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§1 Brieskorn involutions on 5-sphere.

We consider the Brieskorn 5-sphere Zi d 21 odd integer.

This is the submanifold of 634 described by equations,

d 2 2 2
zo+z1+22+z3

zozo+ zl.zl+-zzzz+ 2323 =1 .

=0

Then Zi *is a homotopy 5-sphere and therefore diffeomorphic to
the standard 5-sphere $°. The involution Ty * zg —> zg given
by Td(zo) =2z Td(zi) = -2z, i> 0, 1is a fixed point free
. . =5 . 1 5
involution on 2" We denote an orbit space Zld/Td by T]'d. Then
-T[d is a homotopy projective 5-space. For h,X(PS) —— homotopy

. 5 . - 5. _ .
smoothing of P , it is known that hJd(P°) = §ﬂd}d=l,3,5,7

and T\—d+8 is diffeomorphic to T['d.

§2. A spinnable structure on T[,.

Let TO be the standard involution on

5 _ 3 - - -
s~ = {(21,22,23),6 C 'zlzl+z222+2323 = l} ,

., 1i=1, 2, 3. Define =2-x;“f2;‘*251

that is,- TO(zi) = -z

5 .
KO = {(zl, 2,5 z3) €S ' f(zl, Zys 23) = 0.}

0 {(zl,' Zys z3) € SS l f(zl, Zys 23) < O}
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a ={Gg 2> 75 23) €54 | 25 = 0}
d - {(zo) zla zz: 23) € Zd l zo 2 Oi

where for z € € "z 20" means ''the imaginary part of z =0
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and z 2 0".
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Let l{'d : Zd ——>85 be a map defined by ‘1bd(zO’ 205 295 23)

z, z, Z4 ,.
OEO’ 1- ZOEO 1= zO'Z'O
covering map with Ko = \})d(Kd) as branché@'locus. The restriction

— Then \)/d is a d-ﬁold brgqched

map Q'd‘Fd give a diffeomorphism between F,; and Fj.
Défine
\ @D
(ro. FO X [0, 1] — S
by
(fo((zl’ZZ’zB)’ t) = (zl._exp(‘n:lt), z, exp_’(’ltlt), z4 exp(rit))
c)’d : Fdx{O, 1] -—'->2,d
by
Cfd((zo,zl,zz,zB), t) = ('zo exp (2mit), z, exp(dmit), z, exp(dmit),
z3'ex’p (dmit)).
It is easy to observe that» \Pd’ ?O’ ?di are equlvarlanF With

respect to T and T,, that is, the following diagrams éorhmute.
P 0 d g diagrams

T |

}:d———izd Fox[O,l]»——-ﬁ———-> s

\\,‘l’dT h’d l(TolFo)"id[o,ll !,To

s> —9% g’ F.x[0,1] ———> §°

0 - % |

F % [0,1] - fa, S
\\((Td\Fd)xid[o’” i’Td.

F,x[0,1] (fd > id .

Thus '\}'d, ?0, sad induce maps {Pd’ §O’k§d of orbit spaces,
that is, |

'Y}d t Z4/T4 —-—>s5/'r0

—

ot El/Tx [0, 11 —> s/

2
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Cfd : (Fd/Td)x[O, 1] —ézd/'rd .
We denote the class of (zo, 215 295 z3) € 2.4 In Z'd/Td‘ by

[zO, 215 Zys z3], also we use [zl, Z,) z3] € SS/"I‘O similarly.

Then
cfd([zoy Zl.’ Zz) 23}: 1) = [z ) -Zl: -22: '23]
also /
ffo([zl, Z,s z3], 1 = jvo([zl, Zy> 23], 0).
So, if we regard Sl as [0, 11/0~1,
. 1 5
fo : (FO/TO) XS —>»8§ /T0 | |
£0(1215 255 23], €) = [2) exp(TWit), 2, exp(ric), 2, exp(mit)]
. : 1 — C
fd : (Fd/Td) X S —> Z'd/Td

fd([zo, zl,‘zz, z3], t) = [zo exp(2mwit), z, exp(dmcit), z, exp (drcit),
z3exp(dnit)]
are both well defined maps.

Simply we denote FO/TO, KO/TO by F, K where 23F =K.

th
Easily we can observe that K 1is diffeomorphic to¢3-dimensional

1

lens spaée of type (4, 1) and fo J(kx Sl): KXS™ —» K C SS/TO

is the standard free Sl-action on K. Thus we use a simple notation

Sa : KX S1 —> K 1instead of fo J(K % Sl). Under the notation above,

we obtain ,
’ .5 _ 1 . . 1 1
S /TO =F XS U{mapplng cylinder of f’ : K XS —>»s },
more exactly, SS/T0 is diffeomorphic to F X S1 H K X D2 where an
attaching diffeomorphism h : K x&Sl —> K x Sl is defined by

h(x, ©) = (p(x, ©), £)  for x €K, t €St

For S:d/Td, there is a similar decomposition. It is described

'3
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as follows. One can easily verify commutativity of the following

diagrams,
£

1 —
F /TP xs —> 5 /1, =Ty

l{ Fal (Fg/Tgdhxd l Ya

£ -
Fxst  —

1
£ (K, /T )xS
(Kd/'rd)xs1 d{ d.d ;}Kd/frd

‘l{{{'d‘ (Kd/Td)3“S gl Yl ®Ry/Ty)

K X S1 > K

where d : S1 ——9’81 is given by E(t) =dt for ¢t € Sl,

We define hd : K x S1 — K X Sl. by hd(x, t) = ({?(x, dt), t).

Then, observing that fﬁ(idK'x d)(x, t) = f(x, dt), we have
the following result,

Theorem 1. TTd is diffeomorphic to
F xslu K X D2.
This theorem means that, for any odd integer d > 0, Trd has
a spinnable structure £5% with the same axis and generatot,;that is,
K and F, and the trivial spinning bundle. Thus, for a' #d,
the whole difference between de. and TT& is due to attaching

and h,.

diffeomorphisms hd' d



