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Ergodic properties of the equilibrium proceéses associated

| with infinitely many Markovian particles
Tokuzo SHIGA and ~Yoichiro 'TAKAHASHI

Consider a system of independent identically distributed Markov
processes which have an invariant measure A.. It is known that
if each process starts from each point of a A.-Poisson point pro-
cess at time zero, these particles are )L-Poisson distributed at
every later time t)»0. In this paper we are concerned with the
ergodic properties of the stationary process obtained from such
a syétem of particles, which is called the equilibrium process.
Sinai’s ideal gas model is a speciél example of the equilibrium'
processes. ,

Let (X @x)\) be a 6-finite measure space, and denote by Jo(X) a
family of all the counting measures on X, i.e. each element of
}<IX) is an integer-valued measure with a countable set as its
support} }(X) is equipped with a ¢-field Q}which is generated
by’{l?e){jx) ; j{A)=n} , nz20, Aeﬁk. An element § of J{(X) is rep-
resented by § =Z;g;iwhere SI(A)=1 if xe A and SJL(A)=O if x&A.
Let WElbe a prob;bility measure on ( }(X) Qf)‘

TTXis };PoissOn point process if’it satisfies the following ;

for any disjoipt system Al""An of'&& such that )1A1)<-fﬂﬁ;l..‘n

S(Al),..,g(An) are indepéndent random variables on ( h&xq}@;)Tb@,

a

nd n
LN E $(A;)=n) =[2§(n_“*i)] exp[-A(A;)], i=1,..,n.

Next, we define the equilibrium processes associated with Markovian

particles,
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Let X be a locally éompact separable Hausdorffbspace and ﬁ%(be
the topological Borel field of X. Denote by W the path‘space of
k, that is, each element of W is a X-valued right continuous fun-
ction with left 1imit defined on (0, ), and define the shift ope-

s for each f of W.

rators {Bti«thg W as usual ; (B,£) = f,,
Put S=1¢(X) and f1=3{jW). Denote byK:)lhﬁgﬁe shift operators on (1

induced by the shift operators {6;} on W, i.e.

@tw=z:,c(9{fp if w=z?.§f;

Define S-valued process {Et@» £n1§)as follows ;

}-co&(

§, ()= %jft if ws Z-ng"

Then §tﬁo) is right continuous in t in a natural topology.

In our situation a motion of one particle is given as a Markov

" process on X and denote by {.Pt(x,dy)} its transition probabilities.

Assumption

Pt(x,dy) is a conservative Feller Markov process and have a Radon
invariant measure A_, that is, {Pt(x,dy)} induces a semi-group of
contraction operators {Tt} on Ce(X), and ‘Sth(x)}k(dx)= )f(x)){(dx)
for every f of Cu(X).

Under this assumption {Tt} is, also, a semi-group of contraction
operators on L%(X By N - ‘

Lemma There is only one ¢-finite measure Q on (W,BMQ such that

for —oo(ty < )<<t <+ o0 and {Ai}i=1,2: S ¢

Qlf; f . eA ,f eA, ,..,f € An]
t1 1 tz 2 tn
E gX(dxl) Sptz-tl(xl’dxz)“ ' vYp‘i‘,n—’cn_l(Xn—]_:dxn)
Ay Az An

In Particular Q is {04} -invariant.
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Denote by B the o-’—fieid generated by(we()_; w(A)=n} nx0, Ae @x
and put [P =TTQ_( Q-Poisson point proéess ). We consider (Q,[B,@)
-as our basic probability space.

Proposition 1. {_QlB ) [P;{Et}}tis a right-continuous Markov
—-—0a CtL o

stationary process with T\-A as its absolute law.

The Markov process defined above is called the equilibrium process

associated with [[Tt},)\].'Our purpose is to investigate the ergod-
iic propert’ies.

Proposition 2. . The following (i), (ii), and (iis) are eéluivalent.

(1) (O, BP;{3,)) is metrically transitive.

, t
(ii) lim-—%S S‘ Ps(x,K)K(dx)ds = 0 for every compact subset K of X.
X | .

tyoo

t .
P B 1 . 2\
(i) Jcl_}g—FSo(Tsf,g),LZCA)ds = 0 for all f and g of‘L (X, .

Proposition 3. The fpllowing three statements are equivalent.

(1) (D B.P;{35 ) has the strong mixing property.
. o “vectco

(ii) 1lim S)\,(dx)Pt(x,K) =0 for all £ and g of LZ(X,N).
+-3m K

(1) lim (T £ g)L () =0 for all f and g of LZ(X, ).

Proposition 4. The following three statements are equivalent.

(1) (Q,(ij;{;t'} .), is purely non-deterministic.
(ii) 11m S)\,(dx) [P, (x, K)]1%= 0 for every compact subset K of X.

(i) 1lim | [T f 0 for every f of L (X,}\)
. IL2py =

Proposition 5. (_(’)_TB‘E?;{?Q; t) is purely non-deterministic if
s —pact< 0o

and only if E[/ g_tﬁo} converges to A vaguely in probability.

Next we study the Bernoulli propérty of the shift flow{@j

.
ot ™

It is easy to see that {Q}_'Ndcwis a flow on the probability space

(Q= W), B, P-Typ -
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So, we define the Bernoulli property in the strong sense.
(Q,B,P;{Qs_m‘tgmis called a Bernoulli flow if there exists a &“sub-
field ¢, of B and §t = @t'go satisfies the following conditions ;

(i) §tc g for any t<s

(D) NG =10} mod. P )

Gi) v3 =B  (mod. P )

(iv) for any t< s there exists a 6¢-subfield Z% of B such that

=33y and Z,. U %,

The following lemma is a criterion of the Bernoulli property of our

shift flow{@f"-c«t{m
Lemma  Suppose that there exists a real measurable function T(f)
on the ¢’-finite measure space (W,(BW,Q) such that for almost all f
w.r.t. Q (a) =00 T(f)<+0

(b) T(£) = t + T(Bf) for all t of RL,

Then, (QYB']I),{@A “)aﬂis a Bernoulli flow.

~po

We can show the following prop’osition by appealing to this lemma..

Proposition 6. Suppose that [Tt} is transient in the sense that
o0 :
; -+
SD(Tt‘f,S’)LZOth <+oo for every (j' of Co(X).

Then, (QYBP;{®*§,<&,}S a Bernoulli flow.

The equilibrium process {3, induces a factor flow of {®,5 . since
a Bernoulli flow {@} in our sense is a Bernoulli flow in the weak
sense (i.e. th%utomorphism {®.4is Bernoulli for each t+0), the
shift flow induced by {3.}J is also a Bernoulli flow in the weak
sense by the theorem of Ornstein.
Finally we can prove a central limit theorem related to the equilib-
rium process. Denote by G?(x) =So;t‘f(x)dt if the integral is well-

o

defined.
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Proposition 7. Consider any function ?eLZ(X,)J which satisfies

<+oo. Then, we have

t
. Jo<?,§s>d54t<$x> 1 P x?2 vV v
éililop[w.;0(<J2((f’Gj’)L2(x)xt <§] =ﬁiexp(——2— )'dX for d<€ .

Let {Qt(f,dz)) the transition probability of the equilibrium
process defined in Proposition 1.

In general; {Qf(Est)} has many invariant measures besides -
Poisson point processes. In this paper we treated only the eq-
uilibrium processes with A\-Poisson point procésses Tx as its
absolute law. But this is;reasonable'because of the following -
proposition. |

Proposition 8. Suppose that

%i2’§gg Pt(x,K) = 0 for any compact set Kc X.

. ‘
Let T{(d3) an invariant probability measure with respect to
{Qt(g,dzl}. If the stationary process generated by[{Qt(§,d1ﬁ:“YJ¥ﬂ

is metrically transitive, 1f='ﬁl for some Pt-invariant measure \.
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