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Some remarks on the Kirby-Siebenmann class

By 5. Morita

§1. Statement of resulﬁs.

Let k€5H4(BTop;22) be the Kirby-Siebenmann class, i.e.
the unique obstruction to stable PL reducibility of Top
bundles. In this note we remark some elementary properties of
k and using them we construct a few non-triangulable manifolds
of dimension 5 and 6.

First we show

Proposition 1. k is primitive, i.e. if p : BTop x BTop - BTop
is the natural H-space structure on BTop, then

p*(k) = kx1l + 1xk.

For a topological manifold M, we define the Kirby-
Siebenmann class of M, k(M), to be that of the tangent micro-

bundle of M. Then we have

Corollary 2. (i) kM) = k(v(M)), where v(M) is the stable
normal bundle of M.

(L) kMxN) = k(M) x1 + 1xk(N).

Next we consider the following commutative diagram.

/
i’ 5G/PL2— G/Top _m
13 17 T¥B(zep/PL) - K(2,,4)
i BBL T.BTOP k

Top/PL

And we show

Proposition 3. m = k22 + xmod2 € H4(G/Top;22), where k,

/.
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is the first Kervaire obstructidn and x mod 2°is the mod ‘2 of
the fundamental class of K(Z(z),4); ( Recall that G/Top localized
at 2 = igo K(Z,,41+2) x igl K(Z(py,41), Sullivan [1] and

Kirby-Siebenmann.)
As a corollary, we obtain

Corollary 4. Let Ij = (ig s e, ig) be admissible (j =1,;,.,m)
such that, e(I;) <4 and i #1, then
P(sqT1(k), -+- , saim(k)) # 0
for any polynomial P(xl, e xm) # O.
On the other hand, it is easy to show

Proposition 5. Sql(k) £ 0.

By using Proposition 3. and the surgery theory in Top

category (C.T.C. Wall [2]), we obtain

Theorem 6. Let Ms'be an oriented closed PL manifold with
nl(M) = Z,, then there is a non-triangulable topological

manifold N5 having the same homotopy type as M.

Theorem 7/. Let M5 be a non-orientable closed topological

manifold with nl(M) = Z,. Then for any homotopy equivalence
LN - W |

we- have

K(N) = £ k(M)

Theorem 8. * There is a non-triangulable closed topological

manifold M6 having the same homotopy type as PR6.



§2. Proofs.

Proof of Proposition 1. Consider the following commutative

diagram.

BPL x BPL —"— BPL

l pxp i P

BTop x BTop —fi—a'BTop
Clearly p*(k) = 0, hence (pxp)*n*(k) =0. But since

u* (BTop; 2 3’H1(BPL;,22) for i< 3, we have the result.

o)
Q.E.D.

Proof of Proposition 3. By Sullivan [4] and Kirby-Siebenmann

G/PL localized at 2 = K(Z2,2) 5§q2 K(Z(z),4) |
M : M orn  p
G/Top localized at 2 = i';o K(Z,,4142) x igl K(Z(py41).

2

Therefore H“(G/Top;z2) ¥ Z,®2, generated by k," and

x mod 2. The Serre exact sequence of the fibering

Top/PL - G/PL - G/Top yields

*

o - H (Top/PL;Z2) - H (G/Top;Ze) - H (G/PL;Zg) > eee
Thus m = T(u) is the non-zero element of Ker p* (uéEH5(Top/PL;22)
is the fundamental class).
Now clearly p*(kez) # 0 and p*(x mod 2) # O. Hence we
have
m = k22 + X mod 2.
Q.E.D.
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Corollary 4 is an immediate consequence of Proposition 3.

Proof of Proposition 5. This follows from the Serre exact
sequence of the fibering

Top/PL - BSpinPL - B3pinTop.

Proof of Theorem 6. According to Wall [2], the surgery theory
is valid in Top category. So we use it.

We first recall that L5(Z2’+) =0 ([2] ) .

Now there is a fibering sequence

8

+++ - Top/PL - G/PL - G/Top - B(Top/PL) .
Thus we have an exact sequence

m,
e+« » [M,G/PL] - [M,G/Top] - H4(M;Z2)

Now [M,G/Topl = H4(M;Z)GDH2(M;22) and by Proposition %, m, is

given by
m,(y®z) =y mod 2 + 2°
where y e H*(M;Z) and z €H%(M;Z,). Since M is orientable and
nl(M) = Zé, we have |
¥ (M32) %y HY(M;Z.,)
) mod 2 4o -

therefore m, is epimorphic. Hence the map
(M,G/PL] - [M,G/Top]
is not epimorphic. Since the surgery obstruction is trivial,

we obtain
L~ Sy

is not epimorphic. This proves the proposition.

Q.E.D.
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Proof of Theorem 7. Let £: N - M be a homotopy equivalence.
Tt suffices to show that if M is triangulable, then so is N.
Thus assume that M is a PL manifbld. Since M is non-orientable,

the map

gt (M;2) =37 H4(M;22)

is the zero map.
Let 2z eHe(M;Zg) be any element and assume 22;40.,

Then since H4(M;Z2)‘§ Z2, z2 is the unique non-zero element of
H4(M;Z2). Since M is non-orientable, we have

sqt(z2) £ 0.
1, 2 1.2 3 .
On the other hand Sq (z2°) = 8Sq78q°(z) = Sq“(z) = O. This is a
contradiction. Hence z2 = 0 and we have m, = O.
Therefore the map [M,G/PL] - [M,G/Top] is epimorphic. Since
Ls(Zz,-) = 0, it follows that

Y - tf;op(M)

is epimorphic. In particular N is triangulable.

Q.E.D.

Proof of Theorem 8. According to Wall [2], L7(ZZ,—) = 0 and

L6(Z2"> = Z2 given by the Kervaire invariant. Now we have

[PR6,G/Top]‘? HO(PR®;2,) © HY(PR®;2) @ HO(PR®;2,)

= Z2 @ 22 @ Z2 .
LettzéHl(PR6;Ze) and:xe}fwfm6;z) be the generators, thus

X mod 2 = uq. Then it is easy to show

2 2 & &
(u,0,0), (u°,0,u”), (0,x,0), (0,x,u")
are not in Im(FPRO,G/PLj - {PR6,G/TODJJ.

=
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Now a simple calculation shows that the surgery obstruction

of (0,x,0) is zero. Hence the map
6 6
Yoy (BR) %OP(PR )

is not epimorphic. This proves the theorem.
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