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Shift - commutative linear operators

and random processes

k %EF #H v E K

0. ¥ZX »&

LoRER, GIERY CREFTEAIHECTHIHN &
REL 50 Bv RET 5,

BEAH L (4),[5)[6)C S-CLOpr S MEFME oMk
WHERAEDT T AEES L ZACHE LAy L < EBil
ﬁnﬁgiwﬁbk.%nﬁwé,Mmm@JﬁwmmL@n
RERLS D, splitting field ¥ 3E~1 T 7 HOMMEL
WEZBOME L ORE I >0 TR L Tov e, & FIEBRK
DYE <L T 7 HOFRARER 5 T, % O RAE N <
BHLr v REFED T COMERREMH ) N\ 22
E-E8D LTEhnT, XMLOREHEHLEWS £
DOFEEIC 5 v CABANL £ Oy, -

1. Shift LRI WEREDORE L 2D I FA A
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Fe®%M, {Lher 8F Lo shift, -39
T.:F—F,
Tees =T ., T.=1
EArrdEBYTH, 1 CEBKE s EERHRNESRE
B Y EZ DN BHEMER c a6 T, BFAFOES
2Tt RHMECH ., Tt o,
€% 1.1 (A DIR))Y, %
(1) DEF nrER< ko (L1) 57
(L1)  Tbcpb, (teR),
(2) AADEOMREEREZCT, k0 (L2) £X73:
(L2)  ADcF | |
3) AR eRg#HTSs, $abb
(L3)  TeA=4AT,  (teR)
txr-3LE At ({B) BRI 5DED) shift ¥ 5 it

MUEAER (shift-commutative linear operator, S—C.1.
Op.tWsz %) L),

COHTINNEIRIR) S-C.LO ANiE, KDLk )T TA
(ZPR5 -

(F1) FaRro#fFPREMAZKILK,

(F2) shift 35488 T,f¢)=f(+1),
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(F3) Am, AT =T A T, N WEHETEB e
NGEHET S, (CREFREADELEEDT. )

0L IRSCLO oR2EEACTEDL, A exim;i_éﬁ

% DA TEbT KT B,
A8 = (A£)(E) = T L(AF(0)=[A(TF)}(0)

NKDE>Zberd RoMENLSRD.

WAl rEDANe A, e D) Lt

Aeft=e**C2> (teR)

PR T CORGHT S,

k1.2 #WE 11 0BG &N oA (characteriy-
ing function, c.f. L BERT 3 ) o). GoZE K EEoA)
LZ2<. dnbbt o) ={z;e" BN} 5%,

Ac AoBiwBMEAE AN =AN=1 TRE LTE £
N, FARFRERY cofko T i BB LT ko KIITEK
55, |

513 ANeAxitiL 1T e Arx @ oh) =alr)=cC,
@ CQokkoEESCra kKD Cyok xniEEC ok,
KNEBECTHS Q) Ca(Cp) BEIMLEITEE LML L I
® zeoanour) it LT Cox)=1/Cuz) ExkTE
* TFtAodkRAfcon F=frEc.

S-C.LOpn#H kL T, R iGRASS Lotk E T ITH %
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DA THS . (M pmsS 5. )

WB 1.2 AT, AeAnsL T,
A= aA+blI s 518 Ca=aCs+ bCr,
A= ATl 5 518 Gy = CyCpr

NMNGrT2 ey Cp=1/0,

SN DDA LERELD W 200 E BT 5
()77 XA,
KtARBOEIHE tt "BEMEK LTS, 3nbb
(1) k@) =2 k. kn.€C .

ks #BEnfeFis#l T

(1.2)  Af()=Z 7 fOk, =2 FC+TIkn

13 S-C.LOT, *o cf 1t

’

CA(Z)':Z,;eZt’Lkn , xeC
THH. 10827 S-CLO oR 4% /Lt%< iz 43,

[2°]'?"'S{'?J\'f'ﬁm7f§ D_—.—;;.dt_. i$ CP(3)=F Zc.f ¥ 3%8S-

Pcz) tnkxo %BX
P =5 Azt A#0

L4, Plz) & c.f.s 4 2 S-CLOK
A= P(D)=2 AD"
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(3’) a2 %A% 8/(D-oI)
MOMER & (D-al)/BERA o < | BT FER
5 f(t)———f(t) =3
tR< zriky  p/(D-al) ¥ (D- ou)//soﬁﬂsﬁli
Af(E) = BAD-al) FCE) = B [ e fesrds
= -8 S e tu f(£) du

z%h:\.’;n’ Ca2)=B/(z-a) 35 £ Nbhnd, L

(1.3)  f'e*™zuf(t)du = —fte"“t"’f(s)ds
f 1T F (1) du = € frds, (Rex>0)
—jo E“ T f (&) du = f €5 (s)ds, (Rex<0)

(4°) Convolution transform

Hirschmann-Widder(8) 12k 18", 4 & n DA K 1<%

LT,

Af) = [_ F(t-sD dKs)
THEE S RYERE N

C,2) = [ akt) = 1/Eez)
T cfuct »SCLOUHL TenwNbrd, -1, FE i3
Polya, o entireBK D) 7 A E 1</&

E(z) = g <7 +h? IT(I— Z/ak)ev“"
fac} b, o sEZP T 20 kZ’,'a,, <°°i}rf"3”t D TH
5.
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[5°] Riemann-Liouville ®

(1) Ca(D)=(2+8)" «, g >0
% c.f (Tt 2 5-C LOpr%
(1.4) Af(t) = (D+BI) f(t) = /@) j:(f—S)d'é'” ‘t‘S;fcs)ds
= /1) J, e F(£) du |
(2) G =(z+8)", 0<&<1, B>0
#c.fixt 2S-C.LO1Z
(1.5)  AF@E)=(D+BI) f(&)
= 1/r¢-2) ] i t-s) [f@t)-€ ‘.t‘%‘(s)]ds
= 1/I(-«) f:ouf'“"(f— eP“ruL) f(8) du.
3) GCy=2% 0<a< 1 | |
Zc.f1ct 2 S-C.L GO I1%x
(1.6) A F()=DF(t) = Y/pi-u) [o(t-s) [F(£)-F5))ds
= Yrea) [« (I- T FE) du.
(6] Ca()=32 A" zeC
fece.f izt 2 S-CLOp
(1.1)  Af =5 ADf =2 A5,

2. GOEBLERMENS-C.L.O,0RE
Shrb BT e, MEFoRRNM6) 2RI,
~RIE PN, FE o T TR CEtHEE N £
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RE <L 7P CART 5 (6 IOERERIr AL 0 E %12
BEAHDL LNl YOFROYMEtms ibict IRE
BOEBEEEBNIT B
(1°) 77X A,
U REB T, T L0 TE B RILEIn E B-d
ﬂéxm@iime%wia_
FRAODREREHENECE 0 yift (T} &, Wl (F2) o
Ty FC)=Ff(+t) EAGT, it noxeGitL T
Lix(p) = x(t2¥), (Fedf)
LRKT 2. ST SIREDEBY RIS EKTH 5,
B2 KetitpWU) o Ao L& =M or AREN L
TREBS>BEEAK (1.1) €935, 4nnbb ”
K(t) = &, k.., krn€C.
SorE, (1.2) nAe AmidRT5GENS-CLOp A%
“HENDXxeGIKtHL T
(2.1)  AXP=L T0xX P k=L X(Te, ¥ ke, (Ped)

TREU, GLED S-CLOp LAFI,
LROEERBED ) 5 AC K >0 T 4E 0 xe @It

L T,
(2.2)  Ax(®) 22 T x®h,=Z X(t+t) k., (teR)

TREL, ©ENS-C.L.Op LoFs,
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(2.1D)¥(2.2) DR DS-C.LOpNERKRET] T AANSC L.
Optvr. NeAoct iz wmdsrAe Ancf 1T 3,

ROBMEN G 338GITETHS-CLOpEERL, 2D
HE i LLoNLE FELEBERES o] >TH
5. (ZEBRITRBET S.)

WR2.1 2e@»N, ANIFLER

x(¢) =f.:(3“f)m) Zx(dA) (Ped)
Eto2c & HEDNe AT LT, Ax i

A x(@) = [ (FENACAGA Zo(dR) (P )

T,',x(‘f’)=J::(f?)(A)ICa(iA)lzﬂx(dﬂ), (fe S)
ERANT FwRBERD, 22T, (Pt Ax o K9 K8
RETpdxnANs FrBIE (F)A) = vz e vt)de,

XE G YL XL

A x(t)= [ et Cy(iA) Z(da) |

Tax(£) = S €5 [C, () e (da) |

() 27 AA
VMR nBRE XA U T, R RByie gt 5 i1z
% . X e DANT | k38 KNG Bs
X(P) = S (FPIA) Tu(dA), (e )

r



() = Lo (FP) iu(dA),  (Ped);
XeEG DL FIL

x(t)=Joe*Z.da)  (teR).

Ye(t) = [ e sux(da) . (teR).
Z o(dA)=Za(dA, )% X0 BXFIEHE U xOAN I b 0
AR L S | |

M= {/A;f_:!‘f’m)lz/x(dz\)<oo, Voes *BBE}
M= {5 2 M@ f1ea2)k < o0, pep ]
Lo S) ={5; Jo1P0f0ImEd)I <o yoe S}
L0 k) ={F; J IS0/ (120" u(da) <o}

G 4rECK 545 S-CLOp.3E % Lre AR XN IS
ERDBEANERKeyCh 2. |
MB2.2 xet{AJcAHL T, #g
4(¢) = Lim Mx(9),  ($e.f)
NEES SO0 UETIABS, $5C6A) eI Usd) AT
BLT, XAARYVE-> L THS
Lim S 1#OP | CA i) ~CEn [ pxdA) =0 | (pep),
INEE Y4 e T .
Y(P) = JAFEIAC,(A) Zu(dA) | (peds).
(P) =JFEOIC AN ux(dD), (¢ edf)
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N Y 5o, 151 CGA) £Cta) bix, LAHMEO DA%
R T % Loy,

oML GEBENBSCLOpERNE I ICELTE D
TEEARL Ty B

£k 2.2 AeAo c.f. OGN xe©SDANT v BEM,
KL T, GGA e P (uad) EH T EE Ae Arsdrey
H G HETESCLOANE

(2.3)  Ax($) = [A(FOACAGATMD),  (Fed)
TRE L, GITH1T D S-CL.Op LoFs,

Ch N x € S0 ZxANTrRE Ml 5 LT CA(i/\)eLf(/ux;O)
EnredLE G1RET 5S-CLOAE

(2.4) Ax)=[_ e Cuid) Zedr), (teR)

CEE L, K FHTDS-CLO. Logs,

(2.3) ¥ (2.4) TREESNI BS5-CLOp. 2B 5T TAAD
S-C.LOpr v v, AeAnc.f 13, HAEI5Ae Ao f Ca
L, x0ERAKESNTED S,

MR 2213, Ye o Fde Jr AxkyYdixny
FoZ38 Ao CEBATS 2 c W * 2, on#HBIE, Lo
X291 L TAXPEEZENTE DI CER L TCOBITINDY T 715
<, RODEFENKRY L 2 2 LERL T O 5.

HHE 21 AeARNe AGDO0 W+ K4S

/0
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Dt Cptzit L T, Culin) e P(u; f)EHF e MG ]
T2 THs, |

T 6 &,%.m)xeMI:fq‘L—t, MEANT FuwBEL
5 xeSnBHirN, [to[9)d, TRE LR AN

#HE M 22rEK220h0b0nbL5ic, TeGiHt
LT Ax ETXx WNEEARED L 3, £ L (i) L Crlid) o
MAEO 0 A £ T FLuL iy GORTEL TIE Ax=Ix
THB, Ll prbid, ClA) ECGA) W MUBMEO o A
CEm L, b, Ax+lx LR LLES.

g1 tHErrAomonrcavciitir-A-g ToA%0
et p r:r:“'ul Rigome >0 TER Lo,

Schwarty - BB €15, Lf o, ISR - M (£ %) BAEG
DBk Tt BREMATHEEI W RO DT, (1.7T) 0
AeA. & T2 Ae A LT, |

(2.5) Ax(9)= 5 A x™(F) = 5 1A X(97)
BEHRTEB G, Lp L b b RRBEE 2.2 C, GUAEL (U
d) b d Ae Az d2Ae A% (2.3) O

A x(p)= [(FP)A)CaGia) Ze(dA)

fiiUﬁW,:mﬂfMiﬁvza_féuﬁ%ZJm,

%38 2.2 A e K, x€eGIW=H LT, >/1x WE K ITRER S
11, { M} cAERBTELT

%
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Lim A.x(®) =Ax(¥) (¢ ed)
Lkt ¥ 3
SEERLTOE, LEWN, T As’;i‘__’.aAnD"/:}fr_o‘KJ:é
5 A e EEAC, BHEL T A= 2 AD" & A, e A ofk
PREL T HEXZ 2 cRAGFRTCHD ). ZN22NEBHEMNS,
hibris cf v Lt 2A.2°20(2) £ 246 A% symbol
g1tk &k 3 £ eIl LS
(2.6) Ax=iﬂn1‘"'_-

L7 L ZOBEIEI Lun"H 5, lﬂ%ﬁﬁli, T - 4B
PAjC-#B S 4 3 hyper processes tEBAL, (2.6) & 70
G, OKGE Lo Ry e RAER T hyperpro-
cesses DEATD (2.6) DB AT I AERHIE B 3L 717,
AN ) FWwERBEHOIFT B CaEgk > F Il AR EE
RO T (2.6) ok T NITR 2015 5 0?2 %
SIS EBIECIRE LG T, —ROBFEBM<HAL Tt

(216) d) :%.'*O" ")' 0‘7'1'“j’f;, 2_/13_ O r:"% :) ﬂ\ ?

3. HEABRSFEANY = x

MO RN E IR s @M EEROD L2253 T

bLHIMBER T AR DIL, Ko WWEMARFTIEX T £ 2 5

(3.1) Ay =X,

/R
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SO TRRMBEE WERERLE L Y1 x| Y €S % g

GERESS. MASDxsiEtoe (- v * DY DT, QD

B —Fm @ xcyg »X(3.0snrFLrx IPUt)= 12
Denrrndrnonbkugs2Kb 5 iz LIF,THZLD, f12
L, I2(X5t)H, ©vh {x(sw);sct, wed}] #iEs ZEF
MOE A COMKRBEM <4 Jﬁ{‘f; car(§) e (-0, t] ¢
€} € FIBEE [ X w;Fedy wed} 03 2£F
MOEATORIGBER <5 5,
U E NL={AC(:2) =0, 3¢R} tH< . T %
BHE3.1 (1) Ny=¢ ot &
QtLANBERID 5 g=A'x
DA NG L < Tt g(¢)=f.:(3“r)m)/c,,<z'2)(7:’;(40.»
(2) Ny#g b ¥
d=Fot ¥s.
RISL L 4(p) =, (FEI)/CuiA) Zx(dA)
Fo 't Ay=0 oM< 4.1y,
4 X €S t R
COEER L BEE T 3w (2)n % Fol Js b 152 1% Y
G BAIE N0 % 0 Zn B X @R <l i BT5 s g oo g
€Y, Zy=Z,+ 7y "o Bo48HTHI - CEEEL
<.
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Y518 A4 BREFi<PB4% T2 S-CLOpNnT 7 AT 5
Y, RnEBEBNKYEL ». (AL EAES 5 .)

B3 3.2 pfe A b (3.1) DBEY L XD

(Y, t) DLEX;t), (t €R)
WD E > EH5AEANEET S (A A€Al) oL
(3.D) 0@y (=Ax)d~& T

P2 (Y;t) =12(x:t), (teR),

A2 31,00 @25 AN €AFMRT L (3.1) 2By
D Bt =Gt ow L4 edanzizo (X,
CCERIG XM T NG )2 A NeA” Y & -
s kDD ce R ERAMBCHL I CISEHB I DD
V) Bk ZE ns%s $ e o vy :0%4*/}??2'%1“
MIZTE 3 LB IECA TS NTHD S, sz, fOoRE
s XER 1 30M T T2 rEokns 2. ZEMIS 1T BHNO B
5 (81 oM PAEFHEAY) 2 Rr-F) BEET 2 N, Ko &
AN Lo

£ 3.3 N, N eA- AKX L > 0 %+ )KL,
ConBELBRN(E LGFHEARS)EXFRIHY, £k
WNO(A) =C eaHxr-F3ThHS,

YAEOE %432 2 (RIZHET.
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L, FHA Nx =% kx ok

£% B2 E (white noise) 3 2% FHK

(4.1) Ax =2 , AeA
FCY BB, ot O(4.1) i}rf:?x#\"9g:71©o
(peeMedaeds) IKET34A4 @ 12(Xt)=12(E:t) @
A4 Q@ xnix B4, REOVEERAR (v 7154
1) LY DRMBEEE L L TERIKD .

BHE4.1 ) 74K (4.1) Txec G ezt > g +H
E#12, Ny=9 »2 Vg, € B(m;0) SR E » 2. f
L, mif m(dA) =dA <H28& ) (5ha) BE.

(2) (4.1) N XTECIHATE Xe&H
x(t) = fo e /,a) EdA)
ﬁﬁb,Zd»ﬁﬁiﬁ@ﬂ&f?&ﬁf#i%n%:
£(5) =Yyzm S (L;e*%an) as(t). -

(3)  fT LoglCatid/t1+a%) dA>-00 7 618 iz MK
Xy THs. Tok#i OGHAEE330kMESLT L
Bl Th 5 (L N> TN=¢ £§4£T),

&) (3) 0%kt 1/C,(:A) € |2 (m;0) m& nLE T, #
BR(4.1) 0B ET 5 Mx N EAL, X MIERESN T
12 (X5t) = B2(E;5t) XK & - . |

Lottt BB REL NS fBET 5,

/$



B 4.2 IBA U1 oA0Cf OFEROFMHERTS
k4 3.
() . Glz) = A 2" = A TT(1-2/,) (entire BA%K).
i) Re dp <0 (FNToOkizH L T).
(i) VCat:A) € [2(m;0).
SNk E, RDEENKY L o
(1) AeArpiaLt x-Af¢@,
() PX;t)=W(E5t) (teR)
(3) HOBMHF NBAELT xt)=[lF(t-s)dEis)
HEERNTESL, (ExcokB®B» x=-1"%2)
L ZBOEMHELT-TERMETTE S
(1) E& Polya 77 AERET 5ME&Y $5, 77h5
E (2)= e—cz’+bzﬁ(,_z/ak)el/ak’
&), b,e REK, 20,5 & <o,
St * Cu)=E(-2) "BHE 420354 a20rtwE
THEHT, Kokt brd i Th3: |
(E) Za'=-b,  a>30, c=o0.

A KM WD (NE AT 3B g Fig Gi) &

IrEd EEAER L O T
E(2)/12]1* — o0 (z—ti00)  E(-ia) # 0

NG g CE 5

/e
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(2] Urbanik (7] o Hlic & 5 v A~N 7 kv EE K
(4.2) F(A) = c/‘]:['(l+/12/a,:), C>0, 0<@<Qz< -,
ZEE. A Oy < 1.
Pt R BBMEr <L TEEL 2P ERL T 0L
(4.2) 0 3x1) EAN7 F L BEEMKEL > Xe @ ts
PFAK 7 A (4.1) mﬁ%%m‘z{%ibt,(C= /A2 ¢ 4 < x)
G = AT (1-2/a) | =AJi (1+%/a,),

’

= AT UtZ/a) (@ +s - 20 hn)
N3FBYDBEANELLR D, L2 LEESLG 20 3K %D
ﬁf%@@,%znﬁeiqaht%# _

(u) C4(3)=Aaﬂ'(1fz/a,k)’A-‘,eR’ 0<a<@az< -

pm—

Lim a‘/a,k_” < '

ke

FAHAETBE THEH L wNhng,

Hh RE3I3Iok#d, FTHEA G DoBXtEEZER
Mt 1AL E (REEHB)EXEHBIrCERT
HhYRES i) t v0ont ¥ SEEEHD 0 FIKET 2
%#ftﬁa.iﬁ?§7w77ﬁm%#tui,sz§'

38 4 TF LEgT & )T, C,,mi?.%.i fae o o #p AKRE +° A8

BLICB I CBRBMLENE P, oMokt Kobihrt
H@mAa v E)

%
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&3]

(s)
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€8l
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