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An Example of Homology 3~sphere 1n Ru

by

Teruo Nagase

We shall consider of the following conjecture:

Given a homology 3-sphere M in Ru whose all critical poihts of
index 1 with respect to a level line in the space 1lle on level i,
does it bound a 4-ball in R4 ?

In this note, we shall obtain a negative answer for this conjecture,
Full details will be published later.

I wish to thank Professor T. Homma, Professor M. Kato,
Professor S. Maseki, and Y. Tsukuil for thelr encouragement in
preparation of this paper.

Theorem. There exists a homology 3-sphere in Ru which does
not bound a 4-ball in Ru, although its critical points of index 1
with respect to a level line in Ru (we take a level line of
Ru = &3 x R tne lastv axis) lie on level i.

Proof.

I Construction of a homology sphere M (see Fig-1)

(Fig. 1)

First, we take a 3-ball D3 1in RS x 0 and an annulus

(303=)s® x [0,1] C. R3 x R. Then in R3 x 1, attach to

82 x 1 ¢ (R3 x 1) two handles of index 1 from the outside of §

2

2,3

and a hadle of index 1 from the inside of S° x 1, disjointly.

(inside means the bounded closed domain in RS x 1 bounded by

82 X 1 and outside means the complimentary closed domain of inside).
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This gives a surjery of Se_ and the result which is a surface of
genus 3 will be denoted by T. We represent element of generator

of ﬂl(T) as Fig-2
- (Fig. 2)

Taking T x [1,2], we then attach three handles of index 2 in
the following way :
We choose mutually disjint simple closed curves €15 €5, e3

on T such that ;

(1) €,=byb” “1xla 1xby Ly~ 1c-ly_lczbyb'lx"laxby'lb"lz-lc"1yb"la-l
(2) 62=byb'1x_1a lxby 1= lz_lc_lc_ly-lczbyb 1g- 1axby 1b =11 —1
(3) e3=byb'1x"labyb'la_lz“lc_ly_lcz (see Fig-3)
(Fig. 3) - ,

Substituting a=b=c=1 to formula (1) and (2) we get

el=1, 82=l. Substituting =x=y=z=1 to the formula (3) we get
s3=1. Then it follows from Dehn's lemma-and the irreducibility of

the solid torus that there exists mutually disjint two 2Fdisks in

the outside of T X 2 ¢ R3 X 2 bounding e and a 2-disk in

1° €2
the inside of T x 2 ¢ R3 x 2 bounding €5
Thickening these three disks, we have the required hadles of

index 2. This gives a surgery of T x 2. And the result of this .

surgery on T 1s a 2-sphere 82 and we may take

52 x [2,31Y D3 x 3 where 903 = 52,
II Computation of wl(M)
Then
G = (a,b,c,x,y,z : b=x=z=1,
V byb~tx"1g™1 xby “lpm1g-1 _1czbyb 1,1 axby “1p-1 'lc'lyb'laf1=l

-1 -1_-1 -1 -1 1 1c ly.l

byb  "x ~a"Txby b "3z czbyb~tx" 1axby 1b'l%'lc-lycz=l

byb_lx'labyb a1zl 1y loz=1
= (a,c,y : ya ly lc y lcy ay l 1 l=1
ya~ly leTle “Lyleyay” 1c lyeal

-2 -



yaya~tolyle=1)
-1 -1_ -1 -1 -1__ -1

= (a,c,y : ya y ay 'y "¢ “ya "=1
ya~ly "o ey Ty T e T yemn
zaya- ¢t x- c=1)

(a,c,y @ ya ty tay lyle lyal=a

ya 1y 1c—lay—laya-l=l

yaya-lc-ly—lc=l)

(a,y : ya—lya_lyay_lay—lay-laya'1=l

aya~lyya~lyay tay~ la lya=ly=lay=l=1)

it

= (V=ay'1,y : —lv_lyvv vyv. 1.1
vyv lyv yvvy “Lly 1y 1y 1v*l)
= (v,y : Vv ~ly- lyvvvvyv 13
vyv tyv gy iyvvylv=1)
_ =l -1 -1 _ -1
= (v,w=yv PV OV OWYVVVVWSEL, VWWWWVVW Cv=1l)

= (v,w : v 2uvow=1, wov'=1)

Let S, be the symmetric group of degree 7.

We define a homomorphism f:G =+ S7 as follows

f(v) = (1526374), f£(w) = (34672).

Then f(G) is not a trivial subgroup of S7, g0 G 1is a
non-trivial group. Then M is not a homotopy 3-sphere. And
it is easy to see that M 1s a homology 3-spheré.

Remark. vl(M)_ equal to the Mazur's group [1]

()

(x,y : x yq=xyx).
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