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Heat Kernel Estimates for Symmetric Random
Walks on a Class of Fractal Graphs and
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Ben M. Hambly and Takashi Kumagai

ABSTRACT. We examine a class of fractal graphs which arise from a subclass
of finitely ramified fractals. The two-sided heat kernel estimates for these
graphs are obtained in terms of an effective resistance metric and they are best
possible up to constants. If the graph has symmetry, these estimates can be
expressed as the usual Gaussian or sub-Gaussian estimates. However, without
symmetry, the off-diagonal terms show different decay in different directions.
We also discuss the stability of the sub-Gaussian heat kernel estimates under
rough isometries.

1. Introduction

In the past two decades, there has been a lot of work on the properties of
heat kernels on graphs (see [32] etc.). One avenue of research has been to explore
graphs whose heat kernels admit so-called Gaussian estimates and, for instance, to
determine analytic inequalities which are equivalent to the estimates (see [12, 31, 9]
etc.). On the other hand, the development of diffusion processes on fractals has
given many examples where the corresponding heat kernels admit sub-Gaussian
estimates (see [2, 23] etc.). Similar results have been obtained for some fractal
graphs such as the Sierpinski gasket graph [20], the Sierpinski carpet graph [4] and
tree-like graphs [1]. For these graphs, the heat kernel p,(z,y) of the simple random
walk satisfies the following sub-Gaussian estimates:

(d(:l;', y)ﬁ )1/(!371)]
C1.2M ’

pn(z,y) < cl,ln*“/ﬁexp[—
d(z,y)? -
(u)l/(ﬁ 1)],

P, y) + Poyi(z,y) > cran”*Pexp[—
C1.4M

where ¢1.1,...,¢14 > 0 and a > 1,2 < 8 < a + 1 are constants. (Note that
the Gaussian estimate is the particular case when 8 = 2.) These results have
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motivated further work on graphs (and manifolds) whose heat kernels admit sub-
Gaussian estimates. In [13, 14], it has been shown that the sub-Gaussian heat
kernel estimates, with respect to the usual graph distance, are equivalent to various
geometric and analytic properties such as a parabolic Harnack inequality of order
B (given as (5.1)) for the graph (see Theorem 5.3, and see [18] for the manifold
setting). In [3], for graphs the parabolic Harnack inequality of order § is proved
to be equivalent to a volume doubling condition (5.2), a Poincaré inequality (5.3)
and a Sobolev type inequality (5.4) (see Theorem 5.7). This gives the stability
of the parabolic Harnack inequality of order 8 (thus stability of the sub-Gaussian
estimates) on graphs under changes in the edge weights that are comparable to the
original weights. The techniques developed for heat kernel estimates on fractals are
also used in [6] to answer the question of how slow the decay of the heat kernel can
be, given the volume growth.

In this paper, we study further the sub-Gaussian heat kernel estimates on
graphs. The aims of this paper are threefold:

(I) To give a broad class of examples which satisfy sub-Gaussian heat kernel esti-
mates.

(II) To discuss what metric is the “intrinsic” metric for the heat kernel.

(IIT) To show that such heat kernel estimates are stable under “local perturbations”
of the graphs.

In order to see the full range of behaviour of graphs with sub-Gaussian heat
kernel estimates, the current concrete examples in [20, 4, 1] are not enough. We
thus translate the results on heat kernels for post-critically finite (p.c.f.) fractals in
[17] into the graph setting. The framework of p.c.f. fractals allows us to construct
a large class of sets which are self-similar but not necessarily spatially symmetric.
It is possible to compute the Hausdorff dimension of such fractals and to establish
the existence of a spectral dimension under a fixed point assumption [23]. This
spectral dimension governs the decay of the on-diagonal heat kernel. Due to the
lack of spatial symmetry it is possible for the off-diagonal term to have different
decay depending on the direction.

The main result of our first aim (I) is to provide a class of fractal graphs (based
on p.c.f. fractals) for which there is a subclass with uniform sub-Gaussian heat
kernel estimates and there is also a subclass where these uniform sub-Gaussian
estimates breakdown (see Theorem 4.10 and Corollary 4.11- 4.16) in that the off-
diagonal term depends on direction. In order to express these estimates we require
a choice of metric and we adopt the resistance metric as defined in (2.4).

The directional dependence of the off-diagonal bounds follows from the fact
that the resistance metric and the graph distance are not necessarily comparable
and indeed, it appears that, in general for these graphs, the parabolic Harnack
inequality of order 8 (for some 8) holds with respect to the resistance metric but
not with respect to the graph distance. Thus we believe that the resistance met-
ric is more suitable than the graph distance for analysis. However we should note
that the resistance metric is not a geodesic metric which makes for various technical
problems. We also remark that, for the class of fractals we treat, the associated ran-
dom walks are recurrent, which makes the resistance metric meaningful. For graphs
which carry non-recurrent random walks, the resistance metric may be defined, but
will no longer be relevant.

For our aim (III), we use a notion of rough isometry between two graphs (see
Definition 5.9). Essentially this is a correspondence up to local modifications of
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the graphs and similar ideas have been developed in other contexts ([21, 22, 8]
etc.). Another of our main results is to show that the parabolic Harnack inequality
of order # (thus the sub-Gaussian estimates) is stable under rough isometry of the
graphs (see Theorem 5.11). For the proof, we apply the results in [3] and show that
the (weak) Poincaré inequality and the Sobolev type inequality (5.7) are stable
under rough isometries of graphs, assuming the volume doubling condition (see
Proposition 5.15). This type of stability should have an important role to play for
global analysis on graphs.

The outline of the paper is as follows. We begin by defining our class of graphs
which are based on a subclass of p.c.f. fractals. For a given graph we define
a quadratic form and use this to define a resistance metric on the graph. The
self-similarity of the graph allows us to define scale factors which determine the
resistance, time and mass scalings. In Section 3 we introduce some preliminary
results about the geometry of the graphs with respect to the resistance metric. In
Section 4 we discuss the heat kernel estimates, giving upper and lower bounds in
terms of a shortest path counting function. In the spatially symmetric case, these
can be translated into two sided sub-Gaussian estimates, however in the spatially
non-symmetric case we have different bounds in general. We give an example to
illustrate what can occur. Finally in Section 5, we discuss the relationship between
our results and those in [13, 14], as well as the stability of the parabolic Harnack
inequality as in [3].

Throughout the paper, we write f(z) < g(z) for all z if there exist ¢;,co > 0
such that ¢;g(z) < f(z) < cag(zx) for all .

2. Uniform finitely ramified graphs and their quadratic forms

For a > 1, let {®;}¥ be a collection of a-similitudes on R”. An a-similitude
is a map ¥;x = o 'U;x + 75, X € R” where U; is a unitary map and y; € RP.
We assume the open set condition for {¥;}, that there is a non-empty, bounded
open set W such that {¥;(W)}Y, are disjoint and UN , T,;(W) Cc W. As {T,;}Y,
is a family of contraction maps, there exists a unique non-void compact set K such
that K = Uf;l‘lli(lz ). We will consider the case where K is connected. Denote
lI"il,...,in = \Ilil O---0 \Ijin and S = {1,2, s ,N}

Let F' be the set of fixed points of the ¥;’s, i € S. A point z € F' is called an
essential fixed point if there exist 4,7 € S, i Zjand y € F such that Ui(z) = T, (y).
We write V for the set of essential fixed points. We assume that the number of
elements in Vj is greater than 1. Then, K is called a (compact) uniform finitely
ramified fractal (u.f.r. fractal for short) if it satisfies the following finitely ramified
property in addition to the above properties:

If {i1, ..., i}, {J1,---,Jn} are distinct sequences, then
(2.1) Ty, i, (K) ﬂ T (B) =Ty, (Vo) ﬂ T, g (V0).

Udr. fractals form a class of fractals that is wider than nested fractals, whose
definition will be given below, and is included in the class of p.c.f. self-similar sets
(23, 24]).
The class of nested fractals was introduced in [27]. Let F, = UzI-Y e in=1 iy ©
-0 W; (Vo). K is called a (compact) nested fractal if it satisfies the following
symmetry property in addition to the above properties and (2.1):
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FI1GURE 1. The Sierpinski gasket and Lindstrgm snowflake fractal graphs

If 2,y € V;, then reflection in the hyperplane H,, = {z € R” : [z —z| = |z — y|}
maps F, to itself.

Next we define unbounded u.f.r. fractals. We assume without loss of generality
that ¥;(x) = a7 'x and 0 belongs to Vy. Set K = Ug":la"f{. Then, clearly
¥, (K) = K. We call K an unbounded uniform finitely ramified fractal. Let
V=VW=U2a"F, and V,, = a™V for n € Z. (Note that our labelling is the
opposite of the usual one given in say [23]. As n gets bigger, the graph distance
between each vertex of V,, gets larger and V,, C V,,_1.) Then, K = CZ(UHEZVn)-
For each I,n > 0 and 4;,--- ,4; € S, we call a set of the form a"“\Ilil,...,i,(f/o) an
n-cell and "+ ®,, ., (K) an n-complex.

We now introduce uniform finitely ramified graphs. These will be graphs with
vertices V and a collection of edges B. In order to define the edges, we first define
By := {{z,y} : & # y € Vo}. Then inside each O-cell we place a copy of By and
we denote by B the set of all the edges determined in this way. We call the graph
(V, B) a uniform finitely ramified (u.f.r.) graph. If we construct the graph starting
from a nested fractal, then it will be called a nested fractal graph. Examples of the
types of fractal graph that the reader should think about are shown in Figures 1
and 2.

An electrical network (V,C) on an arbitrary infinite connected graph with ver-
tices V' is an assignment to each edge {z,y} of a positive number Cy, = C,;, the
conductance between x and y. We will discuss such networks in Section 5. For
our fractal graphs a basic electrical network (V,C) on (V, B) is defined as follows.
Firstly we assign a conductance to each edge {z,y} € By. The conductance matrix
C is constructed on the whole graph by putting on each edge in each 0-cell the
same conductance as that of the corresponding edge in B, and setting Cyy = 0 if
{z,y} ¢ B. Note that, for our fractal electrical networks, there exists ¢.1,¢2.2 > 0
such that

(22) c21 < Ca:y <o for all {way} € B.

REMARK 2.1. Note that we can also consider the case where the contraction
rate is different for each contraction (or more generally, graphs which are con-
structed from p.c.f. self-similar sets). In that case, the natural choice for the
conductance of an edge will depend on the length of the edge, and hence (2.2) will
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not hold. However, by choosing a contraction map with the smallest contraction
rate as ¥; and extending in the same way as above, the lower bound of (2.2) is
guaranteed and we can obtain most of the results in this paper in more or less the
same way. In this paper, we only consider the case where the contraction rates are
all the same for simplicity.

We next define a quadratic form on (V, B) associated with the electrical net-
work. For z,y € V, we write z ~ y if {z,y} € B. For each f,g € I(V) := {h :
h is a function on V'}, we define

(2.3) E(f,9) = % Y (f@) = F@))(9(@) = 9(y))Cay-

z,yeV
{z.y}€eB

We sometimes abbreviate £(f, f) as £(f). Now, define p, = 3 .\, Cyy for each
z € V. Set u(A) = > cpe for each A C V; p is then a measure on V. For
each {z,y} € B, define P;, = Cyy/p5, which is then the transition probability
matrix of the Markov chain corresponding to £. To be precise, the Markov chain
corresponding to £ is a continuous time one in which jumps occur along edge {z,y}
at rate Cyy. In this paper, we will consider instead the induced random walk, the
discrete time Markov chain which moves at unit time intervals to any vertex y
in the neighbourhood of z with probabilities given by {P,,}, since its long time
asymptotic behaviour is similar to that of the continuous time Markov chain. We
denote the induced random walk by {X,},>0. The random walk is reversible with
respect to p, indeed,

szﬂz = Czy = Cyz = Lygly-
The discrete Laplace operator corresponding to the random walk can be defined as

£f(@) =3 Poyfly) - f(a) = ﬂi S (Vay f)Coons
Yy

Ty

where Vo, f = f(y) — f(a).

Let Qur = Qur(Vh) be the set of all Q = {gij 11,5 € Vo such that g;; = 0,qi; =
gji > 0for any i,j € Vo}. Also, let Int(Qy) be the subset of Qs such that every Q
has g;; = 0,95 =¢;; >0foralli ~j € Vo. As our quadratic form on the graph V
is constructed from a basic electrical network, the conductances are determined by
placing C' € Int(Qs) within each 0O-cell, and we denote the form by £c(-,-). Given
a graph on V; which is similar to V5 and ¢’ € Int(Q(aVp)), we can define a form
on Vj in the same way:

(e =5 X (@)= fO)e@) —gw)Ch,  forall fog € 1(TA),
S

where {C7,}z,y is given by placing C' in each 1-cell. As our graph is finitely
ramified, we know that for each C € Qu(Vp), there exists €' € Qp(aVp) so that

EDw) =inf{Ec(f) : f €1V0), fl, =v}  for all v € I(V3),

see [2, 23, 24] for the proof. We can define a decimation map F from Qu =
O (Vo) to itself by setting F(C) = C'. Note that F is homogeneous, in that
F(6C) = 0F(C) for all § > 0 and C € Qj, however F is in general a non-linear
map. In order to study the asymptotic properties of the form, it is important to
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observe the dynamics of the iteration of F' (see [30, 28, 29] etc.). By Schauder’s
fixed point theorem, we know that there exists @ € Qu (with ¢;; > 0 for some
i#j) and pél > 0 such that F(Q) = pélQo. We assume the following.

AssumPTION 2.2. (Non-degeneracy):
There ezists Qo € Int(Qur) and pé(l) > 0 such that F(Qo) = pZ)(I)QO.

By Corollary 6.20 of [2], pg, > 0 is uniquely determined, i.e. if Q1,Q2 €
Int(Qwm) satisfies F(Q]) = pE)jQJ (j =1,2) with PQ1,PQs > 0, then pg, = pg, =
pQ,- We thus denote F' = pg,F. In the class of fractal graphs we consider, we
can prove pg, > 1 using Theorem 4.10 of [24]. Note that for the construction of
diffusion processes on finitely ramified fractals, the standard approach is to start
with quadratic forms (random walks) whose conductances (transition probabilities)
are invariant under the decimation map. See [2, 23] for details.

If the conductance of (V,C) is given by this non-degenerate fixed point Q,
then all the results in the rest of the paper hold. Otherwise, we make an additional
assumption. Let F™ be the n-th iteration of F.

ASSUMPTION 2.3. For all Q € Int(Qur), there exist ¢1,g,c2,0 > 0 such that,
c1,0(Q0)ij < (FM(@))ij < ¢2,0(Qo)i;  for all n€N, 4,5 € V.

Note that various examples, including nested fractal graphs, satisfy this as-
sumption. For the rest of the paper we work under Assumption 2.3 unless otherwise
stated.

The natural metric on the graph obtained by counting the number of steps in
the shortest path between points is written d(z,y) for z,y € V.

We now define an effective resistance between z # y € V as follows.

(2.4) R(z,y)' = mf{E(f, f): f € V), f(z) = 1, f(y) = 0}.

We define R(z,z) = 0 for each x € V. Note that for any z # y € V, R(z,y) is
positive and finite. Indeed, by taking h € (V') so that h(z) = 1 and h(z) = 0 for
all z # =, we have

{z,p}€B

Also, by taking a shortest path © = zg, 21 -+ ,Zp_1,2Z, = ¥y, we have

R(ag) " > inf( (780 = F@1)2Consias + F(0) = 1, £5) = 0} > 22 > 0.
=0

Thus, we can follow the same argument as Proposition 2.9 in [17], Section 2.3 of
[23] etc. so that the following holds.

LEMMA 2.4. 1) The function R(-,-) is a metric on V.
2) For all f e (V) and z,y € V,

(2.5) f(z) = fW)I* < R(z,9)E(F. f)-

In Section 3 and 4, we will use this resistance metric as a metric on V unless
otherwise stated. Note also that the definition of R can be generalized for arbitrary
disjoint A, B C V as follows.

(2.6) R(A,B)™' =inf{&(f,f): f € UV), fla=1,f|p = 0}.
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REMARK 2.5. As we will discuss in the last part of Section 5, when
(2.7) cosR(z,y) < d(z,y)" < ca.aR(z,y) forall z,y € V

holds for some ¢g.3,¢9.4,m > 0, we only need to assume (2.2) and Assumption 2.2
for the conductance.

3. Preliminary results

In this section, we will give two results on the resistance metric which will
be used later in establishing our heat kernel estimates. We begin by defining a
sequence of graphs V,, such that the distance between points is a™ when the graph
is embedded in a Euclidean space. From Section 2 we have a set of vertices V;,. Let
B, = Hz,y}:x#ye€ a”ffo}. We define edges B, by placing a copy of B, in each
of the n-cells in V;,. We will call the sub graph of V' = V4 in an n-cell an n-graph
complex. We will write z ~,, y if z,y € V,, and {z,y} € B,.

By Assumption 2.3 we know that there is a resistance scale factor p such that

1,00 "(Q0)i < (F™(Q))ij < c2,0p” "(Qo)i;  forall n€N, i,j € Vp.
Hence, on the graph V,,, the resistance along each edge induced by the graph V is
controlled by the resistance scale factor.

LEMMA 3.1. Under Assumption 2.3 there exist constants ¢3.1,¢3.2 such that for
T~nY,

cz.1p” < R(z,y) < c32p™, VYn€EN
An n-neighbourhood of the vertex z is defined to be

D%(z) = {C:Cisan n-graph complex containing =}

D}:(z) = D%(x)u{C:C isan n-graph complex connected to DO(z)}.

We will require a shortest path counting function. Let Np,(z,y) denote the

number of edges in the shortest path on V;, from z to y. By definition we have
d(z,y) = No(z,y). If x,y ¢ Vi, we define the shortest path counting function to

be Ny (2, y) = maxXy, capo («),y1€009, (y) Nm(Z1,Y1)-

Let Bgr(z,7) be a ball centred at x and radius r in the resistance metric. Note
that Br(z,r) is not necessarily connected (see Remark 7.19 of [2]). For the non-
degenerate case, we can prove that the volume growth of the ball is a power law.
Let S = log N/ log p, the Hausdorff dimension of the fractal in the resistance metric.

LEMMA 3.2. There exists ¢c3.3,¢3.4,70 > 0 such that
(3.1) cs.3r° < u(Br(z,7)) < c34r® for all v > ry.

PROOF. By Lemma 3.1 there is a constant ¢; such that D;_. (z) C Bg(z, p")
C D!, _(z). For the upper bound we then observe that

n+ci
u(Br(z, ")) < p(DL, (2)) < eaN™Her,

"+l and hence

For a given r we choose n such that p" <r <p
w(Br(z,r)) < csr’,

where S = log N/log p. The lower bound follows in exactly the same way. O
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4. Heat kernel estimates for u.f.r. graphs

In this section we will obtain kernel estimates for the u.f.r. graphs under
Assumption 2.3. Denote by Py(x,y) the transition function after k steps, i.e.
Pk(ﬂf,y) = P(Xk = y|X0 = .fl]'),

where {Xj; k € N} is the random walk on V' associated with the Dirichlet form £.
The heat kernel pg(z,y) we will discuss is defined by

pe(2,y) = Pe(2,y)/ 1y -

Note that by the reversibility of {Xy;k € N}, we have py(z,y) = pr(y, x).
We begin with the on-diagonal upper bound.

PROPOSITION 4.1. There exists c4.1 > 0 such that
Pe(z,3) < cq k55T, forallz € V,k € N.

We will follow the proof of Theorem 2.1 in [6]. As we are working in the
resistance metric, it is necessary to modify the proof. The part which requires
modification is Lemma 2.4 of [6]. To state the lemma here, we introduce some
more notation. For a non-empty finite set @ C V, denote by Cy(Q2) the set of all
real-valued functions on 2 extended by 0 outside 2. Denote by L the restriction
of £ to Cy(Q), that is,

casta - { £70) K258

We can identify Co(Q) with L*(Q, ) and then —Lq acting on L?(f, ) is self-
adjoint, positive definite and has discrete positive spectrum. The smallest positive
eigenvalue, denoted by A1 (), admits the following variational characterization:

. £(f. f)
(4.1) MO = S ey f@RE)

Let r(Q) denote the inradius of €2, defined by
r(2) = sup{r > 0: 3z € Q such that Bgr(z,r) C N}.

where we remark that the ball is with respect to the resistance metric. Note that
in [6], () is a natural number, but here it can take any non-negative value.

LEMMA 4.2. For any set Q C V, A (Q) > 1/(r(Q)p(R2)).

PRrOOF. Take f € Cp(2) and normalize so that max;eq|f(z)] = 1. Then
> FA(@)p(z) < p(). Now consider a point zo € Q such that |f(zo)] = 1. If we
choose yo ¢ Q so that R(zo, yo) = miny¢q R(wo,y), then R(xo,y0) < 7(2). We now
use (2.5) and obtain

1) > | f(z0) — f(yo)I? > 1
Yoev F@)Pu(z) = R(zo,y0)u() ~ r()u()
This holds for all f and hence we have the result by (4.1). O

Using this Lemma, we can prove Proposition 4.1 in the same way as [6]. For
completeness, we will sketch the proof. The key fact is that the Faber-Krahn
inequality (4.2) implies heat kernel upper bounds, a fact that was established for
the case of graphs in [7] Proposition V.1, which we state here.
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PROPOSITION 4.3. Assume that vy := inf ey p(z) > 0. Suppose also that, for
all non-empty finite sets Q,

(4.2) A1) > h(u(2)),

where h : [vg, 00) — (0,00) is a decreasing function. Then, for all x € V and for
all k € N, there are constants C, ¢ such that

(4.3) pr(z,7) < C/y(ck),
where v is defined by
() ds
b= / ds
V0 Sh(s)

PROOF OF PROPOSITION 4.1. We first show that we have
(4.4) A () > e p(Q)~(5HD/S,

Indeed, putting r = r(Q), we have by definition of () and by (3.1) that c3.3r° <
w(Q). Thus, r(Q) < (u()/c33)Y5. So (4.4) follows by Lemma 4.2. Now, by
(4.4), we have the Faber-Krahn inequality (4.2) with h(z) = cpz~(STU/5. Apply-
ing Proposition 4.3, we have (4.3) with y(t) = (cgt +v{ T/5)S/(5+1) > ¢ 45/(5+1),
We thus obtain the desired inequality. O

Note that we only use the first inequality of (2.2), which is used to guarantee
vo > 0 in Proposition 4.3, and (3.1).

We now consider the off-diagonal upper bound and follow a similar argument
to that of [17]. We begin with an estimate on the tail of the crossing time for an
n-cell.

Let T§ = inf{m : X, € V,,} and, for i > 1, let

T = inf{m : X, € Vo, \{X7»  }}.
These are the successive hits on the large scale vertex set V;, by the random walk.
Using these stopping times we can define a random walk {X}’; k¥ € N} on the graph

Vi by setting X' = Xpn for k € N. We let W =T — T, be the crossing time
of an n-cell. We also define the exit time from a set A as

Ty =inf{m: X,, ¢ A}.

We need some estimates on the mean hitting times. For this we use the excur-
sion ideas of [2] and the fact that there is a fixed point for the decimation map.
We first define the time scale factor 7 = pN.

LEMMA 4.4. There exist constants c4.o,c4.3 such that for x € V,

(4.5) ca2m" < EY(W]) < ca37",

and

(4.6) sup E*(17") < cqat”.
z€DY ()

PRrROOF. For z € V,,, by construction and Assumption 2.3 there is a constant
¢1 independent of n such that

ca < Pm(XWIW = y) <l-q¢, We aD?L(.Z‘)
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Let U = min{k > 0: X}, € V,,}. Then
E*WP = E°U + P*(Xy = z) E°W.

Now there are constants c¢y,c3 such that, cop™™ < 1 — P*(Xy = z) < ¢3p ™ by
construction of the random walk and Assumption 2.3 and hence there are constants
¢4, ¢ such that

cap"E°U < E*W < csp" E°U.

The mean return time for a random walk can be expressed in terms of the stationary
distribution and is given by E*U = 1/u(z) < N™ and hence we have the first result.
The second follows by considering the path of the random walk from any point
z in DO(z). First, conditioning on the exit place on dD?_;(z), we have
BTy = BTy '+ Y P (Xppo_(,) =2)E*Ty
z€ID) _4(2)

< ET) '+ max E°Ty.
IEBDg_l(z)

Repeating this procedure gives
n
E*TR < max ~ E%TY
0 = kz::lzkEBDg_l(z) 07

for all z € DY (z) where DJ(y) = y. From (4.5) and an easy Markov chain compu-
tation, we have E®*T§ < cr*. Using this we obtain the result. O

We can now apply the argument of [2, 5, 17] to prove the following.
PROPOSITION 4.5. There exist constants 0 < cs.5 < 1,0 < cq.6 such that
(47) Pz(Wln < k') <1l-—c45+cagkr™, Ve € V,n,k>0.

ProoF. Note first that it is enough to prove (4.7) for z € V,,. By the Markov
property, for each x € V,, we have

E*Typozy < k+ Em[I{TaD%(I)>k}EXkT8D2(w)]-

Since x € Vi, E¥Typo(s) = EYTy if y € DY (2) \ V, and Typo(,) = W* under P°.
Thus, applying Lemma 4.4, we have

ca " < k+ C4_4Tan(T3D2’(I) > k) =k+ C4_4Tn(1 - P;c(Wln < k‘))
Rearranging gives the result. O

This estimate can be used to obtain the heat kernel upper bound (cf. [2, 5, 17]
etc.).

THEOREM 4.6. There exist constants c4.7,c4.8 Such that
pe(z,y) < cagk™S/ 5D exp(—ca.sNy(k,n)(2,9)), Yo,y €V, k>0,
where
p" < R(z,y) < p™t
and

I(k,n) = inf{j : N;(z,y)77 > k} An.
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PrOOF. Let A(z) = {z € V : Nyppn)(2,2) > $Nypn)(z,9)} and A%(z) =
V\A(z). Then

pe(z,y) = PY(Xp=y)/py
1
= 'u— (Pz()(]C = y,X[k/g] € A(x)) + P°(Xy = y,X[k/g] € Ac(l‘)))
Yy
1

We also set for some constant ¢; to be chosen later,
U'(k,n) = inf{j : Nj(z,y)7? > c1k} An.
We first consider the case I'(k,n) < m. Observe that by construction of the set
A(z),
3N () (2,9)

(4.8) Tawy > . W

i=1
Now, using (4.7), (4.8) with Lemma 3.14 of [2] and the definition of I'(k,n), we
have
TN oy (72Y)

P N W< [k/2))

=1

IA

o 1/2
< exp(—c2 Ny () (@, 9) + ¢3 (N (to,n) (2, 9)7 k) / )

< exp(—caNy(g,n) (2, 9))-

We can ensure that ¢4 > 0 by choosing ¢; large enough in the definition of I'. Now
observe that there is a constant cs such that Ny (g ) (2,y) > csNyg,n)(z,y) and
hence

(4.9) P (X2 € A(z)) < c6 exp(—cr Ny, n) (7, 9)).

When I'(k,n) = n, then N,(z,y) < cg so that (4.9) clearly holds.
Finally, by the on-diagonal upper bound and (4.9), we have

L

> 2@ 2)Pe—iry2) (2, Yy b
2€A(z)
< caa(k—[k/2]) S/ STEPT(X 21 € A2))pty
< can(k = [k/2]) "5/ exp(—ce Ni(k,n) (2, Y)) py-

By the symmetry of py(z,y) we can establish the same result for I, and hence
obtain the result. O

We now discuss the lower bound for the heat kernel. We note that, if the
graph is bipartite, it may be the case that pary1(z,2) = 0 and hence we would
have no non-trivial lower bound. For this reason we work with the sum u(z,y) =

Pe(2,y) + pes1(2,9).

LEMMA 4.7. There exists a constant cq.9 such that for all k € N

k(% x) + prya (z,2) > c4.9k*5/(5+1)_
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PROOF. Using (4.7) we have that
P?(Xy ¢ DL(x)) < PW] <k)<1—cyp+caghr ™
Hence by choosing a large enough n we have for ¢ 7" ! < k < 177,
P*(X) ¢ DL(z)) <o < 1.
Thus P%(Xy, € DL(z)) > 1 — ¢y > 0 and, by Cauchy-Schwarz,
(1 - e2)? < u(DL(@))pas (3, 2).
As p(DL(z)) < N™, we use the lower bound on our choice of k to get
por(z, ) > egk 5/ (SH),

If we rewrite in terms of k and adjust for parity we have the result. O

For the lower estimate in the finitely ramified fractal literature, it is standard
to use the Sobolev type inequality (2.5) to obtain a near diagonal lower bound

(cf. [2, 17]). This approach allows us to control the heat kernel with a Holder
continuity estimate of the form

(4.10) px(2,9) — pr(@,y")[* < R(y,y")E(pr (2, .), i (2, ).
We need a slight modification of this technique here.
A straightforward computation using the definition of the Dirichlet form shows
that
(4.11) E(pm(z,.),Pn(2,.)) = Prtm(T, T) — Prim+1(z,2), Vn,m e Nz € V.
LEMMA 4.8. There exist constants c4.10,C4.11 Such that
up(z,y) > ca10k™ /Y if R(z,y) < g k5T,

PROOF. We begin by controlling the Holder continuity of ux. We compute
using (4.11) that

g(uk(xa )) = 5(pk(.’L', )) + 2g(pk($7 ')apk+1 ('Z': )) + g(pk+1(m7 ))
= pok(T,7) — p2rt2(, T) + P2k+1(2, ) — Pak+3(T, ).

Note that, as discussed in [13], pag+2(%, ) — par(x, x) is the time derivative of
the heat kernel. We recall from [13] Proposition 12.3 that the time derivative of the
discrete heat kernel can be estimated from above. The proof given there transfers
to our graphs and hence there are constants ¢, ¢y such that if pyp(z,z) < e1k™Y,
then |pgi2(z, ) — pr(z,7)| < cok~¥~1. Thus, putting u into (2.5), as in (4.10), we
have

() — w2, ") < esR(y,y S/ ST,

Now,
up(z,y) > w(2,7) — [up(z, 2) — uk(z,9)|
1/2
s kS ey (RIS
1/2
— C4k_S/S+1 (1 — ¢ (R(w,y)k_l/(s+l)) )
> Lo pos/s+)
iy 2 bl

by the choice of y such that R(z,y) < (5=-)2k'/(5+V), as required. O

Cs
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With this result we can proceed to the usual chain argument to derive the off
diagonal lower bound. Recall that d(z,y) is the graph distance between z and y.

PROPOSITION 4.9. There exist constants c4.12,¢4.13 such that

we(2,y) > ca.12k ™5/ (SHY exp(—ca.13 Nk, n)(2,9)), Y,y € V,k > d(z,y),
where p" 1 < R(z,y) < p" and
(4.12) I(k,n) = inf{j : N;(z,y)7 >k} An.

ProOF. We first note that we require k > d(z,y) as otherwise py(z,y) = 0.

We next observe that the bound is satisfied if R(z,y)5t! < ¢;1lk. Hence we take
O = R(z,y)5t'/k > ¢jTi. As in the upper bound case we define

U'(k,n) = inf{j : Nj(z,y)77 > c1k} An,

where ¢; will be chosen later. We first consider the case I'(k,n) < m. By this
definition there are constants ¢z, ¢z such that

2Ny (i, (2,9) 7170 < © < s Ny (,9) "

Note that the upper bound still holds when I'(k,n) = 0 as in that case Ny(z,y) >
ak > cd(z,y) = c1No(z,y) and hence © < ca7 /No(z,y).

Thus
R(z, k 1/(S+1)
P Nll(ﬂf, y)
We can now choose a minimal path {z; : i =1,...,Ny(z,y)} on Vi from z to y.
Then
. R(z,y) b 1/(S+1)
A )
(413) R(.’L'»i,l'i_l.l) S pP S W S Cs m .

When I'(k,n) = n, it is easy to check (4.13) holds.
We now take a ball B.(z;) of radius € = p!" about each point in the path. Then,
by construction, for z; € Be(x;), 2i+1 € Be(x;41) we have

& 1/(S+1)
R(z, zi41) < ~ T
(20 2641) < €6 (Nl'(x,y))
Let N = Ny(z,y), m = [k/N] — 1 and define P, = u,(z,y)pu,. Then, as in
[13] Lemma 13.4-13.6, we have a constant C' > 1 such that
(Pr)N < CN ' Py(myr) 1 < CNTLOR-N(mDH P < 02V P,

By choosing ¢; small enough, we can ensure that ¢s < c¢; 15 and hence the near
diagonal bound can be used along our path, to give

up(z,y) = CN(Bn)V /py

> o2 Z Z U (T3 21) o U (N1, Y )My -« - Pz _a
B.(z1) B.(zn-1)
N-1
> of J[ wlBe(:))(csm™S/STHN
i=1
> com /5t exp(—c1oN).

As in the upper bound we can change Ny to N; by changing the constant ¢j9. [
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We can now state our main theorem as follows.

THEOREM 4.10. There ezist constants cs.14,* - ,ca.17 > 0 such that for all
z,y €V and k > d(z,y), if p"~! < R(z,y) < p", then
pr(,y) < cprak 5 exp(—ca.15Ni(k,n) (T, ¥)),
Pe(2,y) + peyr(x,y) > R exp(—ca.17Ni(k,n) (T, ¥)),
where I(k,n) is given in (4.12).
Note that this theorem contains the diagonal estimate as 0 < Ny ) (z,7) < 1

for all n,k € Nand = € V. For z,y € V such that R(z,y) < p", define a chemical
exponent with respect to the resistance metric, for 0 <1 < n as

1

For | = n we can choose it arbitrarily and thus define d¢(z,y) = 1. Using the
definition of I(k,n) we can write Theorem 4.10 in terms of the resistance metric
and this chemical exponent as follows.

logp Nl($7 y)'

COROLLARY 4.11. There exist constants c4.18,- - - ,C4.201 > 0 such that for z,y €
V and k > d(z,y), with n,l as above, then
Ak m) (72¥)
__Ss R(z S+1 W
pr(z,y) < ca1sk” SHTexp | —ca19 (%)

Ak n) (@:9)

R(z,y)S+1\ T, G
P + o) > ek e | —epn (B )T

Now, using self-similarity, and a similar argument to Lemma 3.3, Lemma 3.4
and (3.11) of [17], we have for {z,y} € B,,

cip! < Npi(z,y) < car?.

(From this we see that S > 1.) Thus from the definition of df(z,y) we have for
0<Il<n,

C3 S+1 C4
1-— <df < —=
n—1= I(I;y)_ 9 +n_l7
so that the following holds.
COROLLARY 4.12. There exist constants cg 22, ,¢4.25 > 0 and 0 < v < 7o

such that for z,y € V and k > d(x,y), then

s R(z,y)St\™
pe(z,y) < camk s+ exp <—C4.23 (%) ) )
s R z, S+1\ 72
Pr(2,9) + prpa(2,y) > canak SF exp <—C4.25 (%) ) :

We note that in general we do not have the usual sub Gaussian estimates on
the heat kernel in the resistance metric, and we will give an explicit example later
where 7, # 2. We also note that this result is not altered by moving to the graph
metric and shows that we are not in the framework of [13, 14].
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FIGURE 2. Two u.fr. fractal graphs with different directional dependence

For the nested fractal graphs, when the fractals have spatial symmetry, we can
prove in the same way as [25] and [11] that (2.7) holds and there are constants
de,c1,c2 > 0 (d. is called a chemical exponent) such that for z,y € V,,, with z ~,, v,

c1p" ™ < N (2,9) < eap" 7™,

It is known that Assumption 2.2 and Assumption 2.3 hold in this case (see [30,
28, 29] etc.). Hence, writing d,, = (S + 1)/d., we can express our estimates in the
following form.

COROLLARY 4.13. Let (V,C) be an electrical network on a nested fractal graph.
Then there exist constants c4.06, . . .,C4.09 such that for all z,y € V,k >0

du N\ 1/(dw—1)

and for k > d(x,y),

d(z, y) 1/(dw—1)
Pe(@,y) + Pryr(,y) > cazsk 5/ exp (_04.29 (%> )

In [17] it was observed that for p.c.f. fractals, if there is no spatial symmetry,
there may be dependence of the off-diagonal terms on direction. A corresponding
example for u.f.r. fractal graphs is shown in Figure 2. To see that there is a depen-
dency in the exponents on direction we must compute the behaviour of N,,(z,y)
for horizontal or vertical moves in the fractal.

In the case of the left fractal in Figure 2 we see that there is a unique exponent
for the scaling of the shortest path. It is given by the scaling in the vertical direction
as any horizontal move can be made from a vertical move up, followed by a vertical
move down. Thus for all x ~,, y we have Ny,,(z,y) < 12"~™. However in the fractal
on the right, where it is the horizontal move which has minimal length, we note
that we cannot make a vertical move from a horizontal one. Hence we see that
there are two exponents, one for vertical and one for horizontal moves. If z,y € V,,
are connected by a horizontal line, then N,,(z,y) < 12"~™ while if z,y € V,, and
they lie on a diagonal line in a triangle, then N, (x,y) < 147~™.

In the left figure it is possible to calculate the map F' explicitly as a ratio-
nal function of polynomials in one variable and hence deduce the existence of a
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fixed point at (1,1,1.157) (where we are writing the resistance of each edge in
the triangle, with the third component corresponding to the horizontal edge) with
resistance scale factor p = 8.2934. Thus we can compute all the exponents as
S =log34/10g8.2934 = 1.6669, d’ = log12/log8.2934 = 1.1746 and d’, = 2.2704.

COROLLARY 4.14. In the left figure of Figure 2, there exist constants c4.30,- - -,
c4.33 such that for all z,y € V,k > d(z,vy),

a0 N 1/(d5=1)

and
A, )\ M
PE(®,Y) + pryi(2,y) > casak ™/ exp (—04.33 (%) :

In the right figure we have a fractal graph for which the analogue of the p.c.f.
result obtained in [17] Theorem 6.3 and Theorem 6.5 holds. For this graph the off
diagonal heat kernel estimate has different exponents in the two different directions.
We can once again calculate the map F' explicitly as a one dimensional map and
hence deduce the existence of a fixed point at (1,1,0.6256) with resistance scale
factor p = 9.1593. Note there is also a degenerate fixed point at (1,1,0) but, as
we have the map explicitly, it is easy to check that this fixed point is repulsive
and the non-degenerate one is attractive and hence Assumption 2.3 is satisfied.
The exponents are given by S = 1.6767, & = log14/log9.1593 = 1.1916 and
d¥, = 2.2464 and d! = log12/10og9.1593 = 1.122, d! = 2.3857.

COROLLARY 4.15. In the right figure of Figure 2, there exist constants c4.34,- - -,
¢4.41 such that for z,y € V connected by a horizontal line and k > d(x,vy), then

ny V1)
d(a,y)" )

pr(2,y) < a4k ™5/ (5H) exp | —C4.35 ( A

and

w1/ =1)
z y)dw>

d(z,
Pk(Z,y) + Pryr(z,y) > ca36k 5/ (5+D) exp | —C4.37 (T

If y lies on the 60° diagonal through the origin and k > d(0,y), then

v\ 1/(dy,—1)
pr(0,9) < crggk ¥/ exp (_04.39 (%) ) ;

and
d(0, v\ 1/(dy,—=1)
pk(an) +pk+1(0,y) > 04.407675/(5“) exp <—C4.41 (%) .

We can express these estimates in a more general form, that is similar to that
used for fractal fields in [16]. It is clear that, using the embedding of the graph
in R?, that each edge in this graph can be labelled as either horizontal or vertical.
Let 7(z,y) be the shortest path from z to y in V. We let d,(x,y) be the number
of vertical steps in 7(z,y) and let dp(z,y) = max; |C;|, where we decompose the
path 7(z,y) into connected components C; that only consist of horizontal edges.
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We can also define two associated shortest path counting functions. By considering
the paths in the fractal to consist of these two types of steps we can reprove our
Theorem 4.10 to obtain off-diagonal terms expressed as exponentials of the sum of
these two counting functions, at possibly different levels in the fractal. By rewriting
these in terms of d,(.,.) and dj(.,.) we have the following, where S, d?,d?, are the
same as those in Corollary 4.15.

COROLLARY 4.16. In the right figure of Figure 2 there exist constants ¢4 42, - -,
c4.45 Such that for z,y € V and k > d(z,y), then

dia, e\
pr(z,y) < 64_42k_5/(5+1)exp —C4.43 Z (%) )

i=h,v

and

4o,y | Y
Pe(z,y) + Prt1(2,y) > caaak 5 S exp [ —cqas (%)

i=h,v

We believe that for p.c.f. fractal graphs it will be possible to express the heat
kernel estimates in general in this form.

5. Harnack inequality and its Stability

5.1. Parabolic Harnack inequality. Let 8 > 0. We say (V,C) satisfies
(PHI(B)), a parabolic Harnack inequality of order 3 if whenever u(n,z) > 0 is
defined on [0,4N] x B(y,2R) and satisfies

uw(n + 1,2) — u(n,z) = Lu(n, ), (n,z) € [0,4N] x B(y,2R),

then
(5.1) G u(n,z) < cs1 3Nr£}24zv (u(n,z) + u(n + 1,z)),
z€B(y,R) z€B(y,R)

where N > 2R and ¢52RP < N < ¢5.3RP.

PROPOSITION 5.1. Let (V,C) be a basic electrical network on a u.f.r. graph
which satisfies Assumption 2.3. Then, (V,C) satisfies (PHI(S + 1)) with respect
to the resistance metric.

The proof follows from the estimates on pg(x,y) in Corollary 4.12 by the same
argument as that used in [10] Section 3. Note that by Corollary 4.15, we see that
(PHI(B)) does not hold in general with respect to the graph distance for any choice
of 8.

5.2. The results of Grigor’yan-Telcs and Barlow-Bass. In this subsec-
tion, we will explain the results in [14, 3]. Throughout this and the next subsec-
tions, we use the graph distance d(-,-) and the ball B(z,r) is in the graph distance.

DEFINITION 5.2. Let (V,C) be an electrical network on a connected infinite
graph. Let p be a measure on V' such that p({z}) = po :=3_ oy Coy for z € V.
(1) We say (V, C) satisfies the (pg) condition if there exists py > 0 such that

Doy = Cpy/pbz > po  for all {z,y} € B.
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(2) We say (V,C) satisfies the volume doubling condition (VD) if there exists
¢s5.4 > 1 such that

(5.2) u(B(z,2R)) < ¢5.4u(B(z, R)) foralz € V,R > 1.
(3) We say that (V, C) has walk dimension §8 and that (V, C) satisfies (Eg) if
E*[Tp(z,m] X r, forall r € [1,00), z € V.

(4) We say (V,C) satisfies an elliptic Harnack inequality (EHI) if there exists
¢s.5 > 0 such that, whenever z € VR > 1 and h : V — R is non-negative and
harmonic in B(z,2R),

sup h(y) <css inf h(y).

yEB(z,R) y€B(z,R)
5) We say (V, C) satisfies (Rg) and has resistance exponent 3 if
B
I
r

R(B(zg, ), B(xg,2r)°) < for all r > 1.

u(B(zo,7))’
THEOREM 5.3. ([14]) Suppose (V,C) is an electrical network on a connected

infinite graph satisfying the (po) condition. Then the following are equivalent:

(a) (V,C) satisfies PHI(().

(b) (V,C) satisfies (VD), (Eg) and (EHI).

(¢) For z,y € V,n > d(z,y), the transition density of {X,}n on (V,C) satisfies

C5.6 d(z,y)° 1/(8-1)
< e . d@y)’
pa(z,y) < 1(B(z,n1/5)) ) !
Cs.1 d(,9)° 1 /5-1)
> o1 o ) .
(@) +poni(my) 2 Trpr =y eel= (= m0) |

(d) (V,C) satisfies (VD), (EHI) and (Rg).

REMARK 5.4. When any (thus all) of the above conditions hold, then 5 > 2
(see [1] Lemma 1.1).

In our work the resistance metric is not a geodesic metric and differs from
the graph distance. The example we studied (Corollary 4.15) shows that the class
of fractal graphs we treat is not within the framework of [14]. If we make the
additional assumption that there is spatial symmetry in the fractal, then it is within
the framework of [14] as we have observed in Corollary 4.13. We will discuss this
further in the next subsection.

DEFINITION 5.5. (1) We say (V, C) satisfies (PI(f)), a scaled Poincaré inequality
with parameter § > 2, if there exists a constants ¢5.g > 0 such that for any ball
B =B(z9,R)CV with R>1and f: B — R,

(5:3) D (f(@) = fB)’ue < cs8R% Y Coy(f(2) — f(9))7,

zEB z,yeEB

where fp = u(B)™' 3 c 5 f(y)1y-

(2) Let 8 > 2 and 8 € (0,1]. We say (V, C) satisfies (C'S(3,8)), the cut-off Sobolev
inequality with exponents § and 6, if there exist constants cs.9,¢5.19 > 0 such that
for every zo € V, R > 1, there exists a cut-off function p(= ¢y, r) satisfying the
following properties.

(a) o(z) > 1 for z € B(xg, R/2).
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(b) p(z) =0 for z € B(zo, R)".

(c) |e(z) — @(y)| < cs.0(d(z,y)/R)? for all z,y € V.

(d) For any ball B(zg,s) with 1 < s < R and f : B(z,2s) — R,
(

5.4) Z f(m)z Z Cwy|<p(x) - ‘P(y)|2

zE€B(zo,s) yev
< eao(s/RPC Y. Culf@) —fWP+s? > fW)’my).
z,y€B(z0,25) yE€B(zo,2s)

REMARK 5.6. Suppose (V,C) satisfies (VD) and (CS(5,0)), but with (a) re-
placed by
(a’) p(x) > 1 for z € B(zy,6R), for some § < 1/2.

Then an easy covering argument (using (V' D); see for example, Lemma 2.7 of [3])
gives (CS(6,0)) with 6§ =1/2.

By the same reasoning, suppose (V,C) satisfies (VD) and (CS(8,6)), except
that each B(zo, 2s) on the right hand side of (5.4) is replaced by B(zo, As) for some
A > 1, then (C'S(8,6)) holds with A = 2. See Remark 3.2 in [3]. The same fact is
true for (WPI((3)), which is defined in Definition 5.12.

THEOREM 5.7. ([3]) Suppose (V,C) is an electrical network on a connected
infinite graph satisfying the (po) condition. Then the following are equivalent:
(1) There ezists 8 € (0,1] such that (V,C) satisfies (VD), (PI(8)) and (CS(8,6)).
(2) (V,C) satisfies (PHI(f)).

REMARK 5.8. Note that (C'S(2,1)) always holds. Indeed, essentially one can
take ¢(z) = 2d(z, B(zo, R)®)/R, then |o(z) — ¢(y)| < 2/R, if Czy > 0, and (5.4)
follows easily. Thus Theorem 5.7 is a nice extension of the characterization of
(PHI(2)) due to [12] and [31] (for certain graphs, due to [9]) to the 8 > 2 case on
graphs.

5.3. Stability under rough isometries. In this subsection, we will discuss
the stability of the parabolic Harnack inequality under rough isometries.

DEFINITION 5.9. Let (V) CcM), (V) C(?) be electrical networks on con-
nected infinite graphs satisfying the (pp) condition.
(1) Amap T: V() — V® is called a rough isometry if the following holds.
There exist positive constants a,c¢ > 1,b > 0 and M > 0 such that

(5.5) a'dM(z,y) — b < dP(T(2),T(y)) < adV(z,y) +b Yo,y e VW,

(56) dNTV),y) <M VY eV,
(5.7) ¢ tulh) < ,ug?()w) <epl)  Vzev®),

where (9 and d¥)(-,-) are the measure and the graph distance of (V(9),C(*) re-
spectively for ¢ = 1, 2.

(2) (VD 0cM), (V) @) are said to be rough isometric if there is a rough isom-
etry between them.

The notion of rough isometry was first introduced by M. Kanai ([21, 22]). As
this work was mainly concerned with Riemannian manifolds, a definition of rough
isometry included only (5.5), (5.6). The definition equivalent to ours is given in [8].

We first give a lemma which lists some easy consequences of the definition.
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LEMMA 5.10.
(1) There e:c?'sts K > 0 such that sup, ey #{T € VD . T(z) =2} < K.
(2) ,u(zz) = ,ug(f) forallz ~yeV®,
(3) ,u&l) = ,ug/l) for all z,y € VY such that T(z) = T(y).
(4) 1D <Y v p for all o' € T(V).

T (2)=a’
5)c) <o for allz,y e VD, o' € V) such that x ~ y, T(z) ~y'.
Y T(z)y

(6) There exists h > 1 such that

T(BW(z,h 7)) ¢ B?(a',r) C {M-neighbourhood of T(BM (x, hr))},

for allr > 2(b+2M) and all 2’ € V?) where x € V(Y satisfies d?) (T (z),z") < M.
Here, B9 (z,r) :={y € VO : dD(z,y) <7} forz € VW, i=1,2.
(7) Rough isometry is an equivalence relation.

PROOF. (1)-(6) can be deduced easily from the (pp) condition and the definition
of the rough isometry. For (7), let (V(),C®), i = 1,2,3, be electrical networks on
connected infinite graphs satisfying the (po) condition. Clearly, by the identity map,
(VD 0M) is rough isometric to itself. If Ty : V) — V) and Ty : V2 — v )
are rough isometries, then so is the composition 75 0 Ty : VD) — V), Finally, if
T : VW - vV is a rough isometry, then we define T~ : V) — V(1) ag follows;
for each 2’ € V(?) choose some z € V() so that d®(T(z),2’) < M and put
T—(2') = z. T~ is called a rough inverse of T. It is easy to check that T~ is a
rough isometry. Thus (7) holds. O

Our main result in this subsection is the stability of PHI(S) under rough
isometry.

THEOREM 5.11. Let (VD CW), (V) CP) be electric networks of connected
infinite graphs satisfying the (po) condition. If (VD CM) satisfies (PHI(B)) with
respect to the graph distance and (V1),CM), (V) C®?)) are rough isometric, then
(V) CP)Y also satisfies (PHI(B)) with respect to the graph distance.

For the proof we require a weak Poincaré inequality.

DEFINITION 5.12. We say (V,C) satisfies (W PI(8)), a scaled weak Poincaré
inequality with parameter 8 > 2, if there exists a constants ¢;.g > 0 such that for
all zg € V, R>1 and f : B(x,2R) — R,

(5.8) Y (f@) = fe)ue <R Y Coy(fl@) = f()%

z€B(zo,R) z,y€B(w0,2R)

where fp = p(B(20, R)) ™ X, p(wo,r) f ¥y

REMARK 5.13. For (WPI(8)) to hold, it is enough to check (5.8) for all non-
negative f : B(zg,2R) — R,. (The same is true for (PI(8)) and (CS(4,0)).)

To show this, denote the left hand side of (5.8) as Varpg(,, r)(f) and the sum
in the right hand side of (5.8) as £p(4,,2r)(f)- Then, by a simple computation, we
have

Varg(z,,r) (f + @) = Varp,,r)(f); €B(zo2r)(f + @) = EB(20,2r) (f),

for all constant functions « € R. Thus, if we assume (5.8) for all non-negative
functions, then it holds for all bounded functions. We then see that (5.8) holds for
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all f : B(zo,2R) — R, by the usual approximation using f, := (f An)V (—n). The
proof for (CS(B,8)) is much simpler and we omit it.

In the definition of (W PI(f)), the sum on the right hand side is over all z,y €
B(zg,2R) whereasin (PI(3)), itisover all z,y € B(zg, R). Clearly, (PI(3)) implies
(WPI(B)). The next proposition asserts that if the volume doubling condition
holds, the converse is true.

PROPOSITION 5.14. Let (V,C) be an electrical network on a connected infinite
graph satisfying the (po) condition. If (V,C) satisfies (VD) and (WPI(8)) with
respect to the graph distance, then it also satisfies (PI((3)).

This result was first proved by Jerison in [19] for Euclidean vector fields satisfy-
ing Hormander’s condition. One can easily modify that proof line by line to obtain
the same result for this situation. Since the argument is well-known to specialists,
we skip the proof here. See also [15] for closely related results on geodesic metric
spaces.

We now give the key proposition.

PROPOSITION 5.15. Let (VD) M), (V) C®?)) be electrical networks on con-
nected infinite graphs satisfying the (po) condition and assume that they are rough
1sometric.

(1) If (VD C)Y satisfies (V D), then so does (V(2),C(2),
(2) If (VD CcM)Y satisfies (VD) and (WPI(B)), then so does (V(2),C(2),
(3) If (VD) M) satisfies (VD) and (CS(3,6)), then so does (V) C?).

PROOF. (1) is relatively easy. First, note that using Lemma 5.10 (2) and the
(po) condition, u(®) satisfies (5.2) for small R. We thus consider the case when R
is large. For ' € V?), take z € V(1) so that d®(T(z),2') < M. Then, by Lemma
5.10 (4) and (6), we have

WIBAR) 2 ap®TBY@T ) =g Y uy
¥ €T(BMW)(z,h~1R))
> ¢ Z ugjl) = cop™M(BW (2, "1 R)).
yeBW (z,h~1R)
By the same observation using Lemma 5.10 (2), (4) and (6), we have
n®(B(a',2R)) < can(BY (2,20 ' R)).

Thus, using (VD) of u(!) iteratively, we obtain (VD) of u(?) for large R.

Before proving (2) and (3), we note that it is enough to prove them when M =1
(M is defined in (5.6)). To show this, for 2 < k < M, let (V(Q),C,(f)) be graphs
obtained from (V(?),C(?)) by adding an edge {x,y} if it is possible to go from z to
y in at most k-steps. The conductance of the edge {z,y} is given by (ugf) +,u7(42))/2
if {z,y} ¢ B® and by C2) if {z,y} € B®. Then, clearly (V(Q),C,(cz)) satisfies
the (po) condition (with a different pg). The identity map Idy : V) — V) is
a rough isometry from (V(Q),C’,(f)) to (V(Q),C',(f_)l) for each 2 < k < M (here we
let (V®,C?) = (V®,C®)). Also, T can be regarded as a rough isometry from
(VW cW) to (V(2),C’J(V2[)) (we denote this map 7') and (5.6) holds with M = 1.
Then, we have T' =Idy o ---oIdps o T as maps of networks. We thus consider the
case M =1 in the following.
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We now prove (2). As in Remark 5.13, we will prove (5.8) for all g : V(?) — R,
Let

1/
“g”?,B(zO,R) = ( Z g(y)i,u,y) for i =1,2,

yEB(zo,R)
gB(xo,R)(g) = Z C:cy(g(x) - g(y))2-
zvyeB(anR)

Take Ry > 1 large enough. We note that (5.3) and thus (5.8) holds for all R < Ry
where c5.s could depend on Ro. Indeed, if we let My, := max{|g(z') — g(y')| :
z',y" € B®(xg,Ry)}, then, as minyep f(z) < fp < maxyep f(z), we have

(LHS of (5.3)) <2Mz, Y Y < o€ g (a,m)(9) < (RHS of (5.3)),
z€B®)(zo,R)
so that (5.3), (5.8) hold. Thus it is enough to prove (5.8) for large R > Ry.
Since go T : V() — Ry, by (WPI(B)) for (VD),CW), we have
(5.9) lgoT —goTpwll3 parmy.m) < ¢s.8R°E g (geam) (90 T),
where g o Ty = ||lg © Tlly, (2o, r)/ M (BY (w0, R)). Let zfy := T (o). Then, by
the (pp) condition and Lemma 5.10 (2), (5), (6), we can easily obtain
(5.10) EB (z0,2r)(9°T) < ca€ g (at, 2nr)(9)-
We will next show
(5.11) ||9||g,3(2)($6,3/h) <asllge T”g,B(l)(%,R) + CGEB<2>(zg,hR+1)(9)-
To prove this, first note that, by definition of a rough isometry, we have

2
(5.12) lgo T2 soeory 21 D 9@ uls.
&' €T(BW (zo,R))

Let A,y r := {1-neighbourhood of T'(B™")(xy, R))} and let
G = {4 € Aupns 9(&)/2 < g(4/) < 20(s") Tor some o' € T(BD(zo,R))
such that ' ~ y'} UT(BW (2, R)),
Gy = Az .r\Gi.
If 4’ € G2, then an elementary computation shows
(5.13) 9(z')* + g(y')* < 5lg(z") — ()7,

where 2’ € T(B™W(zy, R)) and 2’ ~ y'. Using this, the (py) condition and Lemma
5.10 (2), we have g(y’)%&ﬁ) < csCﬁ;Jg(m’) —g(y")|?>. We thus obtain

(5.14) > g(y')2u§ﬁ) < € 4,0.1(9) < € B (a1 nRA1)(9);
y' €G2

where we apply Lemma 5.10 (6) in the last inequality. Now, if 4 € Gy, then there
exists 2’ € T(BW(x0, R)), &' ~ ¢ such that g(y') < 2g(z’). Thus, using the (pp)
condition and Lemma 5.10 (2), we have

(5.15) > 9yl o > g@)?ul?

¥ €G1\T(BM (z0,R)) @ €T(BW (z0,R))

IA

IN

cullgo T||g,B<1>(aco,R)’
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where we use (5.12) in the last inequality. Combining (5.12), (5.14), (5.15) and
using the fact A,, g O B® (x}, R/h) which is due to Lemma 5.10 (6), we obtain
(5.11). Let ¢4 := g o T' gy. Now, substituting (5.10) and (5.11) in (5.9), where we
use g — ¢4 instead of g in (5.11), we obtain

(5.16) llg = cgllg’B(g)(%,R/h) < c12€ g (o1 20 R) (9)-
Note that in general the minimum of ||g—a||§,B(2)(%,R/h) (as a function of @ € R) is
attained when o = ||g||2,B(2)(z6,R/h)/p(2)(B(Q)(:cg,R/h)). Thus, in view of Remark
5.6 (where we apply (V D)), we obtain (5.8) for (V(®,C®)) when z, € T(VV).
For zo ¢ T(V(Y), we can find &, € T(V(") such that d® (zg,Z) < 1, so that the
same result holds by changing h suitably. We have thus obtained (W PI(3)) for
V@), o).

We finally prove (3). Take Ry > 1 large enough. Note first that (5.4) holds
for all R < Ry where ¢5.19 could depend on Ry. Indeed, in view of Remark 5.8,
we know (CS(2,1)) always holds. As in (5.4) the exponents 3 and 6 are irrelevant
for small R (as long as c¢s.10 could depend on Rp), we see that (5.4) holds for all
R < Ry. Thus it is enough to prove (5.4) for large R > Ry.
Now, take g : V() — R arbitrary. Since go T : V() — R, by (CS(8,8)) for
(VD CcM), we have

(5.17) Yo goT() Y CHlelz) — ey

z€BW) (xq,s) yev @)
< ¢ 10(R) (53(1>(w0,zs)(9 oT)+s PllgoT]; B(l)(mo,gs))

where ¢ is a cut-off function which satisfies (a)-(c) in Definition 5.5 (2). (We assume
that (a) holds on B(zy,0R) instead of B(zg, R/2) where § > 0 is chosen sufficiently
small, cf. Remark 5.6.) Let zf, = T'(x¢). Then, by definition of a rough isometry
and Lemma 5.10 (6), we have

(5.18) llg o TI|2,B(1)(mo,2s) < c”g||2,B(2)(z'6,2hs)'

We can use (5.10) to estimate the first term of the right hand side of (5.17). Let
T~ be a rough inverse given in the proof of Lemma 5.10 and set ¢ := ¢ o7~ . Note
that by definition of a rough isometry, ¢ also satisfies (a)-(c) in Definition 5.5 (2)
(with é'R instead of R/2 in (a) and 6" R instead of R in (b) where 0 < ¢’ < §").
We will prove

(5.19) 3 2y g - )P

z’EB(Z)(xB,s/h) y' eV
1
< e Z goT(z Z COlp(z) — p(y)” + ﬁgB(Q)(z{],cms)(g));
z€BM)(zg,s) yeV @)

where ¢;3, 14 > 1 are some constants. Once we prove (5.19), by substituting (5.10),
(5.18) and (5.19) in (5.17), we obtain (5.4) for (V(®), C(®) in view of Remark 5.6
(where we apply (VD)) when z, € T(V()). By the same observation as in the last
part of the proof of (2), we have the same result for zy ¢ T(V)), and we obtain
(CS(8,0)) for (V) ). Thus, all we need is to prove (5.19).

To prove (5.19), set F(z',y') := g(m’)QCg(ﬁ;,hﬁ(m’) — @(y")|? for ' ~ y'. We
first consider the case o' = T'(z) for some x € B (z¢,s). Denoting z := T~ (')
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and § := T~ (y'), we have F(z',y') = g o T(2)*C\7)|o(z) — ()| Note that, by
definition of a rough isometry and a rough inverse, there exists M, (independent
of #' € V) so that z,5 € BV (z, Mp). Now take a chain {z;}~, so that zo =
T,xr =7, T; ~ Ti+1 and L < 2My. Using Lemma 5.10 (2) and (5), we have

L1
(5.20) F(z',y") < c159 0 T(2)? Z Cg)x,ﬂ lp(2:) — p(@ir1)]?.

=0
Set G¥:={y e V) :goT(y)/2 < goT(xz) <2g90T(y)}. By using (5.13) and (c)
of Definition 5.5 (2), we see that the right hand side of (5.20) is smaller than

co( Y. goT(x:)*C,.. lp(z:) — plzit1)]®

1
(5.21) + R0 Y lgoT(z) - goT(w:)l*u).

i=0,--. ,L—1
z; ¢GY{

We make another chain {y; }JL;O from z to z; (note L' < My), so that

L'—1
(522)  lgoT(x)—goT(x)*u) <1z Y lgo T(y;) — g0 Tlyj1) il
=0

Combining (5.20), (5.21) and (5.22), for each 2’ we have
(5:23) > F(a',y)

y'~x!
1
< as( Z goT(y ZC(I) —@(2)*) + WEB(U(LMO)(QOT))
yeB() (z, M) z vy
1
< erof Z goT(y Z CBoly) — o(2)|*) + WEB@)(W,ILMO)(Q));
yeB) (z, M) z~y

where we apply (5.10) in the last inequality.

We next consider the case ' € B (), s/h)\T(B")(xo,s)). In view of Lemma
5.10 (6), there exists z € B()(xg, s) so that 2’ := T(2) ~ z'. If g(2')/2 < g(a') <
2g(2'), then by changing g(x') as g(z') we can apply the same argument as above
and obtain (5.23). Otherwise, using (5.13) and (c) of Definition 5.5 (2) again, for
each z’ we have

C
Z F(ml7y/) < %53(2)(:0’,1)(9)7

and obtain (5.23). Altogether, we have proved (5.23) for all #/ € B®)(z},s/h). We
note again that Mj is independent of the choice of z’, s and R. Then, summing
(5.23) for ' € BP)(xl),s/h), using the (po) condition and Lemma 5.10 (6), we
obtain (5.19). O

Now the proof of Theorem 5.11 is immediate by combining the results of The-
orem 5.7, Proposition 5.14 and Proposition 5.15.

For the rest of the paper, we consider (V,C) to be an electrical network on a
u.f.r. graph which satisfies (2.7). In particular we consider nested fractal graphs as
Assumption 2.2 holds (see [27]). If the conductance on the basic electrical network
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FI1GURE 3. S.G. graph and modified S.G. graph

(V,C) is derived from the non-degenerate fixed point, we have Corollary 4.13, that
is the network satisfies two sided sub-Gaussian estimates with respect to the graph
distance. Thus Theorem 5.3 and Theorem 5.7 can be applied and we see that
the same results hold if we change the conductance (even randomly) as long as it
satisfies (2.2). We note that related results on homogenization are discussed in [26].

Finally we consider a graph which is rough isometric to a nested fractal graph.
The graph on the right of Figure 3 is made by locally modifying the 2-dimensional
Sierpinski gasket graph so that (5.5) and (5.6) are satisfied. Note that the global
gasket structure is preserved by the local modification of the graph. The two
networks in Figure 3 are rough isometric if the conductance on each edge is bounded
from above and below by positive constants. Thus, using Theorem 5.11, the network
on the right of Figure 3 also satisfies two sided sub-Gaussian estimates and thus
satisfies (PHI(log5/log?2)) with respect to the graph distance.
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