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Asymptotically abelian IIl-factors

Sh6éichir6 SAKAI

1. Introdu;tion. Recently, physicists (cf. {2], [4],
[51, (71, (81, [12], [13], [14]1) have introduced the notion
of asymptotic abelianess into the theory of operator algebras
and obtained various interesting results. In the present
paper, we shall extend this notion to finite factors, and by
usiﬁg it, we shall show the existence of a new IIl-factor.

For type III=factors, we shall discuss in another paper.

2. Theorems. First of all, we shall define

Definition 1. Let M be a finite factor and let t be
the unique normalized trace on M. M is called asymptotically
abelian, if there exists a sequence of *-automorphisms {pn}

on M such that 1im-]][pn(a),b]ﬂ'2 = 0 for a, b€M, where

n->w

lx,y] = xy-yx and x|, = t1(x*x) Y2 for x, yeM.

Let & be a finite factor, and let 9 be the normalized
trace on . Let ¥= é wn with @ =& be the infinite
C*-tensor product (cf, ?g}), and let y = és 9r1 with ?n = ¢
be the infinite product trace on 25. Letn=é be the group of

finite permutations of positive integers N, i.e. an element

" g€G is an one-to-one mapping of N onto itself which leaves

all but a finite number of positive integers fixed.
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Then, g will define an *-automorphism, also denoted by
g of g by g():@an) = E@ag(n), where a_ = 1 for all but
a finite number of indices.

For each integer n, we denote by}gn the permutation

22 Lk if 1<kg2®?
g (k) = P if 2™l <k < z“‘
k . if 2" <k |
Then, we can easily show that lim H[gn(a),b]n =0 for a, b

n
€ & . Clearly, the tracey on & is G-invariant --that is,

Y(g(a)) = v(a) for g€G and a€e .
Let {I ,%} be the *-representation of 5& on a Hilbert

space -ﬁw constructed via ¢, then there exists an unltary

representation g -+ U_ of G on 411, such that U 1 =1 for

g gy 1'%
g€ G and Hw(g(a)) = g \p(a')Ug* for a¢ g, where 1, is the

v

(image of 1 in 'g"li . Let M be the weak closure of Hw(ﬂ)
on é‘ﬂ” then ¢f 1is a finite factor (cf. [3]). The mapping:
X > Ug;(Ug*(x,e%) will define a *-automorphism Pg onZ.-

Definition 2. The finite factor P is called the
canonical infinite W*-tensor product of finite factors {g }
and denoted by (@) .@

PI‘OpOSlth?l 1. ’d& is asymptotically abelian. )

Proof. Let T be the normalized trace on .w

We shall identify  with the image I (ﬁ) Then, T =y

on . Let x, vy e@n s t;hen by Kaplansky‘s density theorem,

there exist two sequences (xm) and (ym) in g such that

Ixall < U, gl < Dyl and gexly = 0, lygeyl = 00 o ),

——
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where livllz = 'tr(v’*v)l/2 for ve ®1wn.
, ne
Then
H{ognCX),y]-[pgn(xm),ym]"2

< N[ogn(X),y]-[ogn(XJ.ym]+[ogn(ﬂ,ym]-[pgn(xm).ym]HZ

A

N[ogh(X),y-yhlﬂz+ﬂ[pgnCX)-ogn(xm),ym]ﬂ2

;Hogn(x)-(y-ym)ﬂ2+H(y-ym)pgn(X)Hz+ﬂogn(x-xm)ymﬂz+ﬂympgn(x-xm)u2;

In

Qégn(X)ﬂHY-YmH2+Ky-ymu2ﬂognCX)H+ﬂpgn(x-xm)HZKYmH

g log Gl

2l y-y o+ 2y b llx-x |, + 0 (m+ =).
Hence, for arbitrary € >0, there exists an m, such that

ey Gayillp-Neg G 3oy 10,1 < e for all n .

On the other hand, “[pgn(xmo),ymo]ﬂ <e forn2n,,

where ho is some integer; hence Il[pg (x},yll < 2¢ for n > n,
g i1 A

This completes the proof.

Now let ¢ be a countably discrete group, and let JA¢)
be the W¥-algebra generated by the left regular representation

of ¢. WE shall show examples of asymptotically abelian

finite factors.

Example 1. Let 2% be the type Il-factor,'then clearly
it is_asymptotically abelian.

Example 2. Let II' be the countably discrete group of all
finite permutations on the set of all positive‘integers,
then the W*-algebra ZJ(II) is a hyperfinite I1,-factor (cf.

[6]1). Since all hyperfinite IIl—factors on separable Hilbert
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spaces are *-isomorphic (cf. [6]), jﬁ(n) is *-isomorphic to
1.%2,“, with ﬁz,n = %2, where gj, is 'the type I,-factor.
Since the asymptotic abelianess is preserved under an *-
isomorphism, by Proposition 1, ﬁf(n) is asymptotically abelian,

Example 3. Let ®, be the couhtably discrete, free group
with two generators, then the W*-algebra ﬁf(@z) is a IIl-
factor (cf. [6]).

Let "Bn with an = ﬁ(@z), then by Proposition 1,
,@n isngiymptotical'ly abelian.
net Now, we shall show examples of finite factors which are
not asymptotically abelian.

Example 4. Let jjp be the type Ip—factor with 2 < p < +e
(p integer), then jfp is not asymptotically abelian.

Proof. Let (bn) be a sequence of *-automorphisms on
jﬁp. Let B(jﬁp) be the Banach algebra of all bounded operators
on jﬁp, then B(j%ﬁ is finite-dimensional; therefore there
exists a subsequence (p ) of (p,) such-that “pn‘—Tﬂ +~ 0
(j » »), where T is a bounded operator on jﬁp. It is easy
to show that_T is also a. *-automorphisms on gﬁp; hence
: clearly §7p is not asymptotically abelian.
' Example 5. Let ¢, be the countably discrete, free
group with two generators, then ﬁf(@z) is not asymptotically
abelian.

Proof. Suppose that £J(¢,) is asymptotically abelian,
and let (pn) be a family of *-automorphisms such that
Ile (a),blll, » 0 (n > =) for a, b F(e,).

Clearly, there exists an unitary element u in jﬁ(@z)

such that t(u) = 0, where 1 is the normalized trace on 25(¢2)'

Then [[p,(u),blll, = lo, (u)b-bo (W, = llo, (Wbe (W)*-bll, + 0

-4 -
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(n > =) for b e(e,).

Since pn(u) is unitary and T(pn(u)) = t(u) = 0, 2%@2)
has the property I'; this is a contradiction (cf. [6]).

Example 6. Let I be the group of all finite permutations‘
on the set of all positive integers, and leé o, be the free
group of two generators, and let 9, x I be the direci product
group of ¢, and I. Then, gf(éz x TI) is *-isomorphic to the
W*-tenso§ product §§(®2)55 L) of 27(@2) and () (cf.
(61, [9D).

In the following considerations, we shall show that

jﬁ(@z x II). is not asymptotically abéklian.
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Lemma 1. Let & be a group and let E a subset of ¢

Suppose there exists a subset FCE and two elements gl,gZéQ

the]

. -1 - -1 o -1
such that (i) FUgng1 = E ; (ii) F, g, ng and \ngzl
are contained in E and mutually disjoint. Let flg) be a
complex valued function on ¢ such that ) ]f(g)g < +

- géd
and (] lf(giggil) - f(g)lz)l/z <e (i=1,2) . Then,
2.1/2

ged
(L 1£E@I15
g€E 2
Proof. v(x) = ) |£f(g)] for a subset XC?¢
g€X

< Ke , where K does not depend on € and f

Then,

= > (] 1£Gn 2@l HY2 2 v reih? - v/
g

Putting v(E)l/2 = s , then

-1)1/2

lﬁ(gngil)-V(F)l=IV(g1Fg1 +v(F)1/2|'Iv(gngil)l/z-v(Fal/zl

<. 2se.._dand" so v(gifgil)_sjv(F] + 2se ;.o

hence
s2< (g Ferh) + V(R < 200 (F) + se)
so that
s2
Vv (F) > »— - s€
Since

CI 1£Ceee)-£@I 52 = (] 1£e,8; 00,0501 0e5 e )1 Y2,
ge? g€d

- 6 -
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analogously we have

lv(g,Fg;t) = w(R) | < 2se

and
-1 < .
[v(g2 ng) - wF)| < 2s¢e ;
hence
: -1 52
v(nggZ ) > VY(F) - 2se > 7— - 3se
and

-1 52
v(g,"Fg,) > 57— - 3se ..

Therefore,
2= w(E) 2 v(B) + V(g5 Fey) + (g Feyt) > st - 7se :
hence

s < l4e .

This completes the proof.
Now, let us consider the group ¢, x I . Let kl’ k2 be
the generators of the group ?, and let Fl be the set of

~elements €9, which when written as a power of kl’ k2 of

-7 -



minimum length end with k? , b= 1,342, ..., Let F = F.x I

and let a; = (kl, e} and a, = (kz, e) , where e 1is the

unit of I .

Then,
-1 -1 .

alFal (lelk1 , 1)

and
Fa;l = (k,F,k 1,71 )

d2F8y T KR Xy LE D

moereover
Fua Fall = (F,,MVU (k. F. k1, m = (F, Uk, Fk- L, ) = ,ei%c
41791 1’ 171%1 1¥ f1th o Lol

where (‘)C is the«complement of (<)} F, a%lFaz and aZFai

are contained in (e, m° and mutually disjoint. Hence by
Lemma 1, we have

Lemma 2. Suppose that (fn) be a sequence of complex

valued functions on ¢, x I such that ( 7] ]fn(a}}z}l/z <
' a€o,xIl
and
lim( J |f (a.aald) - £ @ HY% -0 G o=1,2)
o aEQZXH n"i%%i n
Then,

in( ] 5 @HY -0,

n*e a&(e,H)

4

I



Now we shall whow

Theorem 1. jf(@z x NI) 1is not asymptotically abelian.

Proof. Suppose that jf(@z x 1) 1is asymptotically abelian,
and let (pn) be a sequence of *-automdrphisms on gﬂ(@zrx )

such that
o, (x)s ¥y, » 0 (0 > =)
for x,y € o, x M

Let € (te o, x 1) be the unitary element of 5§(@2 x 1)

such that (gtf)(a) = f(t-la) for f€ Qz(éz x ) and

i)

a €6 x I , where 22(®2 x T} is the Hilbert space of all
complex valued square summable functions on b, x 1

Since all elements of (¢, x M) are realized as left
convolution operators by elements of a subset of 22(¢2 x 1)
(cf. [6]), we shall embed gj(@z x 1) 1into 12(¢2 x 1)
Then, XE'§5{®2 X ﬁ) is a complex valued square summable
functicn on ¢, x I .

Now let £1,X2,»-°,xp be a finite subset of elements of
jﬁ(@z x 1) . Then,

JENCIOP “:;'eifi]ﬂz >0 (0> w)

for i =1,2 and j = 1,2,-«+,p .

“ [pn(xj );ea]nz -=“pn(xj)€ai-€a- On(xj)az'

1 1

_po-1 ) o -1, 124172
= “Eaipﬂ(xj)sai pﬁ(xj)ﬁz = (aegzxn]pn(xj)(aiaai ) pn(xj)(é)l )

Hence, by Lemma 2 ,

i
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Ca2
;J 1

1/2 -+ 0 (n > =)

2
(ae%e,n)clpn(xj)(a)l )

Put
| pn(xy)(a)  if  a€(e,m
: £,(x;) (a) =
0 if a&(e)n)

,then we can easily show that fn(xj) G;ﬁ(@z x M) . Let

= trla(a) = 0 for ak(e,m) and rLeF(e, x M} , then H

* )
is a W-subalgebra of gﬁ(@z x M} ; moreover put &(h) = £{e,h)

for h éfl and £ & % , then the mapping & -+ 2 is an
*-isomorphism of ﬁﬁ onto the Ill—factor jﬁ(ﬁ); hence ?ﬁ
is a hyperfinite IIl-factor.

For arbitrary € > 0 , there exists a positive integer

ng such that

Y
~4
=3
ey
o
-
-
&
L
A
(9]
bt
e
b
Sk
I
poet
~
(8%}
A
T8

o
43
£
i
=l
pS—
)

Then,
"‘Dno(xj) - fn0($j)”2 <e for j =1,2,--+,p

Since 9 is a hyperfinite IIl-factor, there exist a

type Inp subfactor jﬁn. of % and elements T ,To, 00,1y

P
such that

i fno(xj) - rjﬂz < g for j =1,2,""",p .

- 10 -
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Therefore,

RPHO(Xj) - Tjﬁz < 2¢ for j = 1,2,+-+,p.

Since p

. ' . -1
n is a *-automorphism, ﬁxj - pno(rj)ﬁz < 2g

0
. -1 . -1 L e -1 .
and pno(rj}c pne[gﬁn ) for j =1,2,-+-,p . Dno(ﬁﬁnp) is
a type I factor and 35(@2 x ) 1is a IIl~factor on a

p
separable Hilbert space; hence by the result of Murray and
von Neumann [6], 25092 x M) 1is a hyperfinite II,-factor.

On the other hand, by Schwartz's theorem [10], (%, X
4

1)

is not hyperfinite., This is a contradiction and completes the

proof.
Now we shall show the existence of the fifth example of

IIl-factors on separable Hilbert spaces.

- 11 -
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Corollary 1. JZ8B(0,x1) is not *-isomorphic to 2
Y 2 P lﬁ‘u n
n:
with = Z(0,)
n ~F2
Proof. Clearly the asymptotic abelianess is preserved

under *-isomorphisms ; hence QZ(@szD is not *-iscmorphic

to @@cfén . This completes therproof°

Proposition 2. 08n ® LM = ’8n , where
an = 2;(®2) and (-)@?:%) is the w*—tg;ior product of (+)
and (°°)

Proof. Since «25(@2) is a IIl—factor, there exists a
type Iz-factor ng such that )@(@2) = JGZ ® JSé , Where
332 is the commutant of ‘232 in ;i,(Qz) ; hence

.58 .;{,ZB&Z,,H , where ZZ’H=Z}2 and%g,nw‘ég

- >ﬂ'\”“*r.,‘...
Hence
RPN = (B 7. & B 52 (T
‘t?/',wnw'?v\m (@£Z PRy n@“”*w‘&q)
n=1 n=1 ’ n=1 ’
o0 i >
;ﬁ’zﬁﬁ’wén <glwﬂ

because @@ 2?2 n and 2§[H) are hyperfinite and so
. %2 n® %(H) is also hyperfinite.
This completes the proof.

The following defintion is due to Ching [1]

Definition 2. A finite factor M 1is said to have property
C , if for each sequence wu_{n=1,2,.+.} of unitary elements in

e J
il

M with the property that

Hun*xun - X“z + 0 (n > )
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for each x€M , there exists a uniformly *hounded sequence
v, (n=1,2,+++) of mutually commuting elementS in M such that
lu,-viliy = 0 (n > =)

Then, Ching {1] proved that ﬁﬁ(n) and ﬁS(éZXH) have
not property C and also there exists a type IIl-factor M4
which has both of properties C and T

It is not so difficult to see that 95(@2) has property

C , although we do not need it here.

Corollary 2. éaan with aen = %(@2) has not
n=1l

property C .

Let g5 be the element in 1 which permutes i and i+l
and leaves all other positive integers fixed, for each i=1,2, -,
Clearly || eg Xe, -x|l, > 0 for x é%(ﬂ).
i i o
Hence )let 1 be the unit of 1:%11 , then
11® sg y 18 €g. " yl, >0 for ye "%nQ Ba) . Suppose
i - 8] n=1

i
o%n has the property C , then a9n§ 2‘3(n) has property C.
n=1 n=1

Let {vi} be a uniformly bounded sequence of mutually

commuting elements in a@ﬂ@ L) such that 1® €g -viﬂ 50
n=1 i
(1> =)

Then, since g.g:,1 # 8;,18; >

VI =|1@¢

®
(gigi""‘l) e(gi-q—lgi)uz -

ulﬁeg

1®¢ - 1®¢ 18¢
i g3

+1 €i+1 giuz

I

(1®e, -v;) 18¢ l, + liv;(1®e Vi )
g; 1 €i+1 2 i gi+1 i+17 2

+ (Vi1 1@c¢ +1)Vi“2+ ]Il@sgi+l(vi ,®Egi)}|2+0 (n+) .

g3

- 13 -
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This is a contradiction and completes the proof.

Proposition 4. There are five examples of Ill—factors

with different algebraical types on separable Hilbert spaces.

Proof. lo@n with a@n = 23(@2'),;4 A(M , because

§S(H) can not contain the IIl—factor which is *-isomorphic to.

ﬂﬂ(@ ) as a W*-subalgebra (cf. [10]).
2

Clearly @108n # ,%(cbz), because 1’8“ = 1”8n®g(n)
n= n= n=

has property I' ; by Theorem 1 o@n # Z(‘I’ZXH) ; by Proposition
=9 n=1 -

3, la@n F M,
n=

This completes the proof.

- 14 -
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