B =1/2.
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Theorem 4.14 For every Ry > 0, there is a constant c = ¢(Rg) > 0 such that for every 0 < R < Ry
and every bounded parabolic function q in Qr,(0,xy, max{4, 4/*}R),

_ @ s
la(s,2) = a(t,9)] < cllalloop B (1t = 5[/ + |z — ) (4.42)

holds for (s,z), (t,y) € Qry(0,z0,R), where ||q||oo.r := SUD(1,4)€[0, 7, max{4, 42} R¥]x F lg(t,y)|. In
particular, for the transition density function p(t,z,y) of Y, there are constants ¢ > 0 and § > 0
such that for any 0 <ty < 1, t, s € [to, 2| and (x;,y;) € F X F withi= 1,2,

_ B
[p(s, 21,91) = p(ts 22, 2)| < etg O (1t = 5]+ Joy — ol + [y = 9o ) (4.43)

Moreover, except for the case of 0 < o = d < 2, the constant ¢ above can be chosen to depend only

on (Ro,to,n,d,a) and on the constants (C1,Co,C3,Cy) in (1.1), (1.5) and (1.4) respectively.

Proof. The proof is a modification to the parabolic case from that of Theorem 4.1 in Bass and
Levin [3], where the Holder continuity is established for (elliptic) harmonic functions of stable-like
processes in R™. For the reader’s convenience, we spell out the details here.

Let Zs = (Vs,Y;) be the space-time process of Y, where Vi = Vp + s. In the following, we
suppress the subscript Ry from g, and Qg,(-,-,:). Without loss of generality, assume that 0 <
q(2) < ||glloo,r = 1 for z € [0, YR, max{4, 4*} R*]x F. By Lemma 4.11 there is a constant 0 < ¢; <1

. . A
such that if x € F, 0 <r <1 and A C Q(t,z,r/2) with #&3/2)) > 1/3, then
PO (o4 < 1) > ¢y, (4.44)
where 7, := 7t ). By Lemma 4.7 with f(s,y,2) = 1p(z,)(¥) 1F\B(z,s)(2) and T = 7, there is a
constant cg > 0 such that if s > 2r,

P(t:w)(yn ¢ B(z,s) E®2) < cor®/s%. (4.45)

c(Yy, u)
du) dv
/ /F\B(xs) |Y _u|d—|—a ( )

The last inequality is due to Lemma 5.1, whose proof uses only a special case of Lemma, 4.7. Let

1/a
1 a _1 ﬂ)l/“ an
n=1 1 and p—2/\(2 A 8¢y .

Note that for every (t,z) € Q(0,z0,R), ¢ is parabolic in Q(¢,z, R) C Q(0, zo, R max{2, 21/°}).
We will show that

sup g¢— inf g<qpf  forallk. (4.46)
Q(t,z,p*R) Q(t,z,p* R)
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For notational convenience, we write Q; for Q(t,z, p'R) and 7; for TQ(t,a,piR)- Define

a; = iélfq and b; =supg.

Qi

Clearly b; —a; <1< ni for all 2+ < 0. Now suppose that b; — a; < 771' for all 2+ < k and we are going
to show that by 1 — apr1 < ¥+, Observe that Qg1 C Q and so ay, < ¢ < b, on Q1. Define

A= {z € Qpy1: q(2) < (ag +bg)/2}.

We may suppose % > 1/2, for if not we use 1 — ¢ instead of gq. Let A be a compact subset
of A’ such that #Q(ﬁl) > 1/3. For any given ¢ > 0, pick 21,29 € Qg1 so that g(z1) > bgy1 — €

and g(z2) < ag41 + . Then by (4.44)-(4.46),

br+1 — g1 — 2¢

< q(z1) —q(2e)
= EZI [q(ZUA/\Tk+1) - q(Z2)]
= E~* [Q( 4) = a(22); 04 < iyl + B [q(Zn,,) — 4(22); 04 > Thp1 and Zy, € Q]
+Z E™ [¢(Zr,,) — 4(22); 04 > Thp1 and Zy, € Qg \ Qpy1 4]
a -l-b
= ( : 2 - - ak) PA (04 < Tpp1) + (b — ax)P* (04 > Tp11)
o
+ 3 (bp—i — k)P (Zr,,, & Qrr1—i)
=1
P4 (o4 < >
s(@wa— “4”“)+Z@nam
C
< (1- 51) ¥ + 2com* 1 p°
Cl\ k Cl k
< -
< Q=+
= gt

Since ¢ is arbitrary, we have by ; — apr1 < 7¥t! and this proves (4.46).

For z = (s,z) and w = (t,y) in Q(0,z¢, R) with s < ¢, let k£ be the smallest integer such that
|z —w|:= (y |t = s)"/* + |z —y| < p"R. Then log(|z — w|/R) > (k+1)logp, w € Q(s,, p*R)
and

|2 = wl

R

logn/logp
muwwmnswzém”s@( ) .

This proves (4.42) with 5 = logn/log p.
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By Lemma 4.5 and Theorem 3.2, for every 0 < g < 1 and y € F, q(t,z) :=p(2 — t,z,y) is a
parabolic function on [0,2 — £] x F bounded above by ¢4, d/a

For each fixed ty € (0, 1), take R such that yg,R* = to/2. Let s,t € [to,2] with s > ¢ and
r1,%2 € F. Assume first that

s — 6]/% + |21 — 22| < YRR = (to/2)'/® (4.47)

and so (2 —t,79) € Qg,(2 — 5,71, R) C [0,2 — &) x F. Applying (4.42) to the parabolic function
q(t,z) with (2 — s,21), (2 — t,22) and Qgr,(2 — s,z1, R) in place of (s,z), (¢,y) and Qr,(0,zo, R)

there respectively, we have
[p(s,21,9) = p(t, 22, 9)| < et Tt — ] |2y — o). (4.48)

By Theorem 3.2, the inequality (4.48) is true when (4.47) does not hold. So (4.48) holds for every
t,s € [to,2] and x1,z9 € F. Inequality (4.43) now follows from (4.48) by the symmetry of p(t, z,y)
in z and y. Keeping a carefully track of the constants appeared in the above argument, we see that,
except for the case of 0 < @ = d < 2, the constant ¢ in (4.42) and (4.43) can be chosen to depend
only on (Ry,ty,n,d, ) and on the constants (C1,Cy, Cs,Cy) in (1.1), (1.5) and (1.4) respectively.
O

5 Hausdorff Dimension for the Range of Stable-Like Processes

Throughout this section, F' is a closed d-set in R" satisfying condition (1.5). Fix 0 < @ < 2 and
let Y be the Feller process on a d-set F' whose Dirichlet form is given by (1.2)-(1.3). We will prove
Theorem 1.2 in this section.

First we need an estimate on the expected exit time from balls in F.
Lemma 5.1 There exist co > ¢ > 0 such that for every x € F and 0 < r <1,

ar®< it Ef[rpen] < sup Eflrpem] < cor. 5.1
' 2€B(,r/2) 7z, 2€B(z,r) 73] < (5.1)

Proof. By Proposition 4.1, for z € B(z,7/2),
P*(1p(z,ry < mr®) < P*( sup |Ys — 2| >7/2) <1/2,
s<mr
Thus,

E*[TBgm)] = N7 P (TRgr) > M7%) > 117%/2.
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On the other hand, it follows from Lemma 4.7 that

TB(z,r) _oYs,u) -
’ w)ds| > cr *E*[r ,

for some constant ¢ = ¢(F,a) > 0 and so E*[7p(; ] < ¢ 1r®. Here in the last inequality, we used

the fact that for y € B(z,r) and u € B(z,7), |u —y| < |u — 2|+ |z — y| < 2|u — 2| and that

1> P*(Yy,,,, ¢ Bz,2r))

fmc |u — 2|~ u(du) > ¢/r~®. This completes the proof of the lemma. O

Proof of Theorem 1.2. For every x € F and 0 < r < 1, define
TI = TB(zy) and Tgy1 = TB(Yy, ) © 0, +7 for k>1,
where 6; is the time-shift operator for process Y;. It follows from Lemma 5.1 that for every n > 1,
neyr® < Efm) <ncyr®. (5.2)

By Lemma 5.1 and the Markov property of Y,

E* | (p(am)’] = 2B° PO 0 | = 0w | [T Y [ ] ds| <2802 (5.3)
B(z,r) - o - o TB(z,r) = 26y :
S

for z, z € F. Define
2
u(z) = E* [(TB(w,T) - Ew[TB(w,T)]) ] )
which by (5.3) is bounded by 2c2r2®. By the strong Markov property of Y,

n—1

u(z) + Y u(Ys,)

k=1

E° [(Tn - Ew[fn]f] — E° < on 22, (5.4)

Taking 7 = n~ ¢, we have by Chebyshev’s inequality that for any ¢ > 0,
P (|7 — Ealra]| > £) < e 2B (7 — EP[m])?] < 2672 B,
which tends to zero as n — oo. Therefore there exists a subsequence {ny} such that

lim (7p, — Ez[m,]) =0 P%-as.

k—o0

This together with (5.2) with 7 = n~1/ there implies that

liminf7,, > ¢ P%-a.s. (5.5)

k—o00

Hence P”®-a.s., there is K(w) > 0 such that for £ > K(w), 7, > c1/2. In other words, P*-a.s., for
k> K(w), Y[0, ¢1/2] can be covered with ny number of balls with radii ngl/a. As ny- (nlzl/a)"‘ =1,
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the Hausdorff dimension of Y'[0, ¢;/2] can not be larger than a. The same conclusion holds for

Y'[0,1] by the Markov property of Y. As the state space of Y is the d-set F', we have proved that
dimg Y[0,1] <dA« P*-a.s. for every z € F.

To get the lower bound estimate, we do estimation on

1 pl
E* [/ / |Y; —Ys|pdsdt] .
0 JO
By Theorem 1.1,

_ e t
E®[[Y; - Y[ 7] = /F|y—$|p<t d/a/\m) p(dy)

- | " (t‘d/"‘ A %) du(B(z,7))

tl/a
./£

= I+11I.

o0

tdlep—p d/L(B(x,r))+/ tr= 9P du(B(z,r))
1/

For p < d, by (1.1)

tl/a

tl/a
I = t_d/ar_pu(B(a:,T))O —I—p/ t_d/a,u(B(.T,T))’f'_p_ld’f'
0

1/

< et-eyd-pa | C/ d/a —p—1tdg,
< e t—:o/Oé7 ’
while for t <1,
1 = tr_d_a_pu(B(x,T))‘ff/a +(d+ a+p) /tlo/z tr=* P~ Ly(B(z, 7)) dr
< egt7Ple

Hence we conclude that for t <1 and p < d,

sup B” [|Y; — Yo| #] <5t P/,
TEF

It follows then by using the Markov property of Y that for p < d A a,

1 1 1 1
E° [/ / |Yt—Y5|_pdsdt] — 9E® [/ (/ m—m—pds)dt}
0 0 0 t
1 1-t
— 2E” [/ EY [/ |YT—YO|_”dr} dt}
0 0
1 1-t
05// r P/ dr dt
0 0
Q.
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So by a result of Frostman (see Theorem 4.13 in [13]), dimy Y[0,1] > p P*-a.s. Since this is true

for every p < d A o, we have
dimpg Y[0,1] > d A « P?%-a.s. for every x € F.

This completes the proof of this theorem. |
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NOTE ADDED IN REVISION. After the manuscript was submitted, we were informed of the papers
[6, 7]. Although these two papers are related to the general topic of this paper, where [6] is
the announcement of [7], their contents and starting point are different from ours. The processes
considered in [6, 7] are the subordinations of a fractional diffusion on a d-set that is assumed to have
two-sided heat kernel estimate (1.7). The main purpose of [6, 7] is to obtain Harnack inequality for
these subordinated processes. In fact, a stronger result can be established. Under the assumption
of [6, 7], a direct calculation using subordination and (1.7) shows that the heat kernels for the
subordinated processes have estimate (1.6) and so, by the second paragraph following Theorem 1.2
in Section 1, the parabolic Harnack inequality follows. Furthermore, it can be shown, as it is done

in Theorem 4.14 that any parabolic functions are Hélder continuous.
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