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Embedding manifolds in codimension two

by Hajime SATO
(Tghoku;University)

Let: wP+2

be a connected compact oriented PL-
manifold with boundary of dimension m+2. Suppose
that Wm+2 is an oriented Poincaré complex of formal

dimension m, By definition, there is a fundamental

class ﬂle Hm(W; Z) such that
: HY(i; 2) = H. _(W; 2)
/10 : ’ n-r' "’

is an isomorphismfor all r, Ve assume m 2 5 and we

aim at finding a closed PL-submanifolds {n of dimension

m such that the inclusion 'm.,& W 1s an simple
homotony equivalence. Ve call such submanifold a
gpine.

since W is a DPL-menifold, there exists a

fundamental class 76 Hmdﬁz(lv’,a is 4) such that

. Ty e '] ‘ A
‘7[\. m(w,9W; 2) —u o (W 2)

is an isomorphism for all r.

e define the Thom isomorphism

T N . 2. , -
¢ c H (n; :J)'—'}ﬂr-*—c(‘n,:;u; .:’:)
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by ¢=( 7',\ )"l( /{/\ ) and the second Whitney class
s, € HZ(W; Z) by

o= p Mg V)

Where ,1 denote the generator of HO(W° Z)e
Let N(iW) be the stable normal bundle of W
and SZ(W) be the 2-dimensional PL block bundle
over W which represents Soe Then the spherical fibre
homotopy type of the stable PL-bundle N(W) - sz(w)
is the Spivak fibration of the Poincaré'complex W.
Then as in [8], we obtain the abstract surgery obstruc~
tion element @ (W) € Lm(751(W)) in the oriented
Wall groun.
We have an homomorphism of Lm(l) into Lm(iki(w))
by regarding Lm(l) as ka(vk,k) if m = 2k, which
is an isomorphism if %Yl(w)7= l. We obtain a factor
groun Ih# %j‘w))/Lm(l) and the coset class
(B0 e 1 (7, ()/1_(1).

s obtain'the folloﬁing which extends results of
Kato-ilatumoto (1], the Technigue of the proof being
similar, |

Theorem 1. If m is odg and @ (W) € Lm(j%l(W))
is Zero{ we have a locally flet spine. If m is even
and [G(W)j < Lm(7tl(W))/Im(l) is zero, we have a-spiie
which is locally flat excepf at one point.

Now we want to find & spine which is not necessary
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locally flat on higher skelton. Noguchi [6) defined a
PL-~knot cobordism groups ¢® as the obstruction to the
locally flatness, which Kervaire [ 21 nad shovm that

G2k== 0 by a smooth method., Levine [3] [4} gave

algebraic calculations for GZk"lg By a geometrical
method, Matsumoto [ 5) showed that there exists a canonical

homomorphism

p: L n(E‘/PL) = 1,(1)

which is surjective for n =2 5., For n = 4k, the
homomoFfvhism b is given by the 1/8 signature of the
Witt group W(Z)= Z defined by the Seifert matrix.
For n =4 +the image b(G%) is 2z2¢ 2 £1,(1).

Let us denote by (F/PL)mZE) the truncated svpace

-1 . .
(F/PL)m(?_) = K(Z,, 12)5;:12 Ia.(z(z), 4)

x T vir piorx T s |
mydisope Koy 4142) % Jilog K(Z(oy, 41)

consisting of the Postnikov system of F/PL(z) with
degrees smaller then m. (See Sullivan [7)). We have

the inclusion

i (F/PL)‘?E% —> 8/PL(,) —> F/PL

Remark.that there is an fibering

o4 s r/en — Q%



with fiver ¥(%., 3) &and that

!24F/PL(2) = i—gl K(Z(oy, 41)X K(Z,, 4i-2)
Let g : w— (F/PL)?E% be a map, then we have

i*g H W ’_';’F/PLO

lie can twist the bundle N(W) - s,(W) by this map

which gives a new surgery obstruction.

Y (g) € (L (W)).
Since it is homotopy invariant, it definesa map
Y (0, (/P05 — 1 (2, (1),
which satisfies |
¥(o) =G,

We first represent the fundamental class M by

a submanifold by the Thom's theorem and we do the

surgery until the middle dimension. Then we break the

locally flatness inductively from the neighborhobd o¥
the higher dimentional simplexes by stuffing the
seifert surface of a knot , and after by doing the
surgery until the middle dimension. If its Noguchi

obstruction to the locally flatness lies in
e 1w, ¢y,

-4 -
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the normal bundle is changed by an element of

[w, F/PL) which is mapped by JQ.4 to
(4 . 4,
i € HI(W, Lj(l))cfn, Q’f/PL(z)] .

We cen change the local structure which
corresponds to the kernel of ~(l4}
Consecuently we obtain

Theorem2. If the class
)] e, (F/PL)I(QEJ)'] \ 1 (%G /T (1)

is zero, we have a spine,.

. mple - .
Let ¥ and W Dbe homotopy equivalent_ PL-manifolds.
Suppose i .is closed and let £ : M —>W De a

homotopy eguivalence. Then f induces an normal mayp
gelu, F/PL] . We call f mod 2 K-theory
equivalent if pyg = 0 € [M, (F/PL)(Odd)j

z M, Bo(oddjj where 1D : F/PL-—?(F/PL)(Odd)

is the localization,

Corollary.

If ™2 is mod 2 K-theory eguivalent to a

q o m ‘J:fn+2

e can embed 1 in

td
=

|

3
jay]
3
l,.] .
g
O
=
[®i

-t
pl

’ such that

it is a spine.
The author does not know if the condition of
mod 2 K-theory equivalence is really -necessary or

not.
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