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Structure of cohomology groups whose coefficients are micro-
function solution sheaves of systems of pseudo-differential
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In this note we investigate the structure of cohomology groups
whose coefficients are the microfunction solution sheaf of a system
it of linear pseudo-differential equatiohs, when the characteristic
variety V of M has singularities of rather limited type,i.e.,

V has the form VIL’VZ, where at least either one of them is regular.
The precise conditions on V and 7! will be given in fhe below.

- Our method consists in two steps: firstly we investigate the struc-
ture of the system WZ itself in the complex domain and secondly we
calculate the cohomology groups by making use of a special expression
of sheaf ( of microfunctions. In the first step we rely on the
results obtained in Chapter II of S;to-Kawai—Kashiwara [9] (hereafter
feferred to as S-K-K [9]) and in the second step we resort to the
theory of boundary value problems for elliptic system of linear differ-
ential equations, which is expounded in Kashiwara-Kawai [7]. These
arguments will be also used in Kashiwara [6].

Note that the investigation of cohomology groups whose coefficients
are the microfunction solution sheaf of the system of pseudo-differen-
tial equations are fully investigated in S-K-K [9] under the assumption
that its characteristic variety is regular, that is, vV is non-singular
as a variety and w]v # 0 for the canonical 1-form w of the contact |
manifold in which V 1lies. See also Oshima [8] for the case of maxi-

mally degenerate system. We also note that great efforts have recently
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\beeni

‘made to clarify the situation we encounter in the last half part of
r

this note by Gru%in.. [5], Treves [12], Boutet de_yqnvel-Treyes [1]1, £%],

; \Boutet de Monvel [15})
Sjostrand [10], Folland [3], Folland-Stein [4], Taira [11]?§nd others
in the case of determined systems, though they only discuss the (micro-
local) Cm-regulérity with the exception of Gru¥in. [5], where the
(global) C"-regularity is also descuésed.»

In order to present all theorems in the simplest form as possible
as we can, we have restricted the investigation to the
simplest and the most typical cases in this note. The detailed argu-
ments and the full scope of the applicability of our method will appear
elsewhere.

We now begin with the following theorem, which tells that a new
difficulty appears only in the situations treated in Theorems 3, 4
and 5 in the below as long as the geometrical structure of the cro;sing
is "generic". In fact we nee& not seek for any new means other than
those employed in S-K-K [9], when we deal with the equations treated
in Theorem 2 in the below. ,

Theorem 1. Let 77C be an admissible system of pseudo-differential
equations. Assume that its characteristic variety V 1is contained
in Vlk/VZ, where Vj is a regular submanifold (i.é., non-singular

and w[vj # 0 for the canonical 1-form w).™

¢
' . , “»Assume further that codim (ﬁv\Vk)
(i#k, d,k=1,2) 70

is greater tham or equal to 2 for any bicharacteristic ﬁj of Vj.(j=l,2)

Then M is canonically decomposed into the direct sum mlea m,, where
m% is an admiséible system ofrpseudo-differential equétions whose
support is contained in .Vj(j=l,2, respectively).

The proof of this theorem relies on the fundamental structure
theorem for systems of pseudo-differential equations in complex domain

(Theorem 5.3.1 in Chap. II of S-K-K [9]) and an extension theorem of
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Hartogs' type fcr systems of pseudo-differential equations.

Remzrk. When we only assume thet Vl is regular and that
condim & (ﬁlﬂ V2) is greater than or equal to 2 for any bicharacteristic

51 of Vy, the conclusion of Theorem 1 still holds under the assumption

that proj dimYs codim Vy.

Theorem 1 combined with Theorem 2.3.10 in Chap. III of S-K-K [9]

easily proves the following

Theorem 2. Assume that 7/ defined on an open set £ in /-1S*M
satisfies conditions in Theorem 1 in a complex neighborhood of Q.
Assume further that the generalized Levi form L5 of Vj(j=1,2) has
at least (gq+l) negative eigenvalues or at least (dx*-q+1) positive

eigenvalues at any point x* in Vj(\VjC (j=1,2, respectively). Here

dx* denotes the projective dimension of M at x*. Then
(1) Ext%,,z(ﬂ;ﬂt', ) = O

holds for any locally closed subset Z of Q.

Taking account of Theorem 1 we investigate 'in detail the case where
Vlf\V2 has codimension 1 both in Vl and in VZ" In this case an
interesting complexity appears as the works of Treves and others re-
ferred to at the beginning of this notes suggest.

Before stating the precise conditions on M we prepare the follow-
ing notion concerning the structure of a submanifold V of a contact
manifold with a canonical 1-form w.

If (0w A (@)D (x*) # 0 and  (u A (dw)T*1y (x*) = 0, then x* is
said to be a point of rank 2r. If ench point x* in V is of
renk =r, then V is seid to be of renk 2r.

If we use this terminology, then saying that rankV is equal to
2dimV-dimX-1 1is clearly equivalent to saying that V 1is regular.

If X 1is a purely imaginary contact manifold,then the Poisson

bracket - induces a skew.symmetric form {&,n} on the cotangent vector



52

* ' '
space T ,X wup to positive constant multiple. We define the hermi-

X

* * . — .
tion form on € ® T ,X = T X by {g&,n}. Note that the generalized

x*

Levi form of a sﬁbmanifold V of the complex1f1cat10n x¢ of X is
nothlng but the restrlctlon of this hermltlan form onto ‘the conormal
vector 5pace (TVX )x*

Now we state the'precisé conditions on 7.

.The system 7 of pseudo-differential equations we will study o
satisfies,the,followingfconditions.(2)rV(S) ,
(2) 7 has the form. ?ﬁ4f;;where@symbolnideal‘ J. of .F is reduced. -
(S)f,SuppZE =*Y1L’V2, where 3V1f'and’ Vz ~are regular and V1 and V2
intersect {eguiarly aldng 'V12 = Vl"VZ’ i.e.,
TesVin T aV, = T 4V, for any S X% in VA V,.
(4) dim.V = dim V2 = dim V1 +1: and’rank'Vi = rank. VZ = rank V12
\Bﬁgi%gﬁ%gfﬁgmgngéeg gniiféérené§§5 opeég%%r P which has the form

P1P2+Q where Pj and Q are pseudo-differential operators of order

mj and m1+m2-1.‘re5pectively satisfying the following:

'G(Pj)lvj = 0 and {G(Pl),o(Pz)}lV LAY,
‘never vanishes. "Here o(P.) denotes the pr1nc1pal symbol of P.
Then the last condition is the following:

g (Q) .
(5) (d({o(PZJ,c(Pl)})/\m)‘Vlf‘vz never vanishes.

Remark. The énélytié fﬁhctibn K = d(Q)/{o(?Z),o(Pl)} restriéted
onto V12 = V1/\V2 is well-defined by <¥ up to the permutation betweeﬁ
V1 and VZ' The permutation will bring « intﬁ 1-x. See also Boutet
de Monvel-Treves [1].

Under these assumptions we may find a canonical form in complex
domain of such a system of pseudo-differential equations by a

""quantized" contact transformation, that is, we have the following
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theorem.

Theorem 3. A systmnlﬂz of péeudo-differential equations satisfy-
ing conditions (2) ~ (5) may be micro-locally brought to the following

system 17 in complex domain by a 5uitable contact transformation.

£u=0,j=2,...,d (d <n-1).

Here we consider 71 ’near (i;ci,...,gn_l,cn) = (03 0;..,,0;1).

The proof of this theorem is performed in the following two steps:
firsfly, conditions (2), (3) 1and ‘(4)' ~allow us to bringkﬁﬁr micro-
locaily into the following system ' by the aid of a suitable
"quanfized"‘contact tranéformntion ond by the application of the division

theorem of Weierstrass' type for pseudo-differential operators.

Ju ' -
7 (21§;I,+Q.(Z > D'))Ju = 0
'
au .
'5-{—— 0, J = 2, ,d -
' ' 9 9
Here z and D denoto (zd+1,..ﬂ,zn) and (azd+1,...,azn); and

Q(z', D') 1is a pseudo-differential operator of order 0.

Nextly condition (5b) allows us to find a‘"quantized" contact
. ‘\Wltll_ ) ’
transformation which commutesA zq and T and which brings 7 micro-
1
locally into the following system ‘

3 -
(Zlazl " zyqJu=0

1
WU -9, =2,...,d.

37,
23

Now we apply Theorem 3 to calculate the cohomology groups having
as coefficients the microfunction solution sheaf of # which satisfies

the following conditions (6) ~(8) beside conditions (2)~ (5).



04

(6) The generalized Levi forms of V1 and V2 are non-degenerate,

and the hermitian form {£,n} is non-degenate on (Tslxm)x*¢ﬁ(T;2XE)x*,
where X' is the complexification of /TIS M.

(7) Vln Vi = VZ/\VE. We denote by W the real locus -of this manifold,

which turns out to be a purely imaginary contact manifold.
c
(8) (c@ly, o@°C[} #0

(9) _ 0 (Q) never takes integral values.

Remark. Condition (9) is imposed here inorder to make the argument
‘siﬁpler.. In our subsequent note we discuss the case where conditioh
(9) fails. Condition (8) is a technical one and We hope we will be
able to drop it. |

Under these assumptions we separate the problem into the following
two cases. We denote by Lj the generalized Levi form of Vj (=1,
2, respectively). Its signature (p,q) means by definition the pair
of the numbers of its positive eigenvalues and its negative eigenvalues.

Case A.i The signature of Ll‘ is different'frém that of LZ'

Case B. The signature of Ll' is equal to that of L2' We

denote it by (d-q,q).

Theorem 4. Assume that WL_satisfies conditions (2)~(9). Then,
in Case A, we have
(10) %ag(m,c) =0
for any j.

Theorem 5. Assume that 2t satisfies conditions (2)~(9). Then,
in Case B, |
(1) Ext)lm,0) = 0
holds for j # q and the remaining q-th cohomology group is isomorphic
to (lé. Here (?W denotes the sheaf of microfunctions on W = Ver
/TS™M = V,n/"Ts M.
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In order to prove these theorems we realize sheaf € of
microfunctions . on the conormal bundle S;Y of a hypersurface H.
of real codimension 1 in a complex manifold of Y and investigate
the structure of holomorphic solutions of the system 9L on Y.

Remark. We may discuss the micro-local solvébility and regularity

for a wider class of pseudo-differential equations other than the

n _
equations discussed here. The equation [z (Zkik + Zkzk) - iagf]u(x,t)

=0 with 2z, = 2.2+ i 8 _ 2i( o 32y (xk=1, -..,n) and
k 2 Xy 3X_ 41 L1 Xy Xn+x/3t’ 3 T

aeC falls into such a class. This is the equation of the type
‘discussed in Folland [3]. See also Folland-Stein [4]. We note that
not only the Cw—regularity but also Cw-regularity does ‘hold for the

solutions of this equation if o # +n, +(n+2), +(n+4), ---



56

[1]

[z1

31

[4]

5]

fe]

[71

[8]

[9]

[10]

References
Boutet de Monvel, L, and F. Treves: On a class of pseudo-
differential operators with double characteristics. To

appear.

. On a.class of systems of pSeudo—differential

equations with double characteristics. To appear.

Folland, G.B.: A fundamental solution for a subelliptic

operators Bull.A.M.S. 79, 373-376(1973).

Folland, G.B. and E.M. Stein: nggmetrices:and estimates

for the 55 complex on strongly pseudoconvex boundaries.

To appear. |

Gru¥in, V.V.: On a class of elliptic pseudo-differential
operatoré-degeﬁerate on a submanifold. Math. Sbornik 13
155-185(1971). |

Kashiwara, M.: Systems of pseudo-differential equations

of non Cauchy—Rieman£ type. in preperation.

Kashiwara, M. and T. Kawai: On the boundary valﬁe problem
for elliptic system of linear differential equation55 I.
Proc. Japan Acad. 48 712-715(1972).

Oshima, T.: Singularities in contact geometry . and degenerate
pseudo-differential equations. J. Fac. Sci.’

Univ. of Tokyo, Soct. IA, 21, 43%-83 (1974).

Sato, M., T. Kawai and M. Kashiwafa: Micorfunctions and
pseudo-differential equations.  Lecture Nﬁte in Mathematics
No.287, Springer, Eerlin-Heidelberg—New York, 1973, pp.2655529.
Sjostrand, J.: Une class d’opérateurs pseudo-differentiels
a caracté}istiques doubles. C.R. Acad. Séi., gzg,'743—745
(1973) ﬁ



97

[11] Taira, K.: Hypo-elliptic pseudo-differential operatros

[12]

[23]

with double characteristics. To appear.

Treves, F.: Concatenations of second-order evolution
equations applied to local solvability and hypoellipticity.
Comm. Pure Appl. Math. 26, 201-250(1973).

Boutet de PMonvel, L.: Hypoelliptic operators with double

characteristics and related pseudo-differential operators.

To appear.



58

Structure of cohomology groups whose
coefficients are microfunction solution
sheaves of systems of pseudo-differential

equations with multiple characteristics. II.

Masaki Kashiwara(l), Takahiro Kawai(g) and Toshio Oshima(3)

(1) Mathematical Institute Nagoya University
(2) Research Institute for Mathematical Sciences,

Kyoto University

(3) Department of Mathematics, University of Tokyo



59

This 1s a continuation-of our preceding note Kashiwara-
Kawai-Oshima [1], Hhereafter referred to as
K-K-0 [1]. The purpose of this noté is to investigate the
structure of cohomology groups whose coefficients are
microfunction solution sheaf of a system 72 of pseudo-
differential equations which satisfies conditions
(2) ~ (8) in K-K-0 [1], 'but does not necessarily |
satisfy condition (9) in geheral. The details of this note

will appear elsewhere.

In this note we use the same notations as in K-K-O [1].

For example, W denotes the real locus of V f\Vlc = V2r\V20.

1
Since W acquires canonically the structure of a purely‘
imaginary contact manifold by condition (6) in K-K-0 [17,
sheaf [:w of microfunctions and sheafijDW of pseudo-

differential operators can be defined on W.

When 0(9) takes ‘an. integral value,

B CICIINI¢):

Vinvs,
the structure of k plays an important role in calculating
the cohomology groups. So we give the following preparatory
consideration concerning lower order terms.

Let R be a pseudo-differential'operabor on W whose
.principal symbol is k. Such a pseudo-differential operator
R is uniquely determined up to ' innér'autdmorphism ofv
Pw by condition (5) in K-K-0 [1]. (See Theorem 2.1.2
in Chap. II of Sato—Kawai—Kashiwara [21.) Taking account
of this fact, we denote by &ig ‘the pseudo-differential

equation (R-2)u =0 on W for w&f.



60
In order to calculate the cohomology groups when «k takes

an. integral value, we should study in the following four cases

classified according to the signatures of the generalized Levi

x y€ _px €
forms of Vi, V, and Tle /\TVZX -
generalized Levi form of Vj (j=1, 2, respectively) and by L

We denote by Lj the
the hermitian form {&, [} on (T§1Xc)x*{\(T$2Xc)x*.

Case A The signature of L is (d-q-1, gq+1), that of L

1
is (d-q, q) and that of L is (d-q-1, q).

2

Case AZ' The signature of L2 is (d-q-1, gq+1), that of L

is (d-q, q) and that of L 1is (d-q-1, q).

Case Bl' Both the signature of L1 and L2 are (d-q, q)

and the signature of L is (d-q, q-1). (1 <q<d)

1
and the signature of L 1is (d;q—l, q). (0 <gq <d-1)

Case BZQ‘ Both the sighature of L. and L2 are (d-q, q)

Theorem 1. In Case. Al’ we have

Extiom.C) v @ Ext J 9L, Cp
2=0,-1,-2,---
for every j,
and, in Case AZ’ we have
ExtJm Crn 0 ExtlAE,, Cp
2:1’2,3"...

for every j.

Theorem 2. In Case Bl’ we have

-2 -
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8X.tj1(7ns C) =0 for j 74 Q'l’ q

and the following exact sequence holds:

0 — EtEIM, O — @ J%mp L Cp —->CZ

2=0,-1,-2,

——+-gi§g(%Q,(3) — ® gxi} Jf Cp—0

2=0,-1,-2,

Remark. We conjecture that 8%1':%_1(77?,@) = 0 holds

in this case.

Theorem 3. In Case BZ’ we have

Qact;)(m, C) =0 for j#q,

énd the fpllowing exact sequence holds:
2
2=0,-1,-2,-..

— E%tﬁw( OCQI, Cw) — b_
2=0,-1,-2,-.
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